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Global Existence, Finite Time Blow-up and Vacuum Isolating Phenomena for

Semilinear Parabolic Equation with Conical Degeneration

Guangyu Xu

Abstract. This paper is devoted to studying a semilinear parabolic equation with
conical degeneration. First, we extend previous results on the vacuum isolating of
solution with initial energy J(ug) < d, where d is the mountain pass level. Concretely,
we obtain the explicit vacuum region, the global existence region and the blow-up
region. Moreover, as far as the blow-up solution is concerned, we estimate the upper
bound of the blow-up time and blow-up rate. Second, for all p > 1, we get a new
sufficient condition, which demonstrates the finite time blow-up for arbitrary initial

energy, and the upper bound estimate of blow-up time is obtained.

1. Introduction

1.1. The model and literature overview

Let X be an (n — 1)-dimensional closed compact C'*°-smooth manifold, which is regarded
as the local model near the conical points. B =[0,1) x X, 0B = {0} x X, near 0B we use
the coordinates (z1,2') = (x1,22,...,2,) for 0 < x1 < 1, 2’ € X. We denote by By the
interior of B.

In this paper, we consider the following degenerate parabolic equation

ug — Agu = [uP~lu, ¢t >0,z € By,
(1.1) u(z,t) =0, t>0,z€ 0B,
u(z,0) = ug(x), x € By,
where ug is a nonnegative, nontrivial function and belongs to the weighted Sobolev space

%;:g/ 2 (B). We will introduce the weighted Sobolev space later. p satisfies some appropriate

assumptions, the Fuchsian type Laplace operator is defined as

Ap = (2104,)° + 02, + -+ 05,
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which is an elliptic operator with conical degeneration on the boundary xz; = 0. The
corresponding gradient operator is Vg = (2104, Ozys - - - 5 Ox,, )-

In recent years, degenerate type parabolic equation has been attracting considerable
attention in the research field of analysis of nonlinear PDEs. The papers [7,|8,10}26,127]
introduced a class of weighted Sobolev spaces and proved the corresponding cone Sobolev
inequality and Poincaré inequality. Later on, by applying those precursory results, many
academicians investigated semilinear parabolic and hyperbolic equations with conical de-
generation and their analogue, for example [1-3.(69,12}|13,29].

As for problem , by the classical Galerkin method and potential well method, the
authors in [4] considered the solution with low initial energy case (J(up) < d) and critical
initial energy case (J(up) = d). In order to introduce their and our main results, we give
some necessary notations and definitions.

Throughout the paper, the norm in space £, n/p (B) = 7—[2 n/p (B) is defined by

d 1/p
lull g/ (/ Iulpmdx) , Vpe (1,+0).

As in [4], we define

1 pdry , / p+1 dxl !

=5 [IVeuP - — [ ,
/|v uf? d"“d’ /\ i L g

N:{ue?—tln/Q( ) K(u) = /|V]Eu]2 L dx #0}

If1 <p< (n+2)/(n—2), by [4, Propositions 2.2], we know that the embedding
7-[1 n/2( B) — E;ﬁfﬂ)(ﬂﬁ) is continuous, then for any u € 7—[1 n/Q( B), u # 0, there ex-

ists a optimal positive constant C, such that

(12) |’u‘|£zi(1p+1)(3) < C*HVBUHES/Q(B)
Let
(13) ag = C*—(P"‘l)/(P—l)‘

Further, we define the mountain-pass level by

d= inf{supJ()\u) u € ”Hl n/2 ),/ |V]Bu|2@daj’ + O} = inf J(u),
A>0 B 1 ueN

it follows from [4, Lemma 3.3(iii)] that

P—1 opr/p-1) _ P—1 o2.
14 d= —-—-C, _
( ) 2(p + 1) 2(p + 1)
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Let A1 be the first nonzero eigenvalue of the following Dirichlet problem

—Apg(z) = Ap(x), =€ By,
o(z) =0, r € OB,

then by [4, Proposition 2.3] we know that A; > 0 and satisfies the following inequality:

2 2
(15) Ml < VBN,

(B) (B)

For § > 0, we define

d d
_5/VVBU\2 L da’ — /| [ — L

(1.6) N(s:{ueﬂlnﬂ( - Ks(u _0/|v d, ;Ao},
A(0) = inf J(u)

For 6 > 0, u€7—l1n/2( B), we let

Bs = {HVBUHES 2y < CE T/ 51/@_1)}7
B — _ —(p+1)/(p—1) 51/(p—1)
Bs = B; U0Bs = {|IVsul 12 ) < C gD
B = {[|Vsul g, > OO/ gH DY

By = Bf U085 = { | Vaul o = O 0051/ 0-0 ],

(1.7)

Next, we give the definition of weak solution of problem (|1.1)).

Definition 1.1. [4, Definition 1.1] A function v = u(z,t) is called a weak solution of
problem (1.1) on [0,7") x By in which 7T is either infinity or the limit of the existence

interval of solution, if it satisfies
(i) we L(0,T; Hyy'*(B)) and u, € L*(0,T; L3 (B));

(ii) For any t € [0,7),
t
(19) [ el -+ ) < o)

(iii) For any v € Hl n/2(IB3) and t € (0,7), u satisfies:

dx; d
(1.9) /uT v dy! —|—/VBU V]Bv—dx —/|u]p Lo 2 gy,
B T
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Definition 1.2. Let u(z,t) be a weak solution of problem ([1.1). We define the maximal

existence time T of u(x,t) as follows:
(i) If u(x,t) exists for all t € [0,400), then T' = +oc;

(i) If there exists a ty € (0, +00) such that u(z,t) exists for ¢ € [0,%y), but doesn’t exist
at t = tg, then T = t.

For the readers’ convenience, we summarize the main results obtained in [4] as follows,

which are relevant to the work in this paper.

Theorem 1.3. [4] Let ug € H;:g/Q(B), I<p<(n+2)/(n—-2).
(i) If J(up) < d, K(ug) > 0, then the solution u = u(xz,t) of problem (1.1) exists
globally. Moreover, there exist constants Cy > 0, A\g > 0 such that

HVBUH£§ < Cpe ™™ Vit e [0,+00).

"*(®)
(i) If J(ug) = d, K(ug) > 0, then the solution uw = u(x,t) of problem (1.1) ezists
globally. Moreover, there exist constants C7 > 0, Xo >0 and t; > 0 such that

< Cle_xot, Vt e [t1,+00).

||VB’U’||£’21/2(]B)

(iii) If J(uo) < d, K(up) < 0, then the solution of problem (1.1|) blows up in finite time.

By Theorem we know that the relation between global existence and finite time
blow-up is derived as a sharp condition. Namely, the sign of K (ug) determines the solution
exists globally or blows up in finite time. When K(ug) > 0, by Theorem [1.3(i) and (ii)
we see the solution exists globally and decays exponentially with H;:g/ 2 (B)-norm. When
K (ug) < 0, Theorem [1.3[(iii) shows that the solution blows up in finite time. However, for
the blow-up solution, they do not consider the blow-up time and blow-up rate. Moreover,
it is important and curious to ask a further question like: How does the blow-up solution
grow for ¢t € [0,T"), algebraically or exponentially?

From above, we also note that Theorem holds under the assumptions J(ug) < d
and p € (1,(n +2)/(n —2)). While, the interval (1,(n + 2)/(n — 2)) is very small for
sufficiently large space dimension n. In other words, there are no results on blow-up in
finite time for problem under the condition p € (1,4+00). On the other hand, for the
high initial energy case (J(ug) > d), it is still open that whether the global solution exists
or the solution blows up in finite time. It is worthwhile to point out that the high initial

energy case are very few seen.
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More important, by the [4, Remark 3.2(b)], we know that there is a vacuum region U,
for the solution of problem with initial energy 0 < J(ug) < e < d, i.e., any solution
is isolated by U,, and it is defined by
(1.10) U= |J N

§1<6<d2
where 01, d2 are the two positive roots of d(§) = e, N is given by . But, it is easy
to see that the set is so abstract and we can not get the explicit information about U.
Furthermore, it is natural to ask what the asymptotic behavior of U, when e — 0%7? Is

there any vacuum region of solution when J(ug) < 07

1.2. Main results

The main purpose of this paper is to study the problems stated above. We first consider
the vacuum isolating phenomena of solution with 0 < J(ug) < e < d and J(up) < 0
respectively. Moreover, as far as the blow-up solution is concerned, we get the estimates
of blow-up time and blow-up rate. In particular, we study the asymptotic behavior of the
blow-up solution for ¢ € [0,7T), and we prove that the solution grows exponentially with
E;—(—(lp ) (B)-norm. As for more works about the vacuum isolating behavior of solution, we
mention the papers [5},16-21,23] for the study of other evolution equations.

The first result focus on the vacuum region U, with 0 < J(ug) < e < d. We will show
that the vacuum region is an annulus and splits the space H;:g/ 2(IBS) into inner ball Bs,

and corresponding outer region ESQ.

Theorem 1.4. Let e € (0,d), 61 < d2 are the two positive roots of equation d(d) = e,
1 <p< (n+2)/(n—2), then for all solution u(t) = u(x,t) of problem (L.1)) with
0 < J(up) < e, there is a bounded region

U, = {u e /H;:gm(B) . C;(PJrl)/(P*l)(si/(P*l) < HVBUHLQ/Q(B < C;(erl)/(P*l)é%/(P*l)}

)
such that H;:gm(B) = U.UBs, UE;, where Cy is defined in (1.2). Moreover, we have the
following conclusions:

(i) Ue is a vacuum region, i.c., u(t) ¢ Ue for all t € [0,T). Moreover, By, and By, are

two wnvariant sets;
(ii) If ug € Bs,, then u(t) exists globally and decays exponentially with H;:8/2(B)-n0rm;

(i) If ug € BEQ, then u(t) blows up at finite time T with ES/Q(B)—TLOTM and we can

estimate T as follows

(p—1)/2 1-p
0+ DB ol LE,

a (p—1)2 [1 - ((p+ 1) (% - @>>—<p+1>/(p—1>} ’
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the blow-up rate can be estimated by

(p— 1> /B

”u( : 7t)||£’2‘/2(]}3§) < (p =+ 1)1/(1—;0)

~(p+1)/(p-1)] 1/ 7P)
1 J
x [1—(<p+1> (3- %) ] (T -1y,

1

where [B| is the measure of B, Bs and By are defined in (L.7) for all 6 € (0, (p+1)/2), oy is
defined in (1.3). Moreover, u(t) grows exponentially with EZJ/F(IPH)(IB)-norm forte]0,T).

Remark 1.5. We give two remarks about Theorem

(i) It follows from J(ug) < d, the definition of d and «; in (1.4)) and (1.3) respectively,

- L 2J(w) 2
w0 (5-252) > e (5-2) =1

Then the right-hand sides of the two inequalities in Theorem (iii) make sense.

(ii) By Lemma we also know that 0; decreases to 0 and d2 increases to (p+1)/2 as e
decreasing to 0, which implies the vacuum region U, expands as e decreasing. As the

limit case, we guess the vacuum region for the nontrivial solutions with J(ug) = 0 is
Uy = lim U,
e—0

n _ ) A\ V=)
- {“ € 7—[;:0/2(183) 10 < HVBUHESM(B) < oy /(=) <p—;—)

) ) B 1\ Me-D)
_ {u c 7—[;:0/2(153) : ||VJB“||L:;/2(B) < ¢ D/ (=) (p)

(1.11)

2

(by Lemma [2.4]), and we will prove the above conjecture in the next theorem.

In order to state our next theorem, we consider a function G(r) which is defined by

_ 1
Cp+1

(1.12) G(r) i

1
CPHipptl _ 57”2 + J(up),

where C, is defined in (1.2)), J(ug) < 0. Obviously, by p > 1, we know that the equation
G(r) = 0 admits a unique positive root r* = r*(J(up)), and r*(J(ug)) proposes the

following properties:
(i) G(r) > 0 if and only if » > r*(J (uo));
(i) #*(0) = Cy PTD/=1) (”T“ )1/ vl

(iii) r*(J(uo)) is increasing as J(up) decrease and lim j(,)——oo 7*(J (1)) = +o00.
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The second result focus on the vacuum isolating phenomena of solution with J(ug) < 0.
For the blow-up solution, we also get the estimates of blow-up time and blow-up rate, and
it should be pointed out that our blow-up result holds for all p > 1 when J(ug) < 0.
Moreover, we will show the solution grows exponentially with E;Li(f +1)(IB%)—norm.

Theorem 1.6. Suppose J(ug) < 0, r* = r*(J(ugp)) is the unique positive root of G(r),

where G(r) is defined by (1.12). Let u(t) = u(x,t) be the solution of problem (1.1), then
there exists a bounded region

_ 1 n/2 . %
(1.13) Uy = {u € Hyp *(B) : | Viull o gy <7 }
such that
(i) Uy~ is a vacuum region, i.e., u(t) ¢ Up~ for all t € [0,T);
(ii) 7-[1 n/2( B) \ Uy~ is an invariant region. If

Hyo P (B)\ Upe, 1 <p <22 when J(ug) =0,

o € 1 n/2
Hyo' "B\ Ups, p>1, when J(ug) < 0,

then u(t) blows up at finite time T with £3/2(B)—n07’m and we can estimate T as

follows
G+ DB 2 fuol 7,
T < (p—1)2[1_(LH) (p+1)2/<p 1>] when J(ug) =0,
2
| e

The blow-up rate can be estimated by
H’LL( ) t) Hﬁn/2(B)

p+171/(1-p)
(p(pl_sl/)(# |:1 _ <m) p— 1:| (T . t)—l/(p—l) when J(uo) = 07

< 1/(1-p)
[(”1 ﬁp)‘](uo)] (T —t)~ V=1 when J(ug) < 0.
Uuo n/2
(B)

Moreover, u(t) grow exponentially with E;i(erl)(IB%)-norm forte[0,T).

Remark 1.7. We make two remarks about the vacuum isolating phenomena for J(ug) <

e <d.

(i) By the properties of 7*(J(ug)), we know that U,» = Uy when J(ug) = 0, where Uy
is defined in (1.11)). U, expands as J(ug) decreasing, and

lim Uy =My (B).

J(ug)——o0
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(ii) We can define three sets ffe, G, and B, as follows:

L

E(sl if 0 < J(ug) <e,
‘ Upif J(ug) < 0; ‘ 0 if J(uo) < 0;

G oo JUe H0< T <, R
E§2 if 0 < J(up) <e,

B. 2
Hyo!*(B)\ Uy if J(ug) < 0.

Then combining the results of Theorems [I.4] and we can see the statements in
the abstract hold.

Finally, for all p > 1, we get a blow-up condition with arbitrary initial energy. Fur-

thermore, we get a upper bound estimate of the blow-up time.

Theorem 1.8. Assume u(t) = u(z,t) is a solution of problem (1.1), p > 1 and Ay is
given as in (L.5)). If the initial value satisfies

A(p—1)

MY ) 2

then u(t) blow up at some finite time T. Moreover, T can be estimated by

2
0+ 1)l

ot 1) (uo)|

T<

— 12 XM (p = Dugll?
(p =1 | Mo = Dl

The rest of this paper is organized as follows. For reader’s convenience, in Section
we first introduce some definitions and properties of cone Sobolev spaces. Secondly, we
give some important preliminary lemmas, which will be used in the proofs of main results.
In Section 3, we consider the vacuum isolating phenomena of solution for problem ,
and we give the proofs of Theorems and In Section [ we study the solution of
problem with arbitrary initial energy and prove Theorem |1.8

2. Preliminaries

2.1. Some definitions and properties of cone Sobolev spaces

The detail research of manifold with conical singularities and the corresponding cone
Sobolev spaces can be found in [7,8]. In this subsection, we shall introduce some definitions
and properties of cone Sobolev spaces briefly, which is enough to make our paper readable.

Let X be a closed, compact, C* manifold, we set X = (R x X)/({0} x X) as a
local model interpreted as a cone with the base X. We denote XV = Ry x X as the

corresponding open stretched cone with the base X. An n-dimensional manifold B with
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conical singularities is a topological space with a finite subset By = {b1,...,by} C B of
conical singularities. For simplicity, we assume that the manifold B has only one conical
point on the boundary. Thus, near the conical point, we have a stretched manifold B,

associated with B.

Definition 2.1. Let B = [0,1) x X be the stretched manifold of the manifold B with
conical singularity, then for any cut-off function w, supported by a collar neighborhood
of (0,1) x OB, the cone Sobolev space Hy" "' (B), for m € N, v € R and 1 < p < +00, is

defined as follows
H(B) = {u e W' (Bo) | wu € Hp»'(XV)}.
Moreover, the subspace H, s’ (B) of Hy,"7(B) is defined by
My (B) = wH (X7) + (1 — w)Wg™P (Bo),

where W;"?(B) denotes the closure of C§°(Bg) in Sobolev spaces WP (X), here X is
a closed compact C*° manifold of dimension n that containing B as a sub-manifold with

boundary.

Definition 2.2. We say u(z) € £}(B) with 1 < p < +oc and v € R if
lull o = [ 27 @) EL ' < 4o
e = [ - '

Observe that if u(z) € Ez/p(IB), v(z) € £2/Q(B) with p,q € (1,+00) and 1/p+1/q =1,

then we have the following Holder’s inequality
d{L‘l
[ @)t T e’ <l gy gy 0] g

Lemma 2.3 (Poincaré inequality). Let B = [0,1) x X be a bounded subspace in R} with
XeR"! and1<p<+4oo, § €R. Ifu(x) € H;:g([@), then

lu(@)l o) < 1llVBul)ll2om)

where [ is a positive constant depending only on B.

2.2. Some auxiliary lemmas

Lemma 2.4. Let u(t) = u(z,t) be a nontrivial solution of problem (1.1)) with J(ug) <0,
then we have ”VBU(t)HEn/Q(E) >0 for allt €[0,T).
2
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Proof. Since J(ug) < 0, it follows from (1.8) that J(u(t)) < J(up) < 0 for ¢t € [0,T).

Obviously, |[Veuol| sn/2 4 > 0 because of ug is nontrivial. Then we can prove the lemma
2

(B)
by contradiction. If the conclusion is not true, then there exists a ty € (0,7") such that

||VIB%U(15)H£;/2(B) > 0 for all ¢ € [0,tp) and HVIBSU(tO)HL;/?(B) =0.
On the other hand, it follows from the definition of J (u) and C, that

*HVBUH%/z — =l

p+1 p+
® = pr 1l ®) = 7O I Vey| n/z

(B)’

so it is easy to see that
1/(p—1)
_ (Pt @t
”VBU(t)HE;LM(B) >y = (20* , Vtel0,tp).

Then by the continuity of ||Vpu(t)|| .n/2,,., with respect to t, we get ||Vpu(to)|| /2 m =
Ly (B) Ly""(B)

v > 0, which contradicts ||Vgu(to)|| n/2,,. = 0. O
Ly (B)

Lemma 2.5. [4, Lemma 3.4 and Remark 3.1] Let 0 < 6 < (p+ 1)/2, d(0) defined in

, then
d(s) = o2/ w-nP 120,
p—1

Moreover, d(6) satisfies the following properties:

(i) limg_0d(8) =0, d((p+1)/2) =0 and d(6) < 0 for all § > (p+ 1)/2;

(i1) d(9) is increasing on 0 < 0 < 1, decreasing on 1 < § < (p+ 1)/2 and it takes the

mazimum d = d(1) at § = 1.
By Lemma and the value of d in (1.4)), we get

PH1=20 o)1) —20+1)/ (1)
2.1 d(6) = =Y——— =52/ r=D ]

Lemma 2.6. Assume J(u) < d(0), 0 <d < (p+1)/2, then we have
(i) Ks(u) > 0 if and only if

- 1 -1 —
(2.2) 0< HVBUHL;/z(B) < o7 /(=1 51/(p-1).

(ii) Ks(u) <0 if and only if

(2:3) V5l g2y > O P05 @D,

(iii) Ks(u) =0 if and only if

_ C—(p+1)/(p—1)51/(p71)‘

HVBQ’LHE;/Q(B) — VU
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Proof. (i) If (2.2) holds, then by the definition of C, we have

lal)

< Cp+1!!VBUI\pn/z(B HVBUHZQ/Q < 5HVBUHQLS/Q

£y (B) (B)’

(B)
then

K5 (u) =5HVBUIIZL/2 = llull® > 0.

n/(P-‘rl)(E)
On the other hand, we assume Kgs(u) > 0, then by the definition of Ks(u), we know
that ||VBUH£n/2(B) > 0. Since 0 < 0 < (p+ 1)/2, then it follows from the definitions of
2
J(u) and Ks(u) that

1 ) 1
(2.4) J(u) = (2 - p—l—l) H IBSUH n/Q(B) + mKé(U)a

this joins the assumption J(u) < d(¢), and the value of d(d) given as in (2.1)) entails

PH 1720 o/(p-1) o241/ (0-1) 16 5

which yields ({2.2]).
(ii) If (2.3) holds, then we have

1 § 2 P+ 1 =20 o/p1) 4—2+1)/(p—1) _
(3527 198l > B st00e; - d(s).

Combining (2.4) and J(u) < d(6), we get Ks5(u) < 0.
On the other hand, we assume K;s(u) < 0. By the definition of K;s(u) and C,, we can
deduce that

5||Vnaau||i;/2 < IIU\Ipn/(p+1> Cp“IIVIBUIIpn/z

p+1 (B) —
which implies ([2.3]).
(iii) By (i) and (ii), we get (iii) immediately. O

(B)’

Next lemma focus on the blow-up in finite time of solution with negative initial energy,
moreover, we can get the upper bound estimate of blow-up time and blow-up rate. The
idea of the following proof comes from [15}22,241[25/28].

Lemma 2.7. Let u = u(x,t) be a weak solution of problem (1.1)) with J(up) <0, p > 1,

then u(t) blows up at finite time T with 53/2(183)%07’771 and we can estimate T' as follows

1 H OH n/Q(B)
L—p?  J(uo)

T <

Moreover, the blow-up rate can be estimated by
1/(1-p)

w (T — 1)~V

luC- s Ol gz gy <
£TE I o\lpn/z

(B)



1490 Guangyu Xu

Proof. We define

1 d.%'l
2. == JuP = dd
(2.5) 10 =5 [ o
and
1 d d
(2.6) 9(t) = —(p+ 1)J (u(t)) = p+ / Vs = -~ da' + / [u ! = da.
1

By the definition of f(t) and take v = w in (1.9)) we get

d d d
(2.7) ') = / Uy gy = —/ |Vgul|? g+ / e L g

B 1 B 1 B 1
Combining the definition of g(t) and . we have
d

(2.8) qg(t) = (p+DﬁJ(@)Z@+DMw2Wm2Q

By J(up) < 0 and the definition of ¢g(t) we have ¢g(0) > 0, and it follows from above
inequality that g(t) > 0 for all t € [0,T"). By p > 1, (2.6), (2.7) and Lemma we know

(2.9) f'(t) >g(t) >0, Vtelo,T),

then f(¢) > 0 for all t € [0,7). Combining ({2.5)), (2.8]), Schwartz’s inequality, (2.7)) and
(2.9) we obtain

2
p+1, o 2 ptl / dz
t)g'(t) > > — da’

=P p > P ),

which can be rewritten as , ,
git) _p+1f(1)

9(t) 2 f(t)
Integrating above inequality from 0 to ¢ we get
g _ _ 9(0)
[F(2)] [£(0)]P1/27
then by (2.9), we have
f'(t) 9(0)

(2.10)

TOGRE

Integrating inequality (2.10]) from 0 to ¢, we see

1 1 p—1 9(0)
FOIED2 = [Fo]e-072 2 [fo)erne”

(2.11)
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Clearly, (2.11)) can not hold for all time, this means f(¢) blows up at some finite time T,

(2.12) £(T) = +o0.

By the definition of f(¢) in (2.5), we know u(t) blows up at some finite time T with
E;ﬂ (B)-norm.
Next, we estimate 7" and blow-up rate. Let ¢ — T in (2.11), by (2.12) and the
definitions of f(t), g(t) we get
2
u n
9 f(O) 1 H 0||£2/2(B)

T < -
p—1g0) 1-p> J(up)

Moreover, integrating inequality (2.10]) from ¢ to 7', by (2.12]) we have

)

2/(1-p)
-2/ | _p=1)9(0)
1) < (=0 [ e
then it follows from the definitions of f(¢) and g(¢) that

1/(1=p)

(1 —p*)J (uo) (T — )=/, —

luoll?.

HU( ’ 7t)H£;/2(B) <
3"*(B)

Lemma 2.8. Let u(t) = u(z,t) be a weak solution of problem (1.1) with J(up) < d,
K(up) <0and1 <p<(n+2)/(n—2), then

(2.13) ||V]BU()H£;L/2(B) > o1,

where « is defined in (1.3). There exists a positive constant ag > oy such that

(2.14) HVBU(t) Z a9, Vit Z 0,

Hﬂg/2(B)
and

(2.15) Hu(t)Hﬁg_/F(lp-‘-l)(B) > Ciag, Vit>0.

Moreover, if J(ug) > 0, then the following inequality holds

(2.16) 22w+ (- 750)] R

a1 2 ay

Proof. 1t follows from K (up) < 0 and (1.2)) that

p+1 < (p+l p+1
< ol ) < CFH VB0l

Vg%, "
V50l 33

(B)
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which implies (2.13]). For any ¢ € [0,7), combining (1.2]) and the definition of J(u) we
know that

1 2 p+1 P+
J(u(®)) 2 SIVBU /2 )~ ?(J IVBu(t)|| m( 5)
(2.17) O e et e
2 p+1
= g(a),

where a = [|Vgu(t) Since p > 1, it is easy to see that g(«) is increasing for

lepre ey
€ (0,a1), decreasing for o € (o, +00) and takes the maximum at o = o, g(a1) = d.
Since J(ug) < d, then there exists a positive constant s > o such that g(ag) = J(uop).
Let ap = HV]BUOHL;/Q( B)’ it follows from (2.17) that g(ao) < J(uo) = g(az). By (2.13)
we know that g > aq, then coupled with g( ) is decreasing for o € (aq,+0), leads to
Qg > ao, ie., holds for ¢ = 0. We prove holds for all ¢ > 0 by contradiction.
Suppose on the contrary that ||Vpu(- ’tO)H£;/2(B) < g for some £y > 0. By the continuity
of ||[Vpu(-,t)] /2 e can choose to such that oy < [[Vgu(-,%o)]| o m) < 02 then it

follows from the monotonicity properties of g(«) and ( - ) that
J(uo) = g(az) < g([IVeu(-,to)ll /2 )) < J(ulto)),

which contradicts (1.8]), hence we get (2.14)).
On the other hand, by (1.8]), we get

1 1
2.18 J(ug) > J(u(t)) = =||Vsul>., — ||
(2.18) (uo) 2 J(u(t)) = SlIVBullprzg) = 7wl Zi(pm(ﬁ)
Since J(up) = g(az) = a3 — p+le+1 21, then coupled with (2.14) and (2.18), leads to
1
m” ||pn/(p+l)(B) > = ||V1B%UH n/2(]B) J(Uo)
1 o 1 1 1 p+l
> _ = Bl o P
Z 59 2a2+p+1 « 0
— 1 Cp+1ap+l
p+1 2

so we get (2.15)).

Finally, we prove inequality (2.16)). To this end, we denote = ag /a1, then 8 > 1 by
the fact that ag > a1. So it follows from J(ug) = g(as), @.17) and ay = C; PTH/e=D
that

T(uo) = g(Ben) = 5(Bn)? — ——CPH (B!

p+1
1 1

— (501)2 <2 . ]H_lcf-&-l(ﬁal)P—l) — (,8041)2 (; _ pi 1517—1) .
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Since J(ugp) > 0 and 8 > 1, then we can infer from the above inequality that

11 gl = J(uo)2 < J(ZO))
2 p+1 (Bay) aj
then we have Lp—1)
(%) 1 J(UO) P
—2> N(=-
p=22> ) (5 -1 ,
which combining Remark [L5[(i) deduce to (2.16). O

Our next lemma is about the upper bound estimate of blow-up time and blow-up
rate for nonnegative initial energy, the method in the proof of the following lemma comes
from [11}14,130+32].

Lemma 2.9. Let 1 <p < (n+2)/(n—2), u=wu(x,t) be a weak solution of problem (|1.1)
with 0 < J(up) < d, K(up) < 0, then u(t) blows up at finite time T with £§/2(B)—n07’m

and we can estimate T as follows

(p+ 1)|B|®=D/2| |17 PN
(2.19) T< ®)

(p—1)2 [1 ~(p+1(3-242)) <p+1>/<p—1)] '

Moreover, the blow-up rate can be estimated by

(2.20)
-5 D)l /2 s
12/ ~(p+1)/(p-1)] /=P
S OVIBL (L () (T — 1)~ V/D),
(p +1)1/0-p) 2 aof

where |B| is the measure of B, ay is given by (1.3)).
Proof. We define a functional f(t) the same as in (2.5)), and let
(2.21) H(t) =d— J(u(t)).

By (1.8]), we know that energy functional J(u(t)) is nonincreasing with respect to ¢, then
coupled with J(ug) < d, (2.21]) leads to

(2.22) H(t) >0, Ytelo,T).

Combining ([2.7), the definitions of J(u) and H (t), we get

d
/ Vau o'+ / upt 2 g

(2.23) p+ o / S ' 27(u(t)

}9 dﬂf
p +
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By the value of d in (T.4), a; = C; P/ P71 and @.15) we get

+1 +1
od = P= L o2t /-1) _ aﬁ’ P L eprigpit S O P Ly e
= x Oy X p+1 || | n/(p+1)
p+1 bt p+1 p+17 T m)

Since H(t) > 0, then substituting the above inequality into ([2.23]) we obtain

p+1

dzx dzx
) / > _al p+1 241 1 p+1 1 /
(2.24) f(t)_(l p+1>p+1/|| da’ + 2H (1) >co/|| ',

+
where Cy = (1 — ;1,+1>p+1 > 0 due to the fact ag > ;.
By Holder’s 1nequahty, we can get

+1)/2
f(p+1 /2 < /’ |2 dxl /> p S 5/ ‘u|p+1 @d$/,
B Mo

where C' = 2-(P+D/2|B|(P=1/2 Combining (2.24) and above inequality we have

(2.25) F1(t) > ~fPI2(),

where v = Cy/ C > 0. Integrating the inequality (2.25)) from 0 to ¢, we get
(2.26)

ameg P N e Cp—1 N
f&) >\ f (0) ===t = luollL, n/g( p~ g :
Let
2.27 T, 22 0
(2.27) *—ﬁll uol| n/z( B) € (0, 400),

then by (2.26)) we know that f(¢) blows up at some finite time 7" < T}, and so does u(t).

Next, we estimate T'. By (2.16), (2.27) and the values of C, C , 7Y, we get
2 ol = o g L
N 0 7L — N 0 TL
=17 "l = pone e

+1)|B|(—1)/2 _

R L

(p—1)2 |1 <7>p+ ] £5'%(B)
az

_ 1—
(p 4 1),[33,(13 1)/2HU0||£”‘72
2

T<

(8)
(b-12[1- ((p +1) (% —~ J(Cg%o>>><p+1>/<p1>] '

Finally, we estimate the blow-up rate. Integrating the inequality (2.25)) from ¢ to T', then

<

by f(T) = +oc we can conclude that

p—1 \¥/0P) o
ro< (L) @-ne,
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so by the definition of f(t), (2.16) and the values of C, 5, ~, we have

1
el D120

2/(1-p)
- (T%}) " - e

207 02p -1 (| ([ ST (T —t)~2/(=1)
(p+ 1)[B|p—D)/2 ap

- —1)12/(-p)
_1)4/0-p) B 1 J (p+1)/(p—1)] 2
(p ) ’ ’ 1— <(p+ 1) (2 N ('L;O)>> (T _ t)_z/(p_l),

IN

2(p + 12/ o3

then

HU( ! 7t)H£”/2(B)

p+1

1) (=p) /IB] [1 - <(p+ 1) (1 _ J(U’O)))_p_l] o (T—t)"V/* 1. O

(p+ 1)1/(=p) 2 o

Next, we give a lemma about the asymptotic behavior of blow-up solution. We prove
that the blow-up solution grows exponentially for ¢ € [0,7'), and we point out that our
following result holds for J(ug) < d.

Lemma 2.10. Let1 < p < (n+2)/(n—2), u(t) = (z,t) be a weak solution of problem (L.1))
with J(up) < d, K(ug) < 0, then u(t) increases exponentially in E;/_(fﬂ)(B)—norm for

tel0,T).

Proof. The proof is divided into two steps.
Step 1: the case (J(up) < d). We define a functional

G(t) = H(t) + f(t), Vtel|0,T),

where H(t), f(t) are defined in and (2.5)) respectively, then by (L.8), (2.7) and the
definition of K (u) we get

&) = S T) + 1)

(2.28) Z HUtHi;/z HVIBSUHQn/z y t [Ju ||pn/<p+1)

(B)
— 2 _
= el 2 g, — K )

(B)

Using the definitions of J(u), K(u), H(t), we obtain

p—1
K(w) = (p+1)J () = 2= Vauly s

:uw4w—@+wﬂw—3—4wam

(2.29)

(B)
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By ([2.14]) we can deduce that

2 2
p— 2 _p—1l (o~ a1 2 L+ Y 2
7HVBUH n/2 ( HVBUH "/Q(B) O[%HVBUHL',;L/Q(IB))
(2.30) p | a2 b1
(S50 Vel + L5t
Then combining ([2.28 and d = 7)041 we have

-1
G(1) 2 [l ) = 0+ D+ (p+ DH®) + = Vaull .
2 2
.

2 2
By (2.22)), we can take C| = min {p +1, % (%)} > 0 such that
2

(B)

p—1
> (p+1)H(t) + 5 (

(B)

a3 —of

2

(2.31) G'(t) > Oy | H(t) + ||Veul/2. )
Ly""(B)
On the other hand, by Lemma [2.3] we have

1 1
G(t) = H(t) + §||UH2£;/2 < H(t) + §H2||VIB%U”23/2

(B) (B)’

where p is a positive constant depending only on B. Taking C5 = max {1, % ,u2} > 0, then
6(0) < Ca (H()+ |Vaullyy )
Combining and above inequality we get
G'(t) > C3G(1),
where C5 = C1/Cs > 0. Tt follows from Gronwall’s inequality that
(2.32) G(t) > G(0)e“3, Vtelo,T).

By the definitions of G(t), J(u) and Holder’s inequality, we have

1 1 1
G(t) = d = 5ValPayg )+—+1u Iy * 3100
1 —1 +1 2
<d+ 4_’_ 1 H Hpn/(p+1)(]B) 5‘3‘ p=D/p HUHEZi(lpﬂ)(B)'

Taking Cy = max{ s 2|B|(p b /(p+1)} > 0, then

2
Il gy ot ) 2 (GO =),
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This, coupled with (2.32) and the definition of G(t), leads to

d
eI 1) gy + N ) = Coe™t = =, W€ 0,7),

p+1 ( ;D+ 4

where

_ 1 1 9
Cs = cy <d— J(’LL()) + 2“160”[:;/2(18)) > 0.

Then we know that the solution of problem (|I.1)) grows as an exponential function in

n/(p+1)
el

Step 2: the case (J(ug) = d). By J(up) = d > 0, K(up) < 0 and the continuity of
J(u(t)) and K (u(t)) with respect to ¢, we know that there exists a sufficiently small ¢; > 0
such that J(u(t1)) > 0 and K (u(t)) < 0for 0 <t <t;. Then for 0 < ¢ < t; it follows from

that

d
(2.33) /uut M g = —K(u) > 0.
B

(B)-norm.

On the other hand, by Hélder’s inequality it is easy to see that

dx
[ tol S da” < ol gy

then by (2.33)), for 0 <t < ¢;, we have HutHin @) > 0. Then it follows from the continuity
2
t 2
of [y HuTHﬁg/Q(B) dr that
t1
2
O<d—A Jur ey g 7 <

So from ([1.8) we can get

t1
J(u(ty)) < d — /0 e 22,5, d7 < d.

Hence, taking ¢t = ¢; as the initial time, we have J(u(t1)) < d, K(u(t1)) < 0, the remainder

of the proof is similar as that in Step 1 and we have

Pt > Cget3t — — T
0y + IO = Coe® = 5, We € 0 T),
where
1 1 )
Co = g (- Tt + Gl By ) >0

Namely, the solution of problem ([1.1)) grows exponentially in EZ_{_(IP Jrl)(IEB)—norm, then

Lemma [2.10]is proved. t
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3. Vacuum isolating phenomena of solution

Proof of Theorem [1.4. (i) Let U, be the set defined in ((1.10]), then by the definition of N
and Lemma [2.6{(iii), we have

Ue - U N§
61 <6< b9
1,n/2 —(p1)/(p—1 _
— U {u c 7_[2’0/ (B) : HVBUHE;’/Q(B) — (] (p+1)/(p )51/(1) 1)}
01 <0< 2

= {u € H;:gﬂ(ﬁ) : C;(PJrl)/(Pfl)(gi/(pfl) < ||VBU||L;1/2(]B < C;(erl)/(pfl)(S;/(pfl)}.

)
So by [4, Remark 3.2(b)], we know U, is a vacuum region. Namely, for the initial energy
0 < J(up) < e, there is no solution of problem in U, and all solutions are isolated by
U., then Bs, and B§2 are both invariant regions.

(ii) We only consider the nontrivial solutions of problem (otherwise, the con-
clusion obviously hold). If uy € Bjs,, then the corresponding solution u(t) € Bs, for all
t € [0,T) since Bs, is an invariant region. By the definition of By, in (1.7]) we have

(3.1) | Vu(t) < C;(pﬂ)/(pfl)(;i/(pfl)’

leyree)

which means that u(t) exist globally.

Next, we prove u(t) decays exponentially with H;jg/ 2(IB%)—norm. To this end, we first
claim that

Arguing by contradiction, if there exists a to such that ||Vgu(to)|| .n/2 5 = 0, then by the
2

(B)
definition of J(u), we have J(u(tp)) < 0. Then take ¢y as initial time, it follows from
Lemma that the solution blows up in finite time, so we get a contradiction.

Hence, by (3.1) and Lemma [2.6{i)(iii) we have Ks, (u(t)) > 0 for all ¢ > 0, especially,

we have K3, (up) > 0. Since d; < 1 and HVBU/OHL”/Q(B > 0, by the definition of K, (u) in
2

(1.6) we have

)

K(UO) = Kl(uo) > K51 (UO) >0

Then by Theorem i), we know that there exist constants Cy > 0, Ag > 0 such that

IVBu(t) < Coe ™! Yt e[0,+00).

ey @)

Namely, u(t) decays exponentially with ’H;:g/ 2 (B)-norm.
(iii) If up € Egg, since BEQ is an invariance set, then we get u(t) € E§2 forall t € [0,T),
i.e.,

> Oy U/l e [0,7),

HvBu(t)HL;/Q(E) = V%
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Combining Lemma [2.6[(ii)(iii) we know that
Ks,(u(t)) <0, Ytel[0,T).
Since 2 > 1, then by the definition of Kj,(u) and the above inequality, we have K (u(t)) <

0 for all t € [0,T), especially, K(ug) < 0. Then the assumptions of Lemmas and
hold, then Theorem [1.4]is proved. O

Proof of Theorem [1.6] (i) Since J(u(t)) is nonincreasing with respect to ¢ and J(ug) < 0,
then we have J(u(t)) < 0 for all t € [0,T). By

1 1
J(uo) = J(u(t)) = QHVBU(t)Ili;/Q(B) B )Hpnﬁpm(B)
D

we get
1
71“ ( )Hpn/(P+1)(B) j 2HV]BU< )H n/2( ) - J(UO)

Then combining the definition of C,, we can deduce that

1 2

which implies G (HV]B;u( M pnr2 (B)) >0, Where G is defined in ([1.12)). Then by the properties
2
of G we get HV]BuHLn/z(B) > r*, where r* = r*(J(up)) is the unique positive root of
2

0| Vgu(t )Hpn/g — J(uo),

G(r) = 0. So the set U« defined in is a vacuum region such that all solutions are
isolated by U,+, and then Hl n/2( B) \ Uy~ is a invariant set.

(ii) If up € 7—[1 n/2( B) \ U+, by 7—[1 n/2( B) \ Uy~ is an invariant regions, we know that
the corresponding solution u(t) € 7—[1 n/2( B) \ Uy~ for all t € [0,T). Since J(ug) < 0, then
by the definition of J(up) and p > 1 we get

1

2 p

then by the definition of K(uo), we get K(uo) < 0. So we obtain
J(ug) <0<d, K(up) <0,

then the assumptions of Lemmas [2.9| and hold, so we get u(t) blows up at finite time
T with ES/Q(IB%)—norm, and u(t) grow exponentially with EZJ/r(fH)(IB%)—norm for t € [0, 7).
Moreover, when J(up) =0, 1 < p < (n+2)/(n — 2), by (2.19) and (2.20), we can have

the following estimate:

(p—1)/2 1-p
(0 + DB 2 uoll 2,

(p—1)2 [1 ~ <p_51><p+1>/<p1>} !

_ _1y7/(1-p)
(- 1)2/ (1-p) /\B\ pr1 (r+1)/(p—1) 1)
||U(',t)||[:;/2(3) < ( )1/(1 - 1-— 72 (T_t) .

T<

When J(ug) < 0, p > 1, the assumption of Lemmaholds, SO Theoremis proved. [
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4. Blow-up for arbitrary initial energy

Proof of Theorem [L.8 Let u(t) = u(x,t) be a weak solution of problem (1.1)), p > 1 and

AM(p—1)

(4.1) J(up) < 20+ 1)

.
We first prove that u(¢) blows up in finite time. In fact, by Lemma we can see that if
there is a tg such that J(u(tg)) < 0, then take ¢y as the initial time, the solution blows up
in finite time. Hence, we only need to consider J(u(t)) > 0 for all ¢ > 0 in the following
proof.

The proof proceeds by contradiction, we assume u(t) exists globally. It is easy to see
that

t
| Vel >

then combining the above inequality, Holder’s inequality with (|1.8)) we obtain

ur dr = ) = woll g2y 2 1Ol yr2gmy = ol 72,

3" (B)

00 g7y < Dol + [ rlgy

1/2
< luallgrgy+ % [ el )

< Iluoll g2 gy + /21 (w0) = J (u(t))]V2.

(B)
It follows from (1.8]) that J(u(t)) is nonincreasing with respect to ¢, then 0 < J(u(t)) <
J(ug), which implies

(4.2) () g2 gy < ltll sz ) + 8727 () 2.

On the other hand, by (2.7), we know

d (1
(43) ﬁ<ﬂmwﬁ¢@)=wmwamﬂk ~ IVau(®l2,2

p+1

then combining the definition of J(u) and ( we have

da (1 2 _p-1 2 _
i (B1ORy ) ) = 25 IVBUO, )~ 0+ DI(0)

(4.4 > P 0l )~ 0+ DI
== D Oy )~ 5 )
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Since 4.J(u(t)) < 0, then we can deduce that
p+1

d (1
i (GIOR g — 52 )

d Ly
1 p+1
>Mp—1 2 - t))| .
> Al = 1) OBy )~ 5 )]
Let H(t) = %Hu(t)ni"/Q(B) %J( u(t)), then it follows from the above inequality and

Gronwall’s inequality that

2(]9—1— 1) A\ (p—1) 575
)| > 22T J(u(t)) 4 2eM PTUEH
)2 = e s T(ult) + 26N 0DV (0),
where H(0) = %HUOHZH/Q(B) — %J(uo) > 0 due to (4.1). By J(u(t)) >0 forall ¢t >0
2
we know
(p=1),
2

— A
la(®)ll go/2 sy > (RE(0))'/2e™

which contradicts (4.2]) for ¢ sufficiently large, then w(¢) blows up at some finite time 7.
Next, we give a upper bound estimate of T'. To this end, we first claim that K (u(t)) < 0
for all t € [0,T). In fact, by the definition of J(u), (4.1) and (L.5) we know

1 AM(p—1)

1
v/ 2 - pt 2 27 2n
2” Bu0||£2/2(3) _'_1” 0|| Z—{—(IH—I)( ) 2( _|_1) ” 0|| /2( )
1 1
< (5-—— ] IVauoll?,
= <2 p+1> 1V5t0lly/2 sy
— 2 .
hence, K (up) = HVBUOHCQ/Q(IB) — |l OHPn/<p+1 @) < 0. We assume there exists a ty € (0,7)

such that
K(u(tyg)) =0, K(u(t)) <0, Vtel0,to).

Then by (4.3) we know
i (B1OEy ) = ~K(®) >0, Ve ),
Namely, Hu(t)Hin 28 is strictly increasing on [0, ¢p), so combine (4.1)) we have
2

Ai(p — 1) Ai(p —1) 2
- < ——||u(t n .

2(p + 1) ® < 2p+1) 10l
On the other hand, since J ( (t)) is nonincreasing with respect to ¢, and combine the

definition of J(u) ) and (|1.5), we get

J@@Zﬂwmw7%%7

Ai(p—1)
= 2+ 1)

(4.5) J(uo) < | 0||2n/2

1
HVBU@O)HZW ® T ﬁK(U(tO))

Jlt)2 25
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which contradicts (4.5). So K(u(t)) < 0, Hu(t)||in/2(B) is strictly increasing for all ¢t €
2
[0,7).
For any T e (0,T), we define a function

t
_ 2 _ 2 2 F
= [ Iy 7+ (T = Dol + B+, Ve 0T,

where 3, v are two positive constants which will be determined later, so

F'(t) = |lu(®)]]?,
(6) = Ju®)y .

- [ = p .
| 31y g -+ 2804

~ ol 2, + 26t +7)
2

Then combining (4.4) and (1.8)) we can deduce that

vy
(1) = S Iu)]2, s ) + 28
= (0= DIVEuDI2y2 ) — 2p+ 1T (w(t)) + 28

> (0= DIVsu(®)|2 25, — 20+ 1) (0)

¢
2
+2(p+ 1)/0 HuT||£,21/2(B)dT+2B.

By the definition of F(t), we note that F'(0) > 0. Since Hu(t)Hin/Q(B) is strictly increasing
2

for all t € [0,7), it follows from (4.6) that F'(t) > 0 for all ¢t € [O,T], which implies
F(t) > 0 and F(t) is strictly increasing for any ¢ € [0, T].
Next, for any ¢ € [0, 7], we define

t t
— 2 2 2
= [ Ry g 80402 | [l 48
1 [t d 2
5 [ 0By sy dr e+ B+

Using Holder’s inequality we have

dl’
2 1 1!
- < n n .
” ( )” n/2 (B) /UUT | T = Hu”C2/2(IB%)HUTHC2/2(]B)

Then, by Holder’s inequality again we obtain

1 ! 2 2 12 2
o [ gy < ([ Wil ) ([ ey o)

¢ t
_ 2 _ 2
A—/O Hu(T)HES/Q(B) dr and B —/0 ||UTH£;/2(B) dr,

1/2

Let
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then it follows from the above inequalities and the definition of £(¢) that

E(t) > (A+Bt+7))(B+8) — (AV2BY2 4 B(t +4))?
= BA+B(t+7)°B —28(t +7)AV? B>,

By Young’s inequality, we get
28(t +~)AY?BY? < BA+ B(t +7)*B.

So the above two inequalities imply £(¢) > 0.
For any positive constant p > 0, we have

2

1 [td
"o N2 _ "o - 2
FF'" —u(F)? = FF" —4u (2 /0 d7—||u(T)H£§/2(B) dT+ﬁ(t+'y))

t
=t ([ gy 8004207 ) ([ a2y )

1 /' d ) 2
(5] IOy dr+ 52+ )

t
(= @ = Ol ([ ey 4 5)

t
= FF" o apg(0) i (F = (0= Ol ) ([ Ty r +6).

Since £(t) > 0, F(t) > 0 for all t € [0, T, by above inequality, (7)), (L.5) and Hu(t)||in/2(]B)
2

is strictly increasing for all ¢t € [0,7") we obtain
FF// . M(F/)z

t
>FF”—4F/ e d
> £ = 4 ([ el s ar 4 6

t
— " _ 2 _
=F <F 4MA HUTHL;L/Z(IB) dr 4:“5)
t
> F((p— DIVsull, 2 — 20+ 1)J(wo) + 28+ 200+ 1) = 4p] | urlZnso g d7 — 4p
L5/ (B) 0 L5 (B)

Ai(p—1) ¢
> 1 |2+ 1) (G 01— T00) ) + 2041~ 4] [ urly g dr — 405

> 1 20+ 1) (G ol gy = ) )+ 20+ 1) =] [ el dr = 48]

Taking 1 = (p+ 1)/2 in the above inequations and restricting /3 satisfy:

(4.8) 0<B< A;(p l

ﬁ” 0H2n/2(B) J(uo),

we have

FE - Pz S0 )F (Al(( — 1)) w0172 gy = 7 (10) = ﬂ) >0

(B)
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holds for all ¢ € [0,T]. Define G(t) = F1=P)/2(t) for ¢ € [0,T], then by F(t) > 0, F'(t) > 0
and the above inequality we get
Q) = P2 ) < o,

2
G//(t) — 1 ;pF_(p+1)/2—l(t) (FF// _ p—; 1(F/)2> < O

for all t € [0,T). It follows from G”() < 0 that
1 ~ ~ ~
(4.9) G(T) - G(0) = / G/ (0T) doT < &' (0)T,
0

where

G(0) = FI=P/2(0) > 0, G(T)=FP/2(T) >0,
1

G'(0) = %pF‘@*W?(mF’(m = (1 —p)ByF~"TD2(0) <0,

By (4.9) and the above inequalities we get

- _G(T) _ G() G(0) £(0)

Then by the definition of F'(t) and the above inequality we have

Tluoll?, /. + 67 luoll?,.
- L, " (B) Ly""(B) gl =
T < = = 2 T , VT €10,T).
(p—1)By p—1B p-1 0.7)
Hence, letting T — T, we get
2
w0l

(4.10) = p-py  p-1

For any (3 satisfying (4.8)), let v be large enough such that

40122 g
then o 2
uo n/2
Ly (B)
0< ——< 1.
(p—1)Bv
Hence, by (4.10) we lead to
-1
luoll2,.» 2
(4.12) T<- 0 (1oL ® — Al

p—1 (p—1)By (p =17 = lluollZ o 5,
2
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We define a set ® by
® = {(B,7) : B, satisfy (4.8)) and (4.11)) respectively}.

Then by (4.12)) we obtain
T S min H(ﬁvV)?

(B:m)e®
where 8 )
5
HED = 08— Twol,
3" (B)
Since 2” ||2
Yl Uo n/2
L B
HZ?(/BafY):_ 2 ® 2<O7

_ _ 2
= 157~ ol
namely, H(S,~) is decreasing with respect to . Then we get

(4.13) min H(fS,v) = min H(S,7) = min H(y),

9 A —
(By)e® (Bm)e® =240 Huollin/z(m—zf(uo) eV
2

where

7 o= Dllolly sy~ 200+ 1))

(B)

-2 = D) -2+ Dluoly

H(y) =

¥ Pl = 2l

(B) (B)

and )
2(p+ 1) ||uol|*.
0+ Dol g

e “20? — 1) ()

<y <400
M= D2l ey
2

Through simple calculation, it is easy to see that H (7) achieves its minimum at 5 € ¥,

and ( )| uol|?
~ L B
HE) = :
12 _ 2 B
(p—1)% [M(p 1)HUOH£;/2(B) 2(p + 1)J (uo)
and )
- A(p + 1)HUO||£;/2(B)

M(p— 1)2HUOHES/2(E) —2(p? —1)J (o)

Hence, by (4.13]), we get

8o+ Dol
2

(B) ‘ =

-1 | Mp-1 2 —2(p+1)J
(0 =1 M= Dol ) =20+ 1) (o)

T<
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