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Time Optimal Control of System Governed by a Fractional Stochastic Partial
Differential Inclusion with Clarke Subdifferential

Zuomao Yan

Abstract. This paper investigates the time optimal control problems to a new class of
fractional non-instantaneous impulsive stochastic partial differential inclusions with
Clarke subdifferential in Hilbert spaces. Firstly, using the fractional calculus, prop-
erties of fractional resolvent operators and a fixed-point theorem, the existence of
mild solutions for these systems is presented. Secondly, the existence of time optimal
control of system governed by fractional stochastic control inclusions with Clarke sub-
differential and non-instantaneous impulses is also obtained. Finally, an example is

given to illustrate our main results.

1. Introduction

The optimal control theory has a considerable development, and one can find applications
in many domains (see [9-11,/13,33]). The time optimal control is an important topic in the
theory of optimal controls and plays a vital role in control systems. In the past decades,
much attention has been paid to time optimal control problems governed by nonlinear
differential systems [14,22,138]. Among them, the fractional time optimal control of a
distributed system is an optimal control problem for which dynamic systems are defined
by means of fractional differential equations and inclusions, see for example [24,27,29]
and references therein. In particular, it is well known that differential equations with
impulsive conditions were used to describe the evolution process with abrupt perturbation
at some certain time in biology, medicine and control theory [25]. However, in many
cases, the models with abrupt and instantaneous impulses can not characterize many
practical problems (see [2,{19}20,26/28,31]). Recently, Wang et al. [37] established the time
optimal control of a system governed by a class of non-instantaneous impulsive differential
equations in Banach spaces.

On the other hand, stochastic optimal control theory is a stochastic generalization of

classical optimal control theory. There are many interesting results on the time optimal
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control of stochastic systems [5,135]. Furthermore, impulsive stochastic optimal control
systems describing these optimal control dynamical systems subject to both impulse and
stochastic changes have attracted considerable attention [1,/4}[39,42]. From a practical
point of view, many physical phenomena in evolution processes are modeled as impulsive
stochastic differential systems for which the impulses are non-instantaneous. Therefore,
the optimal control of such systems have become an important object of investigation
stimulated by their numerous applications to problems arising in many branches of physics
and technical science. For example, Yan and Lu [40] considered the optimal control of
a class of first-order non-instantaneous impulsive stochastic neutral evolution integro-
differential equations with infinite delay. The authors in [41] established the solvability
and optimal control of a class of fractional non-instantaneous impulsive stochastic partial
integro-differential equations with delay-dependent states. In this paper, we study the time
optimal control of non-instantaneous impulsive fractional stochastic partial differential

inclusions with Clarke subdifferential of the form

[ pYe —a —a dw(t)
wpy DRV € AN A BOWO] + I [or () TG
te (Si,ti+1], 1=0,1,...,N,
(1.2) x(t) € gi(t,z), te€ (tiysi], i=1,...,N,
(1.3) z(t) = (t), te (—o0,0],

where the state x(-) takes values in a separable real Hilbert space H with the inner product
(-,-) g and the norm ||-|| g, °D$ is the Caputo fractional derivative of order a € (0,1), J!=
is the (1 — a)-order fractional integral operator. A: D(A) C H — H is the infinitesimal
generator of resolvent operator Ty (t) (t > 0). The control function u takes value from a
separable Hilbert space Y, and B is a linear operator from Y into H, p > 2 is an integer.
Let K be another separable Hilbert space with the inner product (-,-)x and the norm
Il L(K, H) is the space of bounded linear operators mapping K into H equipped with
the usual norm || - || 7, and let L(H) denote the Hilbert space of bounded linear operators
from H to H. Suppose that {w(t) : ¢t > 0} is a given K-valued Wiener process with a
covariance operator ) > 0 defined on a complete probability space (€2, F, P) equipped with
a normal filtration {F; };+>0, which is generated by the Wiener process w. The time history
xt: (—00,0] — H given by x+(0) = x(t+6) belongs to some abstract phase space B defined
axiomatically; let 0 = tg = s9 < t1 <51 <ta < §9 < --- <ty < sy < tyy1 = bbe prefixed
numbers. g;: [0,0]xB — P(H) (i = 1,2,..., N) are bounded, closed, convex-valued multi-
valued maps, and G': [0,b] x B — H is appropriate function, N (¢) = ¢(0)—G(t, ), ¢ € B,
w: H — L(K, H) is a linear compact operator, OF(t,-) is the Clarke’s subdifferential of
F(t,-). The initial data {¢(t) : —oo < t < 0} is an Fp-adapted, B-valued random variable

independent of the Wiener process w with finite pth moment.
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At present, most of the literatures about differential inclusion require that the non-
linear term is a convex function, which limits the study of differential inclusion. Just
as said in [16], it is important to consider, in many problems, functionals on nonconvex
constraints. Problems of this kind are typical of variational inequalities, optimization and
optimal control theory. The study of the differential inclusions with Clarke subdifferen-
tial, which has wider applications than the subdifferential of convex function. In fact, the
Clarke subdifferential has important applications in mechanics and engineering, especially
in nonsmooth analysis and optimization (see [6,7]). Therefore, it is necessary and impor-
tant to study differential inclusions with Clarke subdifferential type. Very recently, the
papers [18,23] studied the optimal control results for fractional evolution inclusion and
fractional impulsive evolution inclusion with Clarke subdifferential in Banach spaces. To
the best of our knowledge no work has been reported in the present literature regarding
the time optimal control for fractional impulsive stochastic partial differential inclusions
in Hilbert spaces, which is expressed in the form f. Motivated by the above
consideration, we study this interesting problem, which is natural generalization of time
optimal control concept well known in the theory of infinite dimensional control systems.
In the present paper, we investigate the time optimal control of f under the
mixed Lipschitz and Carathéodory conditions. The results are obtained by using theory
of fractional resolvent operators, stochastic analysis, the properties of Clarke subdifferen-
tial with a fixed-point theorem. The known results appeared in [14,/18]/22-2427,29,37,38|
are generalized to the impulsive stochastic inclusions settings and the case of with infinite
delay and multi-valued non-instantaneous impulses.

The rest of this paper is organized as follows. In Section[2] we introduce some notations
and necessary preliminaries. In Section [3] we give the existence of solutions for control
system. In Section |4 we establish the existence of time optimal control. In Section [5] an

example is given to illustrate our results.

2. Preliminaries

We assume that there exists a complete orthonormal system {e,}>>; in K, a bounded
sequence of nonnegative real numbers {\, }°° ; such that Qe, = A\,e,, and a sequence a,

of independent Brownian motions such that

(w(t),e)x = Z Vn(en, €V gan(t), ec K, t>0.
n=1

Let LY = LQ(QI/QK, H) be the space of all Hilbert-Schmidt operators from QY2K to H
with the norm ||¢||%o = Tr((¥QY?)(¥Q'/?)*) for any ¥ € LY. Clearly for any bounded
2
operators ¢ € L(K, H) this norm reduces to ||¢||%0 = Tr(yQv*). Let L% (Q, H) be the
2
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Banach space of all F;-measurable pth power integrable random variables with values in
the Hilbert space H. Let C([0,b]; LP(€2, H)) be the Banach space of continuous maps from
[0,0] into LP(Q, H) satistying the condition sup,c(o 4 E|l2(t)[|}; < oc.

We use the notations P(H) = {r € 2f : x # (}. Let V and Z be two Haus-
dorff topological spaces. A multi-valued map ®: V — 2%\ {}} is said to be upper
semicontinuous (for short u.s.c.) xg € V, if for any neighborhood O(®(zp)) of ®(z),
there exists a neighborhood O(xg) of g such that ®(x) C O(®xg) for all z € O(xp);
compact if (D) is relatively compact for every any bounded subset D of V; quasicom-
pact if its restriction to any compact subset D C V is compact. Consider Hy: P(H) X
P(H) — Rt U {oo} given by Hy(A,B) = max{supaegd(ﬁ, E),supgeg d(A, a)}, where
d(A,b) = inf;_zd(a,b), d(a, B) = inf; gz d(a,b). Then, (Poa,a(H), Ha) is a metric space
and (Pq(H), Hg) is a generalized metric space. For more details, one can see [12].

We introduce the space PC(H) formed by all F;-adapted measurable, H-valued stochas-
tic processes {z(t) : t € [0,b]} such that z is continuous at ¢ # t;, z(t;) = z(¢; ) and z(t;)
exists for all i = 1,..., N. In this paper, we always assume that PC(H) is endowed with
the norm |[z|lpc = (supg<i<p EHa:(t)H%)l/p. Then (PC(H),|| - |pc) is a Banach space.
The notation B, (x, H) stands for the closed ball with center at x and radius r > 0 in H.

In this paper, we assume that the phase space (B,| - ||5) is a semi-normed linear
space of Fyp-measurable functions mapping (—oo,0] into H, and satisfying the following

fundamental axioms due to Hale and Kato (see, e.g., [17]):

(A) If x: (—o00,0 +b] = H, b > 0, is such that x|, ;44 € C([o,0 + 0], H) and x, € B,
then for every t € [0, 0 + b] the following conditions hold:

(i) z¢ is in B;
(i) |20 < Hlz:ls;
(iii) ||z¢llg < K(t — o) sup{||z(s)||zr : 0 < s < t} + M(t — 0)||zo||5, where H > 0 is

a constant; K, M: [0,00) — [1,00), K is continuous and M is locally bounded,
and H, K, M are independent of z(-).

(B) For the function z(:) in (A), z; is a B-valued function on [0, 0 + b].
(C) The space B is complete.

In the following, let Y be a separable Hilbert space from which the controls u take the
values. Operator B € Ly([0,5], L(Y,H)), ||Bl|c stands for the norm of operator B on
Banach space Loo([0,b], L(Y, H)), where Loo([0,b], L(Y, H)) denotes the space of opera-
tor valued functions which are measurable in the strong operator topology and uniformly
bounded on the interval [0,b]. Let L%-([0,0],Y) be the closed subspace of L%-([0,b] x
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Q,Y), consisting of all measurable and F;-adapted, Y-valued stochastic processes satis-
fying the condition Ef(f lu(t)|f dt < oo, and endowed with the norm HUHL];-([O,b],Y) =
b 1
(B fy )} dt)"".
Let U be a nonempty closed bounded convex subset of Y. We define the admissible

control set
Uad = {w(") € L?([O,b],Y) cw(t) € U ae te]0,b]}.

Then, Bu € LP([0,b], H) for all u € U,q.
We recall some basic definitions about fractional integral and derivative, we refer to
134].

Definition 2.1. [7] Let X be a Banach space with the dual space X* and F': X — R be
a locally Lipschitz functional on X. The Clarke’s generalized directional derivative of F
at the point # € X in the direction v € X, denoted by F°(z,v), is defined by

F —F
FOz,v) = /\lim+ sup (v + M))\) (y)
=0T y—a

The Clarke’s generalized gradient of F' at x € X, denoted by dF(x), is a subset of X*
given by
OF (z) = {2* € X* : FO(x,v) > (z*,v),Yv € X}.

Definition 2.2. [36] A family {70, (¢)}+>0 € L(H) of bounded linear operators in H is
called an a-order fractional resolvent operator (or a-order fractional solution operator) if

it satisfies the following conditions:
(i) Tw(t) is strongly continuous for ¢ > 0 and 7, (0) = I.
(ii) Tn(t)D(A) C D(A) and AT, (t)x = To(t)Azx for all z € D(A), t > 0.

(iii) The resolvent equation holds for all x € D(A), t > 0,
¢
To(t)r =2+ / Jo(t — 8) ATy (s)x ds,
0

where g, (t — s) = (tlf(z))a.

Definition 2.3. [36] Let 0 < 6y < 7/2 and wp € R. An a-order fractional resolvent
operator T, (t) (¢ > 0) is called analytic if it admits an analytic extension to a sector
Y, == {z € C\ {0} : |argz| < Oy} and the analytic extension is strongly continuous on
Yy for every 6 € (0,6p). An analytic a-order fractional resolvent operator T, (z) (z € ¥y)
is said to be of analyticity type (wp, 6p) if for each 6 € (0,6y) and w > wy, there exists a
positive constant M = M (w, #) such that

1Tn(2) g < Me*Re? 2 e 5.
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An analytic a-order fractional resolvent operator T,(z) (z € Xy) is said to be bounded if

for each 0 € (0,60), there exists a positive constant My such that
”Ta(z)HH < My, z€Xy.

Let us consider the linear fractional stochastic differential inclusions of the form

dw(t)

(2.1) °Dex(t) € Ax(t) + JL[B(t)u(t)] + J [u(aF(t))dt

} , t€10,0b],
(2.2) 2(0) = ¢(0) € B,

where function 0F € LP([0,0], H).
If x satisfies the inclusions (2.1)—(2.2]), then for ¢ € [0, b], we have

£(t) = p(0) + A(ga *2)(t) + /0 B(s)u(s)ds + /0 (s duw(s),

where f € LP([0,b], H), f(t) € OF(t) a.e. t € [0,b]. Using the definition of an a-resolvent

and the definition of an integral solution, it follows that

I*l':(Ta_Aga*Ta)*z:Ta*[x_(Aga*m)]
=Tox [z —(x—@(0) = I+ Bu—Ixpf)] = Tox[p(0) + I % Bu+ I * pf]
=T % (0) + 1% To* Bu+1IxTy*puf,

where # is the convolution. Then we have for all ¢ € [0, b],

(2.3) z(t) = T (t)p(0) + /0 To(t — s)B(s)u(s) ds + /0 To(t — s)uf(s)dw(s), te[0,b]

is the variation of constant formula satisfying (2.1)—(2.2)). Now, we define the mild solution
for (2.1)—(2.2) as follows:

Definition 2.4. A function z € C([0,b], H) is called a mild solution of (2.1)-(2.2) if
xg = ¢ € B on (—o0,0], and (2.3) holds for every u € U,q, where f € LP([0,b], H),
f(t) € OF(t) a.e. t € [0,0].

Let x: (—oo,b] — H be a function such that x € PC(H). If x is a solution of (I.1))—
(1.3), from Definition and the partial neutral differential inclusions theory, we obtain

2(t) = Ta()p(0) — G(0, )] + Gt ) + /0 To(t — 5)B(s)u(s) ds

+/OtTo¢(t_8):U’f(S) dw(s), t€[0,t],
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where f € LP([0,b], H), f(t) € OF(t,z¢) a.e. t € [0,b]. If t = s1, then z(s1) = q1(s1),
where g1(s1) € g1(s1,2s,). For t € (s1,t2], we have

z(t) = To(t — s1)[x(s1) — G(s1, 25, )] + G(t, 1) + / To(t — s)B(s)u(s)ds

S1

t
+ [ Tt = (s duts)

S1

=Tu(t — s1)[01(s1) — G(s1,25,)] + G(t, x¢) + / To(t — s)B(s)u(s)ds

S1

+/ Tt — ) f(s) duw(s).

i

By repeating the same procedure, we can easily deduce that
t
o(t) = Talt = s)[G(50) — Glsiva)) + Gltan) + [ Tult = s)Blo)u(s) ds
t 1
+ [ Tt = s (s) duts)

holds for all ¢ € (s;,t;y1], where g;(t) € gi(t,x), i1 =1,...,N.
Next we will derive the appropriate definition of mild solutions of ([1.1))—(1.3).

Definition 2.5. An F;-adapted stochastic process z: (—o0,b] — H is called a mild solu-
tion of the system (1.1)—(L.3) if zo = ¢ € B on (—00,0], |y € PC([0,b], H), and

(i) x(t) is measurable and adapted to F, t > 0.

(ii) =(t) € H has cadlag paths on ¢ € [0,b] a.s and for each ¢ € [0,b], x(t) satisfies
x(t) = g;(t) for all t € (¢,s5], j=1,...,N, and

2(t) = Tu(D)0(0) — G(0, )] + G(t, z) + /0 "It — $)B(s)uls) ds
+ [ Tute= s ts) dus)
for all ¢ € [0, 1], and
2(t) = Sa(t — 5:)[Gi(s1) — Glsi,x5,)] + Gt, 1) + /t To(t — 5)B(s)u(s) ds
v Lo(t — $)af(s) duo(s)

for all t € (sj,tiv1], i =1,...,N, where u € Uyq, f € LP([0,b], H), f(t) € OF(t,x)
a.e. t € [0,0], and g;(t) € gi(t,x), i =1,...,N.
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Definition 2.6. [15] A multi-valued map ®: H — 2 is referred to as condensing if, for
any bounded subset D C H, which is not relatively compact, one has S(®(D)) < B(D),

where (3(-) stands for the Kuratowski measure of noncompactness.

Lemma 2.7. [15] Let X and V' be two Hausdorff topological spaces. Assume that ®: X —
VA {0} is a multi-valuedmap such that ®(X) C K and the graph of ® is closed, where K

18 a compact set. Then ® is u.s.c.
The next result is a consequence of the phase space axioms.

Lemma 2.8. Let x: (—o00,b] — H be an F;-adapted measurable process such that the
Fo-adapted process xg = p(t) € Ll}O(Q, B) and z|joy € PC([0,b], H), then

[zslls < MyEl[olls + Kb sup Ellz(s)]|a,
0<s<b

where Ky = sup{K(t) : 0 <t < b}, My =sup{M(t):0 <t <b}.

Lemma 2.9. [8] For any p > 1 and for arbitrary LY(K, H)-valued predictable process
o(+) such that

sup E v) dw(v

s€[0,¢]

< (p2p—-1))" (/0 (Ello(s )!\2p)l/pd)pa t € [0,00).

Lemma 2.10. [12| Let D be a nonempty, bounded, closed subset of a Banach space H,
and ®: D — P(D) be a u.s.c. condensing multi-valued map. If for every x € D, ®(x) is

a closed and convex subset of D, then ® admits a fixed point in D.

3. Existence of mild solutions

In this section, we prove the existence of mild solutions for the system ((1.1)—(1.3). Assume
that the following hypotheses:

(H1) T,(t) is an analytic resolvent of analyticity type (wo,to) and M = sup,¢(o 4 [|Ta(t)[ 1

< 00.

(H2) The function G: [0,b] x B — H is continuous, and there exists a positive constant
L¢ such that

E||G(t1,11) — G(ta, ¥2) Iy < Lalltr — ta] + |1 — ¥2ll%], ¢ €[0,b], ¢1,¢2 € B,
E\G(t, )y < La(vl + 1), t€[0,0], ¥ € B.

(H3) The functional F': [0,b] x B — R satisfies the following conditions:

(i) F(t,-): [0,b] — R is measurable for all ¢ € B.
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(ii) F(t,¢): B — R is locally Lipschitz continuous for a.e. t € [0,].
(iii) There exist functions {A,-} C L*([0,b], RT) such that

sup  E|0F(t, )|y < An-(t)

[z <n*
for a.e. t € [0,b], n* > 0 with

e Al
lim inf HrziL =0,
n*—-+oo n*

where E|OF(t, )|, = sup{ E| I : f € OF(t,)}.
(H4) There exist ; >0, ¢ =1,..., N, such that

EH(gi(t1, 1), gi(t2,92)) < villts — tof + 11 —ballpl,  t € (ti, si], 1,402 € B,

Let ¢ satisfy 1/p + 1/¢ = 1 and an operator ¥: L9([0,b], H) — P(LP([0,b], H)) be
defined by

V(y) ={f € L’([0,0], H) : f(t) € OF(t,¢) a.e. t € [0,b]}, ¢ € LI([0,0], H).
We also need some auxiliary results.

Lemma 3.1. (Compare with [30]) Let condition (H3) hold and the operator ¥ satisfy: if
T, — x € LI([0,b], H), fr — f € LP([0,b], H) and f, € U(z,). Then one has f € V().

Lemma 3.2. (Compare with [23]) Let condition (H3) hold. Then for every xz € L4([0,b], H),

the set WU (x) is nonempty weakly compact convez.
Now, we are in a position to state the existence theorem

Theorem 3.3. If assumptions (H1)—(H4) are satisfied, then for each u € U,q, the system
(1.1)—(1.3)) has at least one mild solution on [0,b], provided that

p—1 g P p—1 71D . p—Lliop=1prp
(3.1) 2P 1K} max (8P MP + 1)y; + 4771 (2P MP + 1) L¢] < 1.
Proof. Consider the space Y = {x: (—00,b] — H;x(0) = ©(0),z[j0 € PC(H)} endowed
with the uniform convergence topology and consider the operator ®: ) — P(})) defined
by

®(z) = {v € Y : v(t) satifies (3.2)},



164 Zuomao Yan

where (3.2) is given by

To()[p(0) = G(0, )] + G(t, T1)

+ [ To(t — s)B(s)u(s) ds

+ JETa(t — s)uf(s) dw(s), tel0,t1], i =0,
gi(t), t € (ti,si, i > 1,
To(t — 5:)[gi(si) — G(si, Ts,)]

+G(t,7y) + [} Tult — 5)B(s)u(s) ds

+ [ Talt = s)uf(s) dw(s), te (sitip1], i > 1,

(3.2) ()

and ZT: (—o0,0] — H is such that Typ = ¢ and T = = on [0, b], where f(t) € V(7)) = {f €
LP([0,b], H) : f(t) € OF(t, %) ae. t € [0,b]}, Ty € B, and §;(t) € ¢;(t, %), i = 1,...,N.
From (H1) and Hoélder’s inequality, the following inequality holds:

P
d

/: To(t — s)B(s)u(s)ds|| <E U: | T (t — 3)’H||B(S)U(8)|!Hdsr

i

H
t

< MBI 1 — 5B [ o) s
s

P P (+. ., _ g.\p—1 P
< MP|[BIIS (i1 = 50)P llullze o 4,y

Then from Bochner’s Theorem, it follows that T, (¢ — s)B(s)u(s) are integrable on (s;,t),
1 =20,1,...,N. It is clear that ® is a well-defined operator on ). We shall show that ®
satisfies the hypotheses of Lemma [2.10] The proof will be given in several steps.

Step 1: There exists n € N such that ®(By,) C By, where B, = {x € Y : ||z|5; < n}.
To the contrary, assume that there exist {x,},{v,} C Y such that z, € B,, v, € ®(x,)
and v, ¢ By, n € N. Then, there exist sequences {f,} and {g;,} with f,(t) € U(Z,;)
and g; n(t) € gi(t,Tpn), such that

(7,(0)[p(0) - G(0, )] + G(t,70)

+ fg To(t — s)B(s)u(s)ds

+ [ ot — 8)ufa(s) dw(s), tel0,t1], i=0,
on(t) = 9 Gin(t), te (t,si], i>1,
To(t — 5i)[Gin(s:) — G(Si, Zn,s;)]

+G(t, Tng) + [1, Ta(t — 5)B(s)u(s) ds

+fsi To(t = s)pfn(s)dw(s), t € (si,tip1], i > 1.

If x € B, from Lemma it follows that

|17l < 2P [Malolls]? + 2P~ Kfn = .
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By (H1)—(H3), we have for t € [0,;],
Blloa®)lfy < 4" E|Ta()[0(0) = GO, )l + 4P EIG(t, T ) Iy

+4p1E‘ /OtTa(t—s)B(s)u(s) ds ’

H
p

+4P1E‘

/ To(t — s)ufo(s) du(s)
0 H

< 8 MPIE||p(0) Iy + La(lleliy + D] + 47~ La(llzel5 + 1)
+ 4P IMP | BB ull

Ot]_ Y)

p/2
Ml [ /0 Bl ()], Wpds]

< 87 MPIE||(0) |7y + La(llel + D] + 47 La(n” +1)

1
+ 4P MPIBIEA ull o 40,1

2-1
+ 4P, MP |l e, tp/ | A ll 22 o2 2:4)-
For any t € (t;,s;],i=1,...,N; by (H4), we have
Ellon ()7 < villlZellz +1) < 7(n* +1).
Similarly, for any ¢ € (s;,¢;+1], i =1,..., N, we have

Ellva ()| < 4" E|Ta(t — 50)[gin(s ) G(siTn,s) |y

+ E||G(t,ZTny) |5 + E o(t — s)B(s)u(s) ds

H

4B / Tt — $)ufuls) duw(s)||

i

H
< 8P LMP[y;(n* +1) 4+ Lag(n* 4+ 1)] + 47 ' Lg(n* +1)

Il | BB i1 = 507 Nl 3

+ 4p‘1CpMp||u||’£(K7H)(tH1 — 8P 2 | A | 1 (st ) -
Then, for all t € [0,b], we have
n < Ellv,(t)|%, < M, + max {(8 7 MP + 1)y; + 4771 (227 MP + 1) L¢ In*
YA

AT MP Il g Al 010

(K,H)
where
M, = 8"'MP[E|l(0)|I%; + La(llells + 1)]

p—1 P4 . p—19p—1psp
+1r<nlzix{8 MP +1)y; + 4771 (227 MP + 1)L}

1 -1
+ 4T MP Bl 10y
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Thus,

n* < 207 Myl B)P + 2P KE | M. +lmzzgjcv{ (8P MP + 1)y; + 4P~ 1 (2P MP 4+ 1) L }n*

+ 4P 10 MPHNHL(KH bp/271HAn*HL1([O,bLR+) .
Dividing on both sides by n* and taking the lower limit as n* — oo, we get

2P~ 1Kp11<nix {(8 ' MP + 1)y, + 4P~ (2P ' MP + 1)L} > 1.
7

This is a contradiction with the formula (3.1). Hence for some n € N, ®(B,,) C B,,.
Step 2: ®(x) is convex for each x € Y. In fact, if v, v? belong to ®(x), then there
exist fl(t), fz(t) S \I/(ft) and :qvi,l(t),:qvig(t) S gi(t,ft) for t € [O,tl] such that

V(1) = Ta()]p(0) — G(0,9)] + G(t, T¢)
+/ To(t — s)B(s)u(s)ds + [ To(t — s)ufe(s)dw(s), k=1,2.
0 0
Let 0 < A < 1. For t € [0, 1] we have

(! + (1= Nv?)(t) = Ta()p(0) = G(0, )] + G(t,T¢) + ; To(t — 5)B(s)u(s) ds

[ Tl = ARG + (1= 0205 (),
For any t € (t;,s], 1 =1,..., N, we have
(Ao + (1= X)) (1) = [AGia (8) + (1 = N)gia(1)]-
Similarly, for any ¢ € (s;,t;+1], i =1,..., N, we have
R (t) = To(t $)Gik(si) — G(si, Ts,)] + G(t, Ty)
—|—/tTa(t—s)B(s)u(s)ds—i—/tTa(t—s)ufk(s)dw(s), k=12
Let 0 < XA < 1. For each t € (s;,ti41], 2 =1,..., N, we have

(Ml 4+ (1= N)o?)(t) = Ta(t — 5:){[Agia(si) + (1 = N)gia(si)] — G(s4,Ts,) } + G(t,T)

+ / To(t — s)B(s)u(s) ds
# [ Tl = ARG + (- V()] duls).

In view of Lemmal[3.2and g; (i = 1,2, ..., N) are convex values, we have (\v!+(1—\)v?) €
O ().



Time Optimal Control 167

Step 3: ®(x) is closed for each x € Y. Let {vy}n>0 € ®(x) such that v, — v in ).
Then there exists fy,(t) € V(Zy+) and g, (t) € gi(t,ZTn,t) such that

To(t)[p(0) — G(0, )] + G(t, )

+ Jo Ta(t — 8)B(s)u(s) ds

+ JE Ta(t = s)ufu(s) dw(s), te0,ty], i =0,
Un(t) = < Gin(t), te(tisd, i>1,
To(t — 5:)[Gin(si) — G(si,Ts,)]

+G(t,T) + [L Talt — 5)B(s)u(s) ds

+ [1 Talt = s)pfu(s) dw(s), te (sitip], i > 1.

By Lemma passing to a subsequence if necessary, we can deduce that f, — f in
L?(]0,b], H). By applying condition (H3), we know that {f,} € LP([0,b], H) is bounded.
Thus, there exists a subsequence, denoted it again by {f,}, which converges weakly to
f* in LP([0,b], H). By the uniqueness of the limit, it is easy to have f = f*. Since g,
i =1,...,N, are closed operators, it follows that g; ,(t) — ¢i(t) € gi(t,T:) for every
t € (t;,s;],i=1,...,N. Therefore, we have for each t € [0, ],

Ta(t)[p(0) = G(0, )] + G(t, 7¢)

+ fg To(t — s)B(s)u(s) ds

+ Jo Ta(t — s)uf(s) dw(s), tel0,t1], i=0,
on(t) = o(t) = q Gi(t), te(tis], i>1,
To(t = si)[gi(si) — G(si, Ts,)]

+G(t,T) + [} To(t — 5)B(s)u(s) ds

+ 1 Tot — s)pf (s) duw(s), te (sitigl], i > 1.

This shows that v € ®(z).
Step 4: ®(x) is u.s.c. and condensing. For this purpose, we decompose ® as & =

®; + $y, where the operators @1, o are defined on B,, respectively by

Ta(t)[(p(o) - G(Oa 90)] + G<t7§t)7 te [O7t1]a = 07
(®12)(t) = { 9(1), t € (ti,si], i > 1,
Ta(t — si)[@-(si,fsi) — G(Si,fsi)} + G(t,ft), t e (Si,tiJrl], 1>1

and

®y(z) = {¢ € Y : v(t) satifies (3.3)},
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where (3.3) is given by

fo (t — s)B(s)u(s)ds
+ [STo(t — s)uf(s) dw(s), te[0,t], i=0,
(3-3) ¢(t) =10, t € (ti,si, i > 1,
Ji Salt = s)B(s)u(s) ds
|+ o Talt = s)uf(s)dw(s), € (siytina], i > 1,
where f(t) € U(Z;) and g;(t) € gi(t, 7). By Lemma [2.10] we need only show that ® is
contractive and ®» is u.s.c. and compact.

Claim 1: ®1 is a contraction map on B,. Let t € [0,t;] and x*, 2™ € BPC. From
(H2) and Lemma[2.8] we have

EHg(®127)(t), (2127)(1))
< Lal|(@%)e = (@)l
< 27K Lgsup { B||z*(7) —

r*(T)|E,0 <7< t}

< 2p—1K5LG sup EHF(S) - **(S)H%
s€[0,b]

=2 'K}Lg sup Blja*(s) =" (s)lly (since 7= on [0,0)
s€(0,b]

— YUK Lolla" — 2
For any t € (t;,s], 1 =1,..., N, we have
EHY(®127%)(1), (Pra*)(1)) < 2P K villa™ — 2™ |fpe-

Similarly, for any t € (¢;,t;41], ¢ =1,..., N, we have

BHy((®12*)(), (2127)(1)) < 47 MP [3i]| (%) — @)l + Ll (@)s; — @)s,|13]
+ 227 Lgll(z%)e) — (@ )ells
< APTURPRPTIMPy; 4 (14 207 MP) L) ||l2* — 2™ |5

Thus, for all ¢ € [0,b], we have
EHy((2127)(), (212™)(t)) < Lollz” — 2™ ||p¢
Taking supremum over ¢,
EHY (@12, ®12™) < Lolla* — ™%,

where Ly = 2P KP maxy<;<n[(4P7 ' MP + 1)7; + 2P~ (1 + MP)L¢]. By (3.1), we see that

Ly < 1. Hence, ®; is a contraction.
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Claim 2: ®ox s clearly bounded for all x € B,.

Claim 3: ®9 is equicontinuous on B,,. Since Ty(-) is strongly continuous, the function
s — Ty(s) is continuous in the uniform operator topology on (0,b]. Let s; < e <t < t;41,
i=0,1,...,N, and 6 > 0 such that | T (1) — Ta(m2)||%, < € for every 71,7 € (s;,tiy1]
with |71 — 7| < d. For each x € By, 0 < |T| < 0, t,t + 7 € [si,tit1], i = 1,..., N, and
¢ € ®yx, there exists f € U(T;), we have

B¢t +7) = <)

/‘ [Ta(t+7—s) —Ta(t — s)|B(s)u(s) ds

<4r-'p

H
p

t+7
+aE /t To(t+7 — 5)B(s)u(s)(s) ds

H
b4l / [Tt +7 — 5) — Tu(t — s)|ef (s) du(s)
S5 H
L7 P
+4r7'p / To(t +7 — 8)uf(s) dw(s)
t H

t
< @B (tin = 50" | 18a(t+7 = ) = Salt = )l Ellu(s) I ds
Sq
t+7
F Bl [ Bt ds
t

t p/2
TG U ot +7 = 8) = Talt = s)H%[EIIf(s)H%]Q/”} ds

t+7 p/2
wwrem | [BI @R ds|  ds

< 47| BIB (tiv1 — s0)P [lullf

t+7
+4r7 | B|E, MP7 Ellu(s)| ds
t

B ((si5tit1],Y)

t
Gl ey B2 572 [ Aoes)ds

Si

17
Ml ey [ A ()

The right-hand side tends to zero as 7 — 0, and sufficiently small positive number &.
Hence &5 maps B,, into an equicontinuous family of functions.

Claim 4: (P2By,)(t) is relatively compact in H for each t € [0,b], where (P2B),)(t) =
{C(t): ¢ € By}, t € [0,0]. If 7,7 € [, Tk11] for some k =1,2,...,n — 1, we can select
points s; = 11 < 7o < -+ < 7, = t such that ||T,(t — 7) — To(t — 7')|| < e. For z € By,
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and ¢ € ®yz, there exists f(t) € ¥(7;), we have

p tit1
s)dw(s)|| < Cp(tiy1 — si)p/Q_l/ An(s)ds=17.
Then we find that
t n—l1 Tk+1
/ To(t — s)uf(s) Z/ (= ) — Ta(t — 7)]f(s) duw(s)
Si Tk

n-l Th+1
+ > T,(t—m f(s) dw(s)
R,

n—1

€Djc+ Y Talt — m)uBi: (0, H).
k=1

By the compactness of i, we have { fstl To(t—s)uf(s)dw(s) :z € Bn} € Dj .+ Ji., where
diam(D; ) < ¢ “Hi( K. H)l:-‘ and J; . are relatively compact, which permit us concluding
that the set { f; To(t—s)uf(s)dw(s) : @ € By} is relatively compact in H since ¢ is arbi-
trary. On the other hand, the set { fStZ To(t — s)B(s)u(s) ds} is bounded and independent
of . Thus (P2B),)(t) is relatively compact in H for each ¢ € [0, b].

Step 5: ®y has a closed graph. Let z(™ — z* (n — 0), ¢ e dyr™ 2™ ¢ B,
and ¢(™ — ¢*. From Axiom (A), it is casy to sec that (z("), — (z*)s uniformly for
5 € (—o0,b] as n — co. We shall prove that ¢* € ®yz*. Now ¢ € ®z() means that
there exists f((t) € W((z(™),) such that, for each ¢ € [s;, t;i11], i =1,..., N,

¢M(t) = / To(t — s)B(s)u(s)ds + / To(t — ) f ™ (s) dw(s).

According to (H3), we obtain that the boundedness of f™. In view of the reflexivity of
LP([0,b], H), without loss of generality, we can suppose that f* —— f* € LP([0,b], H). A
continuous linear operator Y: LP(]0,b], H) — PC([0,b], H) is defined as

YNO = [ Tl = 9BEus) ds+ [ Tul- = uf"(s) duls).
By the compactness of u, we have
t p/2
UM © = TIO < e | [ (Bl () - @l 7 as
< CoMP (b = s [ f™(s) = e (9l ds

< CpMP (g1 — 52 f™ = pf e asn — oc.
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Because ™ — z in Y € L9([0,b], H), from Lemma, it follows that

Cr(t) = / To(t — s)B(s)u(s)ds + / To(t — s)puf*(s) dw(s)

for f*(t) € W((a*);). Therefore, @2 has a closed graph and @, is a completely continuous
multi-valued map with compact value. So ®5 is u.s.c. Hence ® = &1 + ®5 is u.s.c. and
condensing. By Lemma ® admits a fixed point on B,,. Therefore, the system (|L.1])—
has at least one mild solution z in B,,. The proof is complete. O

4. Existence of time optimal controls

In this section, we consider a control problem and present a result on the existence of
fractional impulsive stochastic time optimal controls.

Let 2% denote the mild solution of system f corresponding to the control
u € Uyg. Let xg,x1 € H with g # x1. For some t > 0, we suppose that there exists
an admissible control u satisfying x(¢, f,u) = x1 and z¢9 = z(0) = ¢(0). Let us define
the transition time, which is the first time t* such that z(t“, f*,u) = z1. The optimal
time is defined by low limit t° of t* such that x(t“, f*,u) = x; for admissible control
u. If the control u® € U,q such that z(t°, fO,u®) = z1, then u® € U,q is called the
time optimal control. It is sufficient to prove that the existence of the admissible control

satisfies z(tY, f9,u®) = x1 with respect to (zq,1).

Theorem 4.1. Assume that all the hypotheses of Theorem hold. Suppose that B is

a strongly continuous operator. Then there exists a time optimal control with respect to

(o, x1).

Proof. Let
t9 = inf{t : z(t, f,u) = z1, where u is an admissible control}.

Then, there exists a monotone decreasing sequence t” — t° as n — co. Assume that

u € U,q is the corresponding control such that the trajectories

Ta(t™)[(0 ) G(O,w)+G(t” (@™)en)]

+ fy Tult = 5)B(s)u(s) ds

+f0 a(t" = s)uf™(s) dw(s), t€[0,t1], i =0,
2 (7, f ") = Q g, te (ti,s], i>1,
To(t" = si)[g7 (si) — G(si, (27)s,)]

G, (@)n) + [1 Ta(t™ — 5)B(s)u"(s) ds

+ [0 T = 8)pf(s) dw(s), te (sitisr), i>1




172 Zuomao Yan

satisfying =" (t", f*,u") = z1, n = 1,2,..., and f"(s) € U((z™)s), g (t") € gi(t", (2™)n).
Notice that 2™ (¢", f*,u") € By. Because {u"} C U,q, {u"} is bounded in L%-([0,0],Y), so
there exists a subsequence, relabeled as {u"}, and u" € L5([0,0],Y) such that

u" = u’ in L5([0,b],Y) asmn — occ.

Since U,q is closed and convex, we can use Mazur’s lemma to conclude that there exists a
convex combination of {u,}, denoted by {7, }, which strongly converges to u® € U,q.

For every t € [0,b], we know that =™ (t", f",u™) can be rewritten as

;

To(t )[ (0) = G(0, ) + G(t", (z7)sn)]
—i—fo w(t™ — s)B(s)u™(s)ds
+ fo a(t" —s)uf"(s) dw(s)
+ [0 Ta(t" — 5)B(s)u"(s)
+ [ Ta(t™ = )pf"(s) dw(s), te0,t],i=0,
(", f"u") = R, te (ti,si, i >1,

(
+ft0 a(t™ = s)uf"(s) dw(s), t € (s, tiv1], 1> 1.

By (H1), (H2) and (H4), we have

To(t” = s1)[g7 (s:) = G(si, (a%)s,)] as n — o0,

where g0(t°) € ¢;(t°, (20);0). Tt follows from condition (H3), Lemma and Hoder’s
inequality that

tn

/t To(t" — s)B(s)u"(s)ds + /t To(t" — s)uf"(s) dw(s)

0 0

p
d

H

< 2B (¢ = 07 lly o)

2 CMP |l (7 — P2 A

([0»t1]7R+) :
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One has
t’ll
/ To(t" — s)B(s)u"(s)ds — 0 as n — oo,
t0

/t To(t" —s)uf"(s)dw(s) -0 asn — oo.
t

0

By strongly continuity of B, we have
|Bu™ — Bu’||%, =+ 0 asn — oco.

It follows that

p
S Mp(ti_;,_l — Si)pHBun — BuoHp y

d
H

/. Sa(t — s)[B(s)u"(s) — B(s)u™(s)] ds

which implies that
t t
/ Sa(t — s)B(s)u"(s)ds — / So(t — 8)B(s)u’(s)ds asn — oo.

By condition (H3), we can deduce that {f"(s)} C ¥((z")s) is bounded on LP([0,b], H).
Therefore, by the reflexivity of LP([0,b], H), then there exist a subsequence of {f"}, de-
noted again by {f"}, and f° € L?([0,b], H), such that

v =5 0 in LP([0,0], H) as n — oo.
By the compactness of u, we have
™ (s) — fO(s)])2, = 0 as n — occ.

It follows that

p

< CpMP(tivy — )P ||ulf"(s) = £O()] -

d
H

[ Tt = )t (5) = s () duts)

i

Thus, from Lemma it follows that

/ To(t — s)puf"(s) dw(s) — / To(t — s)ufo(s) dw(s) asmn — oo,

i

where fO € U((20),). Hence,

z1 = (10, f,u")
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T (t)[(0 ) G(O, p) + G(t% (20)0)]

+fo o(t® = s)B(s)u’(s) ds

—|—f0 W (Y — 8)ufO(s) dw(s), t€[0,t1], i =0,
=492, te (tisi], i >1,
Tt — 50 [30(s) — Glsis (7)) + G, (D))

+ 2 Tu(t® — 5)B(s)u’(s) ds

—|—f8ti0 To(t? — 8)ufO(s) dw(s), te (sitiva], i >1,

where fO(s) € W((20)s), 39(t°) € gi(t°, (20)0), that is, u® is the time optimal control,
and z(t°, f0, u) is just the trajectory corresponding to the control u" and the proof is

complete. 0

5. An example

In this section, we provide an example which comes from nonconvex problems for semiper-
meable media and leads to a fractional stochastic differential inclusions with Clarke’s
subdifferential of type f. We remark that the nonmonotone semipermeability
conditions are realized by various types of membranes, natural and artificial ones. These
conditions arise in electrostatics, hydraulics and in the description of the flow of Binghams
fluids. Here, a practical method to describe the system with fractional neutral functional
differential inclusions with non-instantaneous impulses and Clarke subdifferential aims at
reality in nonconvex semipermeable system identification and control, as real systems are
distributed phenomena. We study this type of system with hereditary control variable
and obtained the time optimal control of the system.

Consider the following fractional non-instantaneous impulsive stochastic partial differ-

ential systems of the form

DX |2t m)—/O o AT,
t ’ oo L4 2(t+s,7)]

e[ 3 a@o ) [t - [ e ALy

ls|<2m B

(5-1) 1/3 .
o, / sin(a, y)u(t, y) dy
11

+ 3 K/Hcos(;p,y)dy> <a/_(; e4ssin(|z(t+s,x)|)ds>} d“;lit),
t

€[0,1/2)U[3/4,1], = € 11,
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(5.2) z(t,z) =0, (t,z) € [0,1] x OII,
(5.3) z2(r,2) = o(1,2), (1,2) € (—00,0] x II,
(5.4) z(t,x) € /0 t2e®|2(t + s,x)|ds, t€(1/2,3/4], x €I,

where CD? /3 s a Caputo fractional partial derivative of order o = 2/3 € (0,1), ¢ is
continuous, and II is a bounded domain in R” with a smooth boundary 0II, ac(x) is
a smooth real function on II, DS = D; D, Dy = 8%%’ ¢ = (S1y.+.,6,) is an n-
dimensional multi-index, |g| = ¢ + - -+ ¢,. 0 =19 = so, t1 = 1/2, 51 = 3/4, ta = 1 are
fixed real numbers, and w(t) denotes a one-dimensional standard Wiener process.

The differential operator Ly = 3| <o, ac(2)D* is strongly elliptic (see [32]). Let
H=Y ={w:we C(l),w = 0ondll} with the norm [ - || and D(A4) = {w :
w € D(Ax), Lmw € C(II), Lyyw = 0 on 011} define the operator A: D(A) — H by Av =
Ly, where D(Ay) = {w : w € W?™P(II)} for all p > n. It is well known that A
generates an analytic, noncompact semigroup (7'(t))¢>0 on H. From the subordination
principle [3, Theorems 3.1 and 3.3], we know that A is the infinitesimal generator of an
a-order fractional bounded and analytic resolvent operator T, (t) (¢ > 0) of analyticity
type (wo, o). Therefore, the linear system corresponding to f has an associated
solution operator T, (-) on H. We define the admissible control set Uyg = {u(-,y) | R —
Y measurable, F;-adapted stochastic processes, and ||ul| E®y) < 1}.

Let the phase space B be

B=Cy= {w € C((—00,0,H) : elim €791)(0) exists in H} ,
——00
where 7 > 0 and set

IWls = sw p@)lem: €y
<6<0

It is well known that Cy satisfies the Axioms (A)-(C) with H =1, K(t) = max{1,e 7}
and M(t) = e 7" (see [21, Theorem 1.3.7] for details).

Additionally, we choose 0 < 7 < 2 and take 1(0)(x) = ¥(0,x), (0,z) € (—o0,0] x B.
Let z(s)(z) = 2(s,x), G: [0,1] x B— H, F: [0,1] x B =R, g;: (1/2,3/4] x B — P(H) be
the operators defined by

0 o [¥(s)(@)]
G(t,¥)(z) = /_Oo e? st,

0 0
)@ = [ esm(ueeds, st = [ # @) ds
For all u € C([0,1] x II), we define an operator B as follows:

wmm@:/mmwwmw,mmzAmmww

I
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Using these definitions, we can represent the system ([5.1)—(5.4)) in the abstract form ([1.1f)—
(1.3). Moreover, we have for all (¢,v), (t1,¢1) € [0,1] x B,

o [ PO@ el Y]

xeﬁ/_oo (1+\w<s<x>| 1+rw1<s<x>r>d]
’ (2—7)s ,7s _ ’

<[ D) e ds|

0 B p
< ( / e<“>8d8> )

S ZG’W - 1/11Hp7

and E||h(t,¥)||P < Lg||[¢|/%, where Lg = ﬁ For all (¢,v), (t,41) € R x B, we have

0
F(t,9)(x) — F(t, 1) ()] < / e sin([4(5) (2)]) — sin(|¢1 (s) ()| ds
o
< / e [4h(5) () — 11 (5) ()] ds
o
</ D (s) = 1) o
< = lv =il

For any A > 0, and ¥, ¢y € B, t € R, we have

A
_ ‘ J2 o et [sin(|ehr (s)(x) + Mp(s)(w)]) = sin(|¢br (s)(2)])] ds
A

<|f (; 42l (s) (@) d

Let FO(t,¢)(z) = f_ooo e*$)p(s)(x)| ds. Then it is easy to verify that

p

0 0 - P
BIOF () = E [sup [ eMpi(s)w)lds| < U ) loqm ds
zell /—00 >
0 B p -
< ( / e<4—v>8ds) el < Zelwlb
for all (¢,v) € [0,1] x B, where Lp = 7(4_1@1,. For all (t,4), (t1,¢1) € (1/2,3/4] x B, we
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have

E”gl (ta ZD) — g1 (tl, Q/JI)H%

o </°° reemle /oo BB (5) )| d>]

0 0 P
<E [|752 - t%/ eV ds + |t1|2/ P[4 (s) — 1)l oy ds]

0 p 0
< or—1 [tQ — 2P </ e’ ds) + [t P (/ e?=7s > [ — ¢1”p}
<

< Aullt = tal + [l — ¥l

=F

and g1 (¢ )|l < Filll, where 51 = 227 [(£)7 + (3 Ly;]. Similarly, we have

||,u||p < (sup,q Jieos(z,y) dy)?. Therefore, Assumptions (H1)—(H4) all hold in Sec-

tion O the other hand, for u € C([0,1] x II), we have

1Bl 0.1y = lsup </Hsin(x,y)U(t,y) dy)

zell

p

T p
< Lullulie o177y

where L, = (sup,q Jisin(z, y) dy)”. Then, we can conclude that B € L>([0,1], L(H)).
Let’s take Ky = My =b=1, Lg = Zg, vi=71,1=1,...,N. It is easy to see that

P~L[(4P~IMP + 1)F; + 20711 + MP)Lg] < 1,

whenever L¢ and 71 are small enough. Now the condition (3.1) holds. Further, all the
conditions in Theorem satisfied. Hence by Theorem the system ([5.1)—(5.4) has at

least one time optimal pair.
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