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A Fourth Order Singular Elliptic Problem Involving p-biharmonic Operator

Moloud Makvand Chaharlang and Abdolrahman Razani*

Abstract. In this paper, a fourth order singular elliptic problem involving p-biharmonic
operator with Dirichlet boundary condition is considered. The existence of at least
one weak solution is proved in two different cases of the nonlinear term at the origin.
The results are obtained by applying the critical points principle of Ricceri, variational

methods and Rellich’s inequality. Also an example is presented to verify the results.

1. Introduction

Nonlinear singular elliptic problems have been studied intensively in recent years and
arise in some parts of science such that boundary layer phenomena for viscous fluids,
chemical heterogeneous catalysts, chemical catalyst kinetics, and theory of heat conduction
in electrically conducting materials.

These kinds of problems also appear in glacial advance, in transport of coal slurries
down conveyor belts and in some other geophysical and industrial contents, see [8].

This paper studies the existence of at least one weak solution for the following singular

problem.

Azu = u% + Af(x,u) in Q,
u=Au=0 on 012,

(1.1)

where A2u := A(|Au[P~2Au) denotes the p-biharmonic operator, © C RV (N >3)isa
bounded domain containing the origin and with smooth boundary 992, 1 < p < N/2 and
f: Q2 xR — R is a Carathéodory function on which we put some conditions in order to
obtain our results.

Singular elliptic problems involving p-Laplace and p-biharmonic operators have been
studied by many authors, for instance Ghoussoub et al. in [5] study the following singular

problem
|ul?~?u
|z|®

u=20 on 0},

—Apu = p + Alul""2u in Q,
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where ¢ < (p —s)/((N —p)p) :=p*(s), 0 < s <p < N and p < r < p*(0), moreover,
Apu = div(|Vu[P~2Vu) is the p-Laplace operator.
In [12] the following problem is studied

M (fy |Au? dar) A2u — s [ulP2u = Af(a,u) + pg(e,u) in €,
u=Au=0 on 01},

where 1 < p < N/2 and M : [0,4+0c0[— R is a continuous function. As a special case, by
putting M =1 and p = 0 the problem in |12] converts to our problem. But, we study the
existence of at least one weak solution under different conditions and in two cases of the
nonlinear term at the origin which varies our results from those in [12]. Also, Makvand et

al. [7] study the following p-biharmonic singular problem

|uf?—2

AZu+a(z) T = M(z,u) in Q,

|z[>

u=Au=0 on 0f,

where a € L*°(Q) with essqinfa(z) > 0,1 < ¢ < N/2 <pand f: @ xR — R is an
L!-Carathéodory function. We can refer to [3,4,6,9[11,[13] as some references on singular

elliptic problems.

2. Preliminaries

Here, we recall some theorems and definitions as follows.
Let X := W?2P(Q)N Wol’p(Q) endowed with the norm

Jull = ([ 180 as ) "

where 1 < p < N/2 and Q € RY (N > 3) is a bounded domain containing the origin and
with smooth boundary 9. Also let || - ||, denote the norm of L4(2), i.e.,

full = ( [ o) "

We remind Rellich’s inequality [2], which is

ju(z) [P

o |z|?

1

dz < / |Au(z)[Pdx  for all u € X,
H Jo

where H := (N(p—1)(N —2p)/p?)". Let

F(z,t) = /Otf(a:,g) d¢ for all (z,t) € Q x R.
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Set p* := pN/(N — p). Therefore, by Sobolev embedding, there exists a positive constant
¢, such that
lullp« < c|lu|| forall ue X,

where

c:ﬂlanm(p—lyl”{ T(1+N/2T(N) TV
N—p I'(N/p)I'(N +1— N/p)

and oo
I(t) := / Zle7*dz forallt>0
0

denotes the Gamma function.
For fixed ¢ € [1,p*), the compact embedding X — L9() says that there exists ¢; > 0
such that

(2.1) ullg < cqllu|l for all u € X.
Now we consider the energy functional I, y: X — R as
(2.2) Ia(u) :i=®,(u) — A¥(u) forallue X,

where ()P
u(x
— )P
O, (u) := /Au )|P dx o o dz

and
U (u) ::/F(x,u(x))da:.
Q
By Rellich’s inequality, one has
H— P
(2.3) <pHM> ul]? < @, (u) < HZ;H for all u € X,

which implies that ®, is well defined and coercive. Also ®, is Gateaux differentiable and
weakly lower semicontinuous functional in X whose derivative is the functional ® € X*

give by [10]

/|Au P2 Au(z) Av(z) de — /‘“ Dl Pulz)o()

!pr

for every v € X.
Moreover ¥ is well defined and continuously Gateaux differentiable functional (by

standard arguments) whose Gateaux derivative is a compact operator ¥ from X to X

:/fmwmmww
Q

given by

for every v € X.
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Definition 2.1. For fixed real parameters p and A, a function u: 2 — R is said to be a
weak solution of ([L.1]) if v € X and

p 2
/|Au P2 Au(z)Av(z) dz — /|u’m|2|p x)dr — A /facu (x)dx =0

for every v € X.

Therefore, the critical points of I, y are exactly the weak solutions of ((1.1)).
We recall the following theorem [1] (a version of the Ricceri’s principle [10]) to study
the weak solution of problem ([L.1J).

Theorem 2.2. Let X be a reflexive real Banach space, and let &, V: X — R be two
Gateaur differentiable functionals such that ® is strongly continuous, sequentially weakly
lower semicontinuous and coercive. Further, assume that ¥ is sequentially weakly upper

semicontinuous. For every r > infx W, put

- . (Sup’UGI)*l(]—oo,r[) ‘I’(U)) — ¥(u)
L ue@_}ﬁ—oo,r[) r— <I>(u) ’

then, for every r > infx ® and each X\ € (0,1/p(r)), the restriction of Iy == ® — AV to
®~1(] — oo,7[) admits a global minimum, which is a critical point (local minimum,) of Iy
in X.

3. A weak solution

Here, we prove the existence of at least one weak solution for the problem (1.1f). The main

tool used here is the Ricceri’s theorem verified by G. Bonanno.

Theorem 3.1. Let f: Q x R — R be a Carathéodory function satisfying
(3.1) 1f(z, )| < a1 +aslt|T! for all (x,t) € Q x R,

where q €]1,p*[ and a1, az are two non-negative constants, also f(x,0) # 0 in Q. Then

for every p € [0, H| there exists a positive parameter

3 il
w = 459D 1/p a/p
>0\ gare (%) + ascd (IgHM) ya—1

such that for every A G]O,Xu[, the problem (1.1) admits at least one non-trivial weak
solution uy € X with limy_,o+ |[un|| = 0 and the function g(A\) := I, x(ux) (Iux as in

(2.2)) is strictly decreasing and negative in ]O,X“[.
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Proof. In order to apply Theorem fix o € [0,H[ and A G]O,Xu[, also let X :=
W2P(Q) N Wol’p(Q)7 ¢ := ¢, and ¥ be the functional as in Section We prove the
theorem in the following steps.

Step 1. As we know ®: X — R is continuously Géateaux differentiable, sequentially
weakly lower semicontinuous and coercive functional as p € [0, H[, also inf,ex ®(u) = 0.

Moreover ¥: X — R is continuously Gateaux differentiable.
By (3.1)), one has

ta
(3.2) F(z,t) < ap|t| + ag‘—
q

for all (z,t) € 2 x R and since A €]0, X#[, there exists 7 > 0 such that

(3.3) A< )\,u(”y) = T p o T _1.
qaici (m) + az¢q (ﬂ) ¥4

From (3.2)), one has
a
W(w) = [ Flau@)do < arlul + 2 ulf,
Q
therefore, due to (2.3,

1/p
rpH
(3.4 full < (722

for u € X and ®(u) < r.
Now from ([2.1)) and ({3.4)) for every u € X with ®(u) < r we get

o \P q o \9P
T(u) < c1ay (p) PP 4 g, ( P ) ra/p,
H—p q

then
o \/P q H \P
sup U(u) < cray ( b > i/ +a26i < P > ra/p.
u€P—1(]—o0,r[) H—pu g \H—pu
Hence
1
SUPyea -1 (|—oo,rf) ¥ (1) < el pH /P R @cj pH a/p Ja/p—1
T B H—pu g \H—pn

for every r € (0,00). In particular, for r := 7? we get

SUPycp—1(]—oo m0) P (1 H \Y? _ q H \YP _
o) et <o ()T ()
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Therefore, since 0 € ®~1(] — 00,7?[) and ®(0) = ¥(0) = 0,

(37) inf (Squeq’_l(]*ooﬁpD \Il(u)) — W(u) < SMPved—1(—c0 7)) U (v)
= in = —~ .
o u€P—1(]—00,77) AP — O (u) - AP

Now, from (3.3)), (3.5) and above inequality, one has

SUD,chd—1(1—00 V(v H 1/p~ q H Q/pN
o) < Pucd (o057 (v) e <;u> 71_p+a20qq< p > S0

P - H—p
< 1
A’
hence
e lo. 1/ptﬁ”_1 - - ]0, (lp) [
qraicy (71.11)?“) + aac] <1§§IM> vt o

In conclusion, based on Theorem there exists a critical point uy € ®71(] — 00,757
for 1, which is a global minimum of the I, ) in ®(] — c0,4”[), moreover, uy # 0 as
f(z,0) # 0 in Q.

Step 2. Now, we show that limy_,o+ ||| = 0 and the function g(A\) := I, x(uy) is
negative and strictly decreasing in |0, Xu(i)[

Since ® is coercive, there exists a positive constant M such that
[aa]] < M

as Uy € (] — 00,37[), for every A €]0, A, ()]

Hence due to the compactness of ¥, there exists a positive number L such that
(3.6) W' (@) (@) | < (|9 (@ )|[[[aa]| < LM

for every \ € ]O,X#(ﬁ)[

On the other hand as wu) is a critical point of I, », we get
I, \(U)(@y) =0,
which implies that
(3.7) B(iiy) — /\/Qf(x,ﬁ)\(m))%\(x) dz =0 for all A €]0, X, (7).

Therefore, by (3.6)) and (3.7, one has

lim & (@) = 0.

A—01
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Further, by (2.3)),

_ H <o
il < == L) forall A€]0, (7

then we can conclude that
SOt H AH

Also, since restriction of I, 5 to ® (] — co,7”[) admits a global minimum that is a local
minimum of /,, y in X, the map g(X) := I, \(uy) is negative in ]O,Xﬂﬁ)[, because uy # 0
and I#,)\(O) =0.

Now assume that uy, and uy, are critical points of I,, x (local minimum) for A; and Ao
respectively in |0, X“(ﬁ)[ with A1 < Ag. Set

. D(u) 1 _ ‘
E;, = f — v = —1, ), =1,2.
ued)*ll(?—ooﬁp[) < i (U)> i u’)\l(uAl) !

Obviously F; < 0 for ¢ = 1,2, and since A1 < g, we get Ey < E7, therefore,
1“7/\2(ﬂ)\2) =My < XE1 < B = A1 (ﬁ/\l).
Hence the proof is complete as N 10, Xu[ is arbitrary. dJ

Remark 3.2. Recalling Xﬂ,

~ p—1
A 1= qsup 7

1/p a/p
0 qa161<1§i> + axc (*ﬁ’i) vt

and by direct computations, we get

~+00 ifl<qg<np,
~ H—,LL . o
A= aalH if ¢g=p,
hiax

7 Laelp

1/p
qa101<;it) +a203(;f#) Ymax

N H—p 1/p arer (p—1 1/(g—1)
= (T7) (g (053))
p a2Cq \q — P

The following theorem shows the existence of at least one non-trivial weak solution for
the problem ({1.1)) in the case that the function f vanishes at the origin.

in which

Theorem 3.3. Let f: Q x R — R be a Carathéodory function with f(z,0) = 0 satisfying
(3.8) 1f(2,t)| < a1 +alt|T! for all (x,t) € Q xR,

where q € p,p*[ and a1, az are non-negative constants.
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Also, assume that there exists a non-empty open set D C Q and a set B C D with
meas(B) > 0 such that

infyep F(x,t inf F(z,t
infoes F(2,8) _ +oo and liminf 2207 (1) > —o0,

(3.9) lim sup m im in "

t—0t+
then for arbitrary fized p € [0, H| there exists a number Xu > 0 as follows:
< (s

Ay =
" 1/p alp _, 1’
qaicy (%) +a ZCq (gHM) qunax

B H-—pu 1/p arer (p—1 1/(g—1)
Ymax = ( ) (q q < >> y
pH azcqg \q—p

then for every A G}O,X#[, there exists at least one non-trivial weak solution uy € X :=

Wol’p(Q) N WQvP(Q) for the problem (1.1).

Proof. Our aim is to show that uy # 0. To this end it is sufficient to show that

(3.10) D )

where

:+OO

for ¥ and ® := ®,, introduced in Theorem
In fact from (3.10), there exists a sequence {wy} C X with limyg_, 4 ||wk|| = 0, such
that wy, € (] — 00, ~P[), and

O (wg) — AP (wg) <0

for k large enough. Finally, since u) is a global minimum for restriction of I, y to ®~ (=
00,7P[), one has
D(uy) — AV (uy) < 0=P(0) — AV(0).
In order to prove (3.10), by (3.9)), there exist a sequence of positive numbers {t;} with
limg_y1 o0t = 0 and two constants § > 0 and I" such that
infocp fo* f(2,€) dé

3.11 li =
(3:11) Lo 0P o

and we get
mf/ f(z,&)de < TP

for every t € [0,0].

Now, by Urysohn’s theorem, there exist a set C C B with positive measure and a
function v € X such that v(x) € [0, 1], v(x) = 1 for every x € C and v(z) = 0 for every
x e Q\D.
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Assume that @ > 0, then there exists a constant T' > 0 such that
T(meas(C)) + T fD\C |v(x)|P dz|
®(v)
From (3.11)), there exists Ny € N such that ¢ < § and

173
inf f(z,€)dg = Ttel’
reB 0

for all £ > Ny. Therefore, by above inequalities, we get

Wity o (I S d€) art oo (7 f(.€) ) ar

O (tyv) (thv)
. (T'meas(C)) + T fD\C |v(x)|P dx
- ®(v)
Hence (3.10)) is proved as @ is arbitrary. O

By an idea in [3|, here is an example of our result for a particular function f which

vanishes at zero.

Example 3.4. Let @ C RY (N > 3) be a bounded domain and 1 < p < N/2. Consider

the following singular problem

AZu = p2 4 Aa(@)ul" % + B(a)|u*u) in Q

||

u=Au=0 on 052,

(3.12)

where a,5: 2 — R are two continuous positive and bounded functions and 1 < r <
p < s < p*. Then for every p € [0, H] and A\ € A, the problem (3.12) has at least one
non-trivial weak solution uy € W2P(2) N T/VO1 P(Q) such that

li wy|| =0,
i, 7|
where
P
A= 10, == ;Mo = max{||alloo, [| Blloo }
pH 1/p pH s/p ~s—1

2My | scq (ﬂ) + c3 (m) “Ymax

and

_ )\ /r _ 1/(s=1)
ﬁmax = <H M) <861 <p 1)) .
pH Cs \§—P
For f(z,t) := a(z)[t|"~%t + B(x)[t|* 2, we see that f(z,0) =0 and

|f (2, )| < 2max{||a|loo, [|Bllec} (1 + [t]57Y)  for all (z,t) € Q x R,
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Therefore condition (3.8) is satisfied. Moreover, by standard arguments, we get

o Jo Pz, §)dz

Hence, thanks to Theorem [3.3] the result is achieved.

4. Conclusion

In this paper we study a singular p-biharmonic problem with Dirichlet boundary condition.

The existence of at least one weak solution is proved in two cases. First we get the results

where f(x,0) # 0 and then, adding different conditions and using the Urysohn’s theorem

we prove the existence of at least one weak solution in the case that f(z,0) = 0. Our

main tools are Ricceri’s theorem which is verified by G. Bonanno, Rellich’s inequality and

variational method.
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