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Maximal Averages over Certain Non-smooth and Non-convex Hypersurfaces

Yaryong Heo, Sunggeum Hong™* and Chan Woo Yang

Abstract. We consider the maximal operators whose averages are taken over some non-
smooth and non-convex hypersurfaces. For each 1 <¢ <d—1,1let ¢;: [-1,1] = Rbea
continuous function satisfying some derivative conditions, and let ¢(y) = Zf;ll i (ys).
We prove the LP boundedness of the maximal operators associated with the graph of
¢ which is a non-smooth and non-convex hypersurface in R?, d > 3.

1. Introduction and statement of results

Let X be a hypersurface in R?, d > 3. Let n be a compactly supported C°>°(R%) function.
For t > 0 we define averages T; by

Ty f(x) = /E £ — ty) du(y)

where dp is a Borel measure supported in a compact subset ¥y = supp(n) N X. The
maximal operator of T is defined by

T"f(x) = sup [ T¢f ()],
>0

When ¥ is the sphere and du is the spherical measure, E. M. Stein [11}|13] proved
that the maximal operator T* is bounded on LP(R?), d > 3 if and only if p > d/(d — 1).
J. Bourgain [1] proved later the analogous result in two dimensions. In addition, various
classes of maximal operators associated with sub-varieties have been studied for forty
years (see Stein’s monograph [12]). It is well known that the estimates of the maximal
operators T* are intimately connected with the decay of the Fourier transform d/\,u to
estimate an oscillatory integral. These in turn are closely related to geometric properties
of the surface ¥. A. Greenleaf [4] proved that T* is bounded on LP(R?), d > 3 and
p > d/(d—1), provided that X is a smooth hypersurface having everywhere non-vanishing
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Gaussian curvature and dp is the surface measure. In contrast, the results for the case
where the Gaussian curvature vanishes at some points are still open with the exception
of the two dimensional case (see [7H10]). For a smooth convex hypersurface of finite type,
A. Nagel, A. Seeger, and S. Wainger [9] expressed the decay of the Fourier transform 3;7
by using the caps

B(z,0) :={y € ¥ : dist(y, Hy(¥)) < 6},

where H,(X) denotes the tangent plane at x € 3. The estimate is

|dn(€)] < C (IB(a+, €171 + Bz, €] 7M)

where x4 are the points on ¥ for which £ is a normal vector (see also |2]). They obtained
sharp results for the maximal operator T* in higher dimensions d > 3 by using an L?-norm
of a family of nonisotropic balls on . For example, the maximal operators T* associated

with the surface ¥ C R? given as a graph
d—1

(1.1) zi=c+ Y |wl 2<ar < <ag <d)
i=1

where the a; are even integers, is bounded on LP(R?), d > 3 for p > d/(d — 1). Based
on calculations in [9] on examples of the form (1.1)), A. Isoveich, E. Sawyer and A. Seeger
in [§] conjectured the below and obtained partial results and drew a fairly complete pictures
where d = 3.

Conjecture 1.1. Let ¥ be a conver surface in R4™!, and let P € ¥ and a = (ay, . ..,aq-1)
be the multitype at P. Define vy by

1
=Y —, k=1,...,d=1; 13=0

The mazximal operator T* is bounded on LP(R?) if the support n is contained in a suffi-
ciently small neighborhood of P and if

(1.2) p > max (kk>

k=1,....d — 14y

As for non-convex hypersurfaces 3, A. Ikromov, M. Kempe and D. Miiller [5,6] proved
the sharp LP boundedness of the maximal operator T*, provided that ¥ is a smooth
hypersurface of finite type on R3. This study was done under a transversality assumption
on the underlying hypersurface ¥, saying that for every point zy € X, the affine tangent
plane zg + T,,% does not pass through the origin (see also [15] for the related results of

maximal averages over hypersurfaces not satisfying the transversality condition). In this
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case the decay estimates of the Fourier transform of surface-carried measure on a smooth
convex hypersurface ¥ of finite type in [9] fail to be true. Thus they estimated it in terms
of Newton polyhedron associated to the given hypersurface (see [6,/14]). In light of the

above, one is naturally led to the following question:
Is T* bounded on LP(R?) for non-smooth and non-convex hypersurfaces?

In this paper we provide estimates which not only give an affirmative answer for certain
non-smooth and non-convex hypersurface 3 in R% d > 3, but also reveal how the main
theorem is related to the range of p in of Conjecture

We would also like to emphasize that in the process of proving LP boundedness of T*,
we do not use any information of the Fourier decay estimates for smooth hypersurfaces
in [6,8,9]. We rely on microlocal decomposition of the measure in both the space and the
frequency variables, and we divide the range of p into finite pieces bases on the singularities
of 3 to obtain the desired estimates.

We begin with a definition and some examples to state the main results.

Definition 1.2. Let I = [a, 5] be a closed interval in R. For each positive integer m, let
t1,...,ty, be arbitrary m distinct points in (a, 3). For each positive integer N > 2, let
¢ € CH{I)NCON(I\ {t1,...,tm}) be a real valued function, then we say that ¢ has type
(b1,...,bm; N) at (t1,...,ty) if there are real numbers b; > 1 (1 < i < m) and positive
constants C), Co,Cs, ..., Cy such that

(1) O (TTi% 1t = t:f72) < 9" (1)l
2) oD )| < Co (TT1y |t — i 4H1), £=2,..., N,

for all t € T\ {t1,...,tm}. Define €V (I;t1,...,tm;b1,...,bn) to be the collection of all
real valued functions that have type (by,...,bm; N) at (t1,...,tm).

1.1. Examples for Definition
(1) Let ¢(t) = |t|* for some real number a > 1, then for each ¢ > 2 we have
(1.3) 10O) = lala—1)---(a— L+ 1)||t| 7+ ift #£0.

Thus ¢ € €V([~1,1];0;a) for any N > 2. This example shows that Definition (2)
is not optimized. That is to say, the range of p in Theorem is not improved even

though (|1.3) is used in proving Theorem

(2) Let ¢ be a polynomial with ¢”(t) = (¢ + 1)t2(t — 1)3(t — 3)%, then for any N > 2

¢ € eV ([-2,2];-1,0,1;3,4,5) and ¢ € €V ([-2,4];-1,0,1,3;3,4,5,6).
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(3) Let @ > 1 and b > 1 be real numbers. Let ¢ € C*([—1,1]) be a real valued function
such that

a—2 b—2 -1 -1

< 16"(H)] < Calt+ 1

2

t—i—l
2

y 1
2

1
t— =

1
if £ 4=
5 M E

Cy

for some positive constants C% and Cs, then ¢ € €2([-1,1]; —%, %; a,b).

We now proceed to introduce our maximal operators. For each 1 < ¢ < d — 1,
let ¢;: [-1,1] — R be a continuous function, and define ¢(y) := Z?;ll oi(yi) if y =
(Y1,--+,Yq—1) € [~1,1]971. Then the hypersurface ¥ is given by the graph

5= {(:p,qﬁ(w)) Lxe -1, 1]d—1} .

Suppose that p is the Borel measure on R? given by
WPy =[xl o)) do.

where 7 is a positive smooth function supported on [—1, l]dfl. Then for each t > 0, we

define the average T; associated with the measure u by

Tyf(z) = /2 fa — tz) du(z) = /[ £ — 1y, 6(y)))n(y) dy

_171]d71

and its maximal operator T* by

T"f(x) = sup [T, f ()],
>0

We are interested in the LP-boundedness properties of T*, i.e.,
(1.4) IT*fllp < Clifllp-

We shall prove the following.

Theorem 1.3. Let d > 3 and N > 2. For each 1 < i < d — 1, suppose that ¢; €
eN([=1,1]; t;; a;) for some real number a; with 1 < a1 < --- < ag_1. Define vy, by

1
1.5 = —, k=1,...,d—1, =0.
(1.5) Vk Eaj Vd
Let 0 <n <d-—1 be the largest integer so that 1 = ag < a1 < --- < a, < 2. Define
d k
= max | ——— .
Po k=n+1 k—l-i-yk

If N >3 and vi > 1/2, then T* is bounded on LP(R?) for p > max (ngg,po). Moreover,
if N> 2 and vy < 1/2, then T* is bounded on LP(RY) for p > 1/vy.
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Remark 1.4. (1) It is well known (see [5,6]) that the behavior of the maximal operator
essentially depends on so-called the transversality condition. It means that the affine
tangent plane z + 7, ¥ to ¥ through  does not pass through the origin R? for every
z € 3. In particular, without this condition our result of Theorem [I.3] can not be

sharp. See E. Zimmermann [15] for details.

(2) The results of Theorem are sharp if we take ¢(y) = Z?;% y;lj + ¢ (¢ # 0) where

2<a; <---<ag-1 (a; positive even integer) as in [9].

(3) Let N > 3. Foreach 1 <i <d—1if ¢; € ¢N([~1,1];t;5a;) and 1 < ay < --- <

aq—1 < d, then T* is bounded on LP(R?), d > 3 for p > max (%, d%‘ll).

(4) When N is sufficiently large in the condition of above (3), we see that the maximal

operator T* is bounded on LP(Rd) for p > max (%, d%‘ll) = %.

¢(xg) = Vo (xg) =0 and det [3628¢ | (z0) # 0, then by Morse’s lemma there exists a
z; Oz

diffeomorphism from a small neighborhood of zq in the z-space, to a neighborhood

In particular if

of the origin in the y-space, under which ¢ is transformed into
m d—1
2 2
> 2 v
j=1 j=m+1

for some 0 < m < d — 1. Thus this recovers a result of A. Greenleaf [4] if ¥ is a
smooth hypersurface in R%, d > 3 and ¥ has everywhere non-vanishing Gaussian

curvature.

Corollary 1.5. Let d >3 and N > 2. For each 1 <i <d — 1, suppose that
(Z)Z' S Q:N([—l, 1]; ti,l, . 7ti,mi; bi,la . 7bi,mi) and a; ‘= max(bi,l, . 7bi,mi)-

Without loss of generality we assume 1 < a; < -+ < ag_1. Let v be as in (1.5) and let
0 <n < d-—1 be the largest integer so that 1 = ag < a1 < -+ <a, <2. If N >3 and
vy > 1/2 then T* is bounded on LP(R?) for

S 2N -2 4 ( k )
ax | ———, max (——— ) | .
p max 2N—3’k:r£n-i}-<1 k‘—l—l—l/k
In addition, if N > 2 and vi < 1/2, then T* is bounded on LP(R?) for p > 1/v;.

Proof. By using partitions of unity we dominate T* f(x) as a finite sum of maximal oper-

ators T . (|f])(z) associated with measures

i (F) = [ xe( b)),y (o) do
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where 7;, . is a positive smooth function supported in I;, x - x I;, , C [~1,1]471 for

"7jd—1
some closed intervals I;, C [—1,1], and ¢; € €N(I,;t; ;1 b; ;). Next let by ji, ..., ba—14,
be one of the (d—1)-tuples appearing in the definition of the maximal operators T;l;myjd—l’
then we have b; j, < a;. Let a!, ..., a),_, be the increasing rearrangement of by j,,...,b4—1j, ,

suchthat1<a’1§-~-§a2<2§a2+1S---Sa&_l,thenafigai and n < [. Define

U
—

— 1
vy, = —, k=1,...,d—1; v,=0,
1
J

<
Il
ol

then v, < v; and so we have
1 1 k k
Lol nd i <> > b <> |
vy Y k=n+1 \k — 1+ 1} k=n+1 \k — 1+ v},
Hence by applying Theorem for the maximal operators T ., .
result. O

we obtain the desired

Notation. The Fourier transform of f is denoted by ]? For each positive real numbers
A and B, we will use A < B to denote the estimate A < C'B, where C is a constant
depending only on the dimension d. We will denote A ~ B if A < B and B < A.

2. Proof of Theorem |1.3; maximal averages over the interval E = [1,2]

In order to prove (1.4, we dominate |n(z)| by ni(x1) - ng—1(x4-1) for some positive
smooth functions n; (1 < ¢ < d — 1) supported in [—1, 1]. We also note that

T ()] < / (@ — s $@)) M) - s (i) dy.

[_171}11—1

From now on we may assume that n(x) = ni(x1)---ng—1(xq—1) for further discussions.

For each subset E C R", we define the maximal operator by
Trf(x) :=sup|Tf(z)|
tel
and then this implies T*f = T (g, f. First we will prove the LP boundedness of the
maximal operator Tg with £ = [1,2], and the general case Ty with £ = (0,00) will
follow by the argument of M. Christ as in [3] (see Section [3).
2.1. The case E =[1,2] and v; > 1/2
Choose 9y € C*°(R) such that

~ 1 if g <1,
0
0 if [§] = 2.
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Let 1(€) = o(€) — 1o(2€) then ) is supported in {1/2 < |¢| < 2} and

Z 277¢)  for all €.

Now we have

(Tef)N€) = FIOREE) [ do(6) + Y h(2798) | = (TLN)NE) + D_(TLH"(©)-
j=1 j=1
It is easy to see that

sup [T f (z)| < CMf(2)
tek

where M denotes the Hardy-Littlewood maximal operator. Hence for each 1 < p < oo we

have

ITefly < Cllfllp+>
j=1

sup T3 f|
tek

p

Let ¢ be a C*°(R) function that is supported in {1/2 < |s| < 2} and

D @(2Fs) =1 forall s e [-1,1]\{0}.
k=1
Then we have
' d—1
T faa) =3 [ fevste =t —t6) [T (w0 — 0w dy
E =1

= * W; — — du-
XE:/Rdf ¢J($ ty,ﬂ?d tyd) p’k(y7yd)
=) T f(,20)
k

where () = 29%)(27.) and k= (ki,... k1) € (Zt)d?

Lemma 2.1 (van der Corput’s Lemma). Suppose w is real-valued and w € C*(a,b), and
that |w®) (t)| > 1 for all t € (a,b). Then we have

b b
| o dt] < A1k (|n<b>| + [t dt)

when k> 2 or k=1 and W'(t) is monotonic. The bound ¢y, is independent of w and .
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Lemma 2.2. Let 2 < N € Z% and ¢; € €N([-1,1];t5;a;), i = 1,...,d—1. Then for each
1 <k,...,kj_1 < o0 and multi-index o« we have
(2.1)
|0¢ 1z (6]
Ca2~t1=kat T min (Je[~52%%,1)  f f6al 2 160, €a-0)l
C,2 k1= =ka-1 min (\5]* N-1)gki(N-1) 1) if 1€a| < (&1, .., &a—1)| ~ |&]| for some i.

Hence we have

d—1 d—1
ORTR(E)| < o2t (H min (¢ 75255, 1) + 3" min (Jg| "D 2RO, 1)) .
=1 i=1

Proof. For the proof we use van der Corput’s lemma (see [12, pp. 332-334]). It suffices to

show the case a = 0, since the other cases are similar. Note that

d—1

m@l=11

i=1

By Definition [L.2(1), for each 1 <i < d — 1, we have

/]Re27ri(£iy+£d¢i( ) (Qk (y—t:))miy )dy‘ E=(&,.-,8-1,84)-

|02(&y + €ati ()| 2 |€ally — ts] 2

Hence by Lemma [2.1 with k = 2

(2.2)

—omi(& , ) 1 9i=2,.
/Re PriGuteadi W) o (2N (y — 1) )ni(y) dy| < Cléal 72277 F.
If |&] > |€4| for some 1 < i < d — 1, then since ¢; € C'([-1,1])

|6 + &adi(W)] 2 18il-

Hence if we integrate by parts (N — 1) times, by using the identity

o 2mi(E+Eadi(y)) _ 1 A (e—zwi(fiyﬁdm(y)))

—2mi(&; + &ad(y)) dy
together with Definition [L.2)(2), if |&| 2 |£4| then we have

(2.3)

Aée—2ﬂﬂ&y+€wm(w)w(2h(y )iy )dy’<iCH§J —1)gki(N=2)

The proof of (2.1]) follows from (2.2)) and (2.3 together with the trivial estimates

/Re%i(&yﬁd@(y))@@ki (y — t:))ni(y) dy’ <027 ki, O
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Lemma 2.3. For each j € Zt and k = (k1,... kq_1) € (ZT)*L define

B(.E) = sup sup [B2ILTHE)|.

lo|<1 geRd

Then for each t,t" € [1,2], we have the following:

i=1 =1

d—1 , -1
(1) B(, E) < Q2 f—r—ka (H (Zmin(—%-i-%ki,())) + Z 2(N—1)min(—j+ki,0)>.
(2) For1<p<2,

[T 1], < @Ry B GRS

dekf

Hdt < C TR T I B RS | £,

p

(3) For2 <p< oo,
ITiF s, < ot ke ) =BG EP | £,

dekf

H it < O Rk )5 9 BGLEP | £,

p

Proof. (1) follows from Lemma Recall that
@) = [ 56210ty - 2) dugly) d
Rd JRA
and it is easy to see that

I R e

(2.4)
[T, < corbm b, [

<cYohmrThe f

‘ o)

Also note that
15 p(w) = [ e FlQ) B2 ) de,

and by Plancherel’s identity we have

(2.5) I ], < CBGLF) ] HT’“

‘ < CYBG,E) ISl

By interpolating (2.4) and ( we have (2) and (3). O

Lemma 2.4. Suppose that S € C*([1,2]). Letto=1<1t < --- < t;, = 2 be a partition
of [1,2] with |tiy1 —t;| ~277 fori=0,1,...,m—1. Then for 1 < p < o0,

1/p ‘ 2 1/p
sup (St |<(Z|s ) v ([ispan)
te1,2] 1
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Proof. For each t € [t;,t;y1], we have S(t) = S(t;) + fttz S’(u) du. And by Hoélder’s inequal-
ity for 1 <p< oo

) ti1 1/p
S| < S| + [tipr — tal 7P </ 1S (W) [P dU> :
t;

and so

2 1/p
sup [S()] < sup [S(t)] + 2777 ( / |S’<u>|pdu) ,
7 1

te(1,2]
1/p 2 1/p
< S(t;)|P + 279/ (/ S'(u pdu) . O
(Z; ( )\) 15wl

Now we proceed to prove Theorem for the case of E = [1,2]. By Lemma for

1 < p < oo we have
= 1/19 2 P 1/17
() o ([ g o)
i 1 p

By Lemma (2), for 1 < p < 2, the right-hand side of ({2.6]) is dominated by

,J;:’
sup |T7" f|
te(1,2]

(2.6)

d %
‘dtTg’ f

Z2j/p(2—k1—~-—kd—1)%_1B(j, E)Q—% ||f”p < C[ ( ) + II( )] ||f”P7

where
d—1 - )2
—2J/pz k=t T <2min<—%+%ki70)> v
i=1
2
= 23/7)22 —k1——kq_1 (Q(N—l)min(—j-i-ki,()))QiE.
Note that
d—1 , 2
I(j) = gj/pzz 9k H ZQ—ke <2(N—1)min(—j+ki,0)> P
Hence if
2N -2 2
2.7 — (N-1)(2-= 1
then

2

<021/p222 ki ( 1) min(—; +k¢,0)>2_5

=1 k;
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d—1
< CQj/PZ Z 9~ ki 4 Z Q_j(N—l)(Q—%)2’%‘(1\7—1)(2—%)—]‘%

i=1 \ki>j ki<j

< 02](%71)7
and >, TI(j) < co. Next we estimate I(j). Note that
d—1 ) . R )
(2.8) I(]) — 9i/p H Z (2_;%)2mm(_%+7zki,0)(2—;)
i=1 \ k=1

For every 1 <1i < d — 1 by considering k; in two cases k; < j/a; and k; > j/a; we obtain
that

0 . 749 2 J . 1 2_(1%. ifp > 4
(2.9) § :(2—ki)len(—g-&-?ki,o)@—;) <o @ 4 2_J(1_;) < > o
ki=1 if p <

a;—1°

In particular when 1 < ¢ < n since a; < 2, we have p < 2 < —%-. Hence by (2.9)

a;—1°

(2.10) S (2 kminG 3RO < 09170 for 1 < <.
ki=1

Note that

(2.11) ol o G2 o Ondl g

ag-1—1 " ag2—17 7 apt1—1

We consider 1 < p < 2 as a union of (d — n) subintervals

Gq— a ap— a

d—1 ! SL,EZTL—FZ...,d—l, _9ntl

p ap_1 — 1 Ape1 — 1
-1 — n+1 —

1<p< <p<2.

<
ag—1—1" ap—1

And for each interval, we estimate I(j) by using (2.8), (2.9), (2.10) and (2.11)).

. ad—1
Casel: 1 <p< T

I(]) S CQj(%_(d_l))

and the series converges when

ad—1 d
2.12 = 01 < ——  and —_— .
( ) p € Fa {p <p_ad_1_1an p>d_1}

Case 2: %<p§ajfl’il,n+2§€§d—l.

1) < € 2/rg30= Png=3(1=D(E=n—Dg=uj  ¢r9i(G=(E=14v)

and the series converges when

ay ag—1 12
2.1 = : < ———— and —_— .
( 3) pEFi {p ag—1<p_ag_1—1an p>f—1+ljg}



1394 Yaryong Heo, Sunggeum Hong and Chan Woo Yang

Case 3: % <p<2

1(5) < ng/PQ_j(l—%)nz—VnHj < CQj(nj;l_(n'f‘Vn-‘rl))

and the series converges when

1
(2.14) pe]:nﬂ::{p:anﬂ<p§2andp>n+}.
an+1—1 "+ VUpt1

Hence from (2.12)), (2.13)) and (2.14]) the series I(j) converges if

Lemma 2.5. Let vy > 1/2. For each n+1 < k < d, let Fj, be as in (2.12), (2.13) and
(2.14). Then

d
d k

2.15 = : _— <25.

(219 k:LnJH]:k {p krilgf1<k_1+’/k)<p_ }

For the moments we assume Lemma then the series I(j) converges if

< d k

= max | ———
p = po k:nfl k—1+ Vi ’
and so by (2.7) the series I(j) + II(j) converges if

2N -2

2.1 —
(2.16) max <p0, 5N 3

) <p=<2
which is the desired estimate for the case £ = [1,2] and v > 1/2.

Proof of Lemma 2.5 Let

d k 14
max =
k=n+1 k—1—|—l/k E—l—{—ljg
for some n + 1 < ¢ < d, then we have
12 > j
C—=1+v, — j—1+vy;

forallj=n+1,...,d.

This condition is equivalent to
(2.17) lvj—1) >4 —1) forallj=n+1,...,d
We claim that

(2.18) Fij=0 foralll<j<d.
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To see this, by applying (2.17)) with j > ¢, we have

. (1 1 71
E(uj—l)Zj(ug—l):]<+---+ +1/j—1>2]<j +1/j—1>
ay aj—1 aj—1
and so
aj,l(l—uj) >j ifj>4L
This is equivalent to .
aj—1 < _ J :
aj_l—l _j—l—i-Uj

and so we have F; = () for £ < j < d.
Case 1: £ =n+ 1. By applying (2.17) with j = n + 2, we have

an+1(1 - Vn+1) >n+1

and this is equivalent to

An+1 < n—+1
an1—1 7 n+v,

Hence we have
n-+1

Fpai1 = P—
n+1 {p n+ Uni1

<p<2}75@

and by (2.18]) we have Ui:n 41 Fk = Fny1 and so we have ([2.15).
Case 2: n+2 < /¢ <d-—1. We will show that

(2.19) Fg1 = {p: Ot < 2} :
Ap+1 — 1
a; a;—1 . )
(2.20) fj:{p: <p< } ifn+2<j</,
a; — 1 Gj—1 — 1
and
(2.21) Fodp b o e
' £ p'£*1+ug p_ag_lfl '
Then from the condition
ad—1 ad—2 <. < an
ag—1 — 1 ag—o —1 — _an—l’

we have

j=n+1
By applying (2.17) with n +1 < j < ¢, we have
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From this we have

(f—j)(l—uj)§j<1+...+ >§j

a; ag—1
and so a;j(1 —v;) < j. This is equivalent to
I 4
J—1+v; " a;—1

and we have ) and - To show ), by applying (2.17) with j = £ — 1 and
j=0+1we have

ag(1—vp) > ¢ and ap—1(1—vp) < L.

These are equivalent to

a ¢ <
ag—1 " 0—14vy  ap_1—1
and we have (2.21)).
Case 3: £ = d. By applying ([2.17)) with j = d—1 we have aq_1 < d, hence d%'ll < a:f;il
and p
ad—1
Fq= P < ——- .
d {p d—1<p_ad_1—1}
And by ([2.20)) we have
¢ d

k=n+1

2.2. The case E = [1,2] and 11 <1/2

As in Section for each 2 < p < o0, the right-hand side of (2.6 is dominated by

(2.22) C 23/”2 TRtk B R f -

By applying Lemma 2.3(1) with N = 2 we have

2-22) < C1(7) + 1G] Il

where

_2j/pzz S (Qmin(*j+kivo)>2/p’

_ 2a/pz ) H (2m1n 1,o)>2/p.
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For p > 2, it is easy to see that
(2.23) 1(j) < C279/P,
Note that

_ 2]/p H Z ; mln(—l-l— 2kZ,O)

k=1

By considering k; in two cases k; < j/a; and k; > j/a;, we have

J
o y . _?1 . )
(2 24) § (2*k¢)2min(f%+%ki,0)% < C2 . if p < a;,
. - _ 1

Since d > 3 we have 1/v1 < a;. Hence by using the estimates (2.24)) with2 < 1/11 <p < a3

we have
(2.25) 11(j) < C 276G,
By and , for each 1/11 < p < aj we have
1) +11() < C (267 +277)
and the series converges when

1
— <p<ai.
2

3. Proof of Theorem maximal averages over the interval E = (0, 00)

For the general case E = (0,00), the LP boundedness of the maximal operator T follows
by the argument of M. Christ as in [3].
3.1. The general case E = (0,00) and v; > 1/2

Let E = (0,00) and define E; = [27!,27!1]. Then we have
Tef(z) = sup |Tg, f(z)]-
leZ
And for each t € E;, we write

~

(Tef)"(€) = FORES) | do(27'9) + D b2 |,

j>1

then by using the condition ¢ € E; we have

(3.1) Tp f(x) < OMf(2) + Y T (f * 1) (@),

j>1
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where M denotes the Hardy-Littlewood maximal operator. It is easy to see that

T (f *y)(@) = sup T (f(27))(2')|

where T‘Z is the same as in Section Hence we have

sup |T}|
tEQlEl

(3.2) ITe (f * Yi)llp < £l = Cp (G DI Fllp-

Lp—Lp

Define Cy(j) := sup; Cp(4,1). Note that Cp(j) < oo and the series Cp(j) converges if p
satisfies the condition (2.16)). For a fixed positive integer N, define the operator

Ty := sup |Tg|.
ll|<N

And let A,(N) be such that
(3-3) ITA(Nllp < ApN)II -

We need to prove that A,(N) is actually bounded by a constant independent of /. Define

the vector-valued operator

T: {if_w = {Te (i)} -

Then by assumption (3.3) and |f * ;1 (x)] < CMf(z) we have

IT{ S oy = || sup |Tr,(fi * ¥j1a)] ‘ < | sup |TR(M(f1))|
<A I (T )
(3.4)
< [T (MCsup 1£D)|| < AN IS o)
<N ,
Also by we have
(3.5) ITH AN r@ery < Co(DILLiH e er)-

Hence by interpolating (3.4) and (3.5) under the condition 1 < p < 2, we have

(3.6) TSN o) < ApWN) 2 C (P21 fiH ooy

Choose U € C*(R%) which is supported in {1/8 < |¢| < 4} and U(¢) =1 on {1/4 < [¢| <
2}. Then we have
W(2797E) = WP ).
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Hence from (3.6)), we have

sup |Tg,(f *¥j)l|| = || sup [T (f * Vi * )|
<N L, sy )
1/2
<D0 1Tm(f Wy x40
<N
p
1/2
< ApN)ECGPR I DD I )
2%
p

< Ap(N)ECG)P1
Adding in j and comparing this with and ( ., we have

Ap(N) < C+ AN)ED ()72

7j>1

If p satisfies the condition (2.16]), then the series C,(j)?/? converges and thus A,(N) < C.

3.2. The general case F = (0,00) and v; < 1/2

For 2 < p < oo, we have

sup Te, (f * Vg * Pjg)]

Sup ITE,(f * i)l

p p

< Z T (f * Wi x50, Z 1F * @il

1/2
<Z |f = ‘Ifj+z\2> < Cp(i)PIIfllp
I
p

and the series Cp,(j)P converges when 1/ <p < ay.
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