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A Poisson Problem of Transmission-type for the Stokes and Generalized

Brinkman Systems in Complementary Lipschitz Domains in R?

Andrei-Florin Albigoru

Abstract. The purpose of this paper is to give a well-posedness result for a boundary
value problem of transmission-type for the Stokes and generalized Brinkman systems
in two complementary Lipschitz domains in R3. In the first part of the paper, we have
introduced the classical and weighted L?-based Sobolev spaces on Lipschitz domains
in R3. Afterwards, the trace and conormal derivative operators are defined in the
case of both Stokes and generalized Brinkman systems. Also, a summary of the main
properties of the layer potential operators for the Stokes system, is provided. In the
second part of the work, we exploit the well-posedness of another transmission problem
concerning the Stokes system on two complementary Lipschitz domains in R? which
is based on the Potential Theory for the Stokes system. Then, certain properties of
Fredholm operators will allow us to show our main well-posedness result in L?-based

Sobolev spaces.

1. Introduction

Recall that the Brinkman system with constant coefficients is the following system of
PDEs:

(1.1) By(w,p) = (A—al)w—-Vp=m, divw=0,

where o > 0 is a constant. Note that when o = 0 in (1.1)), we obtain the well-known
Stokes system:

By(w,p) :=Aw —-Vp=m, divw=0.

Both systems presented above are linear and elliptic in the sense of Agmon-Douglis-
Nirenberg (see, e.g., |9,12]) and they play a main role in fluid mechanics and porous media

(see, e.g., [16,22] and the references therein).
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Layer potential methods have been exploited in the study of elliptic boundary value
problems and among many valuable references concerning the application of LP-theory, we
mention [3,9,16,21,123]. Fabes et al. [4] have developed a layer potential method in order
to show the solvability of the Dirichlet problem for the Stokes system on Lipschitz domains
in R”, for n > 3, with L>-boundary data. Mitrea and Wright [21] have exploited layer
potential methods in order to analyze the Dirichlet and Neumann problems for the Stokes
system in arbitrary Lipschitz domains in R™, n > 2. Kohr et al. |13] have studied Robin
type problems for the Brinkman and Darcy-Forchheimer-Brinkman systems, respectively,
on Lipschitz domains in Euclidean setting. Also, they tackled mixed Dirichlet-Robin
problems for the Brinkman and Darcy-Forchheimer-Brinkman systems, respectively, on
bounded, creased Lipschitz domains in an Euclidean setting. Medkova [18] has obtained
existence and uniqueness results for L?-solutions of the transmission problem, the Robin-
transmission problem and the Dirichlet-transmission problem for the Brinkman system in
Lipschitz domains in R™, n > 2, by using integral equation method. Choe and Kim [2],
have exploited the linear theory in |4] and have obtained complete solvability results of
the Dirichlet problem for the Navier-Stokes system on a bounded Lipschitz domain in
R? with connected boundary. Grosan et al. [7] have proved the well-posedness of the
Dirichlet problem associated to the generalization of the Darcy-Forchheimer-Brinkman
system in Lipschitz domains in R", n = 2,3. Kohr et al. [11] have studied transmission
problems for the Stokes and Brinkman systems and for the Stokes and Darcy-Forchheimer-
Brinkman systems in R3, using the layer potential methods in the linear case and the
combination of well-posedness results from the linear case and fixed point theorems. Kohr
et al. [15] have tackled transmission-type boundary value problems for the Stokes and
generalized Brinkman systems, Navier-Stokes and Darcy-Forchheimer-Brinkman systems,
respectively, in the setting of complementary Lipschitz domains on compact Riemannian

manifolds.

The aim of this paper is to give an existence and uniqueness result in L?-weighted
Sobolev spaces, for a Poisson problem of transmission-type for the generalized Brinkman
and Stokes system in two complementary Lipschitz domains in R®, the first being a
bounded Lipschitz domain D, with connected boundary denoted by 90D, and the lat-
ter is the complementary (or exterior) Lipschitz domain R?\ D. We use a layer potential
method combined with the means of Fredholm operator theory to obtain the desired result.
After laying the theoretical foundation required for the formulation of our boundary value
problem in Section 3] we review the main properties of the layer potential operators for the
Stokes system in Section 4l We state and prove the uniqueness of a solution for the Pois-
son problem of transmission-type associated to the Stokes system in both complementary
Lipschitz domains in R3 (see Lemma . Then we establish the existence of a solution
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for the same transmission problem by using a layer potential analysis (see Theorems
and . Finally, we use these auxiliary results to prove the well-posedness of our bound-
ary value problem for the Stokes and generalized Brinkman systems in complementary
Lipschitz domains D and R?\ D (see Theorem [4.5)).

2. Preliminary results

We follow a similar approach as in the work of Kohr et al. [11]. In the latter we shall
denote Dy := D C R3, the bounded Lipschitz domain, and by D_ := R3\ D, the exterior
(unbounded) Lipschitz domain. Recall that, a Lipschitz domain is an open, connected set,
whose boundary is locally the graph of a Lipschitz function (see, e.g., 13| Definition 2.1]).

Everywhere in this paper, we adopt the repeated index summation convention.

2.1. Standard Sobolev spaces

Recall that, for 1 < p < oo, LP(R?) is the Lebesgue space of (equivalence classes of)
measurable functions p-th power integrable on R3, and denote by L>°(R3) the space of
(equivalence classes of) essentially bounded measurable functions in R3. To keep the
presentation as smooth as possible, we shall introduce the standard Sobolev (or Bessel
potential) spaces, by the means of Fourier transform. In this section, by Dy, we denote
either D, D_ or R3.

Note that, the Fourier transform F, and its inverse 7!, are defined on L!(R?) func-

tions by

Fo© = [ e u@)ds, (Flu)e) = [ ewt i FuE e,
R3 R3
and one generalizes these formulas to the space of temperate distributions.

Also, denote by D(Dy) the space of test functions (i.e., C§°(Dy) endowed with the
inductive limit topology) and by D’(Dy) the space of distributions, i.e., the dual of D(Dy).
Also, the space D(Dy) is given by D(Dyg) = {u|p, : u € D(R3)}.

For s € R, we introduce the scalar L?-based Sobolev (Bessel potential) spaces:

H*(R) := {F (1 + [¢]*) "/ *Fu: u e (R},
H?*(Dg) := {u € D'(Dy) : 3U € H*(R"™) such that U|p, = u},
H?*(Dy) = the closure of D(Dg) in H(R?),
and the vector-valued L2-based Sobolev (Bessel potential) spaces:
S(R3)? := {u = (u1,uz,u3) : u; € H*(R3),i = 1,2, 3},
H5<D0)3 = {u = (ul,UQ,U3) U € HS(Do),i =1, 2,3},
H*(Do)® := {u = (u1,u2,u3) : u; € H*(Dy),i = 1,2,3}.
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We have the following norm on H*(R3):

el s sy == L+ [€17) 72 Ful| 2 gs)-

Remark that, if f = F~1(1 + |¢]?)~%/2Fu, then

HfHHS(]R?’) = ”UHL2(R3)-

We also have the following norm on H*(Dy), given by

[ull s (D) = WE{[|U | j72(r3) = Ulpy = u}-

The norms on the vector-valued spaces are introduced similarly.

Note that another characterization for H*(Dy) is given by (see, e.g., [10, Remark 2.7])
H*(Dy) = {U € H*(R?) : suppU C Dy}.

For any s € R, D(Dy) is dense in the space H*(Dy), and the following duality relations
hold (see, e.g., [10, Proposition 2.9], [5, (1.9)]):

(H*(Do)) = H™*(Dy), H*(Do) = (H*(Dy)),
where the upper script ’ refers to the topological dual.
Recall that H°(9D) := L?(9D) is the space (of equivalence classes) of all measurable
functions, square-integrable on the boundary.
For s € (0,1), we can introduce the space H*(0D) as natural trace spaces, as presented
in the book of Hsiao and Wendland |9, Chapter 4]. Also. we define the space H*(0D)
as follows:

H™*(0D) = (H*(9D))

for s € (0,1).
All the above spaces have structure of Hilbert spaces (for more details, see e.g., |19,
11]).

2.2. Weighted Sobolev spaces and related results

In this paper, we will work with the Stokes system in an exterior Lipschitz domain in the
context of our transmission-type problems. This situation requires the introduction of the
weighted Sobolev spaces, as seen in the work of Hanouzet [8]. This approach is useful in
order to compensate for the behavior of the fundamental solution of the Stokes at infinity,
in R3.

To this end, we consider the weight function p(x) := (1 + |x|?)'/2 for all x € R3.
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We say that a function u: D_ — R belongs to the weighted space L?(p~!; D_) if and
only if p~tu € L2(D_).

We can introduce now the weighted Sobolev spaces

HYD_ ):={ueD(D_):ptuec L*(D_),Vuc L*(D_)3},
H'(D_) = the closure of D(D_) in H'(D_),

and similarly, we introduce the vector-valued spaces

HYUD_)3 = {u = (uy,u2,u3) :u; € HY(D_),i=1,2,3},

Hl(D_)g = {u = (ul,ug,u;),) U € ﬁl(D_),’L' = 1,2,3}.

We have the following norm on H!(D_):

_ 1/2
lullyr oy = (o ulZep_y + IVul2ep ] 2.

By duality, we introduce the negative order weighted Sobolev spaces
HUD-) = (HY(D-)), H(D-) = (HA(D-)).

We conclude this section with an important definition regarding the Leray condition
at infinity and a very useful corollary. Both will play a main role in the analysis of the
transmission problem studied in the last two sections (see, e.g., |11, Definition 2.3] and

the references therein).

Definition 2.1. A function w tends to a constant we, at 0o, in the sense of Leray if

lim. . lw(ry) — weo| doy, = 0,

where S? denotes the unit sphere in R3.
Corollary 2.2. If w € H'(D_), then w tends to zero at 0o in the sense of Leray.

For the proof of this corollary, see, e.g., [11, Corollary 2.4] and the references therein.

2.3. Trace and conormal derivative operators

In order to formulate the transmission conditions that appear in our boundary value
problems, we need to introduce the trace operator and the conormal derivative operator.

Note that, the trace operator is just the extension from the case of smooth functions to
Sobolev spaces of the restriction operator to the boundary (see, e.g., [3], [9, Theorem 4.2.1],
[20, Theorem 2.3, Lemma 2.6]).
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Lemma 2.3 (Gagliardo Trace Lemma: standard Sobolev space). Let Dy := D C R3 be
a bounded Lipschitz domain with connected boundary OD and denote by D_ := R3\ D
the complementary Lipschitz domain. Then, there exist linear, continuous trace operators
ve: HY(Dy) — HY?(0D) such that

’yiu:u|3D, VuGC’OO(Ei).

Moreover, these operators are surjective, having (non-unique) linear and continuous right
inverse operators Zi: HY/?(OD) — H' (D). Hence v+ 0 Zy = 1.

A similar lemma holds in the case of an exterior trace operator defined on the weighted
Sobolev space H!'(D_). Due to the fact that the embedding H'(D_) «— HY(D_) is

continuous, we can state the following lemma (see, e.g., [11, Lemma 2.2]).

Lemma 2.4 (Gagliardo Trace Lemma: weighted Sobolev space). Let D, := D C R? be a
bounded Lipschitz domain with connected boundary 0D and denote by D_ := R3\ D the
complementary Lipschitz domain. Then, there exists a linear, continuous trace operator
y_: HY(D_) — HY?(OD) such that

y_u=ulpp, Yue€ C®(Dy).

Moreover, this operator is surjective, having a (non-unique) linear and continuous right

inverse operator Z_: HY/?(dD) — HY(D_). Hence y_ o Z_ =1.

Note that, in this paper, we maintain the same notation for the trace operators v+ in
the case of vector-valued functions.

In the latter, by (-,-)4 we denote the duality pairing of two dual Sobolev spaces
defined on A, where A is either an open set or a surface in R3.

Denote by v the outward unit normal to our bounded Lipschitz domain D C R3, which
exists a.e. on 0D and has the components v, [ = 1,2, 3.

Through the following lemma, we can define the conormal derivative operator for the
Stokes system in the setting of Sobolev spaces (see, e.g., [3, Lemma 3.2], |20, Defintion 3.1,
Theorem 3.2] and [21, Theorem 10.4.1]).

Lemma 2.5. Let Dy := D C R? be a bounded Lipschitz domain and let D_ := R3\ D.

Consider the following space

H'(D+,Bo) := {(wa,ps,my) € H'(D+)® x L*(Ds) x H ' (Dx)* :

Bo(w+,p+) =n4|p. and divws =0 in Dy}
Define the conormal derivative operators for the Stokes system in D,

i, H'(D+,By) — H'/2(9D)?,
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by the following relation

(05, (W, p+,my), Plop = 2(E(w+), E(Z20)) p, — (p+,div(Z:0))p,
+ (g, 2+9)p,, Y¢e HY?AD)3,

where E(w) is the symmetric part of Vw, and Zy are right inverses of the trace operators
i HY(D1)? — HY2(OD)3. The operators 833, are linear, bounded and do not depend
on the choice of the right inverses Z4 of the trace operators ~y+.

Moreover, the following Green formulas hold:

:l:<80i,l,(w:tup:|:7ni)uryﬁ:11bi>aD = 2<E('I_U:|:), E('ltbi)>Di - <pj:7 div ¢i>Di

(2.1)
+ <ni7¢i>D:l:
for all (wy,py,ny) € Hl(Di,Bo) and for any ¥ € Hl(Di)g.

We have a similar version of the Lemma in the case of weighted spaces (cf. [11,
Lemma 2.9]).

Lemma 2.6. Let D, := D C R? be a bounded Lipschitz domain with connected boundary
0D and let D_ :=R3\ D. Consider the following space

HY(D_,By) = {(w_,p_,m_) € H'(D_)* x LA(D_) x H 1 (D_)*:
Bo(w_,p-) =m_|p_ and divw_ =0 in D_}.

Define the conormal derivative operator in D_,
8, H' (D, Bo) — H/*(0D)?,
by the following relation

(Do, (w_,p—,m_), Pop = —2(E(w_),E(Z_¢))p_ + (p—,div(Z_¢))p_
—m_,Z_¢)p_, Yée HY*ID),

where Z_ is a right inverse of the trace operator v_: H'(D_)3 — HY2(OD)3. The oper-
ator 80; is linear, bounded and does not depend on the choice of the right inverse Z_ of
the trace operator ~y_.

Moreover, the following Green formula holds:

(2.2) (G, (w—,p—n_),v-¥)op = —2(E(w-),E(¢))p_ + (p—,divep)p_ — (n_,¥)p_

for all (w_,p_,n_) € HY(D_,By) and for any v € H'(D_)3.
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2.4. The generalized Brinkman system and related results

Let D, := D C R3 be a bounded Lipschitz domain. In this setting we consider a gener-

alized form of the Brinkman system,

Bp(w,p) == Aw —Pw—-Vp=nin D;, divw=0in Dy,
where P € L*°(D, )33, such that
(2:3) (Pv,v)p, 2 epllvlljaip,ys, Vv e LA(D4),

where c¢p > 0 is a constant.
This system of partial differential equations is understood in a distributional sense.
Indeed, let (w,p) € H'(Dy)? x L?(D). In this case, we have the following

(Bp(w,p), ¥)p, = (n.¢¥)p,, (divw,g)p, =0
for all (w,g) € D(D.)? x D(D), where
(Bp(w,p),¥)p, = (Aw —Pw — Vp,9)p,
= —(Vw,V¥)p, — (Pw,¥)p, + (p,divey)p, .
Note that, due to the continuous embedding
LA(D+) = H™(D.),
we deduce that the operator
Bp: H'(Dy)? x L*(Dy) = H™'(D4)? = (H'(D4)?Y

is linear and bounded.

Remark 2.7. If P =0, one finds the Stokes system. If P = al, where o > 0 is a constant,

one finds the classical Brinkman system.

Now, just as in the case of the classical Brinkman system and Stokes systems, we in-
troduce the lemma that lets us define the conormal derivative operator for our generalized
version of the Brinkman system. The proof in this general case, follows similar arguments
(cf. [7, Lemma 2.2]).

Lemma 2.8. Let D, := D C R? be a bounded Lipschitz domain with boundary OD. Let
P € L>®(D,)3*3. Consider the following space

H'(Dy,Bp) :={(w,p,n) € H'(Dy)* x L*(Dy) x H'(Dy)* -
Bp(w,p) := Aw — Pw — Vp =n|p, and divw =0 in D, }.
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Define the conormal derivative operator for the generalized Brinkman system,
0%, H'(Dy,Bp) — H'/*(0D)?,
by the following relation

<8;g,y(w7p) 77), ¢>8D = 2<E(w)7 E(Z+¢)>D+ + <Pw7 Z+¢>D+
— (p,div(Z219))p, + (n, 24 d)p,, Vo€ H*(D)?,

where Z, is a right inverse of the trace operator v4: H'(D,)*> — H'Y/2(dD)3. The oper-
ator 8;V 1s linear, bounded and does not depend on the choice of the right inverse Z, of
the trace operator v .

Moreover, the following Green formula holds:

(24) <a’73_,y(w7p7 77)7 7+¢>8D = 2<E(w)7 E(¢)>D+ + <P’UJ, /lnb>D+ - <p7 div ¢>D+ + <T]7 17Z)>D+
for all (w,p,m) € HY (D, ,Bp) and for any 1 € H (D, )3.

Remark 2.9. If P = all, where a > 0 is a constant, one obtains the corresponding lemma
for the conormal derivative associated to the classical Brinkman system. We could also
obtain a similar result as in Lemma [2.8] for the classical Brinkman system in the exterior
(unbounded) Lipschitz domain D_ C R3.

3. Layer potential operators for the Stokes system

We review in this section the main properties of the layer potential operators for the
Stokes system. First of all, we denote the fundamental solution of the Stokes system by
(G(-,-),P(-,-)) € D'(R? x R3)3*3 x D'(R? x R3)3. This fundamental solution satisfies

the following equations
(3.1) AxG(x,y) — VxP(x,y) = =0y (x)I, divG(x,y) =0,

where 4y, is the Dirac distribution with singularity at y. Note that the differential operators
Ax and Vx act with respect to x. Sometimes, we have the following notations G(x,y) =
G(x—y)and P(x,y) =P(x—y).

The components of G( -, - ), P(-,-) have the following expression (see, e.g., [16, pp. 38—

39])
ij(X)Zl{éijrxjxk}v Pj(x) = - %

8 L [x[? dm[xP

where ;5 denotes the Kronecker symbol.
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The stress and pressure tensors S(S;x), R(R;x) have the components (see, e.g., [16}

p. 39])
3 TR 1 Ojk TjTk
Sju) =~ s B =5 {‘|x|3+3 xp |

Moreover, for x # y, we have

_Raxy) o Bimlyx)
oxy, ’ '

Aijkl(y’x) 6.’Ek

Now, for § € [D'(R3)]3, the Newtonian velocity and pressure potentials, for the Stokes

system, are given by

(3’2) (NRC"S)(X) = _<G(X7 ’ )7S>R37 (QR?’s)(x) = _<P(X7 ’ )7S>R3’

We can also consider the Newtonian potentials corresponding to Dy as

NDi%’ = TDi(NRifg)a Qp. 3§ :=1p. (Qr3%),

where rp, are the operators of restriction of vector-valued or scalar-valued distributions
in R® to Dy.
We have the following lemma that gives the continuity properties of the Newtonian

layer potentials on our Sobolev spaces (see, e.g., [11, Lemma A.3]).

Lemma 3.1. The Newtonian velocity and pressure potential operators for the Stokes sys-
tem given by (3.2)) are linear and continuous,

Ngs: HHR?)3 — HEH(R3)3, Ops: H1(R?)? = L2(R?),
(33)  Np,: H '(D1)® = HY (D1)?, Qp.: H H(D+)® = L*(Dy),
(34)  Np,: HYDy)® - HY(D,)?, Op, : H (D) — L3(Dy).

In view of (3.1]), the Newtonian potentials satisfy the equations (in the sense of distri-
butions)

ANgsT) — V(QrsF) =3, divNpsF =0 in R>.

Now, for ¢ € H~'Y/2(0D)?, we introduce the single-layer potential Vype and its
associated pressure potential QF ¢ defined by

(V(?DSO) = <G(X7 : )7 90>8D> (Q(%D(p) = <P(X7 ’ )7 90>8D7 vx € R? \ oD.

Let ¢ € H'/?(dD)3. We define the double-layer potential Wyp¢ and its associated
pressure potential Qg p@ for the Stokes system by

(Wopd)i(x) := /8 Sy x).m(y)6, () doy, VxR 0D,

(Qhpd)i(x) := / R;i(x,y), (y);(y) doy, Vx € R\ aD.
oD
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We also introduce, the principal value of Wyp @, denoted by Kyp¢ and given by

(Kop®)k(x) :== p.v. /BD Sjk(y, x)v(y)e;(y) doy

= lim Sk (y, x)vi(y)e;(y) doy
=0 JoD\(0DNB(z,¢))

for x € 0D where this limit makes sense.

We have the following lemma that describes the properties of the layer potential op-

erators associated to the Stokes system (see, e.g., [11, Lemma A.4]).

Lemma 3.2. Let D, := D C R? be a bounded Lipschitz domain with connected boundary
OD. Let D_:=R3\ D.

(i)

The following operators are linear and bounded:
(35) (Vop)lp,: H*(@D)* = H'(D1)*, (Qp)lp,: H'*(0D)* — L*(Dy),
(3.6) (Wop)lp, : H2(0D)* — H\(D1)*, (Qbp)lp, : H'2(9D)* — LX(Ds),
(3.7) (Vop)lp_: H V*OD)* - HN(D-)*, (Qpp)lp_: H '*(0D)* - L*(D-),
(3.8) (Wap)lp_: HY*(0D)> - HY(D_)%, (Q%p)|p_: HY*(OD)> — L*(D_),
(Wap)|p_: HY2(0D)? — H (D)3
For ¢ € H1/2(8D)3 and @ € H_1/2(8D)3, the following jump relations hold a.e. on
oD:
(3.9) Y+ (Vape) = v-(Vapep) = Vope,
1 1
(3.10) S®+ ¥+(Wapo) = —5®+1- (Wapo) =: Kop@,
1 1 _ s "
(3.11) 5Pt 9, (Vopp, Qjpp) = SP T 9.,(Vape, Qope) = Kjpe,

95, (Wape, Qapd) = 95, (Wape, Q5 p¢) =: Dapo,

where K3, is the transpose of Kgp. In addition, the following Stokes layer potential

operators given by

Vap: H-Y2(8D)> — HY?(8D)3, Kop: H/?(0D)? — HY?(0D)3,
K:,: HV/2(0D) — H™'2(0D)®,  Dyp: HY?(9D)* — H~Y?(8D)?

are linear and bounded.



342 Andrei-Florin Albisoru

4. The Poisson problem of transmission-type for the generalized Brinkman and

Stokes systems in complementary Lipschitz domains in R?

Recall that Dy := D C R3 is a bounded Lipschitz domain and denote by D_ := R3\ D
the exterior Lipschitz domain.

In the sequel, we need the following spaces

H}, (D) :={we HY(Dy)?: divw =0 in D},
HY (D) ={w e H(D_)? . divw =0in D_},
X = (Hy (D2)* x L2(D4) x (M (D-)* x LA(D-)),
9 := H Y(D,)? x HY(D_)* x HY?(D)? x H='/?(0D)?,
Voo := H 1 (D4)? x HHD_)? x HY?(8D)* x H™'/?(0D)? x R.
Note that these spaces H, (D)% and H}. (D_)3 are endowed with the norms of H*(D,)3
and H!'(D_)3, respectively. For the spaces X, 9), Yoo, the norm of an element is defined

as the sum of the norms of its components in their corresponding spaces.

4.1. The Poisson problem of transmission-type for the Stokes system in complementary

Lipschitz domains in R3

Before we state and prove the main theorem of this paper we shall give some important
results that play a crucial role in the remainder of the paper.
We consider now, the Poisson problem of transmission-type for the Stokes system in

both domains Dy and D_. The problem is stated as follows:

Awy —Vpy =nylp, in Dy,

Aw_ —Vp_ =n_ in D_,
(4.1) p n_|p_
V4w —Y-w_ = py on D,

a(_)’:y(w-‘rap-i-v 77+) - a()_,y(w—ap—v'r]—) + L’}/_A,_’ll)_|_ = CD on 8-D7

where L € L>(0D)3*3 is a symmetric matrix valued function, which satisfies the following

positivity condition
(4.2) (Lw,v)sp >0, Yvc L*(0D)>.

We shall proceed on with the following lemma that shows us that our transmission
problem (4.1)) has at most one solution such that

(4.3) (Wi, pr,wW- — W, p—) € X,

where wo, € R? is a given constant.
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Lemma 4.1. Let D, := D C R? be a bounded Lipschitz domain with connected boundary
OD. Let D_ :=R3\ D be the corresponding complementary set. Let L € L>®(0D)3*3 be
a symmetric matriz valued function such that the positivity condition holds. Then
for the given data (n,,n_, o, Cos Woo) € Voo, the transmission problem has at most
one solution (w4, py,w_,p_) such that holds.

Proof. Let (w(}r, ng,'w(l,p(l) € X satisfy the homogeneous version of our problem ({4.1]).
Then, the vector fields w9 admit the following layer potential representation (cf. e.g., [21,
Proposition 10.6.1], see also [19, Relations (4.4) and (4.5), Lemma 4.2])

(4.9) wl = Vop (05, (w15, 0)) = Wap (v w?),
(4.5) w’ = —Vop (95, (w?,p,0) + Wap(y-w?).

Apply 74+ to relation (4.4) and v to relation (4.5 while taking into account relations ((3.9))
and (3.10), and obtain

(4.6) <;H + K5D> (mgwi) = Vap(a(iy(w(}r,p(}r, 0)),
(4.7) <—;H+K3D> (v-w?) = Vap(ﬁ(iu(wo,,pg,O)).

By subtracting (4.7)) from (4.6]) and taking into account the transmission conditions of the
homogeneous version of (4.1)) we obtain the equation

(4.8) (I + VopL)(y+wl) = 0.
Next, we show that the operator
(4.9) I+ VopL: HY2(0D)® — HY*(OD)?
is an isomorphism. To this end, notice that the mappings
L: L*(@D)? — L*(dD)®, Vap: H Y?(8D)> — H'?(8D)?
are linear and continuous operators, while the embedding
L*(8D)* — H~Y2(8D)3
is continuous and compact. Therefore, the operator
VopL: HY?(OD)? — HY/*(9D)3

is linear and continuous, even compact and we get that the operator (4.9) is a Fredholm
operator of index 0.
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Due to the fact that L: L2(0D)? — L?(dD)? and Vap: H~Y2(0D)% — H'/?(dD)? are

self-adjoint operators, we get that the operator
(4.10) I+ LVyp: HY2(0D)® - H~/?(oD)?

is the adjoint of and hence it is Fredholm of index 0 as well (see, e.g., |9, Theo-
rem 5.3.7]).

In order to show that the operator is an isomorphism, we would need to prove
that is one-to-one, or equivalently, that is one-to-one.

To this end, we consider
@y € Ker{l+LVyp: H Y2(8D)> - H-Y/2(8D)%},
which is equivalent to the fact that
(4.11) —LVapwy = -

We introduce now, the following fields wo := Vgpp, and py = Qfpp,. Obviously,
the pair (wq, po) satisfies the Stokes system in Dy and using relations (3.9)) and (3.11]) the

following relations hold:

(4.12) Yrwo = y-wo, I3, (wo,po,0) — 85, (wo,po, 0) = .

If we apply the Green formulas (2.1)), we obtain

(4.13) (03, (wo, po,0),v4wo)ap = 2(Eij(wo), Eij(wo))p,
and
(4.14) — (9., (wo, po, 0), v-wo)ap = 2(E;j(wo), Eij(wo))p_ -

Adding the relations (4.13]), (4.14) and taking into account relations (4.11)) and (4.12)),
we deduce the identity

(4.15) — (LVapwo: Vapwo)ap = 2(Eij(wo), Eij(wo))p, + 2(Eij(wo), Eij(wo))p_.

In view of the positivity condition (4.2]), we deduce that each side of (4.15)) is null and
hence
Eij(’wo) =0 in D:t.

It follows that, there exists (see, e.g., |17, Lemma 3.1]) skew-symmetric matrices By (i.e.,
BY = —B.), and constants at € R? such that

wo=a++ By xx in Di.
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However, wo(z) — 0 as |z| — oo, and hence,
a_=0, B_=0.

Consequently, wg = 0 in D_ and thus v_wg = 0 on 0D.
Since wo := Vyppy, we have

(4.16) Y+Wo = Y-Wo = 0.

Moreover, pp = 0 in D_, by the fact that p(z) — 0 as |z| — oo.
Note that, due to (4.16]), the pair (wo, po) is a solution of the interior Dirichlet problem
for the Stokes system. Since this problem has at most one solution up to an additive

constant pressure in H'(Dy)? x L?(D, ), we obtain (see, e.g., [21, Theorem 10.6.2])
wog=0, po=c in Dy,

where ¢ € R is a constant.
We have obtained that

(4.17) wg=01inDy, po=c€R inDy, py=0in D_.
In view of the second transmission condition and the relation , we deduce that
0= 86fy(w0,p0, 0) = —cv,
and hence pg = 0. Now, it follows that
wo = Voppo =0, po=Qjpywo=0 in Dy.
Since yrwo = Vapwo, we deduce that
(4.18) Vapwo = 0.

Moreover, by and it follows that ¢o = 0. This shows that the Fredholm
operator of index zero , and thus an isomorphism.

Consequently, the operator is an isomorphism as well (see, e.g., |9, Theorem 5.3.7]).
Then, the equation has a unique solution, i.e., fy+'u;9r = 0 and taking into account
the layer potential representation , we obtain

(4.19) wl = Vop (9, (wl,p%,0) =0 in Dy.
By applying the trace operator 74 to the relation (4.19)), we obtain

Voo (95, (wl,p,0)) =0 on dD.
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It follows that (see, e.g., |14, Lemma 3.1]),
(4.20) g, (wl,pY,0) € Ker{Vyp: H/2(9D)* — H'*(0D)*} = Ru.

Using (4.19), (#.20) and the fact that Vypr = 0 in R? (see, e.g., [21, Lemma 5.3.1]),
we obtain

(4.21) w9 =0 inD;.
The transmission conditions give y_w? = 0, 9., (w?,p%,0) =0. So,
(4.22) w’® =0 in D_,

by relation (|4.5)).
Using Stokes’ equations and the relations (4.21)), (4.22)), we deduce that

pi:ciGR in Dy.
Recall that p° € L?(D_). Hence ¢y = 0 and we have
(4.23) P> =0 inD_.

Using the second transmission condition of the homogeneous version of (4.1)) and the
relations (4.21)), (4.22), (4.23), we get

0= 8afy(wg,p9r, 0) = —cyv.

It follows that ¢y = 0.

Consequently, we have shown that
w) =0, p). =0 in Dy, w” =0, p =0 in D_,
i.e., the problem has at most one solution. This completes our proof. O
In the proof of Lemma [£.1] we have proved the following corollary.
Corollary 4.2. The operators and are isomorphisms.

At this moment, we are ready to state and prove the existence result of our transmission
problem (4.1)) in the case wo, = 0 (see also |11, Theorem 4.2]).

Theorem 4.3. Let D, := D C R3 be a bounded Lipschitz domain with connected boundary
OD. Let D_ :=R3\ D be the corresponding complementary set. Let L € L>(0D)3*3 be a
symmetric matriz valued function which satisfies the positivity condition (4.2). Then for
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the given data (my,m_, g, Co) €, the transmission problem (4.1)) has a unique solution

(w4, p4,w_,p_) € X. In addition, there is a linear and continuous ‘solution’ operator
(4.24) T:9—-%x

that maps (n,,m_, o, Co) €Y to the corresponding solution (w,py,w_,p_) € X of the
transmission problem (4.1)). Hence, there is a constant C' = C(D4,D_,L) > 0 such that

|’(w+7p+7w—7p—)H% < CH("—}—?”?—?NO? CO)H@

Moreover, w_ vanishes at infinity in the sense of Leray, i.e.,

(4.25) lim w_(ry)doy = 0.

T—00 S2

Proof. We note that, this result is a consequence of Theorem 4.2 in [11]. Next, we give an
alternative proof for our statement.
We construct a solution of the problem (4.1) as a combination of Newtonian, single-

layer and double-layer potentials, as follows:

wi =Np,ni+Vopp+Wypp in Dy,
pr=Qp.ns+ Qpe+ Qopd in Dy

with the unknown densities ¢ € H~'/2(dD)? and ¢ € H'/?(0D)>.

Note that, due to the mapping properties (3:3), (3-4), (B-5), (B-0), (B-7) and [B3), we
deduce that

(4.26) (wi.ps) € H'(D4)? x L(Dy), (w_,p_) € H (D) x L*(D_).

Using the transmission condition (4.1))3, and the second statement from Lemma
we obtain after computation that the density ¢ € HY/2(9D)? is given by

(4.27) ¢ = (7+WNpymy) —v7-Np_n_)) — k.

Exploit now the transmission condition (4.1)4, and yet again the second statement

form Lemma [3.2] we get, after computations, the following equation
(4.28) (I+LVap)p = ¢ € H /2(0D)?,
where ¢ € H-'/2(9D)? is given by
¢:=¢o— (85, Npym4, Qb+, 0) — 95, (Np_m_,Qp_n_,0))

(4.29) 1
+L(v+Np,my) + L <—2]1 + KaD) ®.
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Recall that the operator
I+ LVyp: HY2(0D)® - H~/?(oD)?

is an isomorphism due to Corollary In conclusion, the solution of equation (4.28) is

unique, and given by
(4.30) @ = (1+LVyp)~1¢ € HY?BD)?,

where ¢ is given by relation .

Consequently, the densities ¢ and ¢ given by relations and , together with
the layer potential representations determine a solution of the problem in the
space X, which is unique, as we have already proved in Lemma

Since (w_,p_) satisfy the Stokes system in the exterior domain, we deduce in view of
Corollary that w_ vanishes at oo in the sense of Leray, i.e., holds. Moreover,
the well-posedness of the problem implies immediately that the solution operator
is linear and continuous.

This concludes the proof. ]

Now, we state the result in the case wo, # 0 (see also |11, Theorem 4.4]).

Theorem 4.4. Let D, := D C R3 be a bounded Lipschitz domain with connected boundary
OD. Let D_ := R3\ D be the exterior Lipschitz domain. Let L € L*(0D)>*3 be a
symmetric matriz valued function such that the positivity condition holds. Then for
the given data (M, m_, o, o, Weo) € Voo, the transmission problem has a unique
solution (wy,ps,w_,p_) satisfying the condition . Moreover, there is a constant
C=C(Dy,D_,L) >0 such that

(w4, p+, wo = Weo, p-)llx < Cll(n4, 11—, t0: Cos Woo) 9
and w_ — Wy vanishes at infinity in the sense of Leray.
Proof. We consider the new unknowns vy := w4 and v_ 1= w_ — ws and we write the
problem in the following equivalent form
Avy —Vpy =n,|p, in Dy,
Av_ —Vp_=mn_|p_ inD_,

(4.31)
V4U4 — Y-V = fy+ Ws on dD,

kaafy(v+7p+7 ny)— 307,,/(’07729—7777) +Lyjvy =¢, ondD

for (v4,p+,v—,p-) € X, already considered at Theorem 4.3 Due to the fact that wq
appears in the right-hand side of , it will also be involved in the right-hand side of
the estimate.

It remains to apply Theorem in order to deduce the desired result. O
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4.2. The Poisson problem of transmission-type for the generalized Brinkman and Stokes

systems in complementary Lipschitz domains in R3

We are ready to give the main result of this paper. The considered problem is the following

Aw+—Pw+—Vp+:n+|D+ in D+,

Aw_ —Vp —=n_|p. inD_
(4.32) p n_|p_
V4w —Y—w_ = py on D,

ap,(wi,pymy) — Oy, (w_,p_,n_) + Lyjwy =¢, on dD.
We have the following theorem in the case wo, = 0.

Theorem 4.5. Let D, := D C R3 be a bounded Lipschitz domain with connected boundary
0D and let D_ := R3\ D the exterior Lipschitz domain. Let P € L*(D;)>*3 such
that condition holds. Let L € L>®(0D)3>*3 be a symmetric matriz valued function
that satisfies condition . Then for (ny,m_, 1o, Co) € Y given, the Poisson problem
of transmission-type for Stokes and generalized Brinkman systems has a unique
solution ((w4,py), (w—,p-)) € X. Moreover, there is a constant C = C(Dy,D_,P,L) >
0 such that

||(w+7p+7w—7p—)Hx < CH("—H”—?N‘O? CO)”Q%

and w_ wvanishes at infinity in the sense of Leray.

Proof. Step 1: Let P = 0. In this case, Theorem asserts that the problem (4.1)) is

well-posed. In addition, the corresponding ‘solution’ operator
T:9—X

is well-defined, linear, continuous. This result follows from Lemma 4.1 and Theorem 4.2
of [11].

Step 2: Uniqueness in the case P # 0. Consider the homogenenous problem associated
to our transmission problem , namely

(
Aw) —PwY —Vp) =0 in Dy,
(433) Aw® —Vp? =0 inD_,

YirwY —v_w® =0 on D,

6;7’/(1”9'"})3"0) - a&y(wg)pgao) + L’Yerg_ =0 on OD,

where we have denoted by ((w9,p%), (w?,p?)) € X the difference between two possible
solutions of the problem (4.32)).
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By applying the Green formulas (2.4)) and ([2.2)), we obtain the relations

(4.34) (@f,(w,p%,0), 3wl )op = 2(E(wh), E(w?))p, + (Pwl,wl)p,
and
(4.35) (05, (w?,p2,0),y-w’)op = —2(E(w” ), E(w’ ))p_.

On the other hand, subtracting the relations (4.34)) and (4.35)), we get

<87<g,l/(w3-7p9,-7 0)3 ’Y+’w3_)8D — <8(;V(w(1’p0_’ O), 77w9>aD

= 2(E(wl), E(wY))p, + 2(E(w?), E(w?))p_ + (Pw}, wl)p. .
In addition, by using the transmission conditions, we deduce that
(0f ,(w},p%,0),v1w?)ap — (9, (w?,p2,0),y-w?)op = —(Lyswl, yrw )ap,
and hence
—(LywS, vewh)op = 2(E(wl), E(wh))p, + 2(E(w?), E(w?))p_ + (Pwl,wl)p, .
In view of the positivity condition imposed on L, we obtain
2(E(w?), E(wY))p, + 2(E(w?),E(w?))p_ + (Pw’,wl)p, =0,
(Lyrwl, v ws)op = 0.
In such a case, from the positivity condition satisfied by P, we deduce that
(4.36) w4 =0 in Dy, E(wY)=0 in Dy.
Since Vpg)r = Aw9r — ng{ = 0, the function p(}r is constant, i.e.,
(4.37) pl=ceR inDy.
Using again the first transmission condition we obtain
Trw) =y w’ =0.

Then we deduce that (w?,p?) € H} (D_)3 x L*(D_) is the solution of the exterior
Dirichlet problem associated to the Stokes system with homogeneous Dirichlet boundary
condition. But this boundary value problem has a unique solution (see, e.g., |6, Theo-
rem 3.4]). Hence

w? =0, p> =0 inD_.
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From the second transmission condition, we deduce that

(4.38) 05, (w,p%,0) = 0.

A straightforward computation based on (4.36) and (4.37)), yields the fact that

(4.39) 8$7V(w9r,p9r, 0) = —cv.

Then, from (4.38) and (4.39)), we obtain ¢ = 0. Consequently, we have proved that

w?r:(], p&zO in Dy,
and hence, that our transmission problem (4.32)), has at most one solution.

Step 3: FExistence in the case P # 0. In the latter, we use similar arguments to those
in the proof of [15, Theorem 4.4].

We rewrite our transmission problem in the following form

Aw, —Vpy =n|p, + E(Pwy) in Dy,

Aw_ —Vp_ =n_ in D_,
(4.40) p n_|p_
Vrwq —y_w_ =, on 0D,

\8;7V(w_~_,p+,’l’]+) - BO_W(’LU_,p_,'I’]_) + L"Y-l-w—i- = CO on 8Da

where E is the extension by 0 operator outside D .
In order to show the role of the extension operator E in (£.40), we note that the
condition P € L*®(D4)3*3 implies that

(4.41) Pw, € L*(Dy)* — H Y(D,)?

in the sense that
E(Pw,) e HY(Dy)>.

Moreover, the embedding (4.41)) is compact.
In view of the well-posedness result at Step 1, the problem (4.40) can be written

equivalently in terms of the solution operator 7 as
(4.42) (wi,py,w_,p-) =T(ny + E(Pwy),m_, po, Co)-
Moreover, in view of the linearity of 7, we have that
T(ny + E(PUH—)a n_, 1o, Co) = T (MM, kg, Co) + T(E(Pw+),0,0,0).
Hence, becomes

(443) (w+>p+a 'w,,p,) - T(E(Pw+)a Oa Oa 0) = T(nJrv n_, Ko, CO)
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In view of the compact embedding (4.41)), the linear operator
Tp: X —> X%

given by
7};('w+,p+, ’U),,p,) = T(E(Per)a 0,0, 0)
is compact.

We can introduce now the operator
Ap =1—-Tp: X — X,
which is a Fredholm operator of index 0. Moreover, the equation (4.43) becomes

(4.44) Ap(w,pi,w—,p_) = T(ThﬂLaMovCo)-

It remains to show that the operator Ap is injective. To prove the injectivity of Ap, take

into account that the following equation
Ap(wl, p, w?,p?) =0

is equivalent to the homogeneous problem .

However, at the second step we proved that this problem has only the trivial solution
in X. Then Ap is injective as asserted.

Therefore, we conclude that the operator Ap is an isomorphism, and hence, taking
into account the equation , we have guaranteed the existence of a solution for our
transmission problem in the space X, and for the given data (n,,m_, pg, o) € 9.

Moreover, the solution is delivered through the operator .A;l o T in the following

manner

(4.45) (Wi, pr,w_,p-) = (Ap" o T) (M m_, 1. Co)-

This completes the proof of the existence result.
Finally, it remains to use (4.45)) and the continuity of the operators 7 and .A;l to
conclude that there exists a constant C = C (D4, D_,P,L) > 0 such that

H(w-‘mp-i-v w—ap—)Hf < C”(n-i—v n_, Ko, CO)HQ.)

and Corollary [2.2| together with the fact that w_ € H'(D_)3 implies that w_ vanishes at

infinity in the sense of Leray. O

Remark 4.6. In a similar manner one can state the more general assertion, namely, the
case when we, € R? is chosen arbitrary. Since the proof follows similar arguments to those
in the proof of Theorem we omit the details for the sake of brevity (see, e.g., [11], in

the special case P = al, where o > 0 is a constant).
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