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Open Problem on c-invariant

Kinkar Ch. Das and Seyed Ahmad Mojallal*

Abstract. Let G be a graph of order n with m edges. Also let py > pg > --- >
tn—1 > pn = 0 be the Laplacian eigenvalues of graph G and let 0 = ¢(G) (1 < o < n)
be the largest positive integer such that p, > 2m/n. In this paper, we prove that
w2(G) > 2m/n for almost all graphs. Moreover, we characterize the extremal graphs
for any graphs. Finally, we provide the answer to Problem 3 in [8], that is, the

characterization of all graphs with o = 1.

1. Introduction

Let G = (V,E) be a simple graph with vertex set V(G) = {v1,ve,...,v,} and edge
set E(G), where |V(G)| = n, |[E(G)] = m. Let d; be the degree of the vertex v;
(i = 1,2,...,n). The maximum vertex degree is denoted by A; (= di) and the sec-
ond maximum by Ay (= dz). Let N(v;) be the neighbor set of vertex v;, i = 1,2,...,n.
We denote by G, the complement of the graph G. Let A(G) and D(G) be the adja-
cency matrix and the diagonal matrix of vertex degrees of GG, respectively. The Lapla-
cian matrix of G is L(G) = D(G) — A(G). This matrix has nonnegative eigenvalues
n>uy > g > >y = 0. To know more information about Laplacian eigenvalues of
graphs, see [2,[4,[10,|16]. When more than one graph is under consideration, then we write
1i(G) instead of ;.

For a graph G, consider the positive number 0 = o(G) (1 < o0 < n) of the Laplacian
eigenvalues greater than or equal to the average degree 2m/n. More precisely o is the
largest positive integer for which p, > 2m/n. This number as a spectral graph invariant
with several open problems and conjectures are introduced in [8].

Let I be an interval of the real line. Denote by mg(I) the number of Laplacian
eigenvalues, multiplicities included, that belong to I. Notice that mg([) is a natural
extension of multiplicity mqg(p) of a Laplacian eigenvalue p. Merris in [16] presented

several results on mg(I) and gave some references for its applications. This research topic
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was extensively investigated in many papers (see, |[10,12,15-17]). Indeed, by the definition

- [2])

It is worth noticing that the value of o(G) sheds light on the distribution of the Laplacian

of o, we have

eigenvalues of a graph G. Actually it determines how many Laplacian eigenvalues of graph
G are greater than or equal to the average of the Laplacian eigenvalues of graph.

A further Laplacian-spectrum-based graph invariant was put forward by Gutman and
Zhou |[11] as

n

LE =LE(G) =)

=1

2m
i — —-
n

For its basic properties, including various lower and upper bounds, see [5,(6,20]. It is not
difficult to see that

(1.1) LE(G) =2 pi — 4’”7”.

This is another motivation to study this graph invariant for the Laplacian energy of a
graph G.

Therefore, the spectral parameter o is reasonable relevant in spectral graph theory.
To know more information about this spectral graph invariant and its applications, see
[7,8,/19]. In [7], all graphs with o(G) = n—1 were characterized and the result was applied
for Laplacian energy of graphs. It is interesting to characterize all graphs for some specific

value of 0 = 0(G) between 1 and n—2. In particular, the following problem is given in [8].
Problem 1.1. [§] Characterize the graphs with o = 1.

Li and Pan [14] showed that

(1.2) p2(G) > Ay
with equality if G is an r X s complete bipartite graph K, s (r +s = n) or a tree T
with degree sequence n(T) = (n/2,n/2,1,...,1), where n > 4 is even. This result was
~———
n—2

improved by one of the present authors in [2] as follows:

(AQ + 2+ \/(Ag — 2)2 + 4612)/2 if vivg € E(G),

p2(G) >
(Ag +1++/(Ax +1)2 —depp) /2 if vivg & E(G),

where v1 and vy are the maximum and the second maximum degree vertices of graph G,
respectively, and ci12 = |N(v1) NN (v2)|. We refer to [2,|14,22] for more background on the

second largest Laplacian eigenvalues of graphs.



Open Problem on o-invariant 1043

For two vertex-disjoint graphs GG1 and G3, we use G1 U G2 to denote their union. The
join G1 V Go of graphs G; and G5 is the graph obtained from the disjoint union of Gy
and G2 by adding all edges between V(G1) and V(G3). For any two sets A, B C V(G)
(E(Q)), let A\ B be the set of vertices (edges) belongs to A, but not B. Denote by |A| the
cardinality of the set A. As usual, K, K -1 and DS,, (p > g > 2, p+ ¢ = n), denote,
respectively, the complete graph, the star graph, and the double star graph on n vertices.

The paper is organized as follows. In Section[2] we give a list of some previously known
results. In Section [3, we give a lower bound on the second largest Laplacian eigenvalue of
graph G and characterize the extremal graphs. We present an upper bound for the third
smallest Laplacian eigenvalue of G. In Section [ we obtain the solution for Problem
Finally we apply this result for Laplacian energy of graphs.

2. Preliminaries

In this section, we shall list some previously known results that will be needed in the next

two sections. We begin with first two results on symmetric matrices of order n.
Lemma 2.1. [9] Let A and B be two real symmetric matrices of size n. Then for any

1<k <n,
k

k k
Z Ai(A+ B) < Z Ai(A) + Z Ai(B),
i=1 i=1 i=1

where \i(M) is the i-th largest eigenvalue of M (M = A, B).

Lemma 2.2. [21] Let B be an n x n symmetric matriz and let By, be its leading k X k

submatriz. Then, fori=1,2,... k,

An—it1(B) < Ap—iy1(Bg) < Ap—iv1(B),
where \i(B) is the i-th largest eigenvalue of B.
The following result is well-known as interlacing theorem on Laplacian eigenvalues.

Lemma 2.3. [13] Let G be a graph of n vertices and let H be a subgraph of G obtained
by deleting an edge in G. Then

pi(G) =2 p(H) = p2(G) 2 pe(H) = p3(G) = -
> anl(G) > ,Unfl(H) > Mn(G) > ,un(H) > 0,

where p;(F) is the i-th largest Laplacian eigenvalue of the graph F.

Merris in |16] gave a lower bound on Laplacian spectral radius of a graph G as follows:
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Lemma 2.4. [16] Let G be a graph on n vertices which has at least one edge. Then
(2.1) p1 > A+ 1.

Moreover, if G is connected, then the equality holds in if and only if Ay =n — 1.
We now mention an upper bound on the Laplacian spectral radius of graph G:
Lemma 2.5. [1] Let G be a graph. Then
p1(G) < max{d; + d; | viv; € E(G)} < A1+ Ag,
where d; is the degree of vertex v; € V(QG).
The following result is obtained in [3].

Lemma 2.6. [3] Let G be a connected graph with n > 3 vertices. Then pg = pug = -+ =
pn—1 if and only if G = Ky, G = Ky 1 or G = K55/ (1 is even).

Pan and Hou [18] obtained the necessary condition for a graph to have an equality of

the second largest Laplacian eigenvalue po and its lower bound As:

Lemma 2.7. [18] Let G 2 Ki -1 be a connected graph of order n > 3 with mazimum
degree vertex v1 and the second mazimum degree vertex vy, where vive € E(Q). If po(G) =
Ao, then

(1) N(Ul) ﬂN(Uz) = @,’
(2) Al = AQ;
(3) A1+ Ay =n.

The nice relation between Laplacian spectrum of graph G and the Laplacian spectrum

of graph G is the following:

Lemma 2.8. [16] Let G be a graph with Laplacian spectrum {0 = pn, ftn—1, .., b2, {1}
Then the Laplacian spectrum of G is {0,m — p1,m — fi2, ..., 1 — fip—2,1 — fin_1}, where G
is the complement of the graph G.

3. Lower bound for the second largest Laplacian eigenvalue of graphs

In this section we give some lower bounds on the second largest Laplacian eigenvalue
of graph G and characterize the extremal graphs. Moreover, we give an upper bound
for the third smallest Laplacian eigenvalue of graph G. From now we always assume that
Ay =d; > Ay =dy>--->dy. Let k (2 <k <n) be the largest positive integer such that
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dy=---=dp=20g. Fr G=DS,, (p>q>2,p+q=mn), wehave Ay =dy =¢>1=d3
and hence k = 2. For G = K ,,_1, we have dy = d3 = --- = d, = Ag and k = n. For any
graph G we have

2m A1+A2+Z?:3 d; Aq

—A
(3.1) = <Ap+ 2 A+ 1
n mn n

Now we have the following result:
Lemma 3.1. Let G be a graph of order n > 2 with m edges. If Ay < 2m/n, then
(i) A=Ay >3 o(Ag—dy),
(i) Ag =ds,
(iii) Ay > Ay +n—k,
(iv) k> Ng+n+1—A; > Ay +2.

Proof. (i) Since Ay < 2m/n, we have

Zdi =2m >nly, thatis, A;— Ay > Z(AQ — dl)
i=1 1=3

(ii) We have Ag > d3. If Ay > ds, then

Al>A2+Z(A2—di)ZA2+n—22n—l,
=3

a contradiction. Hence Ag = d3.

(iii) From (i), we have

A >Dg+1+ > (Dog—di) > Ag+14n—k>Ay+n—k
i=k+1

(iv) From (iii), we have
E>As+n+1—-—A1 > Ay +2.
This completes the proof of the result. O
Let S be the set of vertices v; € V(G) \ {v1} such that d; = Ag, that is,

S = {v; € V(G)\ {o1} | dj = Ao}
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Since Ay = dg, we have |S| > 1. Denote by T'=V(G) \ (SU{v1}) (see Figure 3.1). Then
we have d; < Ay — 1 for any vertex v; € T. Since dg = - -+ = dy, = Ag, we have |S| =k —1
and hence |T'| =n — k. Let S1 and Sy be two sets of vertices such that

S1 :{UjES|U1UjEE(G)}, Sy =5\ 5.

Figure 3.1: The graph G with the vertex set V(G) = {v1} USUT.

We need the following two results for our main result on the lower bound of ps.

Lemma 3.2. Let G be a graph of order n > 2 with m edges. If there is an edge in the
subgraph induced by S in G and Ag < 2m/n, then u2(G) > 2m/n.

Proof. Let v; and v; be two vertices in the subgraph induced by S in G such that v;v; €
E(G). Here we consider the following two cases:
Case 1: v;,v; € S1 or v;,v; € S3. In this case the 3 x 3 leading principal submatrix

M* (two possibilities) corresponding to vertices vq, v;, v; is of the form

A1 a a
M*=|a Ay —1]|, whereaec{0,—-1}.
a -1 AQ

One can easily see that the eigenvalues of M* are Ay, As + 1, Ay — 1 for a = 0, and

A1 +Aqg—1
2

Hence by Lemma with the above and (3.1]), we obtain

1
ii\/(Al—Ag)(Al—Ag-}-Q)-f-g, As+1 fora=-—1.

2m
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Case 2: v; € S1, v; € Sy. Since Ay < 2m/n, from Lemma [3.1{iii) with |T| = n — k,
we get Ay > Ag + 1+ |T|. Since N(vy) € Sy UT, therefore there are at least Ag + 1
vertices in Sy, adjacent to vi. Thus we have |S1| > Ay +1 > 3 (as A = d; > 2) and
|S2] > 0. From this result, we can assume that a vertex set W = {wy,...,wa,} C Si,
where v; ¢ W. If there exists an edge (say, v,v/) in the subgraph induced by W U {v;}
in G, then by Case 1 (M* corresponding to vertices vy, v, and vy), we get the required
result. Otherwise, W U {v;} is an independent set in G. First we assume that vjw; ¢
E(G) for 1 < i < Ay. Then Kja, U Kja, is a subgraph of G with one star K a,
induced by {v1, w1, ws,...,wa,} and the other star K s, induced by {v;} UN (v;), where
{v1,wi,wa, ..., wa,} N ({v;} UN(vj)) =0 and [N (v;)| = Ap. By Lemma[2.3} we have

2m
p2(G) > p2(Kia, UKy ay) = Ao+ 1> -

by (B1).
Next we assume that there exists at least one vertex in W, wq (say), adjacent to vj.
In this case we consider 4 x 4 leading principal submatrix N* corresponding to vertices

v1, v, wg and v; of Laplacian matrix L(G), where

Ay -1 -1 0
-1 Ay 0 -1
-1 0 Ay -1
0 -1 -1 A
Let g(x) = det(zI — N*) be the characteristic polynomial of N*. For b € {1,2,3}, we
obtain

(3.2)
9(Asg +b/3) = det((Asg + b/3)T — N¥)

Ap—A1+b/3 1 1 0 Ay — Ay +b/3 0 0 —b/3
B 1 b/3 0 1| 1 b/3 0 1
1 0 b/3 1 1 0 b/3 1
0 1 1 b/3 0 1 1 b3
2 1 2
= (A1 — Ay — Sh— —b) — Zv
(A — Ay —b/3) (Sb 57 ) ol
Similarly, we have
(3.3) g(A)) = —2(A1 — Ag)> <0 as A > Ao,

From Ay > As + 1, we now consider the following two subcases:
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Subcase 2.1: A} = Ag + i, where i =1 or 2. From (3.2), one can easily see that

{ 2 2
Ap+ - ) =—=it+ 2% >0.
g( 2+3> T +92 >

From the above result with (3.3), we conclude that us(N*) > Ag +i/3 as u1 (N*) > A;.
Since in this case n > 4, by Lemma and (3.1)), we get

Al — AQ 2m

n .

v

H2(G)ZM2(N*)>A2+%>A2+%=A2+

Subcase 2.2: A1 > Ag+3. From (3.2)), we have g(Az2+1) = A; —Ay—3 > 0. Similarly,
as the above subcase, we have yi2(N*) > Ay +1. Again by Lemma [2.2] with (3.1]), we have

2
12(G) > pa(N*) > Ag +1 > Tm

This completes the proof of the result. O

Let T7 and T5 be two sets of vertices such that
Th={v; €T |viv; € E(G)}, To=T\T.
If |Th| = t; and |T| = to, then we have
(3.4) n—k=1t +ta.

Lemma 3.3. Let G 2 K1 ,-1 be a connected graph of order n with m edges. If there is
not any edge in the subgraph induced by S in G and Ag < 2m/n, then us(G) > 2m/n.

Proof. We have that S is an independent set. Since G is connected and G 2 K1 1, we
have Ay > 2. Again since Ay < 2m/n, by Lemma we have that Lemma [3.1f1), (iii)
and (iv) hold. From |S2| > 0, we consider the following two cases:

Case 1: |S9| > 1. Let v, be any one vertex in Sy. Then the degree of vy is Ay. Since
S is an independent set, one can easily see that K A, UK a, is a subgraph of G with one
star K1 a, induced by {v1} with any Ag vertices in S7 and the other star K 1,A, induced by
{or}UN (vg,), where N(vg) C T, |N(vg)| = Ag (see Figure[3.2)), that is, K1 A, UK, € G

and hence
2m

p2(G) = p2(Kia, UK Ay) = A2 +1 > —

by .
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Figure 3.2: The graph G contains two vertex-disjoint stars Kj A, with central vertices vy

and vy.

Case 2: |So| = 0. From the definitions, we have A; = k — 1 + ¢;. Using this with
Lemma [3.1f(iii) and (3.4)), we get

(3.5) to <k—1-—As.

Let Gr be the subgraph of G induced by vertex set T' with |E(Gr)| = mp > 0. Since

S = 57 is an independent set, we have

m=A1+(k-1D)Dy—1D)+mp< > di+k—1.
v; €T

Since mp > 0, from the above with A1 =k — 1+ t1, we get

(k=1)(Ar—1) < Zdi—tl

v; €T
= Z (dl — 1) + Z d;
(3’6) v €T v; €T

Stl(A2—2)+t2(A2—1) asd; <Ay —1forv; €T
< (tl + tQ)(AQ — 1).

Since Ay > 2, therefore from the above k — 1 < ¢ + to. This result with , we
have to < t1 +ta — Ag, that is, t1 > Ag. If t1(Ag — 2) +t2(Ag — 1) = (t1 + t2)(A2 — 1)
(see the last inequality of ), then ¢ = 0, a contradiction as t; > As > 2. Hence the
last inequality of is strict, that is, k& < ¢; + t3 and hence k < n/2, by . Using
k<t +1tyin , we get to < t1 +to — Ag — 1, that is, t; > As + 2. Using this and
Lemma (iv), from Ay =k —1+t1, we get A1 > 2A5 + 3. Also we have

@:A1+(k—1)A2+Z?:k+1di gA2+A1_A2+k_”_

n n n
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From the above with k& < n/2, one can easily get

2m 1
3.7 — <A —.
( ) " 2—1—2

We now consider the following two subcases:

Subcase 2.1: There exists at least one vertex in S non-adjacent to any vertex in Tbs.
Suppose that vertex v; in S is not adjacent to any vertex in 75. Then the vertex v; is
adjacent to v; and As — 1 vertices in 17 as the degree of v; is Ao. Again since vertex vy
is adjacent to all the vertices in T}, one can easily see that Ko V FA2_1 (see Figure
is a subgraph of G. Then we have us(G) > (Ko V Ka,—1) = Ay + 1> 2m/n, by .

=~

G=K, VFAZ—l

Figure 3.3: The graph G =2 KoV Ka,_1.

Subcase 2.2: Any one vertex in S is adjacent to at least one vertex in To. We have
dy < Ao — 1 for any vy € Ts. Therefore

(3.8) ty > [ i__ﬂ .

If Ay = 2, then from the above, to > k — 1. From (3.5), we have to < k — 3, a
contradiction. Hence Ag > 3. Now we have to prove that puo(G) > 2m/n for Ay > 3. Let
X ={v; €T |d; <Ay—2} and |X| = x. Then

nlg <2m < Ay + (k—1)Ay +2(Ay —2) + (n — k —z)(Ag — 1),
that is,
(3.9) r <A — Ay —n+k.
Let T =T\ X. We define two edge sets Fgx and Eg7s, where
Esx ={viv; € E(G) |v; € S,v; € X} and Esp = {vv; € E(G) |v; € S,v; € T'}.
Denoted by |X NT1| = z; and | X N T5| = z2, then we obtain

(310) |ESX’ < (Az — 3)$1 + (AQ — 2)1}2
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as all the vertices in T} are adjacent to v;. Note that
> di=(k-1)Ay =k~ 1+ |Esx|+|Esp|.
v €S

From the above result with (3.9) and (3.10)), we have

|Est| = (b —1)(A2 — 1) — [Esx]|
> k— 1)(A2 — 1) — ((AQ — 3).1‘1 + (AQ — 2)3}‘2)
(3.11) > (k—=1)(A2 = 1) —z1(A2 — 1) — 22(A2 — 1)

(

(k—1—2)(A2—1) asz=uz1+ 22
(n—A1+A2—1)(A2—1) as Ag > 2.
Claim 3.4. (n—A1+A2—1)(A2_1) >k —1.

\%

Proof. By contradiction, we assume that (n — A; + Ay — 1)(A2 — 1) < k — 1. From the
above and using (3.8)), we have

— A Ay —1< < to.
n 1+ A2 S A 2

5 —
Since n = A1 + 1 + t9, from the above, we get As < 0, a contradiction. Hence the proof
is finished. O

From Claim [3.4] with (3.11)), we get |[Egz|/(k—1) > 1. Suppose that all the vertices in

S are adjacent to at most one vertex in 7”. Then k — 1 < |Egp/| < k —1, a contradiction.
Hence we conclude that there is at least one vertex in S (say, v2) adjacent to at least two
vertices (say, v;,vj; € N(va), 1,7 # 1) of degrees Ay — 1 in T". Thus vertex vy is adjacent
to vertices v, v; and v;. Then the 4 x 4 leading principal submatrix L* corresponding to
vertices vi, v2, v;, v; (six possibilities up to permutation) is of the form

Ay -1 a b

-1 Ay -1 -1

L* = , where a,b,c € {0,—1}.

a -1 Ay—1 c

b -1 C AQ -1
Let f(z) = det(zI — L*) be the characteristic polynomial of L*. Then

F(Ag+1) = det((Ag + 1) — L¥)

Ay —A1+1 1 —a -b Ay—A; 1 —a—-1 —-b-1
- 1 11 1] | 0o 1 o 0
- —a 1 2 —¢ |—a—1 1 1 —c—1

b 1 - 2 b—1 1 ——1 1
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= (Ay — A1 = 3) +2a1b1c; —a? — b2 <0,
where (a1,b1,¢1) = (—a—1,-b—1,—c—1) € {0,—1}>. Similarly,

F(Ag+1/2) = det((Ag + 1/2)I — L*)

Ag—Aj+1/2 1 —a —b
- 1 12 1 1
B —a 1 32 —c

b 1 —c 3/2

1 1
= —a2b202 + Z(CL% + b%) + E(ZLC% - 1)(2A1 — 2A2 + 3) > 0,

where ag =a+2,bo =b+2, co =c+ 2 and a,b,c € {0,—1}.
One can easily see that pq(L*) > A1 > 2A9 + 3 and consequently pa(L*) > Ay +1/2.
By Lemma with (3.7]), we conclude that

1 2
12(G) 2 pa(LY) = Dy + 5 > =

This completes the proof of the lemma. O

We are now ready to give a lower bound on us of connected graph G and characterize

the extremal graphs.

Theorem 3.5. Let G be a connected graph of order n > 2 with m edges. If G = K 1,
then p2(G) = 1. Otherwise,

2m
(3.12) p2(G) > —
n
with equality holding if and only if G = K, 9 5,/9 (0 is even).
Proof. If G = K 1, then from the Laplacian spectrum of K ,_1, we have us(G) = 1.
Otherwise, G 2 K ,—1. Thus we have Ay > 2. If Ay > 2m/n, then by (L.2), we have

p2(G) > Ag > zm
n

and holds. Otherwise, Ay < 2m/n. By Lemma [3.1[iv), we conclude that there are
at least Ay + 1 vertices of degree Ay. From Lemma (iii), we get Ay > Ao+ 1+ |T.
Since SUT U {v1} = V(G), therefore there are at least Ag 4 1 vertices in S, adjacent to
vi. Hence [S1| > Ag +1 > 3 and |S2| > 0. If there is an edge in the subgraph induced by
S in G, then by Lemma we get the required result in . Otherwise, there is not
any edge in the subgraph induced by S in G. By Lemma [3.3] again we get the required
result in . The first part of the theorem is done.
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Suppose that equality holds in (3.12). By Lemmas and we must have pa(G) =
Ay =2m/n. By Lemma we have Ay = Ag as G 2 K1 1. Thus we have A; = 2m/n
and hence G is a regular graph. Again from nus(G) = 2m, we have

n—1

1 (G) = 2u2(G) = Z(M(G) — ui(@)) =20,
=3

ie., p1(G) > 2p2(G) = 4m/n. On the other hand, by Lemma [2.5] we have

4
11(G) < Ap+ Ay =20y = 7’”
From the above results, we conclude that
4m 2m
pi(G) = —, and n2(G) = p3(G) = -+ = pn—1(G) = gt

By Lemma we get G = K, /55,70 (nis even) as G 2 K1 -1 and 1 (G) # p2(G).
Conversely, one can easily see that the equality holds in (3.12)) for K,/ ,,/5 (n is even).
O

We now generalize our result in Theorem as follows. For this let I'y be the class
of graphs H of order n > 2 such that H = K, or H =2 Ky U (n —2)K; or H =
Kiypr1UrKy (1 <r<[n/2] —2). For G €'y, p2(G) = 0 when G = Ky U (n — 2)K;,
and po(G) =1 when G € T'1 \ {K2 U (n —2)K;}. Otherwise, we have the following result:

Theorem 3.6. Let G ¢ 'y be a graph of order n > 2 with m edges. Then

(3.13) 1a(G) > 2

n
with equality holding if and only if G = nKy or G = K,y /95,2 (1 is even) or G = K o U
(n/2 — 1)K (n is even).

Proof. Suppose that G is a connected graph. Since G ¢ I';, we have G 2 K ,,—1 and by
Theorem we get the required result in . Next suppose that G is a disconnected
graph. For G = nKj, holds. Then there exists an edge in G. We can assume that
G; is the i-th connected component of order n; with m; > 0 edges in G for 1 < i < k
such that G = Ule G;UsK; (s > 0). First we assume that £ = 1 and then s > 0. For
Gi1 = Kip—r-1, [n/2] =1 <r <n-—3, then

(3.14) p2(G) = p2(Gr) =1 >

Otherwise, G1 2 Kj —r—1 for 1 <r <n—2as G ¢ I'y. By Theorem [3.5] we have

2 2m  2m
p2(G) = pa(Gr) > =2 =22 > 2= asn o> .
niy ni n



1054 Kinkar Ch. Das and Seyed Ahmad Mojallal

Next we assume that £ > 2. Without loss of generality we can assume that
(3.15) T > B s>

We now prove 2m/n < 2m;j/ny by contradiction. For this, we suppose that 2m/n >

2mq /ni. Then we have

n ni no ng

that is, 2mn; > 2nm;, 1 = 1,2, ...k, that is,

that is, 2m(n — s) > 2mn, a contradiction.
If G1 2 K1,n,—1 for some ny > 2, then by Theorem we have

(3.16) p2(G) 2 p2(Gr) 2 — = —.

Otherwise, G1 = K p,—1 for some n; > 2 and we have p1(G1) = ny > 2. Since Gy is
a connected graph of order at least 2, we have Ky C G2 (K3 is a subgraph of G2) and
therefore p1(G2) > p1(K2) = 2. From the above, we get

2(np —1) 2my _ 2m

,LLQ(G) >2> = > —.
n1 ny n

The first part of the theorem is proved.

Suppose that equality holds in (3.13). Then all inequalities in the above argument
must be equalities. For connected graph G, by Theorem G = Kpn/2 (n is even).
For disconnected graph G, the equality holds in and . From the equality in

(3.14), we get

2m n
u2(G) = p2(Gy) =1 — 2<m=n—-r—-1< bJ ,

that is, m =n —r — 1 =n/2. In this case G = K ,,/o U (n/2 — 1)K (n is even).
From the equality in (3.16)), we get

2m 2m
(3.17) p2(G) = ia(Gr) = == = ==
niy n
We now consider the following two cases:
Case 1: 2my/ny = 2my/ng. Then
2mi  2my 2m;  2m

M2(G):M2(G1):71:72:...:71627_
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From the second equality, by Theorem 3.5, we have G1 = K, /2. ,, /2. Since ju1(G1) = nq >

2my/n1 = 2m/n = uz(G), from the above, we must have

2m;
p1(Gi) < p2(G) = , i=2,3,... k.

ng

But we have 5
(G > AG) +1> 2 =93k,

2

which gives a contradiction.
Case 2: 2mq/ny > 2my/ng. From (3.15), we have

2
om; < M =23, k—1.
ni
Thus we have
k 2mq K 2mq
2m:251m1<m Elni:m(n—SL
1= 1=

ie, 2m/n <2m/(n —s) < 2mi/n1, a contradiction by (3.17).
Conversely, one can easily see that the equality holds in (3.13)) for nK; or K, /2.2 (n
is even) or K /o U (n/2 — 1)Kj. O

We now give an upper bound on the third smallest Laplacian eigenvalue p,_o(G) in
terms of m and n. For this let I's be the class of graphs H of order n > 2 such that H =
2K1 VK, gor HX KjUK, jor H= (KiUK,_,1)VK, (1<r<[n/2] —2). One can
easily see that H € T'y < H € I'1, which is equivalent to H ¢ 'y & H ¢ I';. For G € I's,
tn—2(G) =n when G = 2K,V K,,_9, and fin—2(G) =n—1 when G € I'y\ {2K; V K,,_2}.

Otherwise, we have the following result:

Theorem 3.7. Let G ¢ T'y be a graph of order n > 2 with m edges. Then
2
(3.18) pn-2(G) < == 41

with equality holding if and only if G = K,, or G = 2K, /5 (n is even) or G = (K1 U
Kp2) V Kyja_q (nis even).

Proof. Since G ¢ T's, we have G ¢ T'y. Let m be the number of edges in G. Then, by
Lemma [2.8] and Theorem we have

_ om n(n—1) —2m 2m
na(G) = ==, or n—jns(G) = (n) or fpn-2(G) < —=+1

By Theorem the equality holds in (3.18)) if and only if G = nK; or G & K, /2.2 (118
even) or G = Ky, U (n/2 — 1)K (n is even), that is, G = K,, or G = 2K,, )5 (n is even)
or G = (K1 UKyp)V Ky _q (nis even). O
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4. Solution of Problem and application to Laplacian energy

In this section, we provide the answer to Problem Using this solution, we give an
upper bound for Laplacian energy of graphs.
By the definition of ¢(G), we can rewrite Theorem as follows:

Theorem 4.1. Let G ¢ 'y be a graph of order n > 2. Then o(G) > 2.

If G € I'y, then one can easily see that p2(G) < 2m/n. This result with Theorem
leads to the following result which is a complete solution to Problem

Theorem 4.2. Let G be a graph. Then o =1 if and only if G € T'1.

Using the above result, we can improve an upper bound on Laplacian energy of graphs.

The following upper bound on Laplacian energy of graphs is obtained in [6]:

Theorem 4.3. Let G be a graph of order n with m > n/2 edges and mazimum degree A;.
Then

(4.1) LE(G) < 4m — 22, — 2™ 4o
n

Now we improve this upper bound in the following:

Theorem 4.4. Let G ¢ T'; be a graph of order n with m > n/2 edges and mazimum
degree A1. Then

(4.2) LE(G) < dm — 28, — 2™ 44,
n

Proof. By Theorem we have o > 2. From Lemma [2.1], one can easily see that

D NLG) < D MK ay) + ) MG\ E1ay)),

i=1 i=1 i=1
where A is the maximum degree of G (For subgraph H of G, let G\ H be a subgraph of
G such that V(G\ H) =V(G) and E(G\ H) = E(G) \ E(H)). Since

ZN(L(KLAJ) = ZM(KLAJ <Ai+o
=1

=1

and
g

S ML Kra) = Y6\ Kray) < 20m — A,

i=1 i=1
from the above, we get

So(G) = pi(G) < 2m — Ay +o.
i=1
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Using the above result in (1.1]), we get

LE(G) = 25,(G) — 47”70 <4m —2A; — 20 (2;” - 1) :

which gives the required result in (4.2)) by 0 > 2 and m > n/2. O

Remark 4.5. For graph G ¢ I'y with m > n/2, the upper bound in (4.2) is always better
than the upper bound in (4.1)).
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