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Short Proof and Generalization of a Menon-type Identity by Li, Hu and Kim
Léaszl6 Téth

Abstract. We present a simple proof and a generalization of a Menon-type identity

by Li, Hu and Kim, involving Dirichlet characters and additive characters.

1. Motivation and main result

Menon’s classical identity states that for every n € N;

n

(1.1) > (a—1,n) = ¢(n)r(n),
(=1

where (a — 1,n) stands for the greatest common divisor of @ — 1 and n, ¢(n) is Euler’s
totient function and 7(n) =34, 1 is the divisor function. Identity (1.1)) was generalized

by several authors in various directions. Zhao and Cao [7] proved that

n

(1.2) > (a—1,n)x(a) = p(n)r(n/d),
a=1
where x is a Dirichlet character (modn) with conductor d (n € N, d | n). If x is the
principal character (modn), that is d = 1, then reduces to Menon’s identity .
Generalizations of involving even functions (modn) were deduced by the author [6],
using a different approach.
Li, Hu and Kim [4] proved the following generalization of identity :

Theorem 1.1. [4, Theorem 1.1] Let n € N and let x be a Dirichlet character (modn)
with conductor d (d | n). Let b — Ay(b) := exp(2miwgb/n) be additive characters of the
group Ly, with wy € Z (1 < <k). Then

n

(1.3) Z (a—1,b1,...,b,n)x(a)A1(b1) - - - Ap(br) = @(n)or((n/d, w1, ..., wg)),
a,by,...,.bp=1

where ox(n) =3 g, d”.
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Note that in and the sums are, in fact, over 1 < a < n with (a,n) = 1, since
x(a) =0 for (a,n) > 1. In the case wy = -+ = wy, = 0, identity was deduced by the
same authors in paper [3]. For the proof, Li, Hu and Kim computed first the given sum in
the case n = p!, a prime power, and then they showed that the sum is multiplicative in n.

It is the goal of this paper to present a simple proof of Theorem Our approach is
similar to that given in [6], and leads to a direct evaluation of the corresponding sum for
every n € N. We obtain, in fact, the following generalization of the above result. Let

denote the Mobius function and let * be the convolution of arithmetic functions.

Theorem 1.2. Let F' be an arbitrary arithmetic function, let s; € Z, x; be Dirichlet
characters (modn) with conductors d; (1 < j < m) and N\, be additive characters as
defined above, with wy € Z (1 <€ < k). Then

n

Z F((a1 —s1,--sam — Sm,b1, ..., bg,n))

Q1,es@myb1 . b =1

(1.4) X x1(a1) -+ Xm(am)A1(b1) - - - Ak (br)
* % e*(u* F)(n/e
G Kl D I

el(n/di,...;n/dm w1,...;wk)
(n/e,s1--sm)=1

where X are the primitive characters (mod dy) that induce x; (1 <j <m).

We remark that the sum in the left hand side of identity vanishes provided that
there is an s; such that (s;,d;) > 1. If F(n) = n (n € N), m = 1 and s; = 1, then
identity reduces to (1.3). We also remark that the special case F(n) = n (n € N),
m>1,s1=--=s8,=1,k>1, wy =--- =wg =0 was considered in the quite recent
preprint [2]. Several other special cases of formula can be discussed.

See the papers [37] and the references therein for other generalizations and analogues

of Menon’s identity.

2. Proof
We need the following lemmas.

Lemma 2.1. Let n,d,e € N, d|n, e|n and let r,s € Z. Then

O (de) if (rd) = (5,6) =1 and (doe) | =5,

> 1 ={ w(de)
a=1 0 otherwise.
(a,n)=1
a=r (mod d)

a=s (mode)
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In the special case e = 1 this is known in the literature, usually proved by the inclusion-
exclusion principle. See, e.g., |1, Theorem 5.32]. Here we use a different approach, in the

spirit of our paper.

Proof of Lemma 2.1} For each term of the sum, since (a,n) = 1, we have (r,d) = (a,d) = 1
and (s,e) = (a,e) = 1. Also, the given congruences imply (d,e) | r —s. We assume that
these conditions are satisfied (otherwise the sum is empty and equals zero).

Using the property of the Mobius function, the given sum, say S, can be written as

n n/é
(2.1) s= Y S 0= Y 1
a=rTmod ) /@™ Om 6j=rj(:n}od d)
a=s (mod e) 6]';3 (mode)

Let 6 | n be fixed. The linear congruence 65 = r (mod d) has solutions in j if and
only if (0,d) | r, equivalent to (d,d) = 1, since (r,d) = 1. Similarly, the congruence §j = s
(mod e) has solutions in j if and only if (§,€) | s, equivalent to (d,e) = 1, since (s,e) = 1.
These two congruences have common solutions in j due to the condition (d,e) | r — s.
Furthermore, if j; and jo are solutions of these simultaneous congruences, then dj; = 7
(mod d) and dj; = djo (mod e). Since (d,d) = 1, this gives j; = j2 (mod [d,e]). We

deduce that there are
n

old, ]
solutions (modn/J) and the last sum in (2.1)) is N. This gives

N =

n ud) n p(n)/n o(n) )
2 TS T wa @ pde O

The next lemma is a known result. See, e.g., [6] for its (short) proof.

Lemma 2.2. Let n € N and x be a primitive character (modn). Then for any e | n,
e <n and any s € Z,

Z x(a) =0.

a=1
a=s (mod e)

Now we prove

Lemma 2.3. Let x be a Dirichlet character (modn) with conductor d (n € N, d | n) and
lete|n, se€Z. Then

3

x(a) = i((z)) x*(s) ifd|e and (s,e) =1,

a=1 0 otherwise,

where x* is the primitive character (modd) that induces x.
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Proof. We can assume (a,n) = 1 in the sum. If a = s (mod e), then (s,e) = (a,e) = 1.
Given the Dirichlet character x (mod n), the primitive character x* (mod d) that induces
X is defined by

x*(a) if (a,n) =1,
x(a) =
0 if (a,n) >1
We deduce
n n d n
T:= Y xl@= > x(@=>)x0) > 1
= a=1 r=1 a=1
a=s (mod e) (a,n)=1 (a,n)=1
a=s (mod e) a=r (mod d)

a=s (mod e)

where the inner sum is evaluated in Lemma Since (s,e) = 1, as mentioned above, we

have
: p(n) p(n) : p(n)
T= 3 NOggha =S X X0)= 255dax' (),
(Tad)zl (7‘ =1
(d.e)|r—s r=s (mod(d,e))

by Lemma [2.2|in the case (d,e) = d, that is d | e. We conclude that

) )
T= T = S0,

If dte, then T =0. O

Proof of Theorem [L.2l Let V denote the given sum. By using the identity F'(n) = 3", (u*
F)(e), we have

n

V= > x1(a1) - Xm(am)Ai(b1) - - - Aw (br) > (1 x F)(e)

QA1 yeeey@msb1 .0 =1 e|(U«1_51: 7am_57n7b17 7bk:7 )
n n
T SRR SRR D SERSEE PPN
eln ar=1 am= b1=1 br=1
a1=s1 (mode) am=sm (mode) elb1 elbg

Here for every 1 < /¢ < k,

nje

D Aelbe) =D exp(2miwgey/(nfe)) =
by=1 cr=1
elby

if% ‘ Wy,

S ol3

otherwise,

and using Lemma [2.3] we deduce that

V= xiten) o) e e (20 ()
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where the sum 3’ is over e | n such that d; | e, (e,s;) = 1 for all 1 < j < m and

n/e | we for all 1 < ¢ < k. Interchanging e and n/e, the sum is over e such that e | n/d;,
(n/e,sj) =1forall 1 <j <mande|w forall 1 <¢< k. This completes the proof. [
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