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Gramian Schauder Basic Measures and Gramian Uniformly Bounded

Linearly Stationary Processes
Yichirdé Kakihara

Abstract. For a normal Hilbert B(H)-module X gramian Schauder basic X-valued
measures are considered. Some equivalence conditions are given for an X-valued
measure to be gramian Schauder basic. As an application gramian uniformly bounded

linearly stationary X-valued processes are characterized.

1. Introduction

For a Hilbert space H a normal Hilbert B(H )-module is defined as a model for the space
S(K, H) of Hilbert-Schmidt class operators from another Hilbert space K to H, where
B(H) is the algebra of all bounded linear operators on H (cf. Kakihara [6] and Ozawa [11]).

If Y is a Banach space and £ is a Y-valued countably additive measure, Dunford-
Schwartz integrability of a complex valued function is defined (cf. Dunford and Schwartz
[4]) and the set Lh4(€) of all complex valued Dunford-Schwartz integrable functions is
shown to be a Banach space with a suitable norm (cf. Abreu and Salehi [2]). Using these
objects Abreu and Salehi defined and characterized Y-valued Schauder basic measures.
Moreover, they applied it to characterize uniformly bounded linearly stationary Hilbert
space valued processes.

Our objective is to define normal Hilbert B(H )-module valued gramian Schauder basic
measures together with their characterization. In order to do this let X be a normal Hilbert
B(H)-module and (©,2() be a measurable space. In addition to the usual scalar valued
inner product X has the trace class operator valued inner product, called a gramian. For
an X-valued measure ¢ we have to construct an L'-space consisting not only of complex
valued functions but also of operator valued functions. Recently a suitable such space
£1(¢) is defined and shown to be a Banach space (cf. Kakihara [7]), where the pseudo
(weak) Radon-Nikodym derivative £ with respect to a dominating measure is used. Then
X-valued gramian Schauder basic measures are obtained as an analogy of [2], where their

characterization is also discussed.
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Finally, X-valued gramian uniformly bounded linearly stationary processes on a lo-
cally compact abelian group are studied in terms of gramian Schauder basic measures.
Originally this kind of Hilbert space valued processes are considered by Tjgstheim and
Thomas |12] and Niemi [9] in connection with shift operator groups. Then Abreu and
Salehi [2] gave a measure theoretic view on them.

In Section [2| some necessary definitions and preliminary results will be stated. In
Section [3| the structure of the space £1(€) is studied for a normal Hilbert B(H)-module
valued measure ¢ and in Section [4] gramian Schauder basic measures are considered in
detail. Finally in Section [5| we shall develop several types of uniformly bounded linearly

stationary processes in the normal Hilbert B(H )-module setting.

2. Preliminaries

Let H be a Hilbert space, B(H) be the algebra of all bounded linear operators on H and
T(H) be the Banach space of all trace class operators in B(H). Then a normal pre-
Hilbert B(H)-module is defined as a left B(H )-module X with a T'(H)-valued gramian
[,-]: X x X — T(H) such that

(1) [z,2] >0 for z € X, 0 being the null operator;
(2) [z,2z] =0 if and only if x = 0;
(3) [a-x+b-y,z| =alx,z] + bly, 2] for z,y,z € X and a,b € B(H);
(4) [z,y]" = [y, 2] for 2,y € X,
where the action of B(H) on X is denoted by
BH)x X 3 (a,z)—a-zeX.

We can define a norm and an inner product respectively by

”xHX = H[.%‘,.T”H./Q, (xay)X :tr[$,y], r,y € X,
where || - || is the trace norm and tr(-) is the trace. If X is complete with respect to the

norm, then it is called a normal Hilbert B(H)-module.
A typical example of a normal Hilbert B(H )-module is the space S(K, H) of all Hilbert-
Schmidt class operators from K to H, where K is another Hilbert space and the module

action of B(H) and the gramian are respectively given by

a-r=ax, [z,y|=xy", a€ B(H), z,ye S(K,H).
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Another such example is the tensor product Hilbert space K ® H, where the module action

and the gramian are respectively defined by

a-(f@o)=[f®(ad),

(2.1) B

for a € B(H), ¢,v» € H and f,g € K. Here, (-,-)x is the inner product in K and ¢ ® 1
is the one-dimensional operator on H given by (¢ @ )¢’ = (', ¢)y¢ for ' € H, (-, )
being the inner product in H.

Since for any normal Hilbert B(H )-module X, there exists a Hilbert space K such that
X = K ® H, we shall assume that X = K ® H from now on (cf. Kakihara [6, p. 30]).
Also we shall assume that H is separable.

An operator S on a normal Hilbert B(H)-module X is called a module map if
S(a-x)=a-(Sz), ae€B(H), xreX.

Let A(X) denote the set of all bounded module maps in B(X), the set of all bounded
linear operators on X. Since X = K ® H, we can identify A(X) = B(K)®1 = B(K), 1
being the identity operator on H.

For a subset Xy C X we denote by &(Xj) the closed submodule generated by X, i.e.,

the closure of
n
{Zak-xk:ak S B(H),(Ek € Xo,1 <k Sn,neN},
k=1

N being the set of all positive integers.

Let (©,2) be a measurable space, 2l being a o-algebra of subsets of O, and consider
X-valued countably additive measures on 2. The set of all such measures is denoted by
ca(2, X). An X-valued measure ¢ € ca(2(, X) is said to be orthogonally scattered if

ABed, ANB=0 = (£A4),&B))x =0.

Let caos(2(, X') denote the set of all orthogonally scattered measures in ca(2(, X). £ is said
to be gramian orthogonally scattered, denoted ¢ € cagos(2, X), if

ABeA ANB=0 = [£(A),&B)] =0.

For an X-valued measure ¢ € ca(2, X), in addition to semivariation and variation,

operator semivariation [|¢]|,(A) on A € 2 is defined by

> an-£(A)

Lap € B(H), |laa]| < 1,A €7 e H(A)},
X
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where II(A) is the set of all finite measurable partitions of A. If an € B(H) is replaced by
a complex number aa with [aa| < 1in (2.2)), then the semivariation ||¢||(A) is obtained.
Let bea(2(, X') denote the set of all X-valued measures in ca(2, X') of bounded operator
semivariation.

Forx=f®¢pe X =K®H and ¢ € H define (z,9)g € K by

(2.3) (,V)g = (f@ o, )u = (¢, V) f-

In general, for x =Y 07 | f ® ¢ € X, we can define

($,¢)H = <Z fn ® ¢n7w> = Z((bmw)an € K7
n=1

H n=1

where the series converges in the norm || - || x. Let {¢,}22; be an orthonormal basis of H.

Then, note that each x € X and its norm can be written as

[e.e]
(2.4) =S ) © b ol% = Z s bl
n=1
where the first series converges in the norm || - ||x. Then the following characterization of

a gramian orthogonally scattered measure is obtained (cf. |6, p. 66, Proposition 18]).

Proposition 2.1. For an X-valued measure £ € ca(U, X) the following conditions are

equivalent.
(1) € € cagos(2, X).
(2) & € caos(A, K) for every ¢ € H, where £4(-) = (£(), d)m-

(3) &g and & are mutually orthogonally scattered for every ¢,vp € H. That is, if A, B €
A are disjoint, then ({4(A),&y(B))k = 0.

Proof. Let {¢n}°° ; be an orthonormal basis of H. Let ¢,v € H, A, B € 2 and write
¢(A) and &(B) using (2.4) by

n=1 n=1

where g, = (§(A), dn)H, hn = (§(B), ¢n)u € K, n > 1. Then we see that

(§4(A), &y (B)) K

((&(A), @) m, (€(B), ¥)m)K

<<Zgn®¢n,¢> ,<th®¢>m,w> )
n=1 H m=1 H/ K
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= (Z In(Pn, ®) 1, Z hm(gﬁmﬂb)H)
n=1 K

B 1
= i1<gn,hm>x<¢n,¢>HMH
= ilwn,hm)m(w,qu)mn,@z{
= i_l<gn,hm>K((¢n®¢m>w,¢>H
= il(gmhm)K(éﬁn@eﬁm)w,cﬁ

H

= ([&(A),&(B)Y, d)u, by (2.1,

and hence
(€s(A), & (B))k = ([£(A), §(B)]Y, @) -
It follows from the above that (1) and (3) are equivalent. (3) = (2) is obvious. (2) = (3)

follows from

([£(A), B, p)p =0 for g, € H <= ([£(A),&(B)]¢,¢)m =0 for ¢ € H.

This completes the proof. O

3. Structure of £1(¢)

First we define the Dunford-Schwartz integral for a C-valued function with respect to a
Banach space valued measure and then define Schauder basic measures, where C is the
set of all complex numbers. So let (0,%) be a measurable space as before and Y be a
Banach space with the norm || - ||y. Consider a Y-valued countably additive measure & on
2, denoted £ € ca(2(,Y). Then the Dunford-Schwartz integrability is defined as follows.

Definition 3.1. Let £ € ca(2(,Y). A measurable complex valued function f on © is said
to be Dunford-Schwartz integrable (DS-integrable) with respect to & if there exists
a sequence {f,}°°; C L%(©) of C-valued 2A-simple functions such that

(i) fo— f &aey
(i) { [, fn d{};’;l is a Cauchy sequence in Y for every A € 2.

The integral of f with respect to & over A € 2 is defined by

/fd§= lim [ f,de,
A n—oo A
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where the integral in the right side is defined in an obvious way.

Let Li)(&) denote the set of all C-valued functions on © that are DS-integrable with
respect to &. For f € Lig(€) define &¢(-) and || f||s¢ by

(3.1) £4(A) = /A fde, Aen,

(3.2) 1£1ls. = 1€£11(©)-

Then, clearly &5 € ca(2,Y) for f € Lig(€) and || - ||s¢ is a norm on Lig(€). Abreu and
Salehi [2] proved that the space (Lj)s(€), | - ||s,) is a Banach space. Let T¢: Lig(€) = Y
be given by

(3.3) Tof = £/(0) = /@ fdé, f e Lhg(e).

Definition 3.2. Let £ € ca(2,Y) be a Y-valued countably additive measure and the
operator T: L]IDS(f) — Y be defined by (3.3). Then, ¢ is said to be Schauder basic if

T¢ is one-to-one and its range is closed.

Let £ € ca(A,Y). It follows from (3.2) and (3.3)) that ||T¢|| < 1, so that & is Schauder

basic if and only if T¢ is bounded below, i.e., there exists a constant o > 0 such that

I Teflly > allfllse,  f € Lps(€)

(cf. |1, p. 70]). Here are some equivalence conditions for a Hilbert space valued measure
to be Schauder basic obtained by Abreu and Salehi [2] (see also Niemi [9,|10]), which is

stated as follows.

Proposition 3.3. Let ‘H be a Hilbert space and & € ca(A, H). Then the following condi-

tions are equivalent.

(1) & is Schauder basic.

(2) There exists a bounded operator Q@ € B(H) with a bounded inverse such that Q& €
caos(A, H).

(3) There exist an m € ca(A,RT) and a constant M > 0 such that for any f € L°(0©),

/ 2 dm <

(4) There exists a constant o > 0 such that for any {A1, Aa, ..., Ap} € II(O) and oj € C
with |a;| <1,1<j <mn,

s M/ /12 dm.
H ©

2

1 n n n
=D o PlIE(ANIE < D age(Ay)|| < oD lasPllE(A))II5
j=1 j=1 j=1

H
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In our normal Hilbert B(H)-module setting, to obtain similar equivalence conditions
we need to consider operator valued functions and create a space corresponding to L]1)S (€)
for a Banach space valued measure . First we state some measurability concepts for
operator valued functions. Then, we define an integrability concept for such functions
using a pseudo Radon-Nikodym derivative and construct an L' space for a normal Hilbert

B(H)-module valued measure.

Definition 3.4. A B(H)-valued function ® on © is said to be A-measurable if, for every
¢ € H, the H-valued function ®(-)¢ is strongly measurable, i.e., if there exists a sequence
{pn}o2, C L°(O; H) of H-valued 2U-simple functions such that ||®(0)¢ — ¢, ()| g — 0 for
every 0 € O.

Let O(H) denote the set of all linear operators a with domain ®(a) C H. An O(H)-
valued function ® on O is said to be A-measurable if there exists a sequence {®,,}7° ; of
B(H)-valued 2A-measurable functions on © such that ||®,(0)¢ — ®(0)¢||x — 0 for every
§ € © and ¢ € D(P(6)).

We shall denote the action of a € B(H) on x € X simply by ax instead of a - . Let
¢ € bea(2, X) be an X-valued measure of bounded operator semivariation. There always
exists a positive finite measure v € ca(2(, R") such that £ < v. If £ is of bounded variation,
denoted £ € vea(2l, X), then it has an ordinary Radon-Nikodym derivative £’ = d¢/dv with
respect to v. If this is not the case we shall consider a pseudo Radon-Nikodym derivative

as follows, where we called it a weak Radon-Nikodym derivative in [7].

Definition 3.5. Let £ € beca(2, X) and £ < v with a finite v € ca(A,R™"). Then, ¢ is said
to have a pseudo Radon-Nikodym derivative &’ with respect to v, denoted ¢’ = d¢/dv,
if there exists a sequence {®,}°; C L%(0; X) of X-valued 2-simple functions on © such
that

(1) [|®n(0) —&'(0)]|x — 0 for v-a.e. 6;

® |

/@ndu—g(A)H — 0 for A e
A X

The sequence {®,,}>2 ; is called a determining sequence for the X-valued function &'

We may write
/f'duz lim [ &,dv=¢&(A), Ae
A

n—oo A

It is shown that a pseudo Radon-Nikodym derivative does not depend on a determining
sequence if the derivative exists (cf. |7]). Using a pseudo Radon-Nikodym derivative we

can define a Dunford-Schwartz type integral of operator valued functions.

Definition 3.6. Let £ € bea(2, X) have a pseudo Radon-Nikodym derivative £ = d€/dv

with respect to a dominating measure v.
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(1) An O(H)-valued function ® on © is said to be {-integrable if ®(6)¢'(6) € X v-a.e. 0
and if there exists a sequence {®,}5°, C L%(©;B(H)) of B(H)-valued 2l-simple
functions on © such that

(a) ||, (0)E(0) — 2(0)E'(0)]|x — 0 for v-a.e. 6;

(b) The sequence { [, @y, d§ }Zozl is a Cauchy sequence in X in the norm || - || x for
every A € 2, where for ¥ = >, arla, € LY(0; B(H)) we define

[ wde=Y acan ),
A k=1

14 being the indicator function of A € 2. In this case, the integral of ® with
respect to £ over A € 2 is defined by

/@df:/@g’du: lim /(I)ndf.

Let £1(¢) denote the set of all O(H)-valued 2l-measurable functions on © that

are &-integrable.

(2) For a function ® € £(¢) we define an X-valued measure &g by

o(A) = /A<1>d§, Aed
Finally, a special subset £1(¢) of £1(¢) is defined as
£1(&) = {@ € £1(§) : & € bea(A, X)},
where the norm of ® € £1(¢) is given by the total operator semivariation
1@llog = lI€2llo(O)-

For ¢ € bea(2A, X) it is shown that (£L(€), ]| - [lo¢) is a Banach space and the set
LY%(©; B(H)) of all B(H)-valued A-simple functions is dense in it (cf. [7]).

It may be interesting to consider scalar valued functions f on © instead of operator
valued functions. So let Li)q(€) be the set of all C-valued functions that are DS-integrable
with respect to £ as given in Definition while L'(€) be the set of C-valued measurable
functions that are £-integrable using the pseudo Radon-Nikodym derivative as given in

Definition Then, it was proved in [7] that L'(¢) = Lg(€). Let us define

(3-4) Ly(&) = {f € L'(¢) : & € bea(, X)},
(3.5) 1 £llog = lEr10(O),  f € Lu(8),

where & is defined by (3.1). Then we have the following.
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Proposition 3.7. Let & € bea(2A, X) have a pseudo Radon-Nikodym derivative with re-

spect to v. Then, the space (LL(E),| - |log) given by (3.4) and (3.5) is a Banach space.
Moreover, the set LY(©) of C-valued 2A-simple functions is dense in it.

Proof. Let {f,}22; C L1(¢) be a Cauchy sequence. Then it is a Cauchy sequence in
(LX), || - |Is) since || fo — fmllse < Ifn — fmllog — 0 as n,m — oco. Since the space
(LY(€), || - |ls.) is a Banach space there exists a unique f € L'(¢) such that || f, — f||sc — 0
asn — oo. Let m = {Ay,..., Ax} € II(O), a; € B(H) with [|a;]| <1 for 1 < j < k. For
any £ > 0 choose an nyg = ng(e, ) € N such that

9 .
1€5, (A5) = Ep(A4))]x < o 1<i<k nzno

Then it follows that for n > ny,

k k
> ai€s(Aj) Zaj — &) A+ 11D aigr (4)
=1 '

X x 7=t X
Z lasllll(§r — € ) (A lIx + 1€, 10(O)
+ ”fnuo,ﬁ < 0.

This implies that
1l < Jim [l fulloe < o0

since {||fullog}22, is convergent. Thus we have f € L1(¢) and

0= lim hm Ifn = fmllog = nlggo Ilfn = fllog,

n—oo m—r

so that L1(¢) is closed.

To see that L°(©) is dense in LL(&) let f € LL(¢) and let {f,,}°2, C L%(©) be its
determining sequence of C-valued functions. Then the rest of the proof is similarly done
as in the proof of Theorem 3.4.5 in [7], showing || f, — fllo¢ — 0. O

For £ € bea(2, X) consider two sets given by
LN @BH)=1> fi®a;:fj € L'¢),a; € B(H),1<j<nneNy,
j=1

LA @BH)=1> fi®a;:fj € Li(&),a; € B(H),1<j<nmneNy,
j=1
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where f ®a is a function on © defined by (f ®a)(0) = f(0)a for f € L'(¢) and a € B(H).
It is clear that
LY(§) ® B(H) € £(6),  Ly(€) ® B(H) C £i(¢).
Let us denote the closure of each space with respect to || - ||s¢ and | - ||o¢ respectively by
L&) ®s¢ B(H) € £1(€),  Li(€) @0 B(H) € £:(8)-
Since the space LY(0©; B(H)) is dense in all four spaces mentioned above it is easy to see
the following proposition.

Proposition 3.8. For & € bea(2, X) it holds that

L'(€) ®s¢ B(H) = £1(€),  Ly(§) ®og B(H) = £,(6).

4. Gramian Schauder basic measures

Banach space valued Schauder basic measures were mentioned in Definition In this
section we introduce gramian Schauder basic measures in our setting. We assume that
X = K ® H, where H and K are separable Hilbert spaces. Now we are ready to define

gramian Schauder basic measures.

Definition 4.1. Let £ € bea(2, X) be such that £ < v for a finite measure v, and assume
that £ has a pseudo Radon-Nikodym derivative £ with respect to v. Then, ¢ is said to be
gramian Schauder basic if the operator T¢: £1(¢) — X defined by

(4.1) Te® = / dde, e L(¢)
(C]
is one-to-one and the range T¢(£1(€)) = {Tz® : @ € £L(&)} of Ty is closed in X.
Remark 4.2. (1) Let £ € bca(2, X) be gramian Schauder basic. Then the operator T
defined by (4.1) is bounded with ||T¢| < 1 since for ® € £1(£) it holds that

[Te®||x = [1€a(O)lx < [€ollo(©) = [|P|o,-

Since T¢ is one-to-one with a closed range, T is bounded below and has a bounded inverse

Tt Te(21() = £1(©).
(2) If £ € bea(2, X) is gramian Schauder basic, then £ is Schauder basic. In fact,

suppose £ is gramian Schauder basic. Then there exists a constant o > 0 such that
I Te®@||x > af|®]oe, P € Li(E).
This implies that
ITefllx = allfllog = allfllse,  feL(O).
Since || Tefllx < ||fllse for f € LY(€) we see that T¢: L'(€) — X has a bounded inverse

and hence ¢ is Schauder basic.
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The following lemma may be interesting.

Lemma 4.3. Let £ € bea(2, X) be gramian Schauder basic with the operator T¢ defined
by (4.1). Then the operator T¢ restricted to Li(§) is one-to-one with a closed range.

Proof. T¢ is obviously one-to-one since L1(£) C £1(£). To see that the range T¢(L1(€))
is closed, let {z,}52, C T¢(L1(£)) be a Cauchy sequence such that z, = T¢f, with
fn € LL(€) for n > 1. Then {z,}°°, is Cauchy in X, so that there exists a unique z € X
such that ||z, — z|x — 0. Since T¢(LL(€)) C Te(£L(€)) and the latter is closed, there
exists some ® € £1(£) such that z = Tz®. Hence it follows that

|zn — 2llx = [[Tefo — Te®l x = |Te(fn — @)[[x — 0
and that
1T (@0 = )l = 1o — @log — 0.

Since L1(¢) is closed in £1(£) by Proposition we have ® € L1(¢). Thus the range
Te(LL(9)) is closed. O

Let F € ca(,TT(H)) be a T+ (H)-valued measure, where TT(H) = {a € T(H) : a >
0}. Then, v(-) = |F|(-) = ||F(-)||r is a dominating measure for F' and the ordinary Radon-
Nikodym derivative F' = dF/dv exists in L'(©,v; T(H)) since T(H) is a separable dual
space (cf. [3]). Let ® and ¥ be two O(H )-valued 2-measurable functions on ©. Then, a
pair (®,¥) is said to be F-integrable if OF'Y? and UF'Y? are S(H)-valued functions
and the T'(H)-valued function ((IDF’1/2)(\IJF’1/2)* is Bochner integrable with respect to v.
Here, S(H) is the set of all Hilbert-Schmidt class operators on H. In this case we write

(4.2) (@, 0]p = /@ D AFT* = /@ (®F"?) (WF'?) dv € T(H).
Then, the space L?(F) is defined by
L}(F) = {® : ® is O(H)-valued, 2A-measurable, and (®, ®) is F-integrable}
with the norm defined by
2] = I[®, @]}/ @€ L*(F),

As was shown by Mandrekar and Salehi [8] L?(F) is a normal Hilbert B(H )-module with
the gramian given by (4.2). Moreover, the set LY(©; B(H)) of «-simple B(H)-valued

functions on © is dense in L?(F).
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Remark 4.4. For £ € cagos(U, X)) let

Then, F¢ € ca(A, TH(H)) and L%(Fg) is formed with v¢(:) = ||[Fe(-)|r € ca(A,RT) and
Fy{ = dFg/dvg € LY(©,ve; T(H)). If € has a pseudo Radon-Nikodym derivative, then it
holds that £'(&) = £1(¢) = L*(F¢) and [|[®||¢ = ||®| £, for all ® in these spaces.

Note that an orthogonally scattered measure is Schauder basic [2]. Similarly a gramian

orthogonally scattered measure is gramian Schauder basic as described below.

Proposition 4.5. If { € cagos(, X) is an X -valued gramian orthogonally scattered mea-
sure with a pseudo Radon-Nikodym derivative & with respect to a dominating measure,

then it is gramian Schauder basic.

Proof. Let Tg be defined by (d.1)). Then, for ® € £1(¢) = L?(F) it holds that

[Te®, Te®] = [/@cbdg,/@@dg] :/@@ng@*: (@, D],

Hence, T¢ is gramian unitary, so that it is one-to-one and of norm 1. Also it is clear that
Te(L*(Fg)) = &(€), the closed submodule of X generated by the set {{(A) : A € A}. Thus

the range of T¢ is closed. Therefore £ is gramian Schauder basic. O
Another basic fact is the following.

Proposition 4.6. Let £ € bea(, X) be gramian Schauder basic with a pseudo Radon-
Nikodym derivative ¢’ = d€/dv, v being a dominating measure, and S € A(X) be a bounded
module map with a bounded inverse S~ € A(X). Then, n = S¢ € bea(A, X) is gramian
Schauder basic with a pseudo Radon-Nikodym derivative ' = dn/dv = S¢'. Moreover, it
holds that T, = ST¢ and £1(n) = £1(¢).

Proof. Let T¢: £1(¢) = X be defined by . Then, T¢ is one-to-one and its range
Te(LL(€)) = &(€) is closed. Obviously n = S¢ is of bounded operator semivariation since
Inlle(©) < [|S]I€]lo(©). It follows from Corollary 2.3.5 of 7] that the pseudo Radon-
Nikodym derivative ' = dn/dv of n with respect to v exists and 1’ = S¢’. Hence £1(n) is
defined.

To show that £1(n) = £L(¢) first let ® € £1(¢). Then ¢’ € X v-a.e. and there exists
a sequence {®,}22; C LY(©; B(H)) of B(H)-valued A-simple functions such that

(a) [|®pE — @E||x — 0 v-ae.;

(b) { L4 ®@n dﬁ}(;o:l is a Cauchy sequence in X for every A € 2.
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Hence, we have that

B,y — S(BE)||x = [|@,5 — S(BE") || x
= [|S(2ng’) = S(®¢)x
<152 — @€ x — 0.

Thus, {®,,7'}22, is a Cauchy sequence in X v-a.e. If we define

®n' = lim &,n = S(®¢),
n—oo
then @7 € X v-a.e. and | ®,n' — ®n'||x — 0 v-a.e. Moreover, { [, ®, dn}ZO:l is a Cauchy

sequence for every A € 2 since

/A<I>nd77:/A<I>nd(S§):S/A<I>nd§.

Consequently ® € £1(n). Therefore £1(¢) C £1(n). The reverse inclusion is obtained by
considering ¢ = S™1, so that £1(n) = £L(¢).
Note that for ® € £1(n) = £1(¢),

A@dn:A¢d(S§):SA¢d§, Ae

That is, T, = ST. Hence T, is one-to-one and obviously T,(£L(n)) is closed. Thus 7 is

gramian Schauder basic. O

We say that two measures ,n € bca(2, X) are gramian similar if there exists a
bounded module map S € A(X) with a bounded inverse such that n = S¢. The operator
S is called a gramian similarity operator. Then, Proposition asserts that if two
measures in bea(2, X) are gramian similar and one is gramian Schauder basic, then the
other is also gramian Schauder basic.

In a same way, two measures &, n € ca(2, K) are said to be similar if there exists a
bounded operator S € B(K) with a bounded inverse such that n = S¢, where S is called
a similarity operator. It follows from Proposition that any measure in ca(2, K)
is Schauder basic if and only if it is similar to an orthogonally scattered measure in
caos(2, K).

The following proposition is a part of our main theorem in this section that charac-

terises gramian Schauder basic measures, where the gramian in X is denoted by [-,-]x.

Proposition 4.7. Let £ € bea(2d, X) have a pseudo Radon-Nikodym derivative ' = d€/dv

for some dominating measure v. Then the following conditions are equivalent.
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(1) There exist another normal Hilbert B(H)-module Y, a Y -valued gramian orthogo-
nally scattered measure n € cagos(A,Y) and a bounded module map S: &(n) — &(&)
with a bounded inverse such that & = S.

(2) There exist a TT(H)-valued measure F € ca(A,TT(H)) and a positive constant
o > 0 such that

(@, D] < [Tt®, T:®)x < a[®,®]r, @€ L°(O;B(H)).

1

«
Proof. (1) = (2). Assume the existence of such Y, n and S. Let ® = Y " a;14, €
L%(©; B(H)) with ay,...,a, € B(H) and {A1,...,A,} € [I(©). Then we see that

/ O dF,®* =) a;iFy(Aj)a) = [®, g,
e i=1

and
[Te®, Te®]x = / D de, / @d&] = D aig(4:),) aé(Ay)
= > aiSn(A:),> aSn(A;) | = |SD ain(A:), S an(4,))
| i=1 j=1 X i=1 j=1 X

< ISP | am(A), Y am(A;) | = IISIP [/fbdm/@dn]
i=1 j=1 v © S Y
= [|SIP[®, @],

or [Te®, T ®]x < ||S]*[®, D|F,.

Similarly we see that [®, ®]p, < ||S™|?[Te®, Te®]x. Hence, by letting v = max{||S||?,
|S71|?} and F = F, we have the desired inequalities.

(2) = (1). Assume the existence of F' and «. Define a mapping [-,-],: () x S(§) —
T(H) as follows. For ® = 371" a;14,, ¥ =37 bjlp; € LY(©;B(H)) let © = Te®,y =
TeV € 6(&) and set

m n
[z, ylo = [Te®, TeW, = > > aiF(A; N By,
i=1 j=1
Then, we see that

(@, )y = /ecbdF\I/* => 3 aiF(AinB)b; = [x,ylo.
i=1 j=1
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By assumption it holds that

1
5[90733]0 < [Te®@, Te®]x < afz, zlo,

or
1
7[x7$]X < [:L‘ax}o < a[ﬂf,l‘]X
[0

Thus there exists a bounded positive module map S: &(§) — &(&) with a bounded inverse
such that

[Sz,ylx = [2,9]o, 2,y € &(E)
(cf. Kakihara [6, pp. 25-26]). Consider S'/2: G(¢) — &(&) which is a bounded module

map with a bounded inverse and define 7(A) = SY/2¢(A) for A € A. Then observe that
for A,Be

[1(A), n(B)]x = [S2€(A), 8'%¢(B)]x = [S£(A), £(B)]x
= [£(4),&(B)lo = F(AN B),

which implies that n € cagos(, &(§)) C cagos(A, X). Therefore (1) holds. O

Remark 4.8. In (1) of the above proposition, since S: &(§) — &(n) is a bounded module
map with a bounded inverse, there exists a gramian unitary operator Up: &(n) — &(€).
Consider the normal Hilbert B(H)-module Y = &(n) & &(¢)#, where S(&)# = {z € X :
[z,y] =0,y € &(£)}, the gramian orthogonal complement of G(§). Define U, S:Y 5 X
by

Uy ifye6n), & Sy ify e &(n),

Uy = Sy =

y ifyes©F, y ifyesEr.
Then U is gramian unitary and S is a bounded module map with a bounded inverse.
Note that 17 given by 7 = Un is in cagos(2, X). If we define T' = SU!, then we see that
T € A(X) with a bounded inverse and

Tij = SU'Un = Sn=¢.

Thus, £ is gramian similar to a gramian orthogonally scattered measure.

Let £ € ca(2U, X), ¢ € H and define £, (-) by

(4.3) Eo(A) = (€(A). ), A

(cf. Proposition and (2.3))). Then, {4 is a K-valued measure, i.e., & € ca(U, K).
After defining scalarly Schauder basic measures in the following we can obtain some

necessary and sufficient conditions for an X-valued measure to be gramian Schauder basic.
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Definition 4.9. Let £ € bca(2, X). We say that ¢ is scalarly Schauder basic if §; is
Schauder basic for each ¢ € H, where &y is defined by (4.3). That is, for each ¢ € H there

exists a constant ag > 0 such that

[T, fllx = agllf

lsgor € LY(&),

where, as in (3.3)), Tg,: L1(§¢) — K is defined by

Tef = [ fds. fer(E).

¢ is said to be uniformly scalarly Schauder basic if there exists an « > 0 such that
for each ¢ € H it holds that

ITe, fllxc 2 allfllse,  fe LM (Es).

Let ¢ € bea(2, X) have a pseudo Radon-Nikodym derivative with respect to a dom-
inating measure. If {¢,}>°, is an orthonormal basis of H, then it follows from ([2.3])
that

f() = qubn() X ¢na
n=1

where the series converges in the norm || - || x. Moreover, for ¢ € H it holds that
(14) Teof = [ £ = [ fld 0 = Teh o). fe L)

Hence, we can consider that L'(&;) C £1(€).

If £ € bea(2(, X) is scalarly Schauder basic, then it follows from Proposition that
for any ¢ € H there exists an operator Sy € B(K) with a bounded inverse S;l € B(K)
such that

Ny = Se€e € caos(A, K).

In other words, {4 is similar to an orthogonally scattered measure 14 by a similarity

operator Sy. Using these notations we can prove the following theorem.

Theorem 4.10. Let £ € bea(, X) have a pseudo Radon-Nikodym derivative with respect

to a suitable dominating measure v. Then the following conditions are equivalent.
(1) & is gramian Schauder basic.
(2) & is uniformly scalarly Schauder basic.

(3) For each nonzero ¢ € H the measure & is similar to some orthogonally scattered
measure 10y € caos(2, K) with a similarity operator Sy € B(K). Moreover, there
exist constants 3,y > 0 such that 8 < ||Sy|| < v for all nonzero ¢ € H.
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(4) & is gramian similar to some n € cagos(2A, X).

(5) There exist a TV (H)-valued measure F € ca(A, Tt (H)) and a positive constant
o > 0 such that
1
—[®,®]p < [T:®,T¢®]x < a[®,®]p, @ e L°(O;B(H)).
a
Proof. (1) = (2). Suppose that £ is gramian Schauder basic, so that there is some a > 0
such that [|[T¢®||x > a||®|lo¢ for @ € £L(€). Let Xe = Te(£1(€)) € X be the range of
T¢. Then there exists a closed subspace K¢ C K such that X, = K ® H. Let ¢ € H
be arbitrary with ||¢||z = 1 and {¢,}?2; C H be an orthonormal basis of H such that

1 = ¢. It follows from (2.3 that we can identify X as

XE = {(fl?an"') 1 fn € Kﬁvn > I,ZanH%{ < OO}

n=1

(4.5) o
= D Ke ® ¢n = (Ke).
n=1

Since T¢: £1(€) — X is one-to-one and onto, so is Tgl: Xe — £1(€). By Te,f = (Lef, d)u
for f € L1(&) (cf. ) and considering the closed subspace K¢ ® ¢1 C X¢, we see that
Tg, =T, is one-to-one and its range T¢ (LY(&p)) = Ke® ¢ is closed. Thus &, is Schauder
basic. Since ¢ € H is an arbitrary vector of norm 1 we see that £ is scalarly Schauder
basic.

To see that ¢ is uniformly scalarly Schauder basic, let ¢ € H be of norm 1 and
{#n}52; be an orthonormal basis of H with ¢; = ¢. Note that any ® € £1(£) can be

written uniquely in a way that

O =T, ' ((Te®, 1), (Te®, )i, - - )

by [EE). For f € L'(&) let f = Ty '(Te, £,0,0,...) € £L(€). Then we see that Tgf =
(T, 1,0,0,...) € X¢ and

ITe, fllx = 1Tefllx = allfllog = all fllse,-

This implies that £ is uniformly scalarly Schauder basic.

(2) = (3). Assume that £ is uniformly scalarly Schauder basic, so that there exists a
constant a > 0 such that ||T¢, fllx > a|/f|ls., for ¢ € H and f € L'(&,). Since, for each
nonzero ¢ € H, &4 € ca(, K) is Schauder basic it is similar to an orthogonally scattered
measure 74 € caos(2, K) by a similarity operator Sy € B(K) with a bounded inverse such
that ng = Sg&p. Since Ty, = SpT¢,, [|T¢, || < 1 and [Ty, || = 1, we see that

L= 1Ty, || = 16 Te, | < 19l Te, | < 1S5l



618 Yichiré Kakihara

If we use Sy = Ty, f ; then we have that [|Sy|| < [T, 1|| and hence 1 < Syl < || T, 1”
Since [|T¢,|| > a for every ¢ € H, there exists some v > 0 such that HT;H <~ for ¢ € H
Thus (3) holds with this v and 5 = 1.

(3) = (4). Assume (3) is true. Then, for each nonzero ¢ € H, {, is similar to an
Ny = Se€s € caos(2A, K) with a similarity operator S, € B(K), where there are two
positive constants 3,7 > 0 independent of ¢ such that 3 < ||Sy|| < . Let {¢,}52; be an
orthonormal basis of H and define n and S respectively by

Z%n ®¢n7 Ac 2[7

Sz = ZS¢n<x,¢n>H®¢n, z € X.

n=1
Then we see that for A € 2,
In(A)% = 25¢n€¢n(A)®¢n Zl!sqﬁnﬁqsn )%
n=1
<Y 186 P ll€s, (A1 < VQZ 1€, (D% =A%
=1

and hence 7 is well-defined. Moreover, 7 is gramian orthogonally scattered, which follows
from Proposition Similarly, S is a well-defined bounded operator in A(X) such that
|S|| <. Also it is seen that S~! is given by

S x—zs Z,¢n)H ® ¢n, T € X,

which is bounded. Since n = S¢, we conclude that £ is gramian similar to 7.
(4) = (1) is seen from Propositions and
(4) < (5) follows from Proposition O

The above theorem is the main theorem of this paper and will be used to characterize

gramian uniformly bounded linearly stationary processes in the next section.

5. Gramian uniformly bounded linearly stationary processes
Let (Q,F, 1) be a probability measure space and
I3(0) = L@ 5) = {1 € @) s [ flwyutda) =0}

A second order stochastic process {x(t)} on a locally compact abelian group G is a map-

ping z(-): G — L3(Q). For such processes uniformly bounded linearly stationary ones
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are defined and studied by Tjgstheim and Thomas [12] and Niemi [9}|10], where their
characterizations are given. Abreu and Salehi [2] showed an equivalence condition using
Schauder basic measures.

If we consider Hilbert space valued second order stochastic processes, then
X = [2(0: H) = {x 05 H/ (@) 1% p(dew) < oo,/ 2(w) p(dw) = o}
Q Q

is an appropriate space. Note that X = L2(Q)® H = S(LZ(2), H), so that X is a normal
Hilbert B(H)-module with a gramian [-, -] defined by

(e, vl )1 = /ﬂ (), )11 (6, () 7 p( )

for z,y € X and ¢,y € H. This justifies to study Hilbert space valued second order
stochastic processes in a normal Hilbert B(H )-module setting, where we assume that
H and L%(Q) are separable. X-valued gramian uniformly bounded linearly stationary
processes on G were defined in [5,/6]. We shall characterize this class of processes using
gramian Schauder basic measures.

To do so we need some terminologies on X-valued processes (cf. [6, Chapter 4]). So let
Z = {xz(t)} be an X-valued process on a locally compact abelian group G, i.e., z(:): G —

X. The operator covariance function I'(s,t) of {z(t)} is defined by
D(s1) = [e(s), 2(t)], s, € G,

An X-valued process {z(t)} is said to be operator stationary if it is norm continuous

and its operator covariance function I' can be written as
[(s,t) =D(st™Y), s,teq,

for some weakly continuous T'(H)-valued function I'. In this case there exists a regu-
lar gramian orthogonally scattered measure £ € cagos(B, X), called the representing

measure, such that
(5.1 o) = [ne. tec.

where G is the dual group of G with the Borel o-algebra B and (-, -) is the duality pair.
In this section we consider regular measures in ca(B, X ), bca(B, X), etc. For instance,
we denote by rcagos(B, X) the set of all regular measures in cagos(B, X). {z(t)} is said
to be weakly operator harmonizable if its operator covariance function is expressed

as

T(s,1) = / /62<8,x> ) Mdy,dy), s.teG



620 Yichiré Kakihara

for some T'(H )-valued regular bimeasure M on B x B of bounded operator semivariation
(cf. [6L Section 3.4]). As is well-known, {x(t)} is weakly operator harmonizable if and only
if it is represented as by some & € rbea(B, X) of bounded operator semivariation,
also called the representing measure.

The modular time domain H(Z) of {z(t)} is the closed submodule of X spanned
by {z(t) : t € G}, ie., H(T) = &{z(t) : t € G}. If we let

&1(@) =< a;z(t;):a; € B(H),t; €G,1<j<nneNy,
j=1

then &1(7) is dense in H(z). {z(t)} is said to admit a shift operator group if, for each
h € G, an operator V}, on &(Z) given by

(5.2) Vi | D aja(ty) | = aja(t;h)
j=1 J=1

is well-defined. In this case, every V}, is densely defined and {V},},ec forms a group of
module maps on &1(z). If every V}, is bounded, let us denote its extension to H () by the
same letter Vj, so that Vj, € A(H(x)) for h € G, where A(H(x)) is the set of all bounded
module maps on H(z). When {V} }req is uniformly bounded, i.e., there exists a constant
a > 0 such that ||[V4|| < « for h € G, then we say that {z(¢)} is gramian uniformly
bounded linearly stationary (gramian UBLS). Note that this is equivalent to

Zn: a;x(t;h), z’"”: ajz(t;h)| < o? Zn: a;x(t;), i: a;x(t;)
i=1 Jj=1 i=1 j=1

fora; € B(H), t;,he G,1<i<n,neN.

We use connections between an X-valued process and L3({2)-valued processes it in-
duces. Thus let {z(¢)} be an X-valued process on G. Then, for ¢ € H, {z4(t)} =
{{z(t), ¢)u} is an L3(Q)-valued process. Here, the interpretation of (x(t), ¢)y is given by
(x(t), P)(w) = (z(t)(w), ¢) i for w € . Stationarity, weak harmonizability and uniformly
bounded linear stationarity are introduced in a similar way as for X-valued processes. Let

74 be the (scalar) covariance function of {z4(t)}, i.e.,

7¢(Svt) = (x¢(3)7x¢<t))27 s,t € G7

where (-, )2 is the inner product in L3(Q2). Then, {z,(¢)} is said to be stationary if

’7(25(5775) = :}/J(Zﬁ(St_l)a s,teG
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for some continuous function 7. In this case, there exists an LZ({2)-valued regular or-

thogonally scattered measure &, € rcaos(B, L2(2)) such that

(5.3) rolt) = [0 €ld0, teC.

{z(t)} is said to be weakly harmonizable if its covariance function vy is expressed as

(s = [ s EXTmlaxdy). st

for some C-valued bounded regular bimeasure m on B x B (cf. [6, Section 3.4]). Also it
is known that {z4(t)} is weakly harmonizable if and only if it is represented as (5.3)) with
s € rca(B, L3(0)). In these cases, the measure &, is called the representing measure.
{x4(t)} is said to be uniformly bounded linearly stationary (UBLS) if there exists
some oy > 0 such that ||V ]| < oy for all b € G, where the operator Vy, is defined
on the time domain H(%,) of T4 = {z4(t)}, the closed subspace of L3(f2) generated by
{z4(t) : t € G}:

(5.4) Von(z(t), )u = (x(th),¢)u = (Vir(t),¢)u, te€G,

Vi, being defined by (5.2). In this case, {Vy n}req is forming a shift operator group.
The next proposition follows from Abreu and Salehi [2] and Niemi [9].

Proposition 5.1. Let {p(t)} be a continuous L3()-valued process on G. Then, the

following conditions are equivalent for {p(t)}.
(1) {p(t)} is UBLS.

(2) {p(t)} has a stationary similarity, i.e., there exist an L3()-valued stationary
process {q(t)} on G and a bounded operator L € B(L3(Q)) with a bounded inverse
such that q(t) = Lp(t) fort € G.

(3) {p(t)} is weakly harmonizable with the representing measure & € rca(B, L3(Q)) such
that there exist an orthogonally scattered measure 1) € rcaos(B, L3(€2)) and a bounded
operator L € B(L3(Y)) with a bounded inverse such that n = L.

(4) {p(t)} is weakly harmonizable with a Schauder basic representing measure & € rca(*B,
L§(9).

We need a few more definitions and notations. An X-valued process {z(t)} is said to be
scalarly uniformly bounded linearly stationary (scalarly UBLS) if, for each ¢ € H,
{{(z(t), ¢y} is UBLS. {z(t)} is said to be uniformly scalarly uniformly bounded

linearly stationary (uniformly scalarly UBLS) if there exists some o > 0 such that
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|Vonl < o for all ¢ € H and h € G, where Vg, is defined by (5.4). Two processes
{z(t)} and {y(t)} are said to be gramian similar if there exists a bounded module map
S € A(X) with a bounded inverse such that z(t) = Sy(t) for t € G.

Now gramian UBLS processes are characterized as follows.

Theorem 5.2. For an X -valued process {z(t)} on G, the following conditions are equiv-

alent.
(1) {z(t)} is gramian UBLS.
(2) {z(t)} is uniformly scalarly UBLS.
(3) {x(t)} is gramian similar to an operator stationary process.

If in (3) the representing measure of the operator stationary process has a pseudo Radon-
Nikodym derivative, then (1), (2) and (3) are equivalent to (4):

(4) {z(t)} is weakly operator harmonizable with a gramian Schauder basic representing

measure.

Proof. (1) < (3) was proved in [5] and (3) < (4) follows from Theorem [4.10}
(1) & (2) can be seen from Proposition and the following equalities: for h,t € G,

Via(t) = Vo, nts, () @ én,  [IVaz 5% =D Vo, nte, (0],
n=1

n=1

where {¢p, }22 is an orthonormal basis of H. O
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