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Classification and Evolution of Bifurcation Curves for a Dirichlet-Neumann

Boundary Value Problem and its Application
Da-Chang Kuo, Shin-Hwa Wang* and Yu-Hao Liang
In memory of Professor Hwai-Chiuan Wang

Abstract. We study the classification and evolution of bifurcation curves of positive

solutions for the one-dimensional Dirichlet-Neumann boundary value problem

u(z) + Af(u) =0, 0<z<l,
uw(0) =0, u'(1)=-c<0,

where A > 0 is a bifurcation parameter and ¢ > 0 is an evolution parameter. We
mainly prove that, under some suitable assumptions on f, there exists ¢; > 0, such
that, on the (A, ||u|loo)-plane, (i) when 0 < ¢ < ¢1, the bifurcation curve is S-shaped;

(ii) when ¢ > ¢, the bifurcation curve is C-shaped. Our results can be applied to the

one-dimensional perturbed Gelfand equation with f(u) = exp (2% ) for a > 4.37.

1. Introduction

In this paper, we study the classification and evolution of bifurcation curves of positive

solutions for the one-dimensional Dirichlet-Neumann boundary value problem

u(x) + A f(u) =0, O0<z<l,
u(0) =0, /(1)=-c<0,

(1.1)

where A > 0 is a bifurcation parameter and the value ¢ > 0, with which —c is the boundary
slope of u(x) at z = 1, is treated as an evolution parameter. We assume that nonlinearity
f € C?[0, 00) satisfies the following hypotheses (H1)—-(H6):

(H1) f(u), f'(u) >0 on [0,00).
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(H2) f is convex-concave on (0,00); that is, there exists a number v > 0 such that

>0 when u € [0,7),
(W) =0 when u=-,
<0 when u € (y,00).
In addition, v f(y) > 3 [ tf(t)
(H3) f is asymptotic sublinear at infinity; that is, lim, o f(u)/u = 0.
(H4) There exists a number 7 > 0 such that

>0 whenu € |0,7),
[ (u) + wf" ()] f (w) — ulf (W)]* S =0 when u =T,

<0 when u € (7,00).

(H5) [f'(uw)]? = f"(u)f(u) >0 on [0,00).

(H6) Define
(1.2) F(u) = /0 f(t)dt foru>0,
_ uf(u)
(1.3) M (u) = Fu) for u > 0,
_ufw) or u
(1.4) Ms(u) = ) fi >0,
_ 2f'(0)
(1.5) Ni(u) = [f(0>]2uf(u) + Mi(u) — 2Ms(u) for u > 0,
(16) NQ(U) :Nl( )*3M2( ) Ng(u) —2N1(u)+3M2(u)+3 for u > 0,
wfw) i) o R -
(17) P1<u,8) ( ) (S) , PQ( , ) ( )—Sf( ) for 0 < s < u,
(1.8) W(u,s) = Pi(u, s)[Na(u) + 2P3(u, s)] for 0 < s < u,
— 0

. u) = |=—Wiu,s for u .
(19) Wo(w) = [ 5Wws)|  foru>o0
Then
(1.10) f(r) > 4£(0)
and the following three inequalities related to W (u, s) hold:
(1.11) Wo(u) >0 for 0<u<p,
(1.12) W(u ) > W(u,0) + sWy(u) for 0<s<u<p,

(1.13) 3V f(w)[W(u,0) + N3(u)] + 2u\/ f(0 Wo )>0 for0<u<p,
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where p is the unique positive zero of

2£(0)[2 = My ()] — f(u)
on (0,7).

Remark 1.1. The existence and uniqueness of the number p in (0,7) in (H6) is proved in
Lemma [3.1f(ix) stated behind.

The motivation of this paper arises from the recent work of Liang and Wang [11]. In
[11], the authors considered the classification and evolution of bifurcation curves of positive
solutions for the one-dimensional perturbed Gelfand equation with Dirichlet-Neumann
boundary conditions, i.e., (1.1)) with f(u) = exp (acfu), a > 0. In this paper, we generalize
their main results to general nonlinearities f(u) under hypotheses (H1)-(H6).

For one-dimensional zero Dirichlet boundary value problem with general nonlinearity:

u'(z)+ Af(u) =0, 0<z<I,

(1.14)
u(0) =u(l) =0,

the shapes of the bifurcation curve of positive solutions for (1.14]) on the (A, ||u||s)-plane
have been studied exuberantly; see, e.g., [1,/5,/6,8,/10] and references therein. While the
shapes of the bifurcation curves with the mixed boundary conditions such as (1.1]) are

much less studied; see [2-4}7,/11]. We define the bifurcation curve of positive solutions of

(L.1) by
Se = {(\, [Jur]|so) : A > 0 and uy is a positive solution of (1.1))},

while that of ((1.14) is defined by
S = {(\ Jlurlloo) : A > 0 and wuy is a positive solution of (1.14)}.

Moreover, we say that, on the (X, |lu]ls)-plane, the shape of a bifurcation curve S,

(same for S) is S-shaped or C-shaped if it satisfies the following conditions, respectively.

S-shaped. The bifurcation curve S, on the (), ||u]|s)-plane is said to be S-shaped if

S. has at least two turning points, say (A*, [|ux«|lso) and (A, [|ux, [|oc), satisfying

A < A and [luxs||oo < [lua, [|oo, and

(i) Se starts at some point (Ao, [|u,||co) and initially continues to the right,

(i) at (A, Jun, [|oo), Se turns to the right,

)

(i) at (A%, |lur+]loo), Se turns to the left,
)
)

(iv) S, tends to infinity as A — oo. That is, limy_ o [|ur]|cc = 00.
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Exactly S-shaped. The bifurcation curve S, on the (X, [|u|o)-plane is said to be ezactly
S-shaped if S, is S-shaped and it has ezxactly two turning points; see Figure
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Figure 1.1: Three different types of exactly S-shaped bifurcation curves S. with Ag > 0
and |Juy, |l > 0. (1) Type 1 with A\g < A.. (ii) Type 2 with A\g = .. (iii) Type 3 with
Ao > Ak

Type 1/2/3 S-shaped. Assume that the bifurcation curve S, is S-shaped on the (A,
|ulloo)-plane. Let (Ao, ||uaglloo) be the starting point of S., and

Amin = min{X : (A, |[ux]|o) is a turning point of S.}.

Then S, is said to be type 1 (resp., type 2 and type 3) S-shaped if A9 < Amin (resp.,
Ao = Amin and Ao > Apin); see Figure (1) (resp., Figures ii) and (iii)).

C-shaped. The bifurcation curve S, on the (), ||u]|s)-plane is said to be C-shaped if S,

has at least one turning point (A, ||uy, ||), and
(i
(i

(ii

) S. starts at some point (Ao, [|ux,|lso) and initially continues to the left,
) at (A, lur, [loc), Se turns to the right,
) A < Ao and [Jug [loo < [, [loo,
(iv) S, tends to infinity as A — co. That is, imy_e [|[ur]lcc = 00.
Exactly C-shaped. The bifurcation curve S, on the (), [|ul|so )-plane is said to be ezactly
C-shaped if §c is C-shaped and it has ezactly one turning point; see Figure
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Figure 1.2: Exactly C-shaped bifurcation curve S, with Ao > 0 and llurglloo > 0.
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For one-dimensional zero Dirichlet boundary value problem (1.14)), under (H1)-(H3)
on f, Hung and Wang [6] proved that the bifurcation curve of positive solutions is exactly
type 1 S-shaped on the (A, ||u||)-plane. They gave an application to the one-dimensional
perturbed Gelfand problem.

Theorem 1.2. [6, Theorems 2.1(i) and 2.2(i)] Consider (1.14) and suppose that non-
linearity f € C%0,00) satisfies (H1)—(H3). Then, on the (), ||ulloo)-plane, the bifurcation

curve S is a continuous curve which starts at the origin and tends to infinity as X\ — oo.

Moreover, it is exactly type 1 S-shaped. In particular, f(u) = exp (a‘fﬁ‘u) satisfies (H1)—
(H3) for a > a* ~ 4.166 for some a* defined in 6, Eq. (3.22)].

For one-dimensional Dirichlet-Neumann boundary value problem (1.1)) with f(u) =
exp (a‘fu), Goddard II, Shivaji and Lee [3, Section 3.4] started to consider with ¢ = 1.

Their computational results suggested that there exists a positive critical bifurcation value

a** < 4 such that S is strictly increasing for 0 < a < @™ and is exactly S-shaped for
a > a**. Hung, Wang and Yu [7] gave rigorous proofs for some of these computational
results. Recently, Liang and Wang [11] generalized these analytic results to general ¢ > 0.

The main result in [11] is stated in the next theorem.

A llulloo

200
10*

10

10°

d I

o 1

St L A
0.5 1 9

Figure 1.3: (cf. [11, Figure 4]) Numerical simulations of bifurcation curves S and S, for
flu) =exp (%) with @ = 5 and varying ¢ > 0 on the (), |||/ )-plane of the bi-logarithm
coordinates. Here 0 < ¢j, < c12 (2 0.49) < sz <e (R1.36) <cf < (RT.72)<cf <
cs (= 47.71) < cf.

Theorem 1.3. (cf. [11, Theorem 2.3], see Figure[L.3|with a = 5) Consider (L.1)) withc¢ > 0
and f(u) = exp (:2£) for any fired a > 0. Then, on the (X, ||u||o)-plane, the bifurcation

a+u

curve Se is a continuous curve which starts at some point (Ao, ||ux,|loo) with Ao > 0 and

|urglloo > 0 and it tends to infinity as X — oo. Moreover, when a > ay (=~ 4.107), where
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ay is defined in 6, Eq. (1.4)], there exists c1 (= ci(a)) such that the following assertions
(a)—(b) hold:

(a) For 0 < ¢ < c1, the bifurcation curve S, is S-shaped on the (), ||u|so)-plane. More
precisely, there exist three positive c11 < c12 < c13 on (0,¢1), all depending on a,
such that the S-shaped belongs to type 1, type 2 and type 3 when 0 < c < c11, c=cip

)

and c13 < ¢ < c1, respectively.
(b) For ¢ > c1, the bifurcation curve S, is C-shaped on the (X, ||u|so)-plane.

The paper is organized as follows. Section [2| contains statements of the main results
(Theorems in particular, Theorems and . Section |3| contains several
lemmas needed to prove the main results and their proofs except those of Lemma (i)f
(ii), (ix)—(x) and Lemma Section {] contains proofs of the main results except asser-
tions (a)—(d) stated in the proof of Theorem for the function f(p) = exp (aa—fp) with
a > 4.37. (The proofs of Lemma[3.1(i)(ii), (ix)-(x) and Lemmal3.7]and assertions (a)—(d)

stated in the proof of Theorem [2.5[are put in [9] due to their lengthiness.)

2. Main results

The main results are next Theorems in particular, Theorems [2.4] and

Theorem 2.1. (cf. Figurefor f(uw) = exp (au/(a+u)) with a = 5) Consider (L.1]) with
¢ > 0 and suppose that f satisfies (H1) and (H3)—(H5). Then, on the (A, ||ul|)-plane, the
bifurcation curve Se is a continuous curve which starts at some point (Xo, |[uxg|lso) with

Ao (= Ao(e)) > 0 and ||ur,lleo > 0. More precisely, the following assertions (i)—(iv) hold:

(i) SN S. = {(Xo, llurglloo) - Moreover, if uy is a positive solution of (1.1)) with uy #
Uy, then Hu)\Hoo > ”U)\()Hoo-

(ii) S, tends to infinity as A — co. That is, limy_seg lulloo = 0.

(iii) For any p > po(c) = [[ur(e)lloo > 0, there exist exactly two positive Xp) < A(p) such
that (A(p), p) € Se and (A(p), p) € S.

(iv) po(c) € C(0,00) is a strictly increasing function of ¢ on (0,00), lim._,g+ po(c) = 0

and lim.— o0 po(c) = 0.

Remark 2.2. (cf. Figure for f(u) = exp (a‘fu) with @ = 5) Theorem [1.2| together with
Theorem [2.1{(iv) imply that, if f satisfies (H1)—(H5), then there exist two positive numbers
¢ < c3 such that bifurcation curves S and §c intersect at the lower (resp., middle and
upper) branch of exactly type 1 S-shaped bifurcation curve S when ¢ € (0,¢2) (resp.,

¢ € (e2,c3) and ¢ € (c3,0)).
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Theorem 2.3. (cf. Figurefor f(u) =exp (%) with a = 5) Consider (1.1|) with ¢ >0
and suppose that f satisfies (H1) and (H3)—(H5). Then the following assertions (i) and
(ii) hold:

(i) For any two positive numbers ¢ < ca, ggl lies at the left-hand side of §52 on the
(A, ||u]|oo)-plane. That is, for any two positive numbers ¢; < ¢z and p > po(ca), let
(Az(p),p) € Sz, i =1,2. Then Az (p) < Az (p).

(ii) Let Amin(c) = min{\ : (A, |[uallec) € Se}. Then Amin(c) is strictly increasing on

(0,00), lim,_,g+ Amin(c) = 0 and lim.—,o0 Amin(c) = 0.

Theorem 2.4. (cf. Figurefor f(u) =exp (;F—“u) with a = 5) Consider (1.1|) with ¢ >0

and suppose that f satisfies (H1)—(H6). Then there exists a unique positive c¢; such that
the following assertions (i)—(ii) hold:

(i) For 0 < ¢ < ¢y, the bifurcation curve S, is S-shaped on the (\, ||ul|oo)-plane. More
precisely, there exist three positive c11 < c12 < c1.3 on (0, c¢1) such that the following

assertions (a)—(c) hold:

(a) (cf. Figure (1)) If 0 < ¢ < c1,1, then the bifurcation curve S. is type 1
S-shaped on the (), ||ul|s)-plane. Moreover, there exist three positive Ao <
A < X* which are all strictly increasing functions of ¢ on (0,c1,1) such that
has mo positive solution for 0 < A < Ao, at least one positive solution for
Ao <A< A and X > X\*, at least two positive solutions for X = A, and X = \*,
and at least three positive solutions for A, < X\ < \*.

(b) (c¢f. Figure (ii)) If ¢ = c1,2, then the bifurcation curve Se is type 2 S-shaped
on the (A, ||ulls)-plane. Moreover, there exist three positive \g = A < A\* such
that has no positive solution for 0 < X\ < Ag, at least one positive solution
for X > \*, at least two positive solutions for X = A, and A = X\*, and at least
three positive solutions for Ay < XA < A*.

(c) (cf. Figure (iii)) If c13 < ¢ < c1, then the bifurcation curve Se is type 3 S-
shaped on the (\,||ul|co)-plane. Moreover, there exist three positive A < Ag <
X* which are all strictly increasing functions of ¢ on (c13,c1) such that
has no positive solution for 0 < A < A, at least one positive solution for A = A,
and A > X*, at least two positive solutions for Ay < X\ < Ay and X = \*, and at
least three positive solutions for \g < A < A*.

(ii) (cf. Figure For ¢ > ¢y, the bifurcation curve S, is C-shaped on the (X, ||ul|so)-
plane. Moreover, there exist two positive s < Ao such that (1.1) has no positive
solution for 0 < XA < Ay, at least one positive solution for A = Ay and A > Ao, and

at least two positive solutions for A, < A < Ag.
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Theorem 2.5. (cf. Figure with @ = 5) Consider (1.1) for f(u) = exp(a‘fu) with

a > 4.37. Then f satisfies (H1)—(H6) with v = a(a — 2)/2 > 7 = a and hence all results
in Theorems and 24 hold.

3. Lemmas

To prove our main results for problem (I.1]), in this paper, we modify the quadrature
method (time-map technique) which was used in [3,41|7,/11]. First, the time map formula
which we apply to study for zero Dirichlet problem (|1.14)) takes the form as follows:

for p > 0,

P d
Gl=va [ L
o VF(p) = F(s)
where F(s) = [J f(t)dt is defined in (L.2). Note that positive solutions u of (1.14)
correspond to

(3.1) luloc = p and  G(p) = VA.

Thus, studying the exact number of positive solutions of ((1.14)) is equivalent to studying
the shape of the time map G(p) on (0,00). We compute that

V2 [P 00— 0(s)
32 0= || 7 —rE

where 0(s) = 2F(s) — sf(s). Moreover,

- @ /P %[Pl(p, 8)]? — [Pa(p, s) + 2] P1(p, s) )
2 Jo PLF(p) — F(s)1/? ’
where Pi(p, s) and Ps(p, s) are defined in (1.7); see [L, Eq. (2.7)]. Note that

(3-3) G"(p

(3.4) lim G(p) =0 and lim G(p) =00

p—0t p—ro0
if f € C?[0,0) satisfies (H1) and (H3); see, e.g., [6, Lemma 3.1].
On the other hand, considering Dirichlet-Neumann problem ([1.1)), we define
~ P ds 4 ds c
=2 [ N _
o VF(p)=F(s) Jo \JF(p)=F(s) /Fp)-F(a)

—\aG(p) — 4 ds B c
26 /o VEQD -F() VG -F@

for 0 < ¢ < p < oo; see |3, Eq. (3.29)] for f(p) = exp (ﬁpp) and ¢ = 1. Then to study
the number of positive solutions of (1.1)), we need to analyze function He(p,q) in the first

(3.5)

step. Beforehand, under (H1) and (H3)—(H5), we derive some basic properties related to
functions f(p), f'(p) and F(p) in Lemma to ease the proofs of the other lemmas in

this section.
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Lemma 3.1. Suppose that f € C?[0,00) satisfies (H1) and (H3)-(H5), and let Mi(p),
Ms(p), Pi(p,s) and Py(p,s) be defined in (1.3), and (1.7). Then the following

assertions (i)—(x) hold:
(i) Ma(p) < Mi(p) for p > 0.
(ii) Let 7 > 0 be defined in (H4). Then
>0 when p € [0,7),

My(p)S =0 when p=r,

<0 when p € (1,00).

(111) P1(,0, 0) = Ml(p)f hmsﬁp‘ Pl(P, 5) = MQ(p) +1 for p >0, and hmp%s‘* Pl(P, 5) =
Ms(s) + 1 for s > 0.

(iv) Pi(p,s) > 1 for0<s <p.

(v) For 0 < p <7, Pi(p,s) is a strictly increasing function of s on [0,p). Moreover,
Mi(p) < Pi(p,s) < Ma(p)+1 for 0 < s < p < 7, where the equality holds if and
only if s = 0.

(vi) Ma(p) < Po(p,s) for0<s<p<r.

(vii) The function Q(p,s) = 0(p) — 0(s) + Mi(p)[F(p) — F(s)] > 0 for 0 < s < p.

/
f(p) Ma(p)+1_f(p)
(i) [ F@)] T g TV r0sesT

(ix) If f satisfies (1.10)), then there exists a unique p on (0,7) such that

>0 when p e (0,p),
2f(0)[2 = Mi(p)] — f(p) 4 =0 when p = p,
<0 when p € (p,7].

(x) If f satisfies (1.10), then the function
S)]3/2

—

f(p) ﬁ[F(p)—F

(3.6)  R(p,s) =2f(0)[0(p) —0(s)] — ) =

for0<s<p

V)

satisfies R(p,s) <0 for 0 < s < p and p > p.

The proofs of Lemma [3.1](iii)—(viii) are very similar to those of [11, Lemma 3.1], and
hence we omit them here. While the proofs of the remaining parts (i)—(ii) and (ix)—(x)

are easy but tedious, and hence we put them in [9).



316 Da-Chang Kuo, Shin-Hwa Wang and Yu-Hao Liang
Lemma 3.2. Suppose that f € C2[0,00) satisfies (H1) and (H3)—(H5). Then, for H,(p, q)
with 0 < g < p < 00 and ¢ > 0, the following assertions (i)—(viii) hold:

(i) For c> 0, lim, ,o+ H.(p,0) = —oc0 and lim, o0 H.(p,0) = cc.

(ii) For ¢ > 0, there exists a unique positive po (= po(c)) such that

<0 when p € (0,po),

He(p,0)< =0 when p = po,

>0 when p € (po,00).

(iii) For fixed c,p > 0, ﬁc(p, q) is a strictly decreasing function of q on [0,p) and
lim,_,,- He(p,q) = —cc.

(iv) Forc> 0, if 0 < p < po(c), then Hu(p,q) has no zero q (= q(p,c)) on [0, p), while
if p > po(c), then f[c(p, q) has a unique zero q(p,c) on [0, p), i.e.,

(3.7) Hc(p,q(p;c)) = 0.

Moreover, q(p,c) =0 if and only if p = po(c).

(v) Forc> 0 and p > po, q(p,c) € Clpo,00) N C(py,0) satisfies

(3.8)
F(0) = Plalp, ) [2v26(p) + 3 il ds] + cf (o)
919 = 3[F(p) — Flalpr )] + cf (alpr) |
Moreover,
.0 _ 2V2[F(po)]**G’(po) + ¢f (po)
39 ot S T R T ef0)
(vi) For c¢>0 and p > po, )
< f(p)
0<p—ﬂmd§4ﬂmp

Moreover, lim,_,o[p — q(p, c)] = 0.

(vii) po(c) is a continuous, strictly increasing function of ¢ on (0,00), lim._,o+ po(c) =0

and im0 po(c) = 00. Moreover, for ¢ > 0, po(c) is the unique positive root of
¢ = VEF(P)G(p).

(viii) For p > 0, q(p,c) € C(0,¢] N CY(0,2) is a strictly decreasing function of ¢ on (0,7,
lim, 0+ q(p,c) = p and q(p,c) = 0. Here ¢ (= c(p)) = /2F (p)G(p).



Bifurcation Curves for a Dirichlet-Neumann Problem 317

Proof. Lemma [3.2{iii) and (iv) are slight generalizations of [3, Lemma B and Theo-
rem 3.4(a)], and Lemma [3.2[(ii), (vii) and (viii) are from [11, Lemma 3.2(ii), (vii) and
(viii)], respectively. Hence these proofs are omitted. We then prove Lemma [3.2(i), (v)
and (vi) as follows.

(i) Since f € C?[0,00) satisfies (H1) and (H3), the two limits in hold by [6,
Lemma 3.1]. Then, by , we have that

i Help 0) = Ji | V260 = T | = oo
plggoHc( )_phrgo V2G(p) — F(p)] = 0.

So Lemma [3.2[(i) holds.
(v) Since f[c(p, q(p,c)) = 0 by (3.7) and applying the Implicit Function Theorem to

(3.5)), we have that

(.0 2 He(p,q(p;c))
o0 Hupiq(pc)
q(psc) (p) cf(p)
_ V) + TGP T
1 cf(g(p,c))

VF(p)—F(q(pc)) * 2[F (p)—F(q(p,c))]3/?
[F(p) = Flalp )2 [2v2G"(p) + [ rrllsszs ds| + £ (p)
2[F(p) — F(q(p, )] + cf(a(p,c)) '

Moreover,

lim gq(p ¢) = [F(PO)]S/Z[Q\/iG'(po)] +cf(po)
p—pg Op 2F(po) + cf(0)

since q(po(c),c) = 0 by Lemma [3.2iv). The proof of the assertion g(p,c) € C|po,00) N

C'(po,0) is very similar to that of [7, Lemma 3.1(iv)], and hence we omit it here. So

Lemma [3.2)v) holds.
(vi) By the definition of H, in (3.5), we compute that

~ a(psc) ¢
H,
(e / VF / VF \/F p,¢))
ds
2/0 \/F(p)—F(S)_\/F(p)— F(q(p,c))
1 P ds 1 c

ST e Vi TG Vo e

(by the Mean Value Theorem and (H1))
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1 5 —
f(a(p,c)) [2 f(p)f(qm ))

Ve —alp, C)]

>

1 P
q(p,c [ f(ﬂ)f(()) \/7,0»]

by (H1). Then, since H.(p,q(p,c)) = 0 by (3.7), we conclude that 0 < p — q(p,¢) <
2

70 @, and hence lim,_o[p — ¢(p, )] = 0 by (H3). So Lemma (Vi) holds.

The proof of Lemma is complete. O

The time map formula which we apply to study Dirichlet-Neumann problem (|1.1)) takes
the form as follows:

02

2[F(p) — F(q(p,c))]

where ¢(p, c) is defined in (3.7]). Note that positive solutions u of (|1.1)) correspond to

(3'10) Hc(pv Q(pa C)) = for p > ,00(0)7

(3.11) lulloc = p and  He(p,q(p,c)) = A,

see, e.g., [3, Theorem 3.3] and [11, Eq. (3.27)] for f(p) = exp (a+p) Thus, studying the
number of positive solutions of ([1.1)) is equivalent to studying the shape of the time map

He(p,q(p,c)) for p = po(c).
The next lemma is from [11, Lemma 3.3].

Lemma 3.3. Suppose that f € C?[0,00) satisfies (H1) and (H3)-(H5). Then, for G(p)
with p > 0 and for H.(p,q(p,c)) with p > po and ¢ > 0, the following assertions (i)—(iii)
hold:

(i) Help,q(p,c)) < [G(p)]? for ¢ > 0 and p > po. The equality holds if and only if
p = po-

(i) limpy—eo He(p,q(p,c)) = oo for ¢ > 0.

(iii) He(p,q(p,c)) > §1G(p)]? for ¢ >0 and p > po. In addition, lim,_o+ He(p,q(p,c)) =
1[G (p))? for p> 0.
Lemma 3.4. Suppose that f € C?0,00) satisfies (H1) and (H3)-(H5). Then, for
H.(p,q(p,c)) with p> po and ¢ > 0, the following assertions (i)—(iii) hold:

(i) For any two positive numbers ¢ < ¢2, Hz (p,q(p,c1)) < Hg,(p,q(p,c2)) for p >
po(cz).

(ii) Let Amin(c) = ming> ) He(p, q(p, c)) for ¢ > 0. Then Amin(c) is a strictly increasing

function of ¢ on (0,00), lim,_,o+ Amin(c) = 0 and lim.— o0 Amin(c) = 0.
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(111) If hmp—mg(gﬁL %HE(MQ(P?E)) >0, then dipHC(pO(E)v Q(Pﬂ(av C)) >0 for0<c< c.

Proof. Lemma [3.4(i)~(ii) are from [11, Lemma 3.4(i)(ii)]. Hence these proofs are omitted.
We next prove Lemma [3.4](ii).

We compute that, by (3.8]) and (3.10),

CZ)HC(/), q(p,c))

¢ [£(0) = Flalp. ) Gralp. )]
2[F(p) = Flalp, )P
*f(alp.c))

B18) = SF () = Flalo, V2 2IE(p) — Flalp, )] + eflalpe)y - 900

(3.12)  =-—

where

ds| .

_ , B f(p) _ a f(p)
(3.14) ¥(p,q) = 2V2G (p) lzf(q) F(p) - F(q) /0 [F(p) — F(s)]3/?

Moreover, by (3.9) and the fact that ¢(po(c),c) = 0 by Lemma [3.2)(iv), we have that

02

(3.15) p%lfi)(fr(lc)'* %Hc(pa q(p,c)) = o) [2F (po) + ¢f(0)] ®(po),
where
(3.16) wmz¢w@@@%-§%y
Hence, if lim,,_, , )+ %Hg(p,q(p,g)) > 0 for some ¢ > 0, then ®(pg(c)) > 0. It follows
that
Fo(@,alpo@.7) = H@,0) =2 | VI (@) - LA
2
= mq’@O(a) >0

by and . Moreover, we compute that

O @I

2" = FG) - P

by (H1), which implies that ¥(po(c),q(po(c),c)) > W(po(c),q(po(c),¢)) > 0 for 0 <
¢ < ¢ since q(po(¢),c) > q(po(¢c),¢) for 0 < ¢ < ¢ by Lemma [3.2(viii). Therefore

EH.(p0(©), 4(po(@), ¢)) > 0 by (B.13). So Lemma (iii) holds.
The proof of Lemma is now complete. O
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Lemma 3.5. Suppose that f € C?[0,00) satisfies (H1) and (H3)-(H5). Then, for
H.(p,q(p,c)) with p > po and ¢ > 0, the following assertions (i)—(iil) hold:

(i) There exists a unique positive ¢y such that

>0 when ce€ (0,c1),
d
3.17 Bm —H(p.q(p,c)) d = _
(3.17) i (p,a(psc)) =0 when ¢ = cy,
<0 when c€ (c1,00).

(ii) If f satisfies (H6), then for ¢ = cy, there exists p > po(c1) such that d%Hcl(p, q(p,c1))
<0 for po(c1) < p < p.

(iii) d%Hc(p,q(p, ¢)) >0 for 0 <c<cr and po(c) < p < po(er).

Proof. Lemma iii) is from [11, Lemma 3.5(iii)]. We then prove Lemma [3.5[i) and (ii)
as follows.

(i) Notice that, by (3.15), studying the sign of lim,,_, , )+ dilpHc(p, q(p, c)) is equivalent
to studying that of ®(p). Then we have that, for p > 0,

wm:v&ﬂmﬂm—fﬁg (by (B19))

Ny (ULUESIO PRI (R

o plF(p) = F(s)*? Flp) Jo 2¢/p(p—s)
r s

(by and since /0 2\//% =

:/" R(p, s) ds
o 20[F(p) = F(s)]2 "

where the function R(p, s) is defined in (3.6]). Then, by Lemma [3.1)ix)—(x), we have that

(3.18)
1)

(3.19) ®(p) <0 for p>p.
Next, we show that lim, o+ ®(p) = oo. Note that, by integration by parts, we have

that
) 0 __, IO,
F(O)V/F(p) o [f(s)2V/F(p) = F(s)
see [11, Proof of Lemma 3.6 on p. 8375]. So we can represent, by , ®(p) as follows:

o) ey [* f'(s)f(p) s,
20 ﬂ%uwPHMF®

V2G (p) = 2

D(p) =

Consequently, let g > 0 be an arbitrary number such that, for 0 < p < p, 0 < f(0) <
f(p) <2f(0) and f'(p) < 2f'(0), where the existence of p > 0 follows directly by (HI).
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Then, for 0 < p < p,

f(p> i [T APORO)
) 2 2 (0)/0 Ok F(p)—F(s)d
> fe / o
_ f}()p)—mf%ma(p).

Hence lim,_,g+ ®(p) = oo since lim,_,o+ G(p) = 0 by (3.4), F'(0) = 0 and f(0) >0
Finally, for 0 < p < 7, we compute that

¥(p) + 220
—V2£(0) |6 () + )| - { o f}ff?p)}

< V2f(0) [G”(p) + WG’@)] (by Lemma [3.1f(viii))

o 3P0, 9 = |Pap,s) + 2+ M0 Py(p,s) + (M (p) + 1]

_ f(0) / ds

0 P*\/ F(p) — F(s)

(by (3.2) and .

”%[Pl(p, ) =5 [Map) + 5] Pilp,s) + [Ma(p) +1] o BTl vi
<so) [ eyt (by Lemma BI[vi))
- 0 3 [Pi(p,s) — 2] {Pi(p,s) — [Ma(p) + 1]}

-0 [ N ds < 0

by Lemma [3.1fiv)-(v), which implies that ®'(p) < 0 whenever ®(p) = 0 on (0,7). Com-
bining the facts that lim, o+ ®(p) = co and ®(p) < 0 by (3.19)), we conclude that there
exists a unique pg on (0, p] such that

>0 when p € (0,p5),
(3.20) ®(p) { =0 when p = pj,
< 0 when p € (p§,0).

By Lemma [3.2|vii), there exists ¢; > 0 such that po(c1) = p§. Moreover, po(c) € (0, pf)
(resp., (pg,00)) if and only if ¢ € (0,¢1) (resp., ¢ € (¢1,00)). Hence we have that

>0 when cé€ (0,¢1),
®(po(c)) S =0 when ¢ = ¢y,

<0 when ¢ € (c1,00).
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Then, by (3.15)), Lemma [3.5i) holds.

(ii) Let p§ (= po(c1)) be defined in (3.20). Then W(p§,q(pf,c1)) = ¥(p§,0) =
%(I)(pg) = 0 by Lemma (iV), (3-14), and (3.20). So if we can show that
lm, )+ dp‘lf(p, q(p, 01)) < 0, then there exists p > pf such that ¥(p,q(p,c1)) < 0 for
Py < p < p, and hence HC1 (p,q(p,c1)) < 0 for pj < p < p by , which completes
the proof. Indeed, we compute that, by and ,

f’( )f(a(p C))—f’( (; ))Q (p» c)f(p)

Ly (p, a(p. c)) = 226" (p) - Ty s

dp

£

n [f(p)]?
Fa(p, )IF(p) — Flalp, )P

10 () [F(p) — F(s)] — 3[f ()2
+/0 Flp) —F"

ds.

It follows that

TV(palpicr)

~2{ (0 (o) ~ ST (8} Flois) + FO)LF (o)
[FO)P[F (p5)]%/?

(since q(py,c1) =0 and  lim 0 q(p,c1) = “f;c((p()o)) by and (3.17))

p—(pg) T 8

lim
p=(p5)T

= 2V2G" (p5) +

o 1"y x Nl(PS) f(pO) is defined in
= 2VG" () + = s (N(p) s defined in (L)

— 286 () + T VBG )] (by (T and @20)

0
_ / 3Py (0 )] — 2[Pa(p, ) + 2Pa (05, 5) + Ni(pp)[2 — Prlp. s)]
0 PV F(pg) — F(s)
/”g 3P1(pt, 8) — 1 {P1(p5, 8) — [M2(pg) + 1]} — Pr(pt. 5)[N2(p5) + 2P2(p5, 8)] = Ns(p5)
0 P6°V F(pg) — F(s)
(N2(p) and N3(p) are defined in (1.6)))
. /”8 —P1eh: INa(06) + 28306 9] = No(68) 1, (1 Leanma ETi) and (v)
0 o2\ /Fpg) — F(5)
_ _/P8 W (g, s) + Ns(p5)
0 PPV — F(5)
where W (p, s) is defined in (L.8). Then to prove limy, , (p)+ d%\lf(p, q(p,c1)) < 0, it suffices
to prove that

3

(3.21)

/pW(p’S)+N3(p) ds>0 for0<p<p
; <

F(p) — F(s)

since pj < p. We shall prove (3.21)) for each p € (0,p] in the following two cases.
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Case 1: W(p,0)+ N3(p) > 0 for p € (0,p]. We have that W (p,s)+ N3z(p) > W(p,0)+
sWo(p) + N3(p) > 0 for s € (0, p] by and in (H6). Hence holds.
Case 2: W(p,0) + N3(p) < 0 for p € (0,p]. We have that
/,) Wip,s) + Ns(p)
o F(p)—F(s)
* W(p,0) + sWo(p) + Ns(p) .
= e s by (E13) in (1)
/” W(p.0) + Ns(p) . ["_sWo(p)
o VF(p)—F(s) o VF(p)—F(s)
S /p W(p,0) + Nalp) ;. [*__sWolp)
VAION = o VIe)Wp=>s
(by (L.11), (H1) and the Mean Value Theorem)

VP L3 /TIW (0.0) + Na(o)] + 207/ TOWolp) } > 0

ds

3V 10V f ()
by in (H6).
By Cases 1 and 2, holds. So Lemma [3.5(ii) holds.
The proof of Lemma [3.5] is now complete. O

The next lemma is from [11, Lemma 3.6].

Lemma 3.6. Suppose that f € C?[0,00) satisfies (H1) and (H3)-(H5). Then, for G(p)
with p > 0 and for H.(p,q(p,c)) with p > po and ¢ > 0, if G'(p) < 0 for some p > 0, then

d%Hc(p, q(p,c)) <0 for0 < c<ec. Herec=/2F(p)G(p) is defined in Lemma (viii).

In the next Lemma 3.7 we show some properties of the nonlinearity f(p) (= f(p,a)) =

exp (aa—fp) with @ > 4. When there is no confusion arising, throughout the paper, we would

ap

omit the parameter a in representing functions resulting from f(p) (= f(p,a)) = exp (m)

for the reason of clarity such as the functions defined in (1.2})—(1.9).

Lemma 3.7. Consider f(p) = exp (aan’p) with a > 4.37, and let Na(p) (= Na(p,a)) be
defined in (1.6)). Then the following assertions (i)—(iii) hold:

(i) There exists a unique positive zero p of 2f(0)[2 — M1(p)] — f(p) and p < 1/2.

(ii) For 0 < p < p, Na(p,a) is a strictly decreasing function of a on [4.37,00) and
—2 < No(p) < —1.

(iii) For 0 < p < 7, Na(p) (= Nua(p,a)) = F(p)Wo(p) is a positive, strictly increasing

function of a on [4.37,00).

The proof of Lemma is lengthy, and hence it is given in [9].
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4. Proofs of the main results

In this section, we prove our main results (Theorems . We note that, from the
relationship between bifurcation curve S and time map G as in , and that between
bifurcation curves §c and the time map H. as in , the assertions in Theorems
[2.3] and 2.4] can be concluded directly from Lemmas 3.6l Hence we shall just give the

main framework of these proofs; cf. proofs of [11, Theorems 2.1-2.3] in |11}, Section 4].

Proof of Theorem [2.1] First, by (3.10), (3.11) and Lemma [3.2(iv), for any ¢ > 0, the

bifurcation curve S, is a continuous curve which starts at some point (Ao, ||ux,|/c) on the

(A, [ loe)-plane with X (= H(po(e), a(po(c), €))) = H(po(c),0) > 0 and us|low = po > 0.
In addition, Theorem [2.1f(i) and (iii) follow from Lemma[3.3]i), while Theorem [2.1](ii) and
(iv) follow from Lemma [3.3|ii) and Lemma vii), respectively. Hence the proof of
Theorem is complete. O

Proof of Theorem [2.3} Theorem [2.3{1i) and (ii) follow from Lemma [3.4{i) and (ii), respec-
tively. O

Proof of Theorem [2.4. 'We first note that, from the relationship between the bifurcation
curve S and time map G as in (3.1)) and since the bifurcation curve S of ([1.14) is exactly
type 1 S-shaped on the (A, ||uy [|oo)-plane by Theorem[1.2] there exist two positive p; < p,
such that
> 0 when pE (0751) U (ﬁ27 00)7
G'(p){ =0 when p =7, or by,
<0 when p € (p1, ).

Let ¢; and p§ (= po(c1)) be defined as in (3.17) and (3.20), respectively. Then we have
that

(4.1) po (= polc1)) <Py

since H.(p, q(p,c)) < [G(p)]? for any ¢ > 0 and p > py by Lemma ( ) and since

d
lim —H, ,¢)) >0
p—rpo(c)t dp p.alp.c))

for ¢ < ¢1 by .

(I) We prove Theorem [2.4fi). Let 0 < ¢ < ¢1. Then Hc(p,q(p,c)) is defined on the
interval [po(c),00) with 0 < po(c) < pfj < py by Lemma [3.2(vii) and (4.1)). Consequently,
since (a) lim,_,,(c)+ d%Hc(p,q(p, ¢)) > 0 by Lemma (i)7 (b) d%Hc(p,q(p, ¢)) < 0 for
71 < p < py by Lemma and (c) limy_o He(p,q(p,c)) = oo by Lemma [3.3{ii), we
conclude that the bifurcation curve S, is S-shaped on the (), ||u||oo )-plane. We next show
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that the S-shaped bifurcation curve §c can be of either type 1, type 2 or type 3 for
each different value of ¢ on (0,¢;). In fact, since lim,. o+ Amin(c) = 0 by Lemma [3.4|(ii)
and since He(p,q(p,c)) > 1[G(p)]* by Lemma [3.3(iii), there exists ¢;1 € (0,c1) such
that, for 0 < ¢ < ¢1,1, the S-shaped bifurcation curve S. is of type 1 on the (, ||ul|oo)-
plane. In addition, since (d) there exists p > po(c1) such that d%Hcl (p,q(p,c1)) < 0 for
po(c1) < p < p by Lemma [3.5(ii), (e) Hc(p,q(p,c)) < He,(p,q(p,c1)) for 0 < ¢ < ¢1 by
Lemma (i), and (f) lim,_, 5 )+ dipHc(p,q(p, ¢)) > 0 for 0 < ¢ < ¢; by Lemma (i),

there exists ¢1 3 € [c1,1, ¢1) such that, for ¢; 3 < ¢ < ¢1, the S-shaped bifurcation curve S,
is of type 3 on the (A, ||u||o0)-plane. Moreover, by the continuity of evolution of bifurcation
curves §c from 0% to ¢y , there exists ¢12 € [c1,1,¢1,3] such that the S-shaped bifurcation
curve §cl,2 is of type 2 on the (], ||ul|c)-plane.

(IT) We prove Theorem (ii). Let ¢ > ¢1. Since %Hc(p, q(p,c)) < 0 for p is sufficient
close to (pg)™ by Lemma (i)f(ii) and since lim, .o Hc(p, q(p,c)) = oo, we have that
the bifurcation curve S, is C-shaped on the (X, ||u|so)-plane for ¢ > ¢;.

Finally, the multiplicity results of positive solutions for with ¢ > 0 follow imme-
diately from the shape of bifurcation curve S.. Hence the proof of Theorem is now
complete. ]

Proof of Theorem [2.5. Let f(p) (= f(p,a)) = exp (aa—fp). Then, for a > 0, (H1) and
(H3) hold as provided in |6, Theorem 2.2(i)]. While, for a > 4.37, (H2) holds with
v =a(a—2)/2 > 0 as provided in [6, Theorem 2.2(i)]. We then verify hypotheses (H4)—
(H5) for a > 0 and (H6) for a > 4.37 as follows.

(I) We verify (H4) for a > 0 with choosing

(4.2) T=a.
We compute that

>0 when u € [0,a),

/ 1 / a’(a—u 2au
)+ uf ) — ol ) = T e (H> 0 whenu—r—a.

<0 when u € (a,00).
So (H4) holds for a > 0 with 7 = a.
(IT) We verify (H5) for a > 0. By direct computation, we have that

2a2

/ " o 2au
PP = @0 = e (22 ) 0

for w > 0. So (H5) holds for a > 0.
(IIT) We verify (H6) for a > 4.37. It suffices to prove (1.10)—(1.13|) for a > 4.37. We
first note that the assertions given in Lemma [3.1)(i)—(viii) hold since (H1) and (H3)—(H5)

hold for a > 0 as claimed above.
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(i) We verify (1.10) for a > 4.37. We compute that

f(r) —4f(0) = exp (g) —4 > exp <4237> —4 >exp(2) —4>0.

So holds for a > 4.37.

Then, by Lemma [3.1(ix), Lemma [3.7(i) and (4.2), we have that 0 < p (< 1/2) < 7 (=
a) for a > 4.37.

(ii) We verify for a > 4.37. We compute that, for 0 < p < p (< 1/2),

= f(0)

Wo(p) = () {[M1(p) — 1]N2(p) + 2M1(p) M2(p)}
> L0 (=20 (0) ~ 1+ 200 5) V()
(since M;(p) = Pi(p,0) > 1 by Lemma iv) and Na(p) > —2 by Lemma [3.7(ii))
2/(0)

— W [M2(p) — 1] Mi(p) +1}.

Moreover, for 0 < p < p (< 1/2), since Ma(p) —1 < M3(1/2) =1 = —(2a%> +4a+1)/(2a +
1)2 < 0 by the fact that My (p) is a strictly increasing function of p on [0, a] as claimed in
Lemma [3.1fii) and since M (p) < Ma(p) + 1 by Lemma [3.1[v), we conclude that

Wa(p) > %o)) [Ma(p) — UIMa(p) + 1] + 1) = iﬁ%m@)}? >0,
So holds a > 4.37.

(iii) We verify for a > 4.37. Define Wi(p,s) = W(p,s) — [W(p,0) + sWo(p)]
for 0 < s < p. Then showing is equivalent to showing that Wi(p,s) > 0 for
0<s<p<p. Itis easy to see that Wi(p,0) =0 and [%Wl(p, s)]szo = 0. Moreover, by
direct computation, we have that

50, = 5 W(p.) = Walp) = W (o) = V(o) = W),

0* s 0 0

@Wl(Pv s) = F(p)f(—)F(s) [V(M S)%W(p, s) — %U(@ s)|
where

[, s AP 42520 L TS
Ulp.5) = 14+ 5 day(py 4 BEDLZTL -y = P 1) - po) 42
Hence, for any fixed p € (0, p], if 0 < s < p satisfies %Wl (p,s) =0, then
0 _J(s)

(43) @Wl(pv S) - WWQ(pa 3)7
where

Walp. ) = Vo, 5)Wolo) — ~-U(p,5).
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Applying the relationship between Wi(p,s) and Wa(p, s) in (4.3]), we claim that, for any
fixed p € (0,p], Wi(p,s) is an increasing function of s on [0, p) if the following asser-
tions (a)—(d) hold:

(a) %Wg(p, s)>0for0<s<p<p(<1/2).

(b) Wa(p,0) >0for 0 < p<p(<1/2).

(c) limg_,,~ Wa(p,s) <0for 0 <p<p(<1/2).

() lim, - Walp,s) = —2lim, - [2Wi(p,s)] for 0 < p <7 (< 1/2).

Indeed, suppose that Wi(p,s) is not an increasing function of s on [0, p) for some fixed
p € (0,p]. Then there exists some 5 € (0,p) such that %Wl(p,E) < 0. It follows
that there exists some s, € (0,5), which is a local maximum of Wj(p,s) on (0,3) since
[%Wl(p, 5)],_o = 0and [%Wl (p,s)],_o > O0by and assertion (b). So %Wl(p, Sx) =
0 and %Wl(p, s«) < 0. Following by (4.3)), we have that W5(p,s.) < 0. Consequently,
Wa(p,s) < 0 for s, < s < p by assertions (a)—(c). However, since %Wl (p,5) < 0 and
lim,_, - [%Wl(p, s)] > 0 by assertions (c)—(d), there exists some s* € (5, p), which is a
local minimum of Wi(p, s) on (3, p). So %Wl(p, s*) =0 and %Wl(p, s*) > 0. Again, by
([“.3), Wa(p, s*) > 0. So we get a contradiction to the fact that Wa(p, s) < 0 for s, < s < p,
and hence Wi (p, s) is an increasing function of s on [0, p). Thus Wi (p,s) > Wi(p,0) =0
for 0 <s < p<p. So holds for a > 4.37.

The proofs of assertions (a)—(d) for f(p) = exp (%) with a > 4.37 are lengthy, and
hence they are given in [9].

(iv) We verify for a > 4.37. We compute that

33/ F(0)[W (p,0) + Ns(p)] + 2p\/F(0)Wo (p
o VIp) | 2V/f(0)
F(p)Wo(p) [3 ) TR

4 +3F() [1 —2 f/((;])Q pf(p) — Mi(p) + 2M2(p)]

= Ny(p,a [3\/ + ] +3v/ f(p)[l — Ni(p,a)] (since f(0) = f'(0)=1)
= N4(p, a)N5(p, a) + Nﬁ(pa a) = N7(p, a)'

Here Ni(p,a) and N4(p,a) are defined in (1.5) and Lemma (iii), respectively. Now, we
show that

=3 f —i— —— and Ng(p,a) =3/ f(p)[1 — Ni(p,a

are both strictly increasing functions of a on [4, c0) for any fixed p € (0, p].
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We first show that N5(p,a) a strictly increasing function of a on [4,00) for any fixed
p€(0,p]. Let a >4 and 0 < p <p (< 1/2). We compute that

550 = [ [if[i(pp); P <2<aa~p+ p>) L fsv e <+> ds]

(4.5) - [F?Z)]Q [i (a igp)Q P (2(;—/; p)) - /op (a fs)Q o <a(f8) ds]
(since F(p) = /Opf(s)ds = /Opexp <a0—fs> ds > /Oplds ~))
2p
= WNS(p7 a).

We have that Ng(0,a) =0 and, for 0 < p <p (< 1/2),

2 Q,
QNS([) 0) = p=exp (g(a—pkp)) [3(P+6)a2 + 8pa + 2p? exp < ap )}
op (a+p)? 8 (a+p)? 2(a+p)
2 Q
PP <2<a-pw))) [3 {(P+ 6)a® + 8pa + 2p2] ~exp (P)}
(a+p)? 8 (a+p)? a=4 2
.9 (p+6)a®+8pa+2p"  2p[(2+ p)a+ 2]
(since 50 (1) = (at o) > 0)
B p? exp (2(:zlip)) [32p2 +48p+96 ox (p)}
 (a+p)? 8  (4+p)2 P\
- p? exp <2(Z—li)-p)) [3 2p% + 48p + 96 . (p)}
o —oxn (P
(@+p?  [87 (+pp? PN s
. 0 [32p%+48p+ 96 N 12p 1 p
(since 5 [8 4+p2 (5) T Ut 29 (5) <0)
PP (3755 ) Tom AT
pu— — X —
@+p? |18 “Pl\4 ’

since 241/108 — exp(1/4) (=~ 0.947) > 0. Hence Ng(p,a) >0 for a >4 and 0 < p < p. It
implies that, by (4.5)), N5(p, a) is a strictly increasing function of a on [4, co) for any fixed
p € (0,7].

We next show that Ng(p,a) a strictly increasing function of a on [4, 00) for any fixed
p€(0,p]. Let a >4 and 0 < p <p (< 1/2). We compute that

2

SeNo(pra) = 3z F2Ma(e) — Mr(p) — 201 (p) + 1

a 2 3
+3VF(p) (ffp)g i) - (25 fﬁgl -
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Then, since M;(p) < Ma(p) + 1 by Lemma [3.1[v) and since

9

2 52t (p) 2
Flp) @tF)

M (p)
(a+p)?

0
%Ml (pa a) -

we have that

2
2 No(p,a) > g(aip)Q\/f(p) {2Ms(p) — [Ma(p) + 1] - 2pf (p) + 1}

ap? 2 ’
(4.6) +3m{ (a4+pp)3 - [(aip)z[Mz(p) + 1]] - (25&52}
3V f(p)
= WNQ(M a)a
where

Ny(p,a) = [=60°f(p) — p° + 6p%]a® + [12p" f(p) + 4p%|a — [6p° f (p) + 2p".

We compute that, for a >4 and 0 < p <p (< 1/2),

;;Ng(p, a) = —2p°(3p° + 6p” + 6ap) f(p) — 2p°(—2p + ap — 6a)
> —2p%(3p> + 6p* + 6ap) exp(1/2) — 2p*(—2p + ap — 6a)
= 2ap’[~6pexp(1/2) — (p — 6)] — 6p*(p” + 2p%) exp(1/2) + 4p°
> 8p?[~6pexp(1/2) — (p — 6)] — 6p°(p” + 2p°) exp(1/2) + 4p°
(since —6pexp(1/2) — (p —6) > —3exp(1/2) — (1/2 — 6) (= 0.554) > 0)

=2p? {—exp(l/Q) [3p3 +6p + (24 + eXp(21/2)> p} + 24}
> 2p° {— exp(1/2) [3;)3 + 6p% + (24 + exp(21/2)> ,0] . + 24}

111
20° [23 - exp(l/Q)] (~ 0.248p%) > 0

and
_ 2 4p 2 2

4
> {—6/)[,02 + 8p + 16] exp (p) —2p% + 96} s
4+p p=1/2

(191 243 N 5, )
= { 5 1P <9>]p (= 0.753p%) > 0.

Hence Ng(p,a) > 0 for a > 4 and 0 < p < p. It implies that, by (4.6)), Ns(p, a) is a strictly

increasing function of a on [4, c0) for any fixed p € (0, p].
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Figure 4.1: Graph of Nig(p) on (0,1/2).

Hence, by (4.4) and Lemma (iii), we conclude that N7(p,a) is a strictly increasing
function of a on [4.37,00) for any fixed p € (0,p]. It follows that

N7 (p,a) > N7(p,4.37) = Nio(p) >0

for 0 < p < p (< 1/2); see Figure So ([1.13)) holds for a > 4.37.
The proof of Theorem [2.5] is now complete. O
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