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Global Existence, Finite Time Blow-up and Vacuum Isolating Phenomena for

Semilinear Parabolic Equation with Conical Degeneration

Guangyu Xu

Abstract. This paper is devoted to studying a semilinear parabolic equation with

conical degeneration. First, we extend previous results on the vacuum isolating of

solution with initial energy J(u0) < d, where d is the mountain pass level. Concretely,

we obtain the explicit vacuum region, the global existence region and the blow-up

region. Moreover, as far as the blow-up solution is concerned, we estimate the upper

bound of the blow-up time and blow-up rate. Second, for all p > 1, we get a new

sufficient condition, which demonstrates the finite time blow-up for arbitrary initial

energy, and the upper bound estimate of blow-up time is obtained.

1. Introduction

1.1. The model and literature overview

Let X be an (n− 1)-dimensional closed compact C∞-smooth manifold, which is regarded

as the local model near the conical points. B = [0, 1)×X, ∂B = {0}×X, near ∂B we use

the coordinates (x1, x
′) = (x1, x2, . . . , xn) for 0 ≤ x1 < 1, x′ ∈ X. We denote by B0 the

interior of B.

In this paper, we consider the following degenerate parabolic equation

(1.1)


ut −∆Bu = |u|p−1u, t > 0, x ∈ B0,

u(x, t) = 0, t ≥ 0, x ∈ ∂B,

u(x, 0) = u0(x), x ∈ B0,

where u0 is a nonnegative, nontrivial function and belongs to the weighted Sobolev space

H1,n/2
2,0 (B). We will introduce the weighted Sobolev space later. p satisfies some appropriate

assumptions, the Fuchsian type Laplace operator is defined as

∆B = (x1∂x1)2 + ∂2
x2 + · · ·+ ∂2

xn ,
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which is an elliptic operator with conical degeneration on the boundary x1 = 0. The

corresponding gradient operator is ∇B = (x1∂x1 , ∂x2 , . . . , ∂xn).

In recent years, degenerate type parabolic equation has been attracting considerable

attention in the research field of analysis of nonlinear PDEs. The papers [7, 8, 10, 26, 27]

introduced a class of weighted Sobolev spaces and proved the corresponding cone Sobolev

inequality and Poincaré inequality. Later on, by applying those precursory results, many

academicians investigated semilinear parabolic and hyperbolic equations with conical de-

generation and their analogue, for example [1–3,6, 9, 12,13,29].

As for problem (1.1), by the classical Galerkin method and potential well method, the

authors in [4] considered the solution with low initial energy case (J(u0) < d) and critical

initial energy case (J(u0) = d). In order to introduce their and our main results, we give

some necessary notations and definitions.

Throughout the paper, the norm in space Ln/pp (B) = H0,n/p
p,0 (B) is defined by

‖u‖Ln/pp (B)
=

(∫
B
|u|p dx1

x1
dx′
)1/p

, ∀ p ∈ (1,+∞).

As in [4], we define

J(u) =
1

2

∫
B
|∇Bu|2

dx1

x1
dx′ − 1

p+ 1

∫
B
|u|p+1 dx1

x1
dx′,

K(u) =

∫
B
|∇Bu|2

dx1

x1
dx′ −

∫
B
|u|p+1 dx1

x1
dx′,

N =

{
u ∈ H1,n/2

2,0 (B) : K(u) = 0,

∫
B
|∇Bu|2

dx1

x1
dx′ 6= 0

}
.

If 1 < p < (n + 2)/(n − 2), by [4, Propositions 2.2], we know that the embedding

H1,n/2
2,0 (B) ↪→ Ln/(p+1)

p+1 (B) is continuous, then for any u ∈ H1,n/2
2,0 (B), u 6= 0, there ex-

ists a optimal positive constant C∗ such that

(1.2) ‖u‖Ln/(p+1)
p+1 (B)

≤ C∗‖∇Bu‖Ln/22 (B)
.

Let

(1.3) α1 = C
−(p+1)/(p−1)
∗ .

Further, we define the mountain-pass level by

d = inf

{
sup
λ≥0

J(λu), u ∈ H1,n/2
2,0 (B),

∫
B
|∇Bu|2

dx1

x1
dx′ 6= 0

}
= inf

u∈N
J(u),

it follows from [4, Lemma 3.3(iii)] that

(1.4) d =
p− 1

2(p+ 1)
C
−2(p+1)/(p−1)
∗ =

p− 1

2(p+ 1)
α2

1.
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Let λ1 be the first nonzero eigenvalue of the following Dirichlet problem−∆Bφ(x) = λφ(x), x ∈ B0,

φ(x) = 0, x ∈ ∂B,

then by [4, Proposition 2.3] we know that λ1 > 0 and satisfies the following inequality:

(1.5) λ1‖u‖2Ln/22 (B)
≤ ‖∇Bu‖2Ln/22 (B)

.

For δ > 0, we define

Kδ(u) = δ

∫
B
|∇Bu|2

dx1

x1
dx′ −

∫
B
|u|p+1 dx1

x1
dx′,

Nδ =

{
u ∈ H1,n/2

2,0 (B) : Kδ(u) = 0,

∫
B
|∇Bu|2

dx1

x1
dx′ 6= 0

}
,

d(δ) = inf
u∈Nδ

J(u).

(1.6)

For δ > 0, u ∈ H1,n/2
2,0 (B), we let

Bδ =
{
‖∇Bu‖Ln/22 (B)

< C
−(p+1)/(p−1)
∗ δ1/(p−1)

}
,

Bδ = Bδ ∪ ∂Bδ =
{
‖∇Bu‖Ln/22 (B)

≤ C−(p+1)/(p−1)
∗ δ1/(p−1)

}
,

Bcδ =
{
‖∇Bu‖Ln/22 (B)

> C
−(p+1)/(p−1)
∗ δ1/(p−1)

}
,

Bcδ = Bcδ ∪ ∂Bcδ =
{
‖∇Bu‖Ln/22 (B)

≥ C−(p+1)/(p−1)
∗ δ1/(p−1)

}
.

(1.7)

Next, we give the definition of weak solution of problem (1.1).

Definition 1.1. [4, Definition 1.1] A function u = u(x, t) is called a weak solution of

problem (1.1) on [0, T ) × B0 in which T is either infinity or the limit of the existence

interval of solution, if it satisfies

(i) u ∈ L∞(0, T ;H1,n/2
2,0 (B)) and ut ∈ L2(0, T ;Ln/22 (B));

(ii) For any t ∈ [0, T ),

(1.8)

∫ t

0
‖uτ‖2Ln/22 (B)

dτ + J(u(t)) ≤ J(u0);

(iii) For any v ∈ H1,n/2
2,0 (B) and t ∈ (0, T ), u satisfies:

(1.9)

∫
B
uτ · v

dx1

x1
dx′ +

∫
B
∇Bu · ∇Bv

dx1

x1
dx′ =

∫
B
|u|p−1u · v dx1

x1
dx′.
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Definition 1.2. Let u(x, t) be a weak solution of problem (1.1). We define the maximal

existence time T of u(x, t) as follows:

(i) If u(x, t) exists for all t ∈ [0,+∞), then T = +∞;

(ii) If there exists a t0 ∈ (0,+∞) such that u(x, t) exists for t ∈ [0, t0), but doesn’t exist

at t = t0, then T = t0.

For the readers’ convenience, we summarize the main results obtained in [4] as follows,

which are relevant to the work in this paper.

Theorem 1.3. [4] Let u0 ∈ H1,n/2
2,0 (B), 1 < p < (n+ 2)/(n− 2).

(i) If J(u0) < d, K(u0) > 0, then the solution u = u(x, t) of problem (1.1) exists

globally. Moreover, there exist constants C0 > 0, λ0 > 0 such that

‖∇Bu‖Ln/22 (B)
≤ C0e

−λ0t, ∀ t ∈ [0,+∞).

(ii) If J(u0) = d, K(u0) ≥ 0, then the solution u = u(x, t) of problem (1.1) exists

globally. Moreover, there exist constants C1 > 0, λ̃0 > 0 and t1 > 0 such that

‖∇Bu‖Ln/22 (B)
≤ C1e

−λ̃0t, ∀ t ∈ [t1,+∞).

(iii) If J(u0) ≤ d, K(u0) < 0, then the solution of problem (1.1) blows up in finite time.

By Theorem 1.3, we know that the relation between global existence and finite time

blow-up is derived as a sharp condition. Namely, the sign of K(u0) determines the solution

exists globally or blows up in finite time. When K(u0) > 0, by Theorem 1.3(i) and (ii)

we see the solution exists globally and decays exponentially with H1,n/2
2,0 (B)-norm. When

K(u0) < 0, Theorem 1.3(iii) shows that the solution blows up in finite time. However, for

the blow-up solution, they do not consider the blow-up time and blow-up rate. Moreover,

it is important and curious to ask a further question like: How does the blow-up solution

grow for t ∈ [0, T ), algebraically or exponentially?

From above, we also note that Theorem 1.3 holds under the assumptions J(u0) ≤ d

and p ∈ (1, (n + 2)/(n − 2)). While, the interval (1, (n + 2)/(n − 2)) is very small for

sufficiently large space dimension n. In other words, there are no results on blow-up in

finite time for problem (1.1) under the condition p ∈ (1,+∞). On the other hand, for the

high initial energy case (J(u0) > d), it is still open that whether the global solution exists

or the solution blows up in finite time. It is worthwhile to point out that the high initial

energy case are very few seen.
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More important, by the [4, Remark 3.2(b)], we know that there is a vacuum region Ue

for the solution of problem (1.1) with initial energy 0 < J(u0) ≤ e < d, i.e., any solution

is isolated by Ue, and it is defined by

(1.10) Ue =
⋃

δ1<δ<δ2

Nδ,

where δ1, δ2 are the two positive roots of d(δ) = e, Nδ is given by (1.6). But, it is easy

to see that the set is so abstract and we can not get the explicit information about Ue.

Furthermore, it is natural to ask what the asymptotic behavior of Ue when e → 0+? Is

there any vacuum region of solution when J(u0) ≤ 0?

1.2. Main results

The main purpose of this paper is to study the problems stated above. We first consider

the vacuum isolating phenomena of solution with 0 < J(u0) ≤ e < d and J(u0) ≤ 0

respectively. Moreover, as far as the blow-up solution is concerned, we get the estimates

of blow-up time and blow-up rate. In particular, we study the asymptotic behavior of the

blow-up solution for t ∈ [0, T ), and we prove that the solution grows exponentially with

Ln/(p+1)
p+1 (B)-norm. As for more works about the vacuum isolating behavior of solution, we

mention the papers [5, 16–21,23] for the study of other evolution equations.

The first result focus on the vacuum region Ue with 0 < J(u0) ≤ e < d. We will show

that the vacuum region is an annulus and splits the space H1,n/2
2,0 (B) into inner ball Bδ1

and corresponding outer region Bcδ2 .

Theorem 1.4. Let e ∈ (0, d), δ1 < δ2 are the two positive roots of equation d(δ) = e,

1 < p < (n + 2)/(n − 2), then for all solution u(t) = u(x, t) of problem (1.1) with

0 < J(u0) ≤ e, there is a bounded region

Ue =
{
u ∈ H1,n/2

2,0 (B) : C
−(p+1)/(p−1)
∗ δ

1/(p−1)
1 < ‖∇Bu‖Ln/22 (B)

< C
−(p+1)/(p−1)
∗ δ

1/(p−1)
2

}
such that H1,n/2

2,0 (B) = Ue ∪Bδ1 ∪B
c
δ2, where C∗ is defined in (1.2). Moreover, we have the

following conclusions:

(i) Ue is a vacuum region, i.e., u(t) /∈ Ue for all t ∈ [0, T ). Moreover, Bδ1 and Bcδ2 are

two invariant sets;

(ii) If u0 ∈ Bδ1, then u(t) exists globally and decays exponentially with H1,n/2
2,0 (B)-norm;

(iii) If u0 ∈ B
c
δ2, then u(t) blows up at finite time T with Ln/22 (B)-norm and we can

estimate T as follows

T ≤
(p+ 1)|B|(p−1)/2‖u0‖1−pLn/22 (B)

(p− 1)2

[
1−

(
(p+ 1)

(
1
2 −

J(u0)
α2
1

))−(p+1)/(p−1)
] ,
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the blow-up rate can be estimated by

‖u( · , t)‖Ln/2
2 (B) <

(p− 1)2/(1−p)
√
|B|

(p+ 1)1/(1−p)

×

[
1−

(
(p+ 1)

(
1

2
− J(u0)

α2
1

))−(p+1)/(p−1)
]1/(1−p)

(T − t)−1/(p−1),

where |B| is the measure of B, Bδ and Bcδ are defined in (1.7) for all δ ∈ (0, (p+1)/2), α1 is

defined in (1.3). Moreover, u(t) grows exponentially with Ln/(p+1)
p+1 (B)-norm for t ∈ [0, T ).

Remark 1.5. We give two remarks about Theorem 1.4.

(i) It follows from J(u0) < d, the definition of d and α1 in (1.4) and (1.3) respectively,

that

(p+ 1)

(
1

2
− 2J(u0)

α2
1

)
> (p+ 1)

(
1

2
− 2d

α2
1

)
= 1.

Then the right-hand sides of the two inequalities in Theorem 1.4(iii) make sense.

(ii) By Lemma 2.5, we also know that δ1 decreases to 0 and δ2 increases to (p+1)/2 as e

decreasing to 0, which implies the vacuum region Ue expands as e decreasing. As the

limit case, we guess the vacuum region for the nontrivial solutions with J(u0) = 0 is

U0 = lim
e→0

Ue

=

{
u ∈ H1,n/2

2,0 (B) : 0 < ‖∇Bu‖Ln/22 (B)
< C

−(p+1)/(p−1)
∗

(
p+ 1

2

)1/(p−1)
}

=

{
u ∈ H1,n/2

2,0 (B) : ‖∇Bu‖Ln/22 (B)
< C

−(p+1)/(p−1)
∗

(
p+ 1

2

)1/(p−1)
}(1.11)

(by Lemma 2.4), and we will prove the above conjecture in the next theorem.

In order to state our next theorem, we consider a function G(r) which is defined by

(1.12) G(r) =
1

p+ 1
Cp+1
∗ rp+1 − 1

2
r2 + J(u0),

where C∗ is defined in (1.2), J(u0) ≤ 0. Obviously, by p > 1, we know that the equation

G(r) = 0 admits a unique positive root r∗ = r∗(J(u0)), and r∗(J(u0)) proposes the

following properties:

(i) G(r) ≥ 0 if and only if r ≥ r∗(J(u0));

(ii) r∗(0) = C
−(p+1)/(p−1)
∗

(
p+1

2

)1/(p−1)
;

(iii) r∗(J(u0)) is increasing as J(u0) decrease and limJ(u0)→−∞ r
∗(J(u0)) = +∞.
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The second result focus on the vacuum isolating phenomena of solution with J(u0) ≤ 0.

For the blow-up solution, we also get the estimates of blow-up time and blow-up rate, and

it should be pointed out that our blow-up result holds for all p > 1 when J(u0) < 0.

Moreover, we will show the solution grows exponentially with Ln/(p+1)
p+1 (B)-norm.

Theorem 1.6. Suppose J(u0) ≤ 0, r∗ = r∗(J(u0)) is the unique positive root of G(r),

where G(r) is defined by (1.12). Let u(t) = u(x, t) be the solution of problem (1.1), then

there exists a bounded region

(1.13) Ur∗ =
{
u ∈ H1,n/2

2,0 (B) : ‖∇Bu‖Ln/22 (B)
< r∗

}
such that

(i) Ur∗ is a vacuum region, i.e., u(t) /∈ Ur∗ for all t ∈ [0, T );

(ii) H1,n/2
2,0 (B) \ Ur∗ is an invariant region. If

u0 ∈

H
1,n/2
2,0 (B) \ Ur∗ , 1 < p < n+2

n−2 when J(u0) = 0,

H1,n/2
2,0 (B) \ Ur∗ , p > 1, when J(u0) < 0,

then u(t) blows up at finite time T with Ln/22 (B)-norm and we can estimate T as

follows

T ≤


(p+1)|B|(p−1)/2‖u0‖1−p

Ln/22 (B)

(p−1)2
[
1−( p+1

2 )
−(p+1)/(p−1)

] when J(u0) = 0,

1
1−p2

‖u0‖2
Ln/22 (B)
J(u0) when J(u0) < 0.

The blow-up rate can be estimated by

‖u( · , t)‖Ln/22 (B)

≤


(p−1)2/(1−p)

√
|B|

(p+1)1/(1−p)

[
1−

(
p+1

2

)− p+1
p−1

]1/(1−p)

(T − t)−1/(p−1) when J(u0) = 0,[
(1−p2)J(u0)

‖u0‖p+1

Ln/22 (B)

]1/(1−p)

(T − t)−1/(p−1) when J(u0) < 0.

Moreover, u(t) grow exponentially with Ln/(p+1)
p+1 (B)-norm for t ∈ [0, T ).

Remark 1.7. We make two remarks about the vacuum isolating phenomena for J(u0) ≤
e < d.

(i) By the properties of r∗(J(u0)), we know that Ur∗ = U0 when J(u0) = 0, where U0

is defined in (1.11). Ur∗ expands as J(u0) decreasing, and

lim
J(u0)→−∞

Ur∗ = H1,n/2
2,0 (B).
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(ii) We can define three sets Ũe, Ge and Be as follows:

Ũe ,

Ue if 0 < J(u0) ≤ e,

Ur∗ if J(u0) ≤ 0;
Ge ,

Bδ1 if 0 < J(u0) ≤ e,

∅ if J(u0) ≤ 0;

Be ,

B
c
δ2 if 0 < J(u0) ≤ e,

H1,n/2
2,0 (B) \ Ur∗ if J(u0) ≤ 0.

Then combining the results of Theorems 1.4 and 1.6, we can see the statements in

the abstract hold.

Finally, for all p > 1, we get a blow-up condition with arbitrary initial energy. Fur-

thermore, we get a upper bound estimate of the blow-up time.

Theorem 1.8. Assume u(t) = u(x, t) is a solution of problem (1.1), p > 1 and λ1 is

given as in (1.5). If the initial value satisfies

J(u0) <
λ1(p− 1)

2(p+ 1)
‖u0‖2Ln/22 (B)

,

then u(t) blow up at some finite time T . Moreover, T can be estimated by

T ≤
8(p+ 1)‖u0‖2Ln/22 (B)

(p− 1)2

[
λ1(p− 1)‖u0‖2Ln/22 (B)

− 2(p+ 1)J(u0)

] .
The rest of this paper is organized as follows. For reader’s convenience, in Section 2,

we first introduce some definitions and properties of cone Sobolev spaces. Secondly, we

give some important preliminary lemmas, which will be used in the proofs of main results.

In Section 3, we consider the vacuum isolating phenomena of solution for problem (1.1),

and we give the proofs of Theorems 1.4 and 1.6. In Section 4, we study the solution of

problem (1.1) with arbitrary initial energy and prove Theorem 1.8.

2. Preliminaries

2.1. Some definitions and properties of cone Sobolev spaces

The detail research of manifold with conical singularities and the corresponding cone

Sobolev spaces can be found in [7,8]. In this subsection, we shall introduce some definitions

and properties of cone Sobolev spaces briefly, which is enough to make our paper readable.

Let X be a closed, compact, C∞ manifold, we set X4 = (R+ × X)/({0} × X) as a

local model interpreted as a cone with the base X. We denote XO = R+ × X as the

corresponding open stretched cone with the base X. An n-dimensional manifold B with
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conical singularities is a topological space with a finite subset B0 = {b1, . . . , bM} ⊂ B of

conical singularities. For simplicity, we assume that the manifold B has only one conical

point on the boundary. Thus, near the conical point, we have a stretched manifold B,

associated with B.

Definition 2.1. Let B = [0, 1) × X be the stretched manifold of the manifold B with

conical singularity, then for any cut-off function ω, supported by a collar neighborhood

of (0, 1) × ∂B, the cone Sobolev space Hm,γp (B), for m ∈ N, γ ∈ R and 1 < p < +∞, is

defined as follows

Hm,γp (B) =
{
u ∈Wm,p

loc (B0) | ωu ∈ Hm,γp (XO)
}
.

Moreover, the subspace Hm,γp,0 (B) of Hm,γp (B) is defined by

Hm,γp,0 (B) = ωHm,γp,0 (XO) + (1− ω)Wm,p
0 (B0),

where Wm,p
0 (B0) denotes the closure of C∞0 (B0) in Sobolev spaces Wm,p(X̃), here X̃ is

a closed compact C∞ manifold of dimension n that containing B as a sub-manifold with

boundary.

Definition 2.2. We say u(x) ∈ Lγp(B) with 1 < p < +∞ and γ ∈ R if

‖u‖pLγp(B)
=

∫
B
xn1 |x

−γ
1 u(x)|p dx1

x1
dx′ < +∞.

Observe that if u(x) ∈ Ln/pp (B), v(x) ∈ Ln/qq (B) with p, q ∈ (1,+∞) and 1/p+1/q = 1,

then we have the following Hölder’s inequality∫
B
|u(x)v(x)| dx1

x1
dx′ ≤ ‖u‖Ln/pp (B)

‖v‖Ln/qq (B)
.

Lemma 2.3 (Poincaré inequality). Let B = [0, 1)×X be a bounded subspace in Rn+ with

X ∈ Rn−1, and 1 < p < +∞, θ ∈ R. If u(x) ∈ H1,θ
p,0(B), then

‖u(x)‖Lθp(B) ≤ µ‖∇Bu(x)‖Lθp(B),

where µ is a positive constant depending only on B.

2.2. Some auxiliary lemmas

Lemma 2.4. Let u(t) = u(x, t) be a nontrivial solution of problem (1.1) with J(u0) ≤ 0,

then we have ‖∇Bu(t)‖Ln/22 (B)
> 0 for all t ∈ [0, T ).
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Proof. Since J(u0) ≤ 0, it follows from (1.8) that J(u(t)) ≤ J(u0) ≤ 0 for t ∈ [0, T ).

Obviously, ‖∇Bu0‖Ln/22 (B)
> 0 because of u0 is nontrivial. Then we can prove the lemma

by contradiction. If the conclusion is not true, then there exists a t0 ∈ (0, T ) such that

‖∇Bu(t)‖Ln/22 (B)
> 0 for all t ∈ [0, t0) and ‖∇Bu(t0)‖Ln/22 (B)

= 0.

On the other hand, it follows from the definition of J(u) and C∗ that

1

2
‖∇Bu‖2Ln/22 (B)

≤ 1

p+ 1
‖u‖p+1

Ln/(p+1)
p+1 (B)

≤ 1

p+ 1
Cp+1
∗ ‖∇Bu‖p+1

Ln/22 (B)
,

so it is easy to see that

‖∇Bu(t)‖Ln/22 (B)
≥ γ =

(
p+ 1

2
C
−(p+1)
∗

)1/(p−1)

, ∀ t ∈ [0, t0).

Then by the continuity of ‖∇Bu(t)‖Ln/22 (B)
with respect to t, we get ‖∇Bu(t0)‖Ln/22 (B)

≥
γ > 0, which contradicts ‖∇Bu(t0)‖Ln/22 (B)

= 0.

Lemma 2.5. [4, Lemma 3.4 and Remark 3.1] Let 0 < δ < (p + 1)/2, d(δ) defined in

(1.6), then

d(δ) = δ2/(p−1) p+ 1− 2δ

p− 1
d.

Moreover, d(δ) satisfies the following properties:

(i) limδ→0 d(δ) = 0, d((p+ 1)/2) = 0 and d(δ) < 0 for all δ > (p+ 1)/2;

(ii) d(δ) is increasing on 0 < δ ≤ 1, decreasing on 1 ≤ δ ≤ (p + 1)/2 and it takes the

maximum d = d(1) at δ = 1.

By Lemma 2.5 and the value of d in (1.4), we get

(2.1) d(δ) =
p+ 1− 2δ

2(p+ 1)
δ2/(p−1)C

−2(p+1)/(p−1)
∗ .

Lemma 2.6. Assume J(u) < d(δ), 0 < δ < (p+ 1)/2, then we have

(i) Kδ(u) > 0 if and only if

(2.2) 0 < ‖∇Bu‖Ln/22 (B)
< C

−(p+1)/(p−1)
∗ δ1/(p−1);

(ii) Kδ(u) < 0 if and only if

(2.3) ‖∇Bu‖Ln/22 (B)
> C

−(p+1)/(p−1)
∗ δ1/(p−1);

(iii) Kδ(u) = 0 if and only if

‖∇Bu‖Ln/22 (B)
= C

−(p+1)/(p−1)
∗ δ1/(p−1).
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Proof. (i) If (2.2) holds, then by the definition of C∗ we have

‖u‖p+1

Ln/(p+1)
p+1 (B)

≤ Cp+1
∗ ‖∇Bu‖p−1

Ln/22 (B)
‖∇Bu‖2Ln/22 (B)

< δ‖∇Bu‖2Ln/22 (B)
,

then

Kδ(u) = δ‖∇Bu‖2Ln/22 (B)
− ‖u‖p+1

Ln/(p+1)
p+1 (B)

> 0.

On the other hand, we assume Kδ(u) > 0, then by the definition of Kδ(u), we know

that ‖∇Bu‖Ln/22 (B)
> 0. Since 0 < δ < (p + 1)/2, then it follows from the definitions of

J(u) and Kδ(u) that

(2.4) J(u) =

(
1

2
− δ

p+ 1

)
‖∇Bu‖2Ln/22 (B)

+
1

p+ 1
Kδ(u),

this joins the assumption J(u) < d(δ), and the value of d(δ) given as in (2.1) entails

p+ 1− 2δ

2(p+ 1)
δ2/(p−1)C

−2(p+1)/(p−1)
∗ > J(u) >

(
1

2
− δ

p+ 1

)
‖∇Eu‖2L(n+1)/2

2 (E)
,

which yields (2.2).

(ii) If (2.3) holds, then we have(
1

2
− δ

p+ 1

)
‖∇Bu‖2Ln/22 (B)

>
p+ 1− 2δ

2(p+ 1)
δ2/(p−1)C

−2(p+1)/(p−1)
∗ = d(δ).

Combining (2.4) and J(u) < d(δ), we get Kδ(u) < 0.

On the other hand, we assume Kδ(u) < 0. By the definition of Kδ(u) and C∗, we can

deduce that

δ‖∇Bu‖2Ln/22 (B)
< ‖u‖p+1

Ln/(p+1)
p+1 (B)

≤ Cp+1
∗ ‖∇Bu‖p+1

Ln/22 (B)
,

which implies (2.3).

(iii) By (i) and (ii), we get (iii) immediately.

Next lemma focus on the blow-up in finite time of solution with negative initial energy,

moreover, we can get the upper bound estimate of blow-up time and blow-up rate. The

idea of the following proof comes from [15,22,24,25,28].

Lemma 2.7. Let u = u(x, t) be a weak solution of problem (1.1) with J(u0) < 0, p > 1,

then u(t) blows up at finite time T with Ln/22 (B)-norm and we can estimate T as follows

T <
1

1− p2

‖u0‖2Ln/22 (B)

J(u0)
.

Moreover, the blow-up rate can be estimated by

‖u( · , t)‖Ln/22 (B)
≤

(1− p2)J(u0)

‖u0‖p+1

Ln/22 (B)

1/(1−p)

(T − t)−1/(p−1).
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Proof. We define

(2.5) f(t) =
1

2

∫
B
|u|2 dx1

x1
dx′

and

(2.6) g(t) = −(p+ 1)J(u(t)) = −p+ 1

2

∫
B
|∇Bu|2

dx1

x1
dx′ +

∫
B
|u|p+1 dx1

x1
dx′.

By the definition of f(t) and take v = u in (1.9) we get

(2.7) f ′(t) =

∫
B
uut

dx1

x1
dx′ = −

∫
B
|∇Bu|2

dx1

x1
dx′ +

∫
B
|u|p+1 dx1

x1
dx′.

Combining the definition of g(t) and (1.8) we have

(2.8) g′(t) = −(p+ 1)
d

dt
J(u(t)) ≥ (p+ 1)‖ut‖2Ln/22 (B)

≥ 0.

By J(u0) < 0 and the definition of g(t) we have g(0) > 0, and it follows from above

inequality that g(t) > 0 for all t ∈ [0, T ). By p > 1, (2.6), (2.7) and Lemma 2.4 we know

(2.9) f ′(t) > g(t) > 0, ∀ t ∈ [0, T ),

then f(t) > 0 for all t ∈ [0, T ). Combining (2.5), (2.8), Schwartz’s inequality, (2.7) and

(2.9) we obtain

f(t)g′(t) ≥ p+ 1

2
‖u‖2

Ln/22 (B)
‖ut‖2Ln/22 (B)

≥ p+ 1

2

(∫
B
uut

dx1

x1
dx′
)2

=
p+ 1

2
[f ′(t)]2 >

p+ 1

2
f ′(t)g(t),

which can be rewritten as
g′(t)

g(t)
>
p+ 1

2

f ′(t)

f(t)
.

Integrating above inequality from 0 to t we get

g(t)

[f(t)](p+1)/2
>

g(0)

[f(0)](p+1)/2
,

then by (2.9), we have

(2.10)
f ′(t)

[f(t)](p+1)/2
>

g(0)

[f(0)](p+1)/2
.

Integrating inequality (2.10) from 0 to t, we see

(2.11)
1

[f(t)](p−1)/2
<

1

[f(0)](p−1)/2
− p− 1

2

g(0)

[f(0)](p+1)/2
t.
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Clearly, (2.11) can not hold for all time, this means f(t) blows up at some finite time T ,

i.e.,

(2.12) f(T ) = +∞.

By the definition of f(t) in (2.5), we know u(t) blows up at some finite time T with

Ln/22 (B)-norm.

Next, we estimate T and blow-up rate. Let t → T in (2.11), by (2.12) and the

definitions of f(t), g(t) we get

T <
2

p− 1

f(0)

g(0)
=

1

1− p2

‖u0‖2Ln/22 (B)

J(u0)
.

Moreover, integrating inequality (2.10) from t to T , by (2.12) we have

f(t) < (T − t)−2/(p−1)

[
(p− 1)g(0)

2[f(0)](p+1)/2

]2/(1−p)
,

then it follows from the definitions of f(t) and g(t) that

‖u( · , t)‖Ln/22 (B)
<

(1− p2)J(u0)

‖u0‖p+1

Ln/22 (B)

1/(1−p)

(T − t)−1/(p−1).

Lemma 2.8. Let u(t) = u(x, t) be a weak solution of problem (1.1) with J(u0) < d,

K(u0) < 0 and 1 < p < (n+ 2)/(n− 2), then

(2.13) ‖∇Bu0‖Ln/22 (B)
> α1,

where α1 is defined in (1.3). There exists a positive constant α2 > α1 such that

(2.14) ‖∇Bu(t)‖Ln/22 (B)
≥ α2, ∀ t ≥ 0,

and

(2.15) ‖u(t)‖Ln/(p+1)
p+1 (B)

≥ C∗α2, ∀ t ≥ 0.

Moreover, if J(u0) ≥ 0, then the following inequality holds

(2.16)
α2

α1
≥
[
(p+ 1)

(
1

2
− J(u0)

α2
1

)]1/(p−1)

> 1.

Proof. It follows from K(u0) < 0 and (1.2) that

‖∇Bu0‖2Ln/22 (B)
< ‖u0‖p+1

Ln/(p+1)
p+1 (B)

≤ Cp+1
∗ ‖∇Bu0‖p+1

Ln/22 (B)
,
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which implies (2.13). For any t ∈ [0, T ), combining (1.2) and the definition of J(u) we

know that

J(u(t)) ≥ 1

2
‖∇Bu(t)‖2

Ln/22 (B)
− 1

p+ 1
Cp+1
∗ ‖∇Bu(t)‖p+1

Ln/22 (B)

=
1

2
α2 − 1

p+ 1
Cp+1
∗ αp+1

= g(α),

(2.17)

where α = ‖∇Bu(t)‖Ln/22 (B)
. Since p > 1, it is easy to see that g(α) is increasing for

α ∈ (0, α1), decreasing for α ∈ (α1,+∞) and takes the maximum at α = α1, g(α1) = d.

Since J(u0) < d, then there exists a positive constant α2 > α1 such that g(α2) = J(u0).

Let α0 = ‖∇Bu0‖Ln/22 (B)
, it follows from (2.17) that g(α0) ≤ J(u0) = g(α2). By (2.13)

we know that α0 > α1, then coupled with g(α) is decreasing for α ∈ (α1,+∞), leads to

α0 ≥ α2, i.e., (2.14) holds for t = 0. We prove (2.14) holds for all t > 0 by contradiction.

Suppose on the contrary that ‖∇Bu( · , t0)‖Ln/22 (B)
< α2 for some t0 > 0. By the continuity

of ‖∇Bu( · , t)‖Ln/22 (B)
we can choose t0 such that α1 < ‖∇Bu( · , t0)‖Ln/22 (B)

< α2, then it

follows from the monotonicity properties of g(α) and (2.17) that

J(u0) = g(α2) < g(‖∇Bu( · , t0)‖Ln/22 (B)
) ≤ J(u(t0)),

which contradicts (1.8), hence we get (2.14).

On the other hand, by (1.8), we get

(2.18) J(u0) ≥ J(u(t)) =
1

2
‖∇Bu‖2Ln/22 (B)

− 1

p+ 1
‖u‖p+1

Ln/(p+1)
p+1 (B)

.

Since J(u0) = g(α2) = 1
2α

2
2 − 1

p+1C
p+1
∗ αp+1

2 , then coupled with (2.14) and (2.18), leads to

1

p+ 1
‖u‖p+1

Ln/(p+1)
p+1 (B)

≥ 1

2
‖∇Bu‖2Ln/22 (B)

− J(u0)

≥ 1

2
α2

2 −
1

2
α2

2 +
1

p+ 1
Cp+1
∗ αp+1

2

=
1

p+ 1
Cp+1
∗ αp+1

2 ,

so we get (2.15).

Finally, we prove inequality (2.16). To this end, we denote β = α2/α1, then β > 1 by

the fact that α2 > α1. So it follows from J(u0) = g(α2), (2.17) and α1 = C
−(p+1)/(p−1)
∗

that

J(u0) = g(βα1) =
1

2
(βα1)2 − 1

p+ 1
Cp+1
∗ (βα1)p+1

= (βα1)2

(
1

2
− 1

p+ 1
Cp+1
∗ (βα1)p−1

)
= (βα1)2

(
1

2
− 1

p+ 1
βp−1

)
.
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Since J(u0) ≥ 0 and β > 1, then we can infer from the above inequality that

1

2
− 1

p+ 1
βp−1 =

J(u0)

(βα1)2
≤ J(u0)

α2
1

,

then we have

β =
α2

α1
≥
[
(p+ 1)

(
1

2
− J(u0)

α2
1

)]1/(p−1)

,

which combining Remark 1.5(i) deduce to (2.16).

Our next lemma is about the upper bound estimate of blow-up time and blow-up

rate for nonnegative initial energy, the method in the proof of the following lemma comes

from [11,14,30–32].

Lemma 2.9. Let 1 < p < (n+ 2)/(n− 2), u = u(x, t) be a weak solution of problem (1.1)

with 0 ≤ J(u0) < d, K(u0) < 0, then u(t) blows up at finite time T with Ln/22 (B)-norm

and we can estimate T as follows

(2.19) T ≤
(p+ 1)|B|(p−1)/2‖u0‖1−pLn/22 (B)

(p− 1)2

[
1−

(
(p+ 1)

(
1
2 −

J(u0)
α2
1

))−(p+1)/(p−1)
] .

Moreover, the blow-up rate can be estimated by

‖u( · , t)‖Ln/22 (B)

<
(p− 1)2/(1−p)√|B|

(p+ 1)1/(1−p)

[
1−

(
(p+ 1)

(
1

2
− J(u0)

α2
1

))−(p+1)/(p−1)
]1/(1−p)

(T − t)−1/(p−1),

(2.20)

where |B| is the measure of B, α1 is given by (1.3).

Proof. We define a functional f(t) the same as in (2.5), and let

(2.21) H(t) = d− J(u(t)).

By (1.8), we know that energy functional J(u(t)) is nonincreasing with respect to t, then

coupled with J(u0) < d, (2.21) leads to

(2.22) H(t) > 0, ∀ t ∈ [0, T ).

Combining (2.7), the definitions of J(u) and H(t), we get

f ′(t) = −
∫
B
|∇Bu|2

dx1

x1
dx′ +

∫
B
|u|p+1 dx1

x1
dx′

=
p− 1

p+ 1

∫
B
|u|p+1 dx1

x1
dx′ − 2J(u(t))

=
p− 1

p+ 1

∫
B
|u|p+1 dx1

x1
dx′ − 2d+ 2H(t).

(2.23)
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By the value of d in (1.4), α1 = C
−(p+1)/(p−1)
∗ and (2.15) we get

2d =
p− 1

p+ 1
C
−2(p+1)/(p−1)
∗ =

αp+1
1

αp+1
2

p− 1

p+ 1
Cp+1
∗ αp+1

2 ≤ αp+1
1

αp+1
2

p− 1

p+ 1
‖u‖p+1

Ln/(p+1)
p+1 (B)

.

Since H(t) > 0, then substituting the above inequality into (2.23) we obtain

(2.24) f ′(t) ≥

(
1− αp+1

1

αp+1
2

)
p− 1

p+ 1

∫
B
|u|p+1 dx1

x1
dx′ + 2H(t) > C0

∫
B
|u|p+1 dx1

x1
dx′,

where C0 =
(

1− αp+1
1

αp+1
2

)
p−1
p+1 > 0 due to the fact α2 > α1.

By Hölder’s inequality, we can get

f (p+1)/2(t) =

(
1

2

∫
B
|u|2 dx1

x1
dx′
)(p+1)/2

≤ C̃
∫
B
|u|p+1 dx1

x1
dx′,

where C̃ = 2−(p+1)/2|B|(p−1)/2. Combining (2.24) and above inequality we have

(2.25) f ′(t) > γf (p+1)/2(t),

where γ = C0/C̃ > 0. Integrating the inequality (2.25) from 0 to t, we get

(2.26)

f(t) >

(
f (1−p)/2(0)− p− 1

2
γt

)−2/(p−1)

=

(
2(p−1)/2‖u0‖1−pLn/22 (B)

− p− 1

2
γt

)−2/(p−1)

.

Let

(2.27) T∗ =
2(p+1)/2

(p− 1)γ
‖u0‖1−pLn/22 (B)

∈ (0,+∞),

then by (2.26) we know that f(t) blows up at some finite time T ≤ T∗, and so does u(t).

Next, we estimate T . By (2.16), (2.27) and the values of C0, C̃, γ, we get

T ≤ 2(p+1)/2

(p− 1)γ
‖u0‖1−pLn/22 (B)

=
2(p+1)/2C̃

(p− 1)C0
‖u0‖1−pLn/22 (B)

=
(p+ 1)|B|(p−1)/2

(p− 1)2

[
1−

(
α1
α2

)p+1
]‖u0‖1−pLn/22 (B)

≤
(p+ 1)|B|(p−1)/2‖u0‖1−pLn/22 (B)

(p− 1)2

[
1−

(
(p+ 1)

(
1
2 −

J(u0)
α2
1

))−(p+1)/(p−1)
] .

Finally, we estimate the blow-up rate. Integrating the inequality (2.25) from t to T , then

by f(T ) = +∞ we can conclude that

f(t) <

(
p− 1

2
γ

)2/(1−p)
(T − t)−2/(p−1),
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so by the definition of f(t), (2.16) and the values of C0, C̃, γ, we have

1

2
‖u( · , t)‖2

Ln/22 (B)

<

(
p− 1

2

C0

C̃

)2/(1−p)
(T − t)−2/(p−1)

=

[
2(p−1)/2(p− 1)2

(p+ 1)|B|(p−1)/2

(
1−

(
α1

α2

)p+1
)]2/(1−p)

(T − t)−2/(p−1)

≤ (p− 1)4/(1−p)|B|
2(p+ 1)2/(1−p)

[
1−

(
(p+ 1)

(
1

2
− J(u0)

α2
1

))−(p+1)/(p−1)
]2/(1−p)

(T − t)−2/(p−1),

then

‖u( · , t)‖Ln/22 (B)

<
(p− 1)2/(1−p)√|B|

(p+ 1)1/(1−p)

[
1−

(
(p+ 1)

(
1

2
− J(u0)

α2
1

))− p+1
p−1

]1/(1−p)

(T − t)−1/(p−1).

Next, we give a lemma about the asymptotic behavior of blow-up solution. We prove

that the blow-up solution grows exponentially for t ∈ [0, T ), and we point out that our

following result holds for J(u0) ≤ d.

Lemma 2.10. Let 1 < p < (n+2)/(n−2), u(t) = (x, t) be a weak solution of problem (1.1)

with J(u0) ≤ d, K(u0) < 0, then u(t) increases exponentially in Ln/(p+1)
p+1 (B)-norm for

t ∈ [0, T ).

Proof. The proof is divided into two steps.

Step 1: the case (J(u0) < d). We define a functional

G(t) = H(t) + f(t), ∀ t ∈ [0, T ),

where H(t), f(t) are defined in (2.21) and (2.5) respectively, then by (1.8), (2.7) and the

definition of K(u) we get

G′(t) = − d

dt
J(u(t)) + f ′(t)

≥ ‖ut‖2Ln/22 (B)
− ‖∇Bu‖2Ln/22 (B)

+ ‖u‖p+1

Ln/(p+1)
p+1 (B)

= ‖ut‖2Ln/22 (B)
−K(u).

(2.28)

Using the definitions of J(u), K(u), H(t), we obtain

K(u) = (p+ 1)J(u)− p− 1

2
‖∇Bu‖2Ln/22 (B)

= (p+ 1)d− (p+ 1)H(t)− p− 1

2
‖∇Bu‖2Ln/22 (B)

.

(2.29)
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By (2.14) we can deduce that

p− 1

2
‖∇Bu‖2Ln/22 (B)

=
p− 1

2

(
α2

2 − α2
1

α2
2

‖∇Bu‖2Ln/22 (B)
+
α2

1

α2
2

‖∇Bu‖2Ln/22 (B)

)
≥ p− 1

2

(
α2

2 − α2
1

α2
2

)
‖∇Bu‖2Ln/22 (B)

+
p− 1

2
α2

1.

(2.30)

Then combining (2.28)–(2.30) and d = p−1
2(p+1)α

2
1 we have

G′(t) ≥ ‖ut‖2Ln/22 (B)
− (p+ 1)d+ (p+ 1)H(t) +

p− 1

2
‖∇Bu‖2Ln/22 (B)

≥ (p+ 1)H(t) +
p− 1

2

(
α2

2 − α2
1

α2
2

)
‖∇Bu‖2Ln/22 (E)

.

By (2.22), we can take C1 = min
{
p+ 1, p−1

2

(
α2
2−α2

1

α2
2

)}
> 0 such that

(2.31) G′(t) ≥ C1

(
H(t) + ‖∇Bu‖2Ln/22 (B)

)
.

On the other hand, by Lemma 2.3 we have

G(t) = H(t) +
1

2
‖u‖2

Ln/22 (B)
≤ H(t) +

1

2
µ2‖∇Bu‖2Ln/22 (B)

,

where µ is a positive constant depending only on B. Taking C2 = max
{

1, 1
2µ

2
}
> 0, then

G(t) ≤ C2

(
H(t) + ‖∇Bu‖2Ln/22 (B)

)
.

Combining (2.31) and above inequality we get

G′(t) ≥ C3G(t),

where C3 = C1/C2 > 0. It follows from Gronwall’s inequality that

(2.32) G(t) ≥ G(0)eC3t, ∀ t ∈ [0, T ).

By the definitions of G(t), J(u) and Hölder’s inequality, we have

G(t) = d− 1

2
‖∇B‖2Ln/22 (B)

+
1

p+ 1
‖u‖p+1

Ln/(p+1)
p+1 (B)

+
1

2
‖u‖2

Ln/22 (B)

≤ d+
1

p+ 1
‖u‖p+1

Ln/(p+1)
p+1 (B)

+
1

2
|B|(p−1)/(p+1)‖u‖2

Ln/(p+1)
p+1 (B)

.

Taking C4 = max
{

1
p+1 ,

1
2 |B|

(p−1)/(p+1)
}
> 0, then

‖u‖p+1

Ln/(p+1)
p+1 (B)

+ ‖u‖2
Ln/(p+1)
p+1 (B)

≥ 1

C4
(G(t)− d).
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This, coupled with (2.32) and the definition of G(t), leads to

‖u(t)‖p+1

Ln/(p+1)
p+1 (B)

+ ‖u(t)‖2
Ln/(p+1)
p+1 (B)

≥ C5e
C3t − d

C4
, ∀ t ∈ [0, T ),

where

C5 =
1

C4

(
d− J(u0) +

1

2
‖u0‖2Ln/22 (B)

)
> 0.

Then we know that the solution of problem (1.1) grows as an exponential function in

Ln/(p+1)
p+1 (B)-norm.

Step 2: the case (J(u0) = d). By J(u0) = d > 0, K(u0) < 0 and the continuity of

J(u(t)) and K(u(t)) with respect to t, we know that there exists a sufficiently small t1 > 0

such that J(u(t1)) > 0 and K(u(t)) < 0 for 0 ≤ t ≤ t1. Then for 0 ≤ t ≤ t1 it follows from

(2.7) that

(2.33)

∫
B
uut

dx1

x1
dx′ = −K(u) > 0.

On the other hand, by Hölder’s inequality it is easy to see that∫
B
|uut|

dx1

x1
dx′ ≤ ‖ut‖Ln/22 (B)

‖u‖Ln/22 (B)
,

then by (2.33), for 0 ≤ t ≤ t1, we have ‖ut‖2Ln/22 (B)
> 0. Then it follows from the continuity

of
∫ t

0 ‖uτ‖
2

Ln/22 (B)
dτ that

0 < d−
∫ t1

0
‖uτ‖2Ln/22 (B)

dτ < d.

So from (1.8) we can get

J(u(t1)) ≤ d−
∫ t1

0
‖uτ‖2Ln/22 (B)

dτ < d.

Hence, taking t = t1 as the initial time, we have J(u(t1)) < d, K(u(t1)) < 0, the remainder

of the proof is similar as that in Step 1 and we have

‖u(t)‖p+1

Ln/(p+1)
p+1 (B)

+ ‖u(t)‖2
Ln/(p+1)
p+1 (B)

≥ C6e
C3t − d

C4
, ∀ t ∈ [t1, T ),

where

C6 =
1

C4

(
d− J(u(t1)) +

1

2
‖u(t1)‖2

Ln/22 (B)

)
> 0.

Namely, the solution of problem (1.1) grows exponentially in Ln/(p+1)
p+1 (B)-norm, then

Lemma 2.10 is proved.
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3. Vacuum isolating phenomena of solution

Proof of Theorem 1.4. (i) Let Ue be the set defined in (1.10), then by the definition of Nδ
and Lemma 2.6(iii), we have

Ue =
⋃

δ1<δ<δ2

Nδ

=
⋃

δ1<δ<δ2

{
u ∈ H1,n/2

2,0 (B) : ‖∇Bu‖Ln/22 (B)
= C

−(p+1)/(p−1)
∗ δ1/(p−1)

}
=
{
u ∈ H1,n/2

2,0 (B) : C
−(p+1)/(p−1)
∗ δ

1/(p−1)
1 < ‖∇Bu‖Ln/22 (B)

< C
−(p+1)/(p−1)
∗ δ

1/(p−1)
2

}
.

So by [4, Remark 3.2(b)], we know Ue is a vacuum region. Namely, for the initial energy

0 < J(u0) ≤ e, there is no solution of problem (1.1) in Ue and all solutions are isolated by

Ue, then Bδ1 and Bcδ2 are both invariant regions.

(ii) We only consider the nontrivial solutions of problem (1.1) (otherwise, the con-

clusion obviously hold). If u0 ∈ Bδ1 , then the corresponding solution u(t) ∈ Bδ1 for all

t ∈ [0, T ) since Bδ1 is an invariant region. By the definition of Bδ1 in (1.7) we have

(3.1) ‖∇Bu(t)‖Ln/22 (B)
≤ C−(p+1)/(p−1)

∗ δ
1/(p−1)
1 ,

which means that u(t) exist globally.

Next, we prove u(t) decays exponentially with H1,n/2
2,0 (B)-norm. To this end, we first

claim that

‖∇Bu(t)‖Ln/22 (B)
> 0, ∀ t ∈ [0,+∞).

Arguing by contradiction, if there exists a t0 such that ‖∇Bu(t0)‖Ln/22 (B)
= 0, then by the

definition of J(u), we have J(u(t0)) < 0. Then take t0 as initial time, it follows from

Lemma 2.7 that the solution blows up in finite time, so we get a contradiction.

Hence, by (3.1) and Lemma 2.6(i)(iii) we have Kδ1(u(t)) ≥ 0 for all t ≥ 0, especially,

we have Kδ1(u0) ≥ 0. Since δ1 < 1 and ‖∇Bu0‖Ln/22 (B)
> 0, by the definition of Kδ1(u) in

(1.6) we have

K(u0) = K1(u0) > Kδ1(u0) ≥ 0.

Then by Theorem 1.3(i), we know that there exist constants C0 > 0, λ0 > 0 such that

‖∇Bu(t)‖Ln/22 (B)
≤ C0e

−λ0t, ∀ t ∈ [0,+∞).

Namely, u(t) decays exponentially with H1,n/2
2,0 (B)-norm.

(iii) If u0 ∈ B
c
δ2 , since Bcδ2 is an invariance set, then we get u(t) ∈ Bcδ2 for all t ∈ [0, T ),

i.e.,

‖∇Bu(t)‖Ln/22 (B)
≥ C−(p+1)/(p−1)

∗ δ
1/(p−1)
2 , ∀ t ∈ [0, T ).
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Combining Lemma 2.6(ii)(iii) we know that

Kδ2(u(t)) ≤ 0, ∀ t ∈ [0, T ).

Since δ2 > 1, then by the definition of Kδ2(u) and the above inequality, we have K(u(t)) <

0 for all t ∈ [0, T ), especially, K(u0) < 0. Then the assumptions of Lemmas 2.9 and 2.10

hold, then Theorem 1.4 is proved.

Proof of Theorem 1.6. (i) Since J(u(t)) is nonincreasing with respect to t and J(u0) ≤ 0,

then we have J(u(t)) ≤ 0 for all t ∈ [0, T ). By

J(u0) ≥ J(u(t)) =
1

2
‖∇Bu(t)‖2

Ln/22 (B)
− 1

p+ 1
‖u(t)‖p+1

Ln/(p+1)
p+1 (B)

,

we get
1

p+ 1
‖u(t)‖p+1

Ln/(p+1)
p+1 (B)

≥ 1

2
‖∇Bu(t)‖2

Ln/22 (B)
− J(u0).

Then combining the definition of C∗, we can deduce that

1

p+ 1
Cp+1
∗ ‖∇Bu(t)‖p+1

Ln/22 (B)
≥ 1

2
‖∇Bu(t)‖2

Ln/22 (B)
− J(u0),

which impliesG(‖∇Bu(t)‖Ln/22 (B)
) ≥ 0, whereG is defined in (1.12). Then by the properties

of G we get ‖∇Bu‖Ln/22 (B)
≥ r∗, where r∗ = r∗(J(u0)) is the unique positive root of

G(r) = 0. So the set Ur∗ defined in (1.13) is a vacuum region such that all solutions are

isolated by Ur∗ , and then H1,n/2
2,0 (B) \ Ur∗ is a invariant set.

(ii) If u0 ∈ H1,n/2
2,0 (B) \ Ur∗ , by H1,n/2

2,0 (B) \ Ur∗ is an invariant regions, we know that

the corresponding solution u(t) ∈ H1,n/2
2,0 (B) \ Ur∗ for all t ∈ [0, T ). Since J(u0) ≤ 0, then

by the definition of J(u0) and p > 1 we get

1

2
‖∇Bu0‖2Ln/22 (B)

≤ 1

p+ 1
‖u0‖p+1

Ln/(p+1)
p+1 (B)

<
1

2
‖u0‖p+1

Ln/(p+1)
p+1 (B)

,

then by the definition of K(u0), we get K(u0) < 0. So we obtain

J(u0) ≤ 0 < d, K(u0) < 0,

then the assumptions of Lemmas 2.9 and 2.10 hold, so we get u(t) blows up at finite time

T with Ln/22 (B)-norm, and u(t) grow exponentially with Ln/(p+1)
p+1 (B)-norm for t ∈ [0, T ).

Moreover, when J(u0) = 0, 1 < p < (n + 2)/(n − 2), by (2.19) and (2.20), we can have

the following estimate:

T ≤
(p+ 1)|B|(p−1)/2‖u0‖1−pLn/22 (B)

(p− 1)2

[
1−

(
p+1

2

)−(p+1)/(p−1)
] ,

‖u( · , t)‖Ln/22 (B)
<

(p− 1)2/(1−p)√|B|
(p+ 1)1/(1−p)

[
1−

(
p+ 1

2

)−(p+1)/(p−1)
]1/(1−p)

(T − t)−1/(p−1).

When J(u0) < 0, p > 1, the assumption of Lemma 2.7 holds, so Theorem 1.6 is proved.
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4. Blow-up for arbitrary initial energy

Proof of Theorem 1.8. Let u(t) = u(x, t) be a weak solution of problem (1.1), p > 1 and

(4.1) J(u0) <
λ1(p− 1)

2(p+ 1)
‖u0‖2Ln/22 (B)

.

We first prove that u(t) blows up in finite time. In fact, by Lemma 2.7, we can see that if

there is a t0 such that J(u(t0)) < 0, then take t0 as the initial time, the solution blows up

in finite time. Hence, we only need to consider J(u(t)) > 0 for all t ≥ 0 in the following

proof.

The proof proceeds by contradiction, we assume u(t) exists globally. It is easy to see

that∫ t

0
‖uτ‖Ln/22 (B)

dτ ≥
∥∥∥∥∫ t

0
uτ dτ

∥∥∥∥
Ln/22 (B)

= ‖u(t)− u0‖Ln/22 (B)
≥ ‖u(t)‖Ln/22 (B)

− ‖u0‖Ln/22 (B)
,

then combining the above inequality, Hölder’s inequality with (1.8) we obtain

‖u(t)‖Ln/22 (B)
≤ ‖u0‖Ln/22 (B)

+

∫ t

0
‖uτ‖Ln/22 (B)

dτ

≤ ‖u0‖Ln/22 (B)
+ t1/2

(∫ t

0
‖uτ‖2Ln/22 (B)

dτ

)1/2

≤ ‖u0‖Ln/22 (B)
+ t1/2[J(u0)− J(u(t))]1/2.

It follows from (1.8) that J(u(t)) is nonincreasing with respect to t, then 0 < J(u(t)) ≤
J(u0), which implies

(4.2) ‖u(t)‖Ln/22 (B)
≤ ‖u0‖Ln/22 (B)

+ t1/2J(u0)1/2.

On the other hand, by (2.7), we know

(4.3)
d

dt

(
1

2
‖u(t)‖2

Ln/22 (B)

)
= ‖u(t)‖p+1

Ln/(p+1)
p+1 (B)

− ‖∇Bu(t)‖2
Ln/22 (B)

,

then combining the definition of J(u) and (1.5) we have

d

dt

(
1

2
‖u(t)‖2

Ln/22 (B)

)
=
p− 1

2
‖∇Bu(t)‖2

Ln/22 (B)
− (p+ 1)J(u(t))

≥ p− 1

2
λ1‖u(t)‖2

Ln/22 (B)
− (p+ 1)J(u(t))

= (p− 1)λ1

[
1

2
‖u(t)‖2

Ln/22 (B)
− p+ 1

λ1(p− 1)
J(u(t))

]
.

(4.4)
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Since d
dtJ(u(t)) ≤ 0, then we can deduce that

d

dt

(
1

2
‖u(t)‖2

Ln/22 (B)
− p+ 1

λ1(p− 1)
J(u(t))

)
≥ d

dt

(
1

2
‖u(t)‖2

Ln/22 (B)

)
≥ λ1(p− 1)

[
1

2
‖u(t)‖2

Ln/22 (B)
− p+ 1

λ1(p− 1)
J(u(t))

]
.

Let H(t) = 1
2‖u(t)‖2

Ln/22 (B)
− p+1

λ1(p−1)J(u(t)), then it follows from the above inequality and

Gronwall’s inequality that

‖u(t)‖2
Ln/22 (B)

≥ 2(p+ 1)

λ1(p− 1)
J(u(t)) + 2eλ1(p−1)tH(0),

where H(0) = 1
2‖u0‖2Ln/22 (B)

− p+1
λ1(p−1)J(u0) > 0 due to (4.1). By J(u(t)) > 0 for all t ≥ 0

we know

‖u(t)‖Ln/22 (B)
≥ (2H(0))1/2e

λ1(p−1)
2

t,

which contradicts (4.2) for t sufficiently large, then u(t) blows up at some finite time T .

Next, we give a upper bound estimate of T . To this end, we first claim that K(u(t)) < 0

for all t ∈ [0, T ). In fact, by the definition of J(u), (4.1) and (1.5) we know

1

2
‖∇Bu0‖2Ln/22 (B)

− 1

p+ 1
‖u0‖p+1

Ln/(p+1)
p+1 (B)

<
λ1(p− 1)

2(p+ 1)
‖u0‖2Ln/22 (B)

≤
(

1

2
− 1

p+ 1

)
‖∇Bu0‖2Ln/22 (B)

,

hence, K(u0) = ‖∇Bu0‖2Ln/22 (B)
− ‖u0‖p+1

Ln/(p+1)
p+1 (B)

< 0. We assume there exists a t0 ∈ (0, T )

such that

K(u(t0)) = 0, K(u(t)) < 0, ∀ t ∈ [0, t0).

Then by (4.3) we know

d

dt

(
1

2
‖u(t)‖2

Ln/22 (B)

)
= −K(u(t)) > 0, ∀ t ∈ [0, t0).

Namely, ‖u(t)‖2
Ln/22 (B)

is strictly increasing on [0, t0), so combine (4.1) we have

(4.5) J(u0) <
λ1(p− 1)

2(p+ 1)
‖u0‖2Ln/22 (B)

<
λ1(p− 1)

2(p+ 1)
‖u(t0)‖2

Ln/22 (B)
.

On the other hand, since J(u(t)) is nonincreasing with respect to t, and combine the

definition of J(u), K(u) and (1.5), we get

J(u0) ≥ J(u(t0)) =
p− 1

2(p+ 1)
‖∇Bu(t0)‖2

Ln/22 (B)
+

1

p+ 1
K(u(t0))

≥ λ1(p− 1)

2(p+ 1)
‖u(t0)‖2

Ln/22 (B)
,



1502 Guangyu Xu

which contradicts (4.5). So K(u(t)) < 0, ‖u(t)‖2
Ln/22 (B)

is strictly increasing for all t ∈
[0, T ).

For any T̃ ∈ (0, T ), we define a function

F (t) =

∫ t

0
‖u(τ)‖2

Ln/22 (B)
dτ + (T − t)‖u0‖2Ln/22 (B)

+ β(t+ γ)2, ∀ t ∈ [0, T̃ ],

where β, γ are two positive constants which will be determined later, so

F ′(t) = ‖u(t)‖2
Ln/22 (B)

− ‖u0‖2Ln/22 (B)
+ 2β(t+ γ)

=

∫ t

0

d

dτ
‖u(τ)‖2

Ln/22 (B)
dτ + 2β(t+ γ).

(4.6)

Then combining (4.4) and (1.8) we can deduce that

F ′′(t) =
d

dt
‖u(t)‖2

Ln/22 (B)
+ 2β

= (p− 1)‖∇Bu(t)‖2
Ln/22 (B)

− 2(p+ 1)J(u(t)) + 2β

≥ (p− 1)‖∇Bu(t)‖2
Ln/22 (B)

− 2(p+ 1)J(u0)

+ 2(p+ 1)

∫ t

0
‖uτ‖2Ln/22 (B)

dτ + 2β.

(4.7)

By the definition of F (t), we note that F (0) > 0. Since ‖u(t)‖2
Ln/22 (B)

is strictly increasing

for all t ∈ [0, T ), it follows from (4.6) that F ′(t) > 0 for all t ∈ [0, T̃ ], which implies

F (t) > 0 and F (t) is strictly increasing for any t ∈ [0, T̃ ].

Next, for any t ∈ [0, T̃ ], we define

ξ(t) =

[∫ t

0
‖u(τ)‖2

Ln/22 (B)
dτ + β(t+ γ)2

] [∫ t

0
‖uτ‖2Ln/22 (B)

dτ + β

]
−
[

1

2

∫ t

0

d

dτ
‖u(τ)‖2

Ln/22 (B)
dτ + β(t+ γ)

]2

.

Using Hölder’s inequality we have

1

2

d

dτ
‖u(τ)‖2

Ln/22 (B)
=

∫
B
uuτ

dx1

x1
dx′ ≤ ‖u‖Ln/22 (B)

‖uτ‖Ln/22 (B)
.

Then, by Hölder’s inequality again we obtain

1

2

∫ t

0

d

dτ
‖u(τ)‖2

Ln/22 (B)
dτ ≤

(∫ t

0
‖u‖2

Ln/22 (B)
dτ

)1/2(∫ t

0
‖uτ‖2Ln/22 (B)

dτ

)1/2

.

Let

A =

∫ t

0
‖u(τ)‖2

Ln/22 (B)
dτ and B =

∫ t

0
‖uτ‖2Ln/22 (B)

dτ,
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then it follows from the above inequalities and the definition of ξ(t) that

ξ(t) ≥ (A+ β(t+ γ)2)(B + β)− (A1/2B1/2 + β(t+ γ))2

= βA+ β(t+ γ)2B − 2β(t+ γ)A1/2B1/2.

By Young’s inequality, we get

2β(t+ γ)A1/2B1/2 ≤ βA+ β(t+ γ)2B.

So the above two inequalities imply ξ(t) ≥ 0.

For any positive constant µ > 0, we have

FF ′′ − µ(F ′)2 = FF ′′ − 4µ

(
1

2

∫ t

0

d

dτ
‖u(τ)‖2

Ln/2
2 (B)

dτ + β(t+ γ)

)2

= FF ′′ + 4µ

[(∫ t

0

‖u(τ)‖2
Ln/2

2 (B)
dτ + β(t+ γ)2

)(∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ + β

)
−
(

1

2

∫ t

0

d

dτ
‖u(τ)‖2

Ln/2
2 (B)

dτ + β(t+ γ)

)2

−
(
F − (T − t)‖u0‖2Ln/2

2 (B)

)(∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ + β

)]
= FF ′′ + 4µξ(t)− 4µ

(
F − (T − t)‖u0‖2Ln/2

2 (B)

)(∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ + β

)
.

Since ξ(t) ≥ 0, F (t) > 0 for all t ∈ [0, T̃ ], by above inequality, (4.7), (1.5) and ‖u(t)‖2
Ln/22 (B)

is strictly increasing for all t ∈ [0, T ) we obtain

FF ′′ − µ(F ′)2

≥ FF ′′ − 4µF

(∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ + β

)
= F

(
F ′′ − 4µ

∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ − 4µβ

)
≥ F

(
(p− 1)‖∇Bu‖2Ln/2

2 (B)
− 2(p+ 1)J(u0) + 2β + [2(p+ 1)− 4µ]

∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ − 4µβ

)
≥ F

[
2(p+ 1)

(
λ1(p− 1)

2(p+ 1)
‖u(t)‖2

Ln/2
2 (B)

− J(u0)

)
+ [2(p+ 1)− 4µ]

∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ − 4µβ

]
> F

[
2(p+ 1)

(
λ1(p− 1)

2(p+ 1)
‖u0‖2Ln/2

2 (B)
− J(u0)

)
+ [2(p+ 1)− 4µ]

∫ t

0

‖uτ‖2Ln/2
2 (B)

dτ − 4µβ

]
.

Taking µ = (p+ 1)/2 in the above inequations and restricting β satisfy:

(4.8) 0 < β ≤ λ1(p− 1)

2(p+ 1)
‖u0‖2Ln/22 (B)

− J(u0),

we have

FF ′′ − p+ 1

2
(F ′)2 > 2(p+ 1)F

(
λ1(p− 1)

2(p+ 1)
‖u0‖2Ln/22 (B)

− J(u0)− β
)
≥ 0
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holds for all t ∈ [0, T̃ ]. Define G(t) = F (1−p)/2(t) for t ∈ [0, T̃ ], then by F (t) > 0, F ′(t) > 0

and the above inequality we get

G′(t) =
1− p

2
F−(p+1)/2(t)F ′(t) < 0,

G′′(t) =
1− p

2
F−(p+1)/2−1(t)

(
FF ′′ − p+ 1

2
(F ′)2

)
< 0

for all t ∈ [0, T̃ ]. It follows from G′′(t) < 0 that

(4.9) G(T̃ )−G(0) =

∫ 1

0
G′(θT̃ ) dθT̃ < G′(0)T̃ ,

where

G(0) = F (1−p)/2(0) > 0, G(T̃ ) = F (1−p)/2(T̃ ) > 0,

G′(0) =
1− p

2
F−(p+1)/2(0)F ′(0) = (1− p)βγF−(p+1)/2(0) < 0.

By (4.9) and the above inequalities we get

T̃ <
G(T̃ )

G′(0)
− G(0)

G′(0)
< − G(0)

G′(0)
=

F (0)

(p− 1)βγ
.

Then by the definition of F (t) and the above inequality we have

T̃ <
T‖u0‖2Ln/22 (B)

+ βγ2

(p− 1)βγ
=
‖u0‖2Ln/22 (B)

(p− 1)βγ
T +

γ

p− 1
, ∀ T̃ ∈ [0, T ).

Hence, letting T̃ → T , we get

(4.10) T ≤
‖u0‖2Ln/22 (B)

(p− 1)βγ
T +

γ

p− 1
.

For any β satisfying (4.8), let γ be large enough such that

(4.11)
‖u0‖2Ln/22 (B)

(p− 1)β
< γ < +∞,

then

0 <
‖u0‖2Ln/22 (B)

(p− 1)βγ
< 1.

Hence, by (4.10) we lead to

(4.12) T ≤ γ

p− 1

1−
‖u0‖2Ln/22 (B)

(p− 1)βγ

−1

=
βγ2

(p− 1)βγ − ‖u0‖2Ln/22 (B)

.
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We define a set Φ by

Φ = {(β, γ) : β, γ satisfy (4.8) and (4.11) respectively}.

Then by (4.12) we obtain

T ≤ min
(β,γ)∈Φ

H(β, γ),

where

H(β, γ) =
βγ2

(p− 1)βγ − ‖u0‖2Ln/22 (B)

.

Since

H ′β(β, γ) = −
γ2‖u0‖2Ln/22 (B)[

(p− 1)βγ − ‖u0‖2Ln/22 (B)

]2 < 0,

namely, H(β, γ) is decreasing with respect to β. Then we get

(4.13) min
(β,γ)∈Φ

H(β, γ) = min
(β,γ)∈Φ

H(β, γ)
∣∣∣
β=

λ1(p−1)
2(p+1)

‖u0‖2
Ln/22 (B)

−J(u0)
= min

γ∈Ψ
H̃(γ),

where

H̃(γ) =

γ2

[
λ1(p− 1)‖u0‖2Ln/22 (B)

− 2(p+ 1)J(u0)

]
γ

[
λ1(p− 1)2‖u0‖2Ln/22 (B)

− 2(p2 − 1)J(u0)

]
− 2(p+ 1)‖u0‖2Ln/22 (B)

and

Ψ =

γ :
2(p+ 1)‖u0‖2Ln/22 (B)

λ1(p− 1)2‖u0‖2Ln/22 (B)
− 2(p2 − 1)J(u0)

< γ < +∞

 .

Through simple calculation, it is easy to see that H̃(γ) achieves its minimum at γ̃ ∈ Ψ,

and

H̃(γ̃) =
8(p+ 1)‖u0‖2Ln/22 (B)

(p− 1)2

[
λ1(p− 1)‖u0‖2Ln/22 (B)

− 2(p+ 1)J(u0)

]
and

γ̃ =
4(p+ 1)‖u0‖2Ln/22 (B)

λ1(p− 1)2‖u0‖2Ln/22 (B)
− 2(p2 − 1)J(u0)

.

Hence, by (4.13), we get

T ≤
8(p+ 1)‖u0‖2Ln/22 (B)

(p− 1)2

[
λ1(p− 1)‖u0‖2Ln/22 (B)

− 2(p+ 1)J(u0)

] .
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