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Traveling Wave Solutions of a Diffusive SEIR Epidemic Model with

Nonlinear Incidence Rate

Lin Zhao*, Liang Zhang and Haifeng Huo

Abstract. This paper is concerned with the existence and nonexistence of traveling
wave solutions of a diffusive SEIR epidemic model with nonlinear incidence rate, which
are determined by the basic reproduction number Ry and the minimal wave speed c*.
Namely, the system admits a nontrivial traveling wave solution if Ry > 1 and ¢ > ¢*
and then the non-existence of traveling wave solutions of the system is established if
Ry > 1 and 0 < ¢ < ¢*. Especially, using numerical simulation, we give the basic

framework of traveling wave solutions of the system.

1. Introduction

A tremendous number of models have been formulated, analyzed and applied to a variety
of infectious diseases qualitatively and quantitatively. Mathematical models have become
important tools in analyzing the spread and control of infectious diseases [1]. Ross first
proposed a system of ordinary differential equations which is the origin of the most epi-
demiological models especially for the modern susceptible-infected-recovered (SIR) com-
partmental model. In fact, some infectious diseases have a latency: the infected individuals
do not infect other susceptible individuals immediately and remain in the exposed class
before becoming infective, such as AIDS/HIV, human tuberculosis or bovine tuberculosis
etc, it may take months for the infection to develop to the infectious stage |4]. In order for
a model to be more realistic, it is essential for introduction of the exposed group (latent
group) in a epidemic model, for example an SEIR or SEIRS epidemic model etc. Up
to now, there have been many studies on the epidemic model with the exposed group,
see [2,5,12,22,|23] and the references therein.

Functional form of the incidence rate can have a crucial role for modeling of epidemic

dynamics [15]. In classical epidemiological models, the bilinear incidence rate is used,
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namely, proportional to the product of the number of infective individuals which is denoted
by I and the number of susceptible individuals which is expressed by S, which indicates
that the number of infected individuals can grow indefinitely, while it is not the case. In
addition, a fraction S/S+ 1 of these contacts is with susceptible individuals, and hence the
total number of new infections is 1.5/5+ I. However, there is a variety of reasons why this
standard bilinear incidence rate may require modification, e.g., the underlying assumption
of homogeneous mixing may be invalid [19]. To solve it, Korobeinikov and Maini |19] used
an arbitrary function f (S, I, S+1) instead of other incidence rates and thought that due to
arbitrariness of the incidence rate, such system can describe various of infectious diseases
and it seems to be reasonable to consider some properties of the system, where f (.S, I, S+1)
satisfies f(S,0,N) = f(0,I,N) =0 (N :=S+1),0f(S,I,N)/0S > 0,0f(S,I,N)/dI >0
and 0%f(S,I,N)/0I? < 0forall S,I > 0. Then they analyzed the impact of the form of the
non-linearity of the infectious disease incidence rate on the dynamics of epidemiological
models, that is, a sufficient condition for stability of the endemic equilibrium state is
the concavity of the nonlinear incidence rate with respect to the number of infective
individuals. For further developments, we refer to Korobeinikov [16,/17] and the cited
references therein. Huang et al. |15 established global stability for delay SIR and SEIR
epidemic models which are incorporated into the constant recruitment and the nonlinear
incidence rate defining the general form F(S)G(I). In addition, F(s) and G(i) are always
positive, continuous, and monotonically increasing for all s > 0 and ¢ > 0, F(0) = G(0) =0
and 0?G(I)/0I? < 0 for all S,I > 0. Dubey [7] took into account dynamics of an SEIR
epidemic model combing with the constant recruitment and the incidence rate on Holling
type II, IIT and IV. In addition, there have been other papers studying epidemic models

with the nonlinear incidence rate, see [21,25.26,35.|38] and the references therein.

A special class of analytical solutions named traveling wave solutions for the spatial
transmission of infectious diseases has a lot of importance, because various infectious
diseases can be well described by the mathematical model with spatial effects that can
give rise to a moving zone of transition from an infective state to a diseases-free state in
general. Up to now, many studies focus on establishing the existence of traveling wave
solutions and the asymptotic speed of propagation in epidemic models, see [3,6,(8} 9,13,
14f120% 23] |24} 131}, 132} 1341139, /40] and the references therein. For a diffusive SEIR model,
Tian and Yuan [28] established the existence and nonexistence of traveling waves of the
system with nonlocal reaction, precisely, there exists a positive constant number ¢* such
that if the basic reproduction number Ry is larger than one, then the system can admit a
nontrivial and non-negative traveling wave solution satisfying the corresponding boundary
conditions for any wave speed ¢ > ¢* by the the Schauder fixed point theorem and the

limit argument, and if Ry < 1 or Ry > 1 and 0 < ¢ < ¢*, there exists no nontrivial
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and nonnegative traveling wave solution on the system by using Laplace transform. For
further developments, we refer to Tian and Yuan [27,[29]. Xu [36] proposed a diffusive
SEIR epidemic model with saturating incidence rate which has the form of Sg¢(I) and g
is a continuous function with I and analyzed the existence and nonexistence of traveling
wave solutions of the system by using the Schauder fixed point theorem and the Laplace
transform. In addition, Xu [37] proposed a simple diffusive SEIR epidemic model where
the total population is variable and considered the existence and nonexistence of traveling
wave solutions connecting two equilibria which is determined by the basic reproduction
number. Wang and Xu [33] investigated and simulated the existence of traveling wave
solutions of a diffusion SEIR epidemic model with relapse, where they used the bilinear
incidence rate. Namely, by applying a pair of upper-lower solutions, the cross-iteration
method and the Schauder’s fixed point theorem, they obtained the existence of travelling
wave solutions of the system.

The purpose of this paper is to incorporate spatial heterogeneity, the nonlinear inci-
dence rate, the constant recruitment and the rate of the amelioration into the SEIR disease
model and to investigate the existence and non-existence of the traveling wave solutions
of the epidemic model. There have been some studies on the traveling wave solution of
a diffusive SEIR epidemic model. However, there are few results about their combined

effects on an SEIR epidemic model. Precisely, we consider the following SEIR epidemic

model:
%g{x) = dAu(t,z) + p— By(ut, z))w(t, z) — Mu(t, z),
) 2D pav )+ B(ult, ) + rhu(t,a) — vt x), ¢>0, 0 ER
811}((;;37) = DAw(t,x) + yv(t,x) — dw(t, z),
in addition, the equation for the recovered group,
‘%S; % _ TAr(t,z) — kr(t,z) + mw(t, z),

is omitted, where u, v, w and r represent the susceptible compartment, the latent com-
partment, infectious compartment and the recovered compartment, respectively. The
susceptible class includes the individuals that can be infected by the infectious disease;
the individuals who have been infected and not have an influence on other susceptible
individuals constitute the latent group; the infective individuals consist of those who have
capable of infecting others and the individuals with full immunity, or isolated, or sadly
dead is included by the removed group. u, A, 8, r, o, v, &, m, d, D,, D and T are
positive constants and d > D, > D, and d, D,, D and T are the diffusive rates of the

susceptible individuals, the latent individuals, the infectious individuals and the recovered



954 Lin Zhao, Liang Zhang and Haifeng Huo

individuals, respectively. In , o (o0 > =) and k represent the rate that the exposed
hosts leave v-compartment and r-compartment, respectively, J is the sum of the mortality
rate, the rate of the amelioration r (r < ¢), pu denotes the entering flux of susceptible
individuals, m (m < 0) is the recovered rate, A denotes the rate which individuals leave
or die the population, and [ is the infection contamination rate. Here transmission rate
of the infection is assumed by the nonlinear incidence rate Sg(u)w and g(u) satisfies the

following assumptions:

(H1) (i) g(u): RT — R* can be continuously differentiable for all u > 0;
(ii) ¢g(0) =0, ¢'(0) > 0 and ¢'(u) > 0 for all u € (0, 00);
(iii) There exists n > 0 such that g(u) < nu for all u > 0.

Note that the class of g(u) satisfying (H1) include many common incidence functions such
as g(u) = u, g(u) = u/(bu + a), g(u) = u?/(c + du?) etc., which a, b, ¢ and d are positive
constants (see [7}/10]).

The main results of this paper contain the existence and nonexistence of traveling
wave solutions of connecting two equilibria. The plan of this work is as follows. In
Section [2| when Ry > 1, we show that there exists a ¢* > 0 such that for any ¢ > ¢*,
system admits a nontrivial traveling wave solution connecting two equilibria with
wave speed c. In Section [3] making use of the two-sided Laplace transform, we show that
system admits no nontrivial traveling waves for Ry > 1 and 0 < ¢ < ¢*. In addition,
we simulate the existence of traveling wave solutions of system , which give the basic

framework of the traveling wave solutions of system (|1.1)).

2. Main results

To discuss traveling wave solutions of ([1.1]), we need to look for constant equilibria and
the basic reproduction number of ([1.1)). It is equivalent to find those on the corresponding
ODE system

du

dv ow
(2.1) o = k= Bew = Au, = = [Bg(u) +r]w —ov, S =0 —bw.

Obviously, (u?, v w?) (u® = /X and v° = w° = 0) is a disease-free equilibrium of (2.1)).
From [30], the basic reproduction number of system ([2.1)) at the disease free equilibrium

(u®,v°,w%) can be defined by

Ro = 'y(ﬂg(ua/;) +7)

Since w > 1, yr/(0d) <1 (y < o, r <) and (ii) of (H1), there exists u* €

(0, /) such that g(u*) := 0;;7(?5. Using a straightforward computation, system (2.1))
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admits a positive unique endemic equilibrium (u*, v*, w*) which results in

. ‘_U—T7/5 . M= Au vt
(2.2) g(u)‘_iﬂy/é , v l——r W=

By the similar arguments as those in [18], it is shown that when Ry < 1 the disease-free
equilibrium (ug, vo, wp) = (/A 0,0) is globally asymptotically stable, and when Ry >
1, the unique endemic disease equilibrium (u*,v*, w*) is globally asymptotically stable.
Consequently, system also admits two equilibria, that is, the disease free equilibrium
(u®,v°,w%) and the endemic equilibrium (u*,v*, w*).

A traveling wave solution of (1.1]) takes the special form as bellows

(2.3) (u(€), v(§),w(§)), &=z+cteR,

where the parameter c is called the wave speed and £ = x + ct is the moving coordinate.

For a convenience of calculation, let A = p in system (|1.1)). Plugging (2.3)) into (L.1f), we

can get the wave form equations:

du(§) — eu'(€) + p — Bg(u(§))w(§) — pu(§) =0,
(2.4) D"(§) = cv'(€) + Bg(u(€))w(§) +rv(§) —ov(§) =0, (R
Dw"(€) — cw'(§) +yv(§) — dw(§) = 0,

The main aim of the paper is to look for a nonnegative and nontrivial solution (u(§),v(&),

)) of (2.4), which is supplemented with the boundary conditions as bellows

u® 0
(2.5)
v(400) = v*, w(—o0) =0, w(+00) = w*,
where u*, v* and w* are defined in (2.2)).
From (2.3)), it is easy to see that there is a close relationship between existence of a
traveling wave solution of ([L.1)) and the wave speed c¢. Thus, we analyze the properties

of the wave speed ¢ here. First, we need to a linearized system which can be achieved
through linearizing the v-th equation and w-th equation of (2.4)) at (1,0,0)

(2.6) D"(§) = cv'(€) + Bg(L)w(§) + rw(§) — ov(§) =0, ¢eR

D' (§) — cw'(§) +yv(§) — dw(§) =0,

Plugging the trial function (v, w)(¢) = (p, q)e*¢ into (2.6), we get the characteristic equa-

tions

(2.7) DypA\? — ep\ — op + (Bg(1)+7)g =0, DA% — cq\ — 6q + vp = 0.
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Set

D, 0 0 Bg(1)+ 0
D= Cemez, Fo |0 PIUETE e O
0 D v o0 0 s

where Z is the identity matrix. Let A()\,¢) = DA2 —CA+F —V and Q = (p,q)”, then
(2.7) can simplify

(2.8) AN\ )@ =0.
Define D = V-!'D, C =V~'C and F = V' F, (2.8) can reduce to
H(Nc)Q=Q,

where H(A, ¢) := (—AN? + BA + Z)~'F can be derived by

0 Bg(L)+r
/H(Av C) = ~ mo () 5
m1(\,c) 0

where mg(\, ¢) = —DyA? + cA + o and mi(\,c) = —DA? + e\ + 6.
Let p(A, ¢) be the principle eigenvalue of H (A, ¢). Using a straightforward computation,

we get the following expression

(Bg()) +7)y 1?

pAse) = mo(A, c)mi(A, ) ’

VA€ (0, Amax(c)), ¢ >0,

where A\pax(c) = min{(c 4+ +/c? + 4D,0)/(2Dy), (¢ + V¢ + 4D0d)/(2D)}.

Secondly, similar to [39, Section 2], we can obtain the following lemmas.

Lemma 2.1. Let
Ry = ~<(Bg(1) +7) > L.

Then there exist ¢* > 0 and \* € (0, Amax(c)) satisfying
(i) p(A,e) >1,V0<c<c and VA€ (0, \max(©));
(i) p(\*,c*) =1, p(A,c*) > 1 for A € (0,\*) and p(\,c*) > 1 for X € (A, Amax(c¥));

(iii) of ¢ > c*, then p(A,¢) = 1 has exactly two positive real roots A\i(c) and \2(c) with
0 < Ai(e) < Aa(€) < Amax(c) such that %p()\l(c),c) <0, a%p()\g(c),c) > 0. In par-
ticular, there exists a unit vector Q(c) = (p(c), q(c))! € R? with positive components
such that

det A(A1(c),c) =0 and A(M(c),c)Q(c) =0.
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Remark 2.2. For ¢ > ¢*, let v > 0 be small enough with \i(c)+v € (A1(c), A2(c)). In view
of Lemma there exists the positive vector ((c) = (¢1(c), (2(c))T satisfying

H(M(e) + v, ¢)¢(c) = p(Aile) +v,¢)¢(c) < ((e),

which implies that
A(M(c) +v,¢)¢(c) < 0.

Now, the main conclusion we shall obtain reads as follows.
Theorem 2.3. Let (H1) be satisfied. The following results hold true:
(i) If Ro > 1 and ¢ > c*, then system (2.4) and (2.5)) admits a solution (u(-),v(-),w(-)).

(ii) If Ro > 1 and 0 < ¢ < ¢*, then there exists no nontrivial solution (u(x + ct),v(x +

ct), w(z + ct)) of system (2.4) satisfying (2.5)).

In general, c¢* is called by the minimal wave speed.

3. Proof of assertion (i) in Theorem

In the section, we show assertion (i) of Theorem For this purpose, we divide into the
following two subsections.
3.1. CaseI: Ry > 1 and ¢ > c¢*

First, we need to prove that system (2.4) and (2.5) admits a solution (u(-),v(-),w(:)) if
Ry > 1 and ¢ > ¢*. In this subsection, assume Ry > 1 and ¢ > ¢*. In addition, for the

sake of simplicity,

Mle), Qo) = (ple),q(e)" and ¢(e) = (¢i(e), Ga(e)T,

which is defined in Lemma and Remark are substituted by \., Q@ = (p,q)’ and
¢ = ((1,6)T. Tt further follows that

AXe,0)Q =0, A(N:+v,c)¢<0.

At first, by using Lemma[2.T]and Remark[2.2] we construct the super- and sub-solutions
of system ([2.4]).
Lemma 3.1. The vector valued map M (&) = (Ml(f),ﬂg(@) with Ml(@ = per€ and
Mg({) = qe¢ satisfies the following equations
(3.1) D,M{(€) = eMi(€) + (Bg(1) + r)Ma(€) = oMy (€) = 0,
(3:2) DM5(§) — eM5(&) + vMa(§) — M (€) = 0.
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Lemma 3.2. For every 0 > 0 small enough with @ < min{\.,c/d} and K > 1 sufficiently
large, the map F(¢) = max{1 — Ke% 0} satisfies

(3.3) CcF'(€) < dF"(€) + pu — pF(€) — Bg(F(€))Ma(€)
with € € R and £ # féan.

Proof. To get it, we analyze the following two cases.

Case 1. If £ > — an the inequality ((3.3] . holds.

Case 2. If £ < —fan then one gets M1(§) = pe Ack Mg(f) = ge*¢ and F(¢) =
1 — Ke%. Furthermore, it follows from 6 < ¢/d and e~ Aot g — 0 as K — +oo that

— ARG 4 cKe™ — (1 — Ke%))ge — (1 — Ke*) +
_ﬂm%ﬁ+%%%—@WfKﬁ%W£+Kw
(c = dB)KO — By((1 — Ke))qe ") 4 K|

> {(c —dO)K6O — ﬁg(l)qe_¥an + K,u} e
0

Thus, the inequality (3.3]) holds for K > 1 large enough. This completes the proof. O

Lemma 3.3. Fiz 0 < w < 6. Then the function H(&) = (h1(€), ha(€)) with hy(§) =
max{pe*¢ — BCePet)E 0} and ho(€) = max{ge*t — BlerTwE 0} satisfies

(3.4) m«@spmﬁ@+ﬁm@><@»+mx@—wma,v5<im;;
and
(3.5) dmagD%@me@%ﬁmw,V£<—ch

where B > 1 is sufficiently large such that max{ Lln BCl ln ng} <1 ln 7

Proof. When £ < %ln BG then one has hy(§) = pert — B¢iePet@¢ and F(f) =1-Ke%.
Plugging hi (&) into inequality (3.4)) for £ < %ln BL(N we get the following inequality

B[-DyGi(Ae +w)? + ¢ (Ae +w) — 7¢1 + 0GPt + Bg(F(€))ha(€)
+ Dvp)\ge)‘cg - cp)\ce)‘c5 + rpe/\cg — qu)\cé

= B[-Dy¢i(Ae +w)? + cCi(Ae +w) — ¢ + 0] 4 Bg(F(€))ha(€) — Bg(1)ge*
> 0.

In view of (H1) and Taylor’s theorem, we deduce that there exists a positive constant K
satisfying
g(F(€)) = g(1) — ¢ () Ee™ + Ri(€)
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with
[R1(6)] < K™

It follows that

Bg(F(€))ha(€) — Bg(1)ge**
=8 (9(1) — g (1K™ + R1(£)) (qe“E - BCze(““)g) — Bg(1)ge
= —BBg(1)¢e* T — B¢/ (1)K ePhy(€) + Bha(&) R (€).

Therefore, we only need to prove
B[=DyGi(Ae +w)? + cGi(Ae +w) = Bg(1)¢o — 11 + 0¢ale T
— B9 (1)ke®ha(€) + BR1(E)ha(€)
> {BI-DyGi (A + @) + cGi(Ae + ) = Bg(1)G — 71 + 0]
— Bg' (1)K qe®—)% _ 3 Klqeae—w)g}e(xcw)g
> 0.

Following from 0 < w < 6, it has

(0—w) (20—w)

3.6 -8 o P e g and e@wE o P g a5 B o +00,

(3.6) BG BG

which can imply that the inequality (3.6) holds for B > 1 large enough. The inequal-
ity (3.5)) can be treated similarly. The proof is completed. O

Secondly, let J := max{%ln %, %ln %} and X > J. Let

(X():21(),02(1)) € C([=X, X|,R?) : x(£X) = F(£X), F(§) < x(§) < 1,

I'x = __
* pi(£X) = hi(£X), hi(€) < i(€) < Mi(€),i = 1,2

Next, we consider the boundary valued problem as follows

(3.7) culy = du'y + p — pux — Bg(ux)es,
(3.8) cvy = D% + Bg(x)p2 + roa — ovx,
(3.9) cwy = Dw'y +yp1 — dwx

with

for any (x(-), ¢1(+), v2(+)) € I'x. It follows from Gilbarg and Trudinger [11, Corollary 9.18]
that the problem (3.7)—(3.10) can admit a unique solution (ux,vx,wx) (ux,vx,wx €
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W2P((-X, X),R) N C([-X, X],R), Vp > 1). Furthermore, according to the embedding
theorem (see Gilbarg and Trudinger [11, Theorem 7.26]), it has ux(-),vx(-),wx(:) €
W2P(—X, X) — C'9[—-X, X] for some o € (0,1). Then we define an operator T' =
(Th, T3, Ts): T'x — C([=X, X],R?) by

ux =T1(x, 01,92), vx =Ta(x,p1,92), wx =T3(x, ¥1,92),

for all (x(-),1(-), p2(")) € I'x.

Theorem 3.4. The operator T maps I'x into I'x.

Proof. Tt is obvious that 1 is a super-solution of (3.7) for £ € [-X, X]. In addition, using
Lemma we can see that F(&) = 1 — Ke satisfies

0> cF'(€) = dF"(€) — p+ nF (&) + BMa(€)9(F(€))

> cF'(§) = dF"(§) — pu+ pF(€) + Boag(F(€))
for [-X, X'] with X' = —% In K. It follows from the maximum principle associated with
ux(—X) = F(—=X) and ux(X’) > F(X') = 0 that F(¢) < ux(€), V€ € [-X, X']. As a
consequence, we get FI(€) < ux(€) <1 for € € [-X, X].

Due to (3.1) and (3.2)), it has
0= —DUM{/ + CM{ — ﬂg(l)MQ — T'MQ + UMl
< —DUM{’ + CM{ — Bpag(x) — T2 + oM
and
0= —D]/\\jé/ + CM; — ’)/Ml + (SMQ < —D]Tjé/ =+ Cﬂé —Yp1 + 5M2

for any & € [ X, X]. Thus, it has vy (€) < M1(€) and wx (&) < Ma(€) for € € [-X, X] by
the maximum principle. On the other hand, (3.4) and (3.5)) imply that

0> —Dyhf/(€) + ek (€) — Bha(€)g(F(€)) — rha(€) + ahi (€)
> —DyhY(€) + e (€) — Bpa(€)g(x(£)) — rpa(€) + ahy (€)

for £ € [-X, X]] with X] = ;In g and

0> —Dhy(&) + chy(§) — vhi(€) + 6ha(€)
> —Dhy (&) 4 chy(§) — vp1(&) + dha(§)

for £ € [-X, X}] with X} = L1n B, respectively. According to vx(—X) = hi(—X) and
vx(X7) > hi(X]) = 0, we get vx(§) > hi(&) for £ € [—X, X/] by using the maximum
principle. Similarly, on the basis of wx(—X) = hao(—X) and wx (X}) > ho(X}) = 0, it
has wx(§) > ho(§) for £ € [—X, X}]. Therefore, one has h1(§) < vx(§) < ]\71(5) and
ha(€) < wx (€) < My(€) for € € [ X, X]. This completes the proof. O
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It follows from the classic embedding theorem that 7" is a compact operator from I'x to
Ix. Infact, T: 'y — I'x is also a completely continuous operator [39]. As a consequence,
using the Schauder’s fixed point theorem, we can obtain that there exists a vector function

(ux,vx,wx) € I'x such that

(uXaUXan) :T(UX,UX,'UJX)

for £ € [- X, X], namely,

(3.11) cuy = duy + p — puyx — Bwxgluy),
(3.12) cv’y = Dy’ + Bwxg(ux) + rwx — ovx,
(3.13) cw’y = Duw'y +yox — Swy

with uy (£X) = F(+X), vx(£X) = hy(£X) and wy (£X) = ho(+X).
Is the above conclusion true for X — oco? Next, we prove that the conclusion for

X — oo also holds true.

Theorem 3.5. For a given Y > 0, there exist some positive constants M, (Y), My(Y)
and My, (YY), which are independent upon X > max{Y, 7, é In K}, such that

(3.14)  Jluxllesi—y,y) S Mu(Y), lvxlles—yvy) < Mu(Y),  |lwxlles—yy] < Mu(Y).

Proof. Note that
(3.15) ux(§) <1, v(€) <pe*¥ = M(Y), w(€) < e = My(Y)

for € € [-Y,Y]. Using (3.15) and the LP (p > 2) estimates of linear elliptic differential
equations to (3.11)), it has

lux s vy < O (1 + BgME(Y) + IIxllwer vy )

where O is a constant and depends on Y, x can be treated as a linear function con-
necting the points (=Y, ux(=Y)) and (Y,ux(Y)). Thus, there exists a constant O de-
pending upon Y such that [lux/|w2r—yy) < Q(Y) for any X > Y. On the basis of
W?2P(-Y,Y) < CL%[-Y,Y] for a = 1 — 1/p, it has that a constant M? depending onY
satisfies HUX”Cla[ vy < MulﬂuXHsz Yy) which leads to HUXHC“"[ vy] < M, (Y)
for M, (Y ) IQ( ) > 0. Due to (3.11]), we further get that [Jux|c2j_y,y] < M, (Y)
for some Mu( ) > 0. Using the same way, |[vx|/c2—y;y] < MU( ) and [lwx|lo2j—y,y) <
M, (Y') for some constants M,(Y) > 0 and M, (Y) > 0 can be obtained. By differenti-

ating two sides of the equations (3.11)—(3.13]), it further gets the estimates (3.14]). This
completes the proof. O
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Next, consider a sequence of positive numbers {X,,}m>0 such that X,, — +oo as

m — 4o00. In view of the above arguments, it is easy to see that there exists a solution
(u,v,w) € C*(R,R3) of (2.4)) such that

F(z) <u(z) <1, hi(z) <v(@) < M(z), ho(z) <wlz) < My(x).

In particular, the definitions of F(z), hi(x) and ]\Z(a:) imply that

as r — —oo, which means that

xlgglo u(z) =1, wll)rgo v(z) =0, zll)rgo w(z) = 0.

Finally, we show

*

u(z) = u*, v(r) =0, wl) - w" asz— +oo.
For convenience, let 0 = v + u1, 6 =7+ po and g = min{p, gy, p2}.

Lemma 3.6. Let (A) be satisfied. Then these following inequalities

(3.16) 0 < v(z) + w(z) < %

and

(3.17)

1
I d o
hold true, where Dy, = min{D,, D}.

Proof. Note that Dy, is defined as above. Let m(z) = fw(z)g(u(z)) and n(x) = yv(x) —
rw(z) for any x € R, then it has

—du" (z) + cu/ (z) + pu(z) < p—m(z),
—Dy" (z) + ' (z) + pv(z) < m(z) — n(z),
+

—Duw" (x) + cw' ()
As a consequence, we can obtain
u(z) < = — fa(z), zeR,

v(z) < fp,(x) —gp,(x), =€ER,
w(z) <gp(x), =R,
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where . . .
0 [ 00 9
) = S my —x — ct)e ¥ /4 gyt
) A V 47Tdt /oo (y ) Y
and

gp(x) = /+OO i o n(y —x — ct)e*yQ/(ZlDt) dydt.
0 VAar Dt

It follows from d > D,, > D that v/D,gp, (z) > vV Dgp(z) and Vdfs(z) > /D, fp,(z) for

any x € R, which further indicates that

VDw(z) < VDgp(z), VzeR

and
D 7 w | d
v(z) + 4/ — ) < fp, (A—Saj>§A —, VxeR.
(@) @) < o, (@) < [ -fule) < 4 5 (5 =50 ) <5y 5
Thus, we get
d
VDyo(z) + VDuw(z) < “Lf, Va € R,
which implies that
D, D 7 d
v(iz)+w(x) < v(x) + w(z) < = , VzeR.
( ) ( ) Din ( ) Din ( ) 1\ Dmin
Besides, u(x) satisfies the following inequality
I ’ H d
du'(z) —cu'(x)+p—(p+pPg | = u(z) <0, VzeR.
1V Dmin
Using the maximum principle, it has that
o <u(z), VzeR
The proof is completed. O

Then, similar to [39, Section 2], we get that there exists an M; > 0 satisfying for any
rzeR,

max max v, max w, < M;min min v, min w
[t—1,2+1] [z—1,z+1] [x—1,2+1] [z—1,z+1]

and there exists a positive constant M satisfying

<M, VzeR.

(3.18)
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Now, we use some suitable Lyapunov functional to prove the convergence of traveling
waves as * — +00. Let £(z) =2 — 1 — Inz. Define

{(u(.),v(-),w(-)) € C(R, (0, +00)) x CH(R, (0, +00)) x CL(R, (0, +00)) :} |

C= w'(x)

<M

For each (u,v,w) € C, define

V(u,v,w)(z) = | du'(z) (g?i?xi) - 1) te /u T(””) g(f)g—(g(u*) dg]
o (g ) e ()]
weouo) (5 - ) + o2 (7))

where

Then the following result is proved.

Theorem 3.7. Let (H1) be satisfied. System (2.4]) admits a positive solution (u(-),v(-),
w(+)) satisfying there exists a P > 1 such that

(3.19) % <wu(z) <1, 0<w(x) <Pw" 0<v(z)<Po
and

V' (z) w'(x)
(3:20) o+ e <7

for any x € R. Thus there exists a positive constant m satisfying
(3.21) —m<V(z)<oo, VreR

and the map x — V(x) is non-increasing. Especially, if © — V(x) is a constant, then

u=u*, v=v", w=w".

Proof. According to the inequalities (3.19)—(3.20)), for any = € R, we have

du’(a:)( g(“*) ) + Dy (x )(U(lx) - ;) + CDw'(z) <w(1x) - wl>’

. < M|t | < ( > + DCM +1~70< ;fx) + ’“’;ff/) >
< M|t || <1+ f > + DCM + DCM ( 1;((;”)) + 7;‘;((;3)) )
< dM ||| (1 PIC ) + DCM + DCM?,
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where D = max{D,,CD} and C = max{1,C}. Set

w(m):c/l:(x)g(g);(gg)(m)df—i-cﬁ (”i””) reOL (“;(f”)) z eR.

Based on the definition of the function £ and the inequalities (3.19)), it gets
0 <w(x) <400, zeR.

From (3.22)) and the last inequality, it follows that inequality (3.21]) holds.

By a direct calculation, we get

W) g o) dg/ (@) ()
gy =P Paluw = e B e i T T g u()
’U* ’U* UIQ(SE)U*

+ Bg(uw)w + rw — ov — Bg(u)w— + ov* —rw— —
v

v 2(x)

+C<'yv—5w—fva+5w*—
w w?(x

On the basis of the following equalities

p=Bgu")w* + pu*, ov* = Pg(u*)w* +rw* and yv* = dw",

it gets
W @) ) (o ) glule)oeow
g = =0 SRS ot (3-8 - SR - 5
o (2 ow* vtw) dg' (u(z)) (v (z))? B v (z)v* B w'(z)w*
e (- T - 0 - ey ey~
Due to the mean inequality, we know that
g(u*)  glu(x))v*w  vw* viw  ow* S92 VzeR

9

g(u(z))  gluH)vw*  viw vw* - vtw

In addition, it follows from the second assumption of (H1) that

Yu > 0.

As a consequence, it has dV/dz < 0, Va € R, precisely, the function is non-increasing in

x € R. When V() is a constant, we obtain

dV (z)
dx

=0, VzxeR,
which states that

(3.23) W(x)=0, V(x)=0, w'(x)=0, wulx)=u", vwl) =wv), VreR.
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It further follows from (3.23)) that
(3.24) u(z) =u*, v(x)=A, w)=B, VzreR,

where A and B are two nonnegative constants. Note that (u,v,w) is a solution of sys-

tem (2.4)). Thus, plugging (3.24) into system (2.4)), it has

u(z) =u*, ov(z)=v", wl)=w", VzekR

This completes this proof. O
Based on the previous arguments, it has that there exist functions

(u(-),v(-),w(:))
such that (2.4), (3.16)), (3.17), (3.18) and

xgrfnoou(x) =1 xEIElooU(m) - xgrfnoow(x) =0

Consider an increasing sequence {Zy, }m>0 which owns positive real numbers so that z,, —
400 as m — +oo. For Vm € N, define

um () =@ +2m), vn(z)=v@+zn), wn(r)=wlE+z,), ek

According to elliptic estimates, up to a sequence, assume that the sequences {u,},
{vm} and {wy,} converge towards some functions s, Voo, Woo in CE.(R) x CE (R) X
CZ.(R). Consequently, system (2.4)-(2.5) admits solutions (uee,Ves, Weo). Due to the

non-increasing of the map = — V' (z), for each m > 0, it has

V (U, Vm, W) (2) = V (u, v, w)(x + T
<V(u,v,w)(z), VzeR.

On the basis of the uniform boundedness of the sequence {V (un,, m, wm) () }men, there
exists | € R satisfying
Im  V(tpm, O, wr)(z) =1, VzeR.
m—r+00

According to

m1—1>I-Ii-loo V(um’ Um, wm)(l‘) = V(uom Voo woo)(l')

for z € CL_(R), one gets V (Uso, Voos Woo ) (7) = I. Theorem indicates that

loc
Uso = UY, Voo = V5, Weo = w.

Then it follows that

. . . s . .
xggrloou(x) =u", xgrfoov(aj) =", xgriloow(fv) =w".

This completes the proof of the existence of traveling wave solutions of system (|1.1]) if
Ry > 1 and ¢ > c¢*.
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3.2. CaseIl: Ry > 1 and c = ¢*

Secondly, we show that if Ry > 1 and ¢ = ¢*, then system (1.1} admits a traveling wave
solution (u(¢),v(€),w(€)) on R3 such that (2.4) and (2.5). We prove the conclusion by

using the similar argument as those in [39, Theorem 2.11]. Thus, we omit it.

4. Proof of assertion (ii) in Theorem

In the section, we show the nonexistence of nonnegative traveling wave solutions of sys-
tem (1.1)) when Ry > 1 and 0 < ¢ < ¢*. We first discuss some properties of v(x) and

w(z).

Lemma 4.1. Assume Ry > 1. For any ¢ > 0, if there exists a positive traveling wave

solution (u(x + ct),v(z + ct),w(x + ct)) of system (L.1)) such that (2.4) and (2.5), then

there are two positive constants T and M which is large enough satisfying
/ v(§)dE<T and / w(@)déE<T, z<—-2M.

Proof. Fix ¢ > 0. Let (u(z + ct),v(x + ct), w(xz + ct)) be a nonnegative traveling waves
of (1.1) which satisfies (2.4)) and (2.5). According to u(—oo) = 1, there exists an M > 0
large enough satisfying

u(€) > (1—-v), Ve (—oo,—2M),

where v € (0,1) which is a small constant will be determined later.
For each £ < —2M, it has

(4.1) Bg(u(€))w(§) + rw(§) —ov(§) = Bg(1 —v)w(§) + rw(§) — ov(§).

For y < x < —2M, set jv(x,y) = f;v(ﬁ) d¢ and jw(x,y) = f;w(ﬁ) d¢. In addition,

we can get
(4.2) Bg(1 - v)T(2,y) + rdu(z.y) — oTu(y) < / " (Bg(u(©))w(E) + ruw(€) — ov(€)) dé

by integrating two sides of (4.1]) from y to = (y < x < —2M).
Based on Lemma and (3.18)), we can obtain
(4.3) ()2 lw( ey <P, lim '(z) = lim w'(z) =0,

T—r—00 T—r—00

where P is a positive constant. From (4.3)), it follows that

(4.4) /_x (Bg(u(€))w(&) +rw(§) — ov(§)) d§ = —Dw'(z) + cw(x), Va € (—o0,+00)
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and

(4.5) /1 (yv(€) — dw(€)) dé = —Dy'(z) + cv(x), VYV € (—o0,+00).

— 00

Now, we prove that there exists a positive constant 7 > 0 so that

/x v(&)dE < T and /r w(§)ds < T, Yao<—-2M.

—00 —0o0

Let

A= —o Bg(l—v)+r

vy —0
On the basis of Ry = (Bg(1) +7)v/(cd) > 1, it gets |A| < 0 for v > 0 sufficiently small.
Using multiplying (4.2) by —¢ and then adding

—(Bg(1 = v) + ) (yJy(2,y) = 8Tw(z,y))
to the both sides of the inequality, it obtains
Ao ) de <8 [ (Bgtu(E)w€) + ru(©) - ov(e)) ds
+(Bg(1 — v) + 1) (v o (2, y) — 8T (z,y)),

where y < x < —2M. Letting y — —oc in (4.6 and then using (4.4) and (4.5)), it gets

(4.6)

/3C v(€)d¢ <T, Vz<-—-2M.

-0
In the same method, we can show that

x

/ w()dE<T, Vo< -—-2M.

—0o0
The proof is completed. O
Lemma 4.2. Assume Ry > 1. For any ¢ > 0, if system (1.1)) admits a nontrivial and
nonnegative traveling wave solution (u(x + ct),v(x + ct), w(x + ct)) which satisfies (2.5)),

then there is a positive constant g such that

sup{v(z)e "%} < +o0, sup{|v/(x)|le "7} < 400, sup{|v”(z)leH"} < +o0
z€eR zeR zeR

and

sup{w(z)e "7} < +oo, sup{|uf(z)e 7} < 40, sup{u’(x)]e "} < +oo.
z€eR z€R z€R
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Proof. Fix ¢ > 0. Assume that (u(x + ct),v(z + ct), w(z + ct)) is a nontrivial traveling
wave solution of system (2.4)—(2.5). It follows from u(—oc) = 1 and u(§) < 1, V€ € R
that there exists M, > 0 sufficiently large such that

u(&.) >1- v, V£ S (—OO, _2M1/)

and

(Bg(l —v)+ 1)y

(4.7) —

>1 (Ry>1),

where v € (0,1) is a small constant and then will be determined later. For V& < —2M,,
it has

(4.8) cv'(§) = Dy"(€) + (Bg(1 — v) + r)w(§) — ov(§)

and

cw'(§) = Dw"(£) — vE(£) — dw(&).

Due to Lemma it has Jy(¢) := ffoov(n) dn < +oo and Ji(§) := fi)oow(n) dn < +o0
for £ < 0. Integrating two sides of inequality (4.8) from —oo to & with £ < —2M,, it has

(4.9) cv(§) = Duv'(§) + (Bg(1 — v) +71)J1(§) — 0 Jo(§).

Furthermore, integrating two sides of inequality (4.9)) from —oo to £ (£ < —2M,) causes

to

€ 3
410)  (Bg(1—v)+1) / Ji(2)dz — o / Jo(x)dz + Dyv(€) < eJo(£).

—00 —00

Similarly, for & < —2M,,, we also obtain that

3 3
(4.11) ’y/_ Jo(z) d:vé/_ Ji(z) dz + Dw(§) = cJ1(§),
which can reduce to
3 3
(4.12) /_ Ji(x) do = % <7 /_ o) d — eJu () + Dw(g)) .

In the following, we prove that there are two positive constants a, b such that

(4.13) aZ/ dn<bZJ , V&< —2M,.
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Substituting (4.12)) into (4.10)), one has

(7 S s Jo(a) do = e1(€) + Du(©))
eIo(€) = (Bg(1 = v) +7)

)
€
—0/_ Jo(z) dz + Dyv(§)
—v)+7r ¢ —v)Tr
= (PO o) [ ayan+ =250 0(6) 4 Do
—cml(g),

which implies that

e (e + 2D ) = (LU= [

L o=+ 1)D

Since v(§) and w(§) are positive functions, then one has

<(59(1 ‘5”) Ty a> /£ Jo(n) dn < ¢ <Jo(£) + Wﬁ@) :

—00

w(§) + Dyv(§).

Due to (4.7)), it is obvious that

(Bg(L —v)+r)y
5

—0o>0.

As a consequence, there exists @y > 0 and by > 0 such that
§ _
(4.14) a()/ Jo(T]) dn < b()(Jo(f) + Jl(f)), VE< —2M,.
Plugging (4.14)) into (4.10]), we can obtain that there exists @ > 0 and b > 0 such that

3
(4.15) a / J(n) di < B(o(€) + i(€)), V€ < —2M,

—0o0

Adding (4.14)) and (4.15]), we can obtain the inequality (4.13)).
Let

D(&) = Jo(§) + J1(§)-
Then we have that c
o [ Dedn <), Ve <20,

which meas that 0
o [ Dle+nan<ip), ve<-2u,.
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D(-) is increasing, so it has anD(§ —n) < bD(&) for any & < —2M,, and any n > 0. As a

consequence, there exist an 7y > 0 large enough and wy € (0, 1) satisfying
D(§ —m0) <woD(E), V&< —2M,.
Let g(x) = D(x)e "% with 0 < pg = n% In wio < Ac. Then, it gets
a(€ =) = J(€ = mo)e ") SwoJ (e T = q(¢), € < —2M,.
Since D(z) < 400 for x < 0, we have that there exists a constant g such that
q(x) < Ky, V<O,

which implies that D(x) < koeto” for any = < 0. Consequently, there exists gy > 0
satisfying ffoo Ji(n) dn < qoeto® for any x < —2M,,, i = 0,1. It follows from inequalities
(4.10) and (4.11]) that there exists pg > 0 such that

v(z) < poet®”,  w(z) < poe!*, Va < —2M,.
Since v(x) and w(x) are bounded on x € R, then we obtain
v(x) < poe®®,  w(z) < peet®®, VreR.

Using (4.9)) and (3.18]), we can get

sup{|v/(z)|e”H07} < +o0.
z€R

Furthermore, by (4.8)), it has

sup{|v”(z)|e *"} < +o0.
zeR

Applying the same methods as v(§), we also obtain

sup{w(z)e #7} < oo, sup{|u(¢)|e 07} < +oo,  sup{|u(z)]e M7} < +oo.
zeR z€R z€R

This completes the proof. O

Now, we prove the main result of this subsection.

Theorem 4.3. Assume that Ry > 1. For ¢ € (0,c*), there exists no nontrivial solution

(u(x + ct),v(z + ct),w(z + ct)) of system (2.4)—(2.5).
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Proof. We prove the theorem by way of contradiction. Fix ¢ € (0,c¢*). Suppose on the
contrary that system (2.4)—(2.5)) admits a nontrivial solution (u(xz+-ct),v(x+ct), w(x+ct)).
By Lemma there are

sup{v(z)e H0%} < +oo, sup{|v'(z)|e "} < 400, sup{|v’(x)le """} < 400
z€R z€R z€R

and

sup{w(z)e "} < +oo0, sup{|w'(z)|e "7} < 400, sup{|jw”(x)le "} < +o0.
z€R z€eR z€eR

Set R(§) :=1—u(§) € [0,1) on £ € R. Plugging R(§) into the u-th equation yields

cR(€) — dR"(§) + pR(E) — Bw(§)g(1 — R()) =0, VEER.

It further follows from R(—o0) = 0 and the boundedness of R that ffoo R(x)dx < 400 on
¢ < 0. Furthermore, integrating two sides of the above equality from —oc to £ < 0 leads

to

13 i3
cR(E) ~ R+ [ R@)do~ [ g1~ R@)ulz)ds =0,

Let f(&) = ffoo pw(z)g(l — R(z)) dx and By(&) = ,uffoo R(z) dx for any £ < 0. It is not
difficult to show that f(£) < Cpret¢ for any & € R, where Cy; > 0 is a constant. Based
on the definition of R(§), it has

dR'(§) — cR(§) = Bo(§) — f(£), £<0.

A directly computation causes to

~ c 1 c 0 _c
R(E) = Curei€ + e /f ¢ i(~Bo(n) + f(n)) dn
~ ey 1o, (O . 1oee (O ¢
= M6d£+ded£/ ed”f(n)dn_dedg/ e d"Bo(n) dn
13 3
n e Lo [0
< Medf‘i—dedg/ e_anf(ﬁ)dﬁa VSSO’
3

where Cp; = R(0). In view of f(£) = O(e"0%) as £ — —o0, we get that R(£) = O(et0d) as
§ — —oo, where u, = min{uyp, c/d}. It follows from 0 < R(§) < 1 that

(4.16) sup{R(z)e 0"} < +o0.
zeR

On the basis of the above discussion, define the two-sided Laplace transform of v and

w by
+o0

Lo() = / ey de, L) = / e (e) de.

—0o0 —00
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We only take into account A € Ry, too. v(§) and w(§) are bounded in R, so it has

+o0o +o0
/ e Mu(€)de < 400 and / e Mw(€) dé < 400
0 0

for any A > 0. Therefor, we only consider

0

0
L= [ eXugde L= [ el de

—00 — 00

Due to v(€) > 0 and w(&) > 0 for any £ € R and L;(+) is increasing in its domain, for each
i = 0,1, one of the following properties holds: (i) there is a positive constant v; > g so
that L;(\) < 400 for any 0 < A < v; and limy_,,,_o Li(\) = 4o00; (ii) L;j(A) < 400 for any
A>0.

In the following, we show v; = +o00, namely, for both i = 0,1, £;(\) < 4o0o for any
A > 0. First, we prove vy = 1 by a contradiction argument.

According to

Dy"(§) — cv'(§) + (Bg(1) + r)w(§) — ov(§) = Blg(1) — g(u(§)w(§), VxR,

it has
(4.17) (DuX® =X = 0)Lo(N) + (Bg(1) +7)L1(N) = B /:O(g(l) — g(u(©)))w(€)e ™ de.
On the same way, we get

(DA% — X —8)L1(N) +vLo(N) =0,
which becomes to
(4.18) (=DX2 + e+ 6)L1(N) = vLo(N).

If 11 # vy, then it is a contradiction with . Thus, we can obtain vy = v = v.
Secondly, we show v = 400 by using a contradiction way. Without loss of generality, let
v < 400, namely, £;(\) < +oo for any 0 < A < v and limy_,,_¢ £;(\) = +00, i =0,1. In
fact, it is easy to see that (—Dv?+cv+48) > 0 in (4.18)). Furthermore, if (Dyv%?—cv—0c) > 0
in , then by letting A — v — 0, the left-hand side of tends to infinity, however,
based on and (H1), the right-hand side of is bounded, that is, it has

+oo
5/: (9(1) — g(u(©)))w(€)e 7 de

1 +oo A
< sgsup {1 - u(@ne ¢} [ e ea

EER —00

< 00,



974 Lin Zhao, Liang Zhang and Haifeng Huo

where G = sup,¢j011{9'(z)} and g has been defined in (4.16), which leads to a contradic-
tion. If (D,v? — cv — o) < 0, then plugging (4.18) into ([4.17)) yields

mo(A, c)mi(A, )
Y

+o00
o) ( PO =0) ) =5 [ (o) - glue))uie)e e
for 0 < A < v. It is obvious that 0 < v < Apax(c¢). Similarly, when A — v — 0, then the
left-hand side of tends to infinity, however, the right-hand side of is bounded,
which causes to a contradiction. Thus, the assumption v < 400 is also impossible.
Note that for i = 0,1, £;(A) < 400 for any A > 0 has been proved. However, letting
A — 400 in yields a contradiction because lim)ﬁJroo(Dv)\2 —c\—0) = +oo. The
proof is completed. ]

5. Numerical simulations

In this section, we simulate traveling wave solutions for system with g(u) = u and
g(u) = u/(1+w), which connects the disease-free equilibrium (ug, vo, wp) and the endemic
equilibrium (u*,v*,w*). For this purpose, the spatial domain R and the time domain R™
are truncated by [0,800] and [0, 200], respectively and use piecewise functions as bellows

as initial conditions:

uw* if 0 < x<400,t=0, v* if 0 <z <400, t =0,
u(t,z) = o(t,z) =
u®  if 400 < 2 < 800, t = 0, 0 if400 <2 <800,t=0

and
w* if 0 <z <400, t=0,
0 if 400 < x <800, t =0.

w(t,z) =

It further take Neumann boundary condition for system (|1.1)).
Case 1: g(u) = u. We take the following parameters of the model:

=065 B=18 A=013, ¢=08 r=0.6, &6=0.6 ~=D0.5.

It follows from these parameters that the basic reproduction number Ry ~ 10 > 1, the
minimal speed ¢* ~ 0.244, the disease-free equilibrium (5,0,0) and the endemic equilib-
rium (0.2029,2.0574,1.7085) are obtained.

Figure which is the simulation results of system with the given parameters,
illustrates that system admits a traveling wave solution (u,v,w) with the minimal

wave speed ¢ = ¢*. Furthermore, traveling wave of system (|1.1)) is not monotone, see

Figures and [5.5](a).
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Figure 5.2: Cross section curves of solutions of system (2.1]) at ¢ = 150 in Figure

Case 2: g(u) = u/(1 +u). Here, we take the following parameters:
u=1, B=12 A=016, 0=08, r=05 0=06 ~=0.5.

By a straightforward computation, it has the basic reproduction number Ry =~ 8 > 1,
the minimal speed ¢* &~ 0.12, the disease-free equilibrium (1.16,0,0) and the endemic
equilibrium (0.3753,2.495,2.0979).

Similarly, Figure shows the existence of traveling wave solutions of system (|L.1])
with ¢ = ¢* and Figures and (b) demonstrate the non-monotonicity of the traveling

wave solutions.

Figure 5.3: Numerical simulations of solutions for system (1.1)) with g(u) = u/(1 + ).
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Figure 5.4: Cross section curves of solutions of system (1.1]) at ¢ = 150 in Figure

14

12
11]

Zo3s Zo9
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Figure 5.5: The value of U(z) with = € (380,430) and = € (300,420) in Figures [5.2 and

respectively.

Another incidence rates can be treated similarly.

5.1. Discussion

In this paper, we considered a diffusive SEIR epidemic model with nonlinear incidence
rate and constant recruitment and studied the existence and nonexistence of traveling
wave solutions of the model. When the basic reproduction number Ry > 1, we proved
that there exists a number ¢* satisfying for each wave speed ¢ > ¢*, the system admits a
nontrivial and nonnegative traveling wave solution and also investigated the nonexistence
of nonnegative traveling wave solutions of the model when Ry > 1 and 0 < ¢ < ¢*.
Compared with [39], we consider the more general case, namely, we extend results for
the nonexistence of traveling wave solutions of the system in [39] by using the Laplace

transform.
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