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Three Examples of Sharp Commutator Estimates via Harmonic Extensions

Armin Schikorra

Abstract. Recently, Lenzmann and the author observed how to obtain a large class
of sharp commutator estimates by a combination of an integration by parts, an har-
monic extension, and trace space estimates. In this survey we review this approach
in three concrete examples: the Jacobian estimate by Coifman-Lions-Meyer-Semmes,
the Coifman-Rochberg-Weiss commutator estimate for Riesz transforms, and a Kato-

Ponce-Vega-type inequality.

1. An estimate by Coifman-Lions-Meyer-Semmes

Throughout this text, we will only consider maps which are smooth and have compact
support, i.e., C°-maps. We will make no attempt to obtain an optimal space in the
estimates which we consider hold. Rather, our focus lies on obtaining optimal estimates,
which by density arguments may lead to these optimal spaces.

Let u € CP(R",R") and ¢ € C°(R™). The Jacobian of u, sometimes denoted by

Jac(u) is the determinant of the gradient
Jac(u) = det(Vu).

The Jacobian naturally appears in geometric contexts, since it describes the volume of a
square distorted by the linear map Vu(z) — as we know from the transformation rule for
integrals.

The following estimates are then quite obvioud]]

(L.1) /Rn det(Vu)o S |[Vulznllol Lo

and (by an integration by parts)
[ det(Tuye < Julli= 1Vl Vo

But these are not sharp estimates.

Received July 6, 2018; Accepted February 22, 2019.

Communicated by Duy-Minh Nhieu.

2010 Mathematics Subject Classification. 42B37, 47B47.

Key words and phrases. commutator estimates, BMO, Hardy space.

'Here and henceforth by A < B we mean that A < CB for some constant C' which is always supposed to

not depend on A or B (or other relevant quantities).

1365



1366 Armin Schikorra

This had somewhat been known for quite some time in the theory of geometric PDEs
(again: the Jacobian is a very geometric object and appears for example in surfaces of
prescribed mean curvature) [21,30], but it took until the 1990s to really understand the
reason (in the sense of Harmonic Analysis). After an earlier result by Miiller [20] (who
proved L log L-estimates for the Jacobian), Coifman-Lions-Meyer-Semmes [9] obtained the

following remarkable estimate
(12) [ det(Fuwe < IVullelao.

Here [¢]|paro denotes the seminorm of the space of function of bounded mean oscillation

(BMO), namely
[¢lpmo == sup ][ ® —][ ‘P”
r>0,20€R™J B, (z0) Br(z0)

Estimate (|1.2)) is a strictly weaker estimate than (1.1]), since

leleno S el
Two different methods are given in [9] in order to obtain (|1.2)):

(1) Showing that det(Vu) belongs to the Hardy space H!(R") if Vu € L*(R",R") and
then using duality with BMO.

(2) Reduction to the Coifman-Rochberg-Weiss commutator, see Section

Before proceeding, let us stress that has been a crucial tool for regularity theory
of geometric PDEs, such as regularity theory for the equations for surfaces of prescribed
mean curvature and for harmonic maps into manifolds, see for example [11|13]/14,22], see
also the monograph [15] and for some open problems the survey [24]. The usefulness of
is based on the continuous embedding of the Sobolev space W1 into BMO (and

there is no embedding of W1 into L> for n # 1!), which makes the following estimate a

consequence of (|1.2])
(1.3) A det(Vu)p < [[VullZa [[Velln.

n,00)

Actually, in terms of Lorentz space one can improve this estimate: since W embeds

into BMO,

(1.4) /n det(Vu)p S [[VullZ- Vel oo -
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1.1. “Intermediate” sharp estimates for the Jacobians

The estimate , can be interpreted also as a distributional definition of the
Jacobian (cf. [3]): det(Vu) is well defined as an element of BMO* or (W1m)*.

But this can be “improved” in the differential order of the Sobolev spaces: If in
one “allows more derivatives” to “fall” on ¢, one can wuniformly reduce the derivatives

that “fall” on u. Namely, the following estimate is true

(15) [ etT0e S Wl e i

holds whenever s1,...,Sy,+1 > 0 and p1,...,pnt1 € (1,00) are so that
n+1

(1.6) Z si=n
i=1

and
n+1 1

1.7 —=1.
w7) >

Estimates of this sort were observed not so long after the work of [9], see e.g. [25]; Indeed,
one can hope to obtain this from multilinear interpolation of the inequality . It seems
however that some versions of estimates of the form were known to some experts
even earlier than the work in [9] — e.g. the technique in [27] hints into this direction.
This seems to be the case due to the fact that is technically easier than ([1.2). We
shall make the last (very superficial) statement more precise below: we consider proofs by
Tartar [27], by Brezis-Nguyen [27], and Lenzmann and the author [18] of different versions
of . We then show that, in order to prove the limit space BMO-inequality , one

more push is needed.

1.2. “Intermediate” estimates: An argument due to Tartar

The technique for proving the so-called Wente’s inequality in [27] inspire the following
argument.

Denote by F the Fourier transform. For simplicity of presentation we restrict ourselves
to the case n = 2, but this arguments takes over to any dimension. The properties of
the Fourier transform (products in geometric space become convolutions in phase space,
derivatives in geometric space become polynomials in phase space) imply that one can

write

Fdet(Va V) (€) = / det(€, € — n)Ful (€ — ) Fu(n) di
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where ¢ is a (real) number. The compensation effect that is responsible for the correctness
of estimates such as ([1.2)), (1.5)) etc. is the following: By the properties of the determinant

we have

det(§,§ —n) = —det(&,n) = det(n, € —n).

In particular, the following estimates are true:

[€11E =,
nll€ = nl.

Interpolating between these three options, for any si, s2, s3 > 0, 51+ s2+s3 = 2 (cf. (1.6]))

we have

(1.8) | det(&,& —n)| S 1€ —nl*nl**|€]%.

So we set
k(& m) = 1€ —n|7 n| 7€ det(€, € —n),

which smooth away from n =0 and £ = 0 and n = £ and satisfies

(&m)| S 1.

Define the bilinear operator T'= T'(a,b) as

F(T(a,b) = [ we.mFale —n)Fb() dy
and use the Plancherel Theorem to find
[ aet(@ul vt = [ T((-a) 2l (- a) A -y o,

In some sense T is a zero-multiplier operator, see [28, Theorem 5.1], so one obtains the

estimate

[aetwal[vario = [T(-y /2t () -y
<NT((=2)2ul, (=A)2PP)||y [(=2)% 2| oo
S =) 2ul | o [[(=A) %2202 o2 | (= A) | s
This is not exactly the same estimate as in (|1.5]), since W*P is not characterized by the

norm ||(—A)*2f||z» unless p = 2 — but it clearly goes into the right direction — and with
a bit more care (and para-products) one can obtain (|1.4) from this strategy.
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Remark 1.1. (1) Observe that it does not seem to be obvious how this possibly could
lead to the BMO-estimate (1.2]) for s3 — 0.

(2) In order to avoid multilinear Fourier multipliers one can conduct the argument de-
scribed above also without Fourier transform. Instead, one can use the representa-
tion

Vu(a) = R(-2)2u(w) = [ M(—A)Wu(y) dy.

Now a similar estimate to (I.8)) can be used for the kernels (x —y)/|z —y|* ! instead
of the Fourier symbol i¢/|¢|. This was used, for “intermediate estimates” of some

commutators in [23], see also [2}/11].

1.3. “Intermediate” estimates for sy =--- = sp41 =n/(n+1): A proof due to

Brezis-Nguyen

The following is a beautiful idea by Brezis and Nguyen [3] for

§Si=8] ="+ =8pq1 = and p:=p=---=p,=n+ 1.

n+1

Denote by
R =R" x (0,00)

and from now on we adapt the notation that z € R” and ¢ € (0, 00), i.e., variables in R"*!
are (x,t).

Let U: R’}fl — R™ be an extension of u: R™ — R™, and ®: RIH — R™ be an extension
of p: R" — R.

Then, by Stokes’ theorem (identifying R™ with R™ x {0} = 8R7fr+1),

‘ / det(Vyul, ..., Vou™)pdr

- ‘ / 1 det(Vz,tU1> RN Vm,tUn, Vx,t(I’) d(x7 t) .
=

Here V, = (0,1, ...,0,n) denotes the gradient for functions in R”, and V,; = (9,1,...,
Oy, 0;) denotes the gradient for functions in R’};H. From the above equality we obtain by

Holder’s inequality,

/ det(Voul,. .., Vou™)pdx

(1.9)
S [Ul]Wl’"+1(R1+1) e [Un]W1,n+1(R1+l) [@]W1,n+1(R1+1).

This estimate holds for any extension U',...,U", ®: R1+1 — Roful,...,u" ¢: R* = R.

In particular it holds for extensions U; that (approximately) realize the trace embedding

Wl,n—‘rl (R¢+1) SN Wn/(n+1),n+1 (Rn%
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namely for extensions U of u such that

(110) [U]Wl,n+1(Ri+1) ~ [u]Wn/(n+1),n+l(Rn)-
For example, the harmonic extension

(1.11) U(z,t) = pe*u(x)

gives ((1.10f), where p, is the Poisson kernel

t
pi(2) = C(’z‘Q + 752)(71-1-1)/2'

(1.12)

But, (under certain assumptions on the integrability and decay, i.e., on s) also kernels of
the form

ts
(‘Z|2 4 752)(n+s)/2

(1.13) piz)=c

satisfy ((1.10]).

Whatever choice for the extension we make, once (|1.10) is satisfied we have obtained

/ det(Vpul,. .., Vou™)pda
1
<lu ]W"/("“)v"“(R:ﬁl) T [Un]v'vn/(nﬂ),n“(m“)[@Wn/(nﬂ)mﬂ(ﬁ@i“)

which is ([1.5)) for our special choice.

1.4. “Intermediate estimates”: General case

Here we follow [18] to obtain (1.5]) in full generality by the harmonic extension.
By adapting in the above argument ((1.9) the Holder inequality it is easy to obtain

‘ / det(V L Veu)pdr

= ]WS1 p1 (R"H) [un]WSn,pn (Rfrl) [q)]WSn-‘rlan-‘rl (Ri“)

for p; satisfying and
S; i — 1-— l,
bi
that is, for trace spaces of W1Pi. But what to do for estimates in spaces WP which are
not trace spaces of W14 i.e., for s # 1 —1/p;? Weights in ¢-direction are the answer. We

can smuggle those in by writing with the help of (1.6, (1.7)

1= tl—sl—l/pl . t1_5n+1_1/pn+1.
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Then, from the argument in Section [I.3] we obtain

’/ det(Vzul, ..., Vou™)pdx

< ||tlfs1fl/P1vx7tU1||Lp1 (]Ri*l) . Htlfsnfl/an%tUnHLpn(RT_l)

% Htl—anrl—l/Pn+1 vz7t¢‘|Lpn+l (Rrﬁ-l).
Again this inequality holds for all possible extensions U',... , U™, ®: Riﬂ —Rofu',...,

u™, p: R — R, and we need to find an extension such that
(1.14) [T Ul ety = [l

We are lucky: under some integrability and decay assumptions extensions such as the
one defined in , and in particular the harmonic extension , satisfy . The
proof of this fact is somewhat scattered throughout the literature: an early work where
this appears is [29], see also [19]; it also is partially contained (somewhat hidden) in Stein’s
books, e.g. [26]. As a special case the s-harmonic extension theory was popularized in the
2010s in the PDE community by Caffarelli and Silvestre [5]. In terms of Besov- and Triebel
spaces the most general statement known to the author is due to Bui and Candy [4]. Thus,
by the right choice of extension (for example the harmonic extension), we obtain in
its full generality.

Again, one should notice that it is in no way obvious how s,1; — 0 implies the
BMO-estimate . This is what we meant after Equation when we said that
the BMO-estimate is structurally more complexr than the “intermediate” estimate
. In the next section, we shall see what additional trick we need: it’s an additional

integration by parts.

1.5. The BMO-estimate

In this section we prove the BMO-estimate (1.2]) first obtained in [9]. More precisely, we

show the estimate
(1.15) / det(Vau)p < [Vl - - - [V || 1on [] maro
RTL

holds whenever py,...,p, € (1,00) so that
n

21:1.

i1 Pi

The proof of the BMO-estimate as in [18] follows from an adaption of the above arguments

in three directions: First, we will apply an additional integration by parts in t-direction,
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namely the almost trivial observation that for sufficient decay at co a smooth function f

satisfies
(1.16) /0 f(t)dt = —/0 Lo f(t) dt.

Secondly, we will (for the first time) use the harmonicity of the extension: if A, ;F = 0

then obviously
onF =—-A,F.

We will use this fact essentially only in order to replace derivatives in ¢-direction (which we
cannot integrate by parts in Rﬁ“ since there would appear boundary terms) by derivatives
in z-directions (which we can integrate by parts in R’};H without having boundary terms).
Thirdly, we will need a replacement for the trace estimate such as , for BMO:

Carleson measure estimates.

1.5.1. An additional integration by parts

As always, let U: Rﬁ“ — R” be an extension of u: R — R", and ®: Riﬂ — R”™ be an
extension of ¢: R — R.

By Stokes’ theorem, as before,

C:= ‘ / det(Vul,..., Vou™)pda

(1.17)

/ﬂ dm(vmiin..,vinﬂ,vxié)d@;QM
R7H!
Now we perform an additional integration by parts in ¢-direction, namely ((1.16|)

C= ‘ / - tO; det(Vx,tUl, RN VLtUTL, Vx,t<1>) d(x, t)'
R
We claim that if U?, ® are harmonic, then it is possible to estimate C by
n .
(118) C 5 2/ o t‘v:p,tU1| - |Vz,tvaZ| . ’Vx,tU"HVx,tCI)\
i=1 /RY

That is, a second derivative hits one of the U’s and it does so in z-direction.

Proof of . It might be interesting to observe that the following argument does not
use the determinant structure anymore. It simply follows by the product structure of the
integral. The determinant structure was only important for the first integration by parts
(1.17)).

Assume that U? and ®' are harmonic. We split the integral in n 4 1 parts,

C<DL+-+1,+1II
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where fori =1,...,n,
I = ’ / » det(V, U, ... 0,V U VU™ V1 ®) d(, t)‘
R’Vl

and
II = ’/ +1tdet(Vz,tUl,...,Vm,tUn,Vm,t&s(I)) d($,t)‘.
Rn

For i =1,...,n, harmonicity implies that
|0:V 21U = (010U, . . ., 0O U, —ALUY)| < |Vt VU,

so for I,..., I, the estimate (1.18) is immediate.

For IT we have, again by harmonicity,

det(V, U, .. Ve U™ Vi 0,®) = det( ViU ‘ ‘ Vot U™

V0P
AV

Thus, I can be estimated by (for a second we write z = (z,t))

n+1 n

/ td., U' - 8zinU"-axjat<1>’
R+

Zzl

/ t0,, Ut 0., U™ A, ®|.
R7H!

015yt =1
With an integration by parts in z-direction (there are no boundary terms in z-direction,
which is the big difference to integration by parts in t-direction)

n+1 n

m< > Y

i1,..tn=1j=1

/+1 . (0, U - 0, U”)-&ﬂ)‘
Rn

n+1
D S A RO AR SUOR 2
115000 =1 R"+
Both terms satisfy the estimate that we claimed (1.18)). O

The reason we want ([1.18) is that we find below a square function, and will use
the square function estimate [26, Section I, §8.23, p. 46] which states that (“tangential”

version)

0 dt\ P 1/p
(1.19) (L res@P ) an) ™ £ 1oy

and (“non-tangential” version)

dtdy\" 1/p
(/ </| ‘ t!m*f(y)p tn+1> d:):) S o)
n z—y|<
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hold true for kernels x with sufficient decay at infinity and [ = 0. In our case we will

apply this to f = V,u, and Kk = Vm‘t:lpt, i.e., we use that
VaeitVaU = (Vaupr) * (Vau) =tk * Vau.

These are the trace estimates we treat in the next section.

1.5.2. Trace estimates

We have found in the last section that if U’ and ®: Rﬁ“ — R denote the harmonic
extensions (with decay to zero at infinity making them unique) of v’ and ¢: R® — R,
then

(1.20) / det(Vul,...,Vu")cp < Z/ » t|Vx7tU1| |vx’tszz’|vx,tUnHVx,t(I>|
" i—1 /Ry

An important tool is now the characterization of ¢ € BMO in terms of the harmonic
extension ®. The next theorem follows e.g. from [26, IV, §4.3, Theorem 3, p. 159] or [12,
Theorem 7.3.8].

Theorem 1.2 (Characterization of BMO by Carleson measures). Let ®: R’}fl — R be

the (s-)harmonic extension of ¢ € C°(R™) as in (1.11)), (1.13). Then
1/2
[elBymo ~ (]B\_l sup/ t]Vm(I)]dedt) .
B JT(B)

Here the supremum is taken over balls B C R™ and T(B) C R denotes the tent over
B, i.e., if B = B(xg,r) then

T(B) = {(z,t) € RT‘l o —mo| <t—r}.

Also, we need the following estimate which serves as a replacement for the L'-L>

. . . 41,
Hélder inequality on R’} ™:

/ LF (2, 1) G, 1) dadt
R+

X ) 1/2 , dydt 1/2
< s (B[ argaraa) [ ([ eaoRrRs)
BCR™ balls T(B) n le—y|<t

For a proof, see [26, IV, Proposition 4.4, p. 162]. In particular, if ®: R’};H — R is the

harmonic extension of ¢: R” — R we have

5 dydt\?
T B e Py N O M=)
R™ n

z—y|<t
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In our situation (|1.20) we employ this estimate with
Gi = |V U [V VU - [V U™

Moreover one can show [18, (10.3)] that if U: RTFI — R is the harmonic extension of
u € C°(R"™), then for all z € R,

(1.22) sup |V Uly, 1) S MVl () + MI(—A)2ul(x).

(y,0):|z—y| <t

Here M is the Hardy-Littlewood maximal function. Thus,

dydt\ V/?
/ ( [ iewor 31> da
n le—y|<t t

. ) 5 dydt\'/?
< ¥ M\Dzu - M|Dpu”| Vo VaU(y OF 5y | da
Die{(-A)1/2,V.} l—yl<t

Holder’s inequality and the boundedness of maximal functions and Riesz transforms on
LP leads to

dydt\ /2
Gy(y, )| d
/ ( /x_ym' o) tw) .
p1/2 1/p1
Qdydt) dm) ‘

< IVl IV ([ ([ 0t
R |lz—y|<t

Now, we use the non-tangential square function estimate, see [26] Section I, §8.23, p. 46],
which states that for p € (1, 00),

dtd p 1/1’
(1.23) ([.( /| s fP ) o) S Ul

hold true for kernels £ with sufficient decay at infinity and [ x = 0. Since U is harmonic

with decay to zero at infinity, it can be written as U' = p; * u', where p; is the Poisson

kernel as in ([1.11]). Consequently,
ViuiVaU' = (Viape) * Vo',

and just by computing V,:p; we can find a map « with sufficient decay (and since it is a
derivative with [k = 0) so that

Vaeipi(2) = 71 "R (2/t) =t Ry(2).

dudt p1/2 1/p1
(/ </| tlvz,tval(y,tﬂztf_l) dm)
n r—y|<

Thus,
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dudt 11’1/2 1/pl
</ (/ t72 kg * Vout(y, ) 31> d:c>
n \Jje—yl<t t
dudt p1/2 1/p1
(/ </ ”it*vxul(yatﬂz y+1> d.’L‘)
n lz—y[<t tr

IVt || o1 &)

e

Plugging all these estimates together, we obtain (1.15)

1.6. The actual div-curl estimate

The theorem by Coifman-Lions-Meyer-Semmes [9] actually treats div-curl estimates, namely
for vectorfields f: R™ — R", g: R® — R"” so that

divf =0, curlg=0,

we have for any p € (1,00)

790 1ol o lelaro

One can easily obtain the same estimate (and the related intermediate estimates) by the

same method as above if one represents (by the Poincare lemma) the vector fields as
differential forms f = da € C®(A'R"?), g = xdB € C(A\" ' R?)

/ da/\dbg@‘.

Now the Stokes theorem implies for extensions A, B, ® of a, b, ¢ respectively that

/ da/\dbgp‘:’/ dAAdBAd(I)‘.
R™ R+

The further estimates are exactly as in the above sections.

‘ f‘gw‘:
R'n

Let us remark, that an argument based on the harmonic extension argument has been
used by Chanillo in [6] quite some time ago in the realm of compensated compactness. In
particular, for div-curl quantities he obtained estimates of the form (1.3)) in this way. The

BMO-estimate via this argument seems to be new in [18].

2. Coifman-Rochberg-Weiss commutator

Let R = (R1,...,Ry) denote the (vectorial) Riesz transform, given by the Fourier symbol

FWMOFwéH@,
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where ¢ is a real nonzero number. In [10] Coifman-Rochberg-Weiss proved the following

estimateE| for any p € (1, 00)

(2.1) / (Ri(f) 9+ f Ri(9)¢ < [elzmollfIlLe@n)llgll 1o -
This is a commutator estimate, since it can by duality it is equivalent to

Iles Ril (Pl e (rey S lelBaroll fllr@ny,
where
[0, RI(f) = ¢Ri(f) — Ri(ef).
As for the Jacobian, is an improvement of the (almost) trivial estimate

| Rith g+ 5 Rilo))e S lellioelFocan 9l oy

Indeed, it was shown in [9] that the Jacobian estimate from Section [1| follows from ([2.1).
In [1§] the estimate (2.1]) is proven by the extension method, namely we obtain

Theorem 2.1. Let f,g,0 € C°(R™), i =1,...,n. The term

[ Rin)g+ rRitg))e
can be estimated by
(1) The Coifman-Rochberg-Weiss [10] estimate, for any p € (1,00)
[elsrioll flle@m) 19l o ey
(2) For any s € (0,1) and p1,p2,p3 € (1,00)
(=AY 0| Lo @) 12 £ o2 @@y 19 | 223 (reny -
The main additional observation in addition to the arguments from Section [I} is the

following: for a map f: R — R denote f": R"™' — R the harmonic extension f"(z,t) :=
pe* f () for the Poisson kernel ((1.12)). Then we have the following for some constant ¢ € R

(2.2) (R )t = —cdp, 1.

2Indeed, they proved this estimate for general Calderon-Zygmund operators instead of only the Riesz
transforms.
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2.1. The integration by parts

We use the following formula which holds e.g. for any C!-function n: [0,00) — R with

sufficient decay at infinity, namely lim;_,oo [7(t)| = limy—o0 |7/ (£)| = O:

n(0) = /OOO tOun(t) dt

Let F,G,®: ]R’}fl — R be the harmonic extensions of f,g,p: R — R. By an abuse of
notation we shall write
RiF = (Rif)".

Then we find

/n(Ri(f)g‘Ff'Ri(g))(p‘ -

[, oul(Ri(F) G + FR(G) ).
R}
Our goal is to show at least one of these derivatives hits &,

(2.3)

[ ®ina+rRitane] <X L 020 FIGL+ IS, 9
where the sum is over F € {RF,F} and G € {RG,G}.
We compute

ou((Ri(F) G + FRi(G))P)
(2.4 = O(Ri(F) G + FRA(G))O + (Ri(F) G + F Ri(G)) O
+ 0u(Ri(F) G + FRi(G))®.

Clearly the first term is already of the form we need to get (2.3)). As for the second term,

we can use the harmonicity of ®,
(Ri(F)G+ FRi(G)0u® = —(Ri(F) G+ FRi(G))A®
and thus by an integration by parts in z-direction

/ HRA(F) G + FRi(G))0u® — / IV, (Ri(F) G + FRi(G)) V.
RH Ry

which is of the form ([2.3)).
It remains to compute the last term in (2.4). We have

0u(Ri(F) G + FRi(G)) = (0uRi(F) G + F 0yRi(G)) + (Ri(F) 0uG + 0 F Ri(G))
+ 2(0/Ri(F)G + O, F O;R(G)).
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Now we employ (we pretend ¢ = 1 for simplicity)
= (OuRi(F) G+ F 0uRi(G)) + (Ri(F)0uG + 0uF Ri(G)) — 2(0pi F O1G + OLF 0,:G)
and use the product rule on the last term (factoring 0, )
= (OuRi(F) G+ F 0uRi(G)) + (Ri(F)0uG + 0uF Ri(Q))
—20,i(F 0:G + O F G) + 2(F 0,0,:G + 0,0, F G)

and again by we find
= (8ttR,(F) G+ F 8ttRZ(G)) + (R1<F)8ttG + O F Rl(G))
—20,i(FO,G+ O F G) —2(F 0y RiG + O0uRiF G)

and thus
= —(0uRi(F) G+ F 0uRi(G)) + (Ri(F)0uG + OuF Ri(G)) — 20,:(F 0:G + O F G).

Now we use the harmonicity of F' and G (and recall that R;F and R;G are by definition

also harmonic),
= +(ARi(F)G+ FAR(G)) — (Ri(F)AG + AL F Ri(G)) — 20, (F 0,G + O F G).
Next we factor the divergence

— V. (Ri(F)V.G+ V. FRi(G))+ (VoRi(F) - VoG + V. F -V, Ri(G))
—20,.(F G + O, F G).

We see that the second and fourth row cancel, and thus

= 4V, (VoRi(F) G + FV,Ri(G)) — Va - (Ri(F)V4G + Vo F Ri(G))
—20,:(F 8,G + 9,F G).

But this implies that also for the third term in (2.4]) we obtain the estimate (2.3|) by an
integration by parts.

2.2. The trace theorems

We have found in ([2.3)

/ (Ri(f)g+ fRi(g))w‘ S /R IVl FIIG) + [Fl[ Vet Gl) V@)

where the sum is over F € {RF,F} and G € {RG,G}. Now we need to prove trace

estimates.
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Lemma 2.2. Let F,G,®: RT‘l — R be the harmonic extensions of f,g,¢: R® — R,

respectively. Then
/ Ve F||G||Va @
R

+

can be estimated by
(1) forp € (1,00)

(2.5) S lelsmoll fllzellgll pps

(2) for p1,p2,ps in (1,00) with 1/p1 +1/pa +1/p3 =1

(2.6) S =220l o || flle | 159l s
(2.7) S I=2) 2l Lo |11° £l e lgl] s

Proof. To prove (12.5) we proceed the same way as in the BMO-estimate for the Jacobian,
Section [LL5.2]
For ([2.6) use a different version of the maximal function estimate (1.22), namely we

have

supt|Vy  F(x,t)] S Mf(x).
t>0

Thus, by Holder’s inequality

L AV FIIGIV i)

+

00 1/2 00 1/2
<[ M f(a:)( / 251G dt) ( / 12|y, )2 dt) da
R 0 0

o p3/2 1/ps3 ) p1/2 1/p1
st ([ ([Terera)ae) ([ ([T waepa) a)
Rn 0 n 0

Now we can write
Vaii® = 571k x (—A)S/zgo

where s < 1 ensures that « satisfies [k = 0. Thus, we find again a square function

estimate, as in ([1.19), and have
o p1/2 1/p1 o0 dt p1/2 1/p
([ ) ([ 2) ")
n 0 n 0
S (=8)*¢|| o
As for G, we can write

G=p* (—A)2I°g =t 5k, % I°g
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and use the same square function estimate to obtain

) P3/2 1/173 [e’e] dt 173/2 1/p3
(/ </ t25_1\G]2dt> d:):) = </ </ \/ft*Isg\z t) dw)
n \Jo n \Jo

S Pgllzes.

This establishes (2.6]).
For (2.7 we argue similarly,

L UVsaFlIGI Vs
R+

< Mg(x)</ t3 v, F)? dt> </ 2|V, D dt) dzx
R” 0 0

00 p2/2 1/p2
§||9||LP3< / ( / t28+1|vm,tF|2dt> dx)
R™ 0
0 p1/2 1/p1
x(/ </ t123|VI7t<I>|2dt> da;) )
n 0

The term involving ® is estimated as above, for F' we write
Vo =t 5k« I° f,

and have by the square function estimate

1S9 p2/2 1/p2 ) dt p2/2 1/p2
</ </ tZSH\VmFth) da;) = (/ (/ \ﬁt*18f|2> d:c)
re \ Jo R \ J0 t

S fllzre-

This establishes (2.7)). O

3. Coifman-McIntosh-Meyer and Kato-Ponce-Vega type estimates

In the above section we estimated commutators in LP-spaces. A class of commutator
estimates usually called Coifman-McIntosh-Meyer or Kato-Ponce-Vega estimates [7,/8}/16),
17] consider Holder and Lipschitz-estimates. In this section we show how this works by

the extension method.

Theorem 3.1. Let p € (1,00) and f,g,p € C(R™). Then,

(=22, 01 ()l ony S leloo | 1l oo @n)

or equivalently

/n (f(=2)2g = (=2)"%f 9) S [#lcor I f 1| o 9] Lo -

One observes readily that this estimate is completely trivial for (—A)/2

the derivative V.

replaced by
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3.1. The integration by parts

The main additional observation to start the integration by parts in this context is the
following: if F': R”}j‘l — R is the harmonic extension of f: R® — R, then we have the

so-called Dirichlet-to-Neumann property
O, F(x,0) = c¢(—=A)Y/2f.

Thus, denoting F, G, ®: RT‘I — R the harmonic extensions of f, g, p: R™ — R, then

(802 - -aprg)e| =

/ O(FOG — O F G)cp)‘.
R+

By a first cancellation we find readily

(f(=2)!2g = (—0)2f g)@‘ < /IR L (FoG—oF G)atcb‘

]Rn

_|_

/ (F ouG — OttFG)cb‘.
R+

By another integration by parts in t-direction, we find

R

(F(=n)H/2g - (—A)ng)so‘ <CL+CotCs,
where

C:=

, Co:=

/ (P AG —0F C)o) / O(F 06~ 9F G)B).
Ri 1 Ri 1

Csy:=

/ 10, ((F OuG — OuF G)@)‘.
R7H!

We claim that we can estimate
Gt ot oS [ HIPITaiGl+ [VaaFlIGDIV 22
Rn

(3.1) *

4 [ VP IVaGlI 0.
Ry

For C; this is clear by the harmonicity of ®, ;P = —A,P.
For Cy we find

Co =

/ t(F 0uG — OuF G)0y®|.
Ry
Using the harmonicity of F'; G and the factoring the divergence,
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That is, an integration by parts in z-direction leads to

Cy = ’ / HE V.G — Vo F G)0,V,d
R+

This establishes the estimate (3.1]) for Cs.
Using (3.2)) in Cs,

Cy = ’/ . t@t((FVxG—VxFG)-Vx@)’.
R

After computing the product rule for 0; there is only one term not obviously satisfying
the estimate (3.1), namely

‘ / HEV,0G - V0 C) Ve8| <
R?

/ VL (FOG — F G) - vgccp‘
R

+

/ HV,F 8,G — 8,F V,G) - vxcb‘.
R+
Thus, (3.1)) is established as well for Cs.

3.2. The trace estimates

In (3.1) it was established that for f, g, € C°(R"™) we have the following estimate for
the respective harmonic extensions F, G, ®: RTA - R

/n (F(=A)2g— (=A% F g)

</ (|F\|vm,ta|+|vx,tF|G)|vm,tv$q>\+/ AN
R

~Y t
n+1
Rt
Theorem is then a consequence of the next two lemmas:

Lemma 3.2. Let f,g,o € C°(R™) then for the respective harmonic extensions F,G,®:
+1
R — R,
Lo 1VatPITiGlIT00] 5 il i
+

Proof. By, e.g., the maximum principle (one can also use an estimate by the maximal

function similar to ([1.22))
IVl oo gty < [Vl oo ().

Note that there is no reason for this estimate to be true when ||V, @, - (rn+1) Is replaced
+

by ||at(I)HLOO(Ri+1).
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Thus, Holder’s inequality implies

Vi F| | V4G Vo ®|
R+ ’ ’

+

A

Now as in the sections before we find a square function, namely we can write
Vil = t iy x 7/,

for a kernel x satisfying the square function estimate, and conclude that

(L (] awer 'th>p/2d‘””) " (L (] s rar Cf)””m) v

S llze ey

and in the same fashion we have

oo 2 p'/2 1/p'
( / < [T 9.0 dt> dx) < gl o oy

This proves the claim.

oo p/2 1/p o p'/2 1/p
N[so]mp< / ( / t|vx,tF2dt> dm) ( / ( / t|Vx,tG|2dt> dx> .
Rn 0 n 0

O]

Lemma 3.3. Let f, g, € C°(R™) then for the respective harmonic extensions F,G,®:

+1
R — R,

L UFI921GIVa P08l 5 il [Vl

+

Proof. This is similar to the Jacobian estimate, Section More precisely, by ((1.21]),

/ V01 G|V s VoD
Rn+1

+

2  dydt\ '/
< [Vxﬁ/?]BMO | | ’F(y7t)’ ‘vx,tG(y7t)’ tn—1 de.
n T—y|<t

By an estimate similar to (|1.22)) we have

sup  |F(y, )| S Mf(x).

(y,0):|z—y|<t

By Holder inequality and the maximal theorem we thus obtain

/ ||Vt Gl[ Vi Vo |
Rn+1

+

dudt p'/2 1/p’
n r—y|<
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Again, we write

VG =: t Lk x g,

and use the non-tangential square function estimate (1.23)) to obtain

dydt p'/2 >1/p'
VaiG(y, ) ) dx
</” </|z—y|<t| ' ( )‘ tn—1
dydt p'/2 1/p
_ 2
(L (L o ) e

S ”g”Lp’(Rn)‘

This establishes the claim. O

4. On strengths and limitations of the method by harmonic extension

In some sense, the extension method described above is similar to the Littlewood-Paley
decomposition (which can be used to prove all of the statements alluded to above). One
main advantage is that the technical argument of paraproducts can be avoided (at least
for the commutators mentioned). But of course the mathematical deepness of the results
means that the technical difficulties cannot disappear, they can just be shifted. While
in the argument by Littlewood-Paley theory the space characterizations and compensa-
tion effects have to be dealt with at the same time, the argument by harmonic extension
described here separates these two features: the compensation effects are observed from
elementary computations (product rules and cancellations), and the spaces are character-
ized by trace spaces (which follow from quite deep facts from harmonic analysis). However,
these trace space characterizations are independent of the specific commutator — only the
compensation phenomena change from commutator to commutator. Another limitations
of the method by harmonic extension is that it is not clear how to treat, e.g. commutators
involving general Calderon-Zygmund operators certain operators. Rather — at least for
the limit space estimates — the extension needs to be adapted to the operators involved
(which is relatively easy for simpler objects such as Riesz transforms, Riesz Potentials,

and fractional Laplacians).
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