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The main purpose of this paper is to consider an explicit form of the
Padé-type operators. To do so, we consider the representation of Padé-
type approximants to the Fourier series of the harmonic functions in the
open disk and of the LP-functions on the circle by means of integral for-
mulas, and, then we define the corresponding Padé-type operators. We
are also concerned with the properties of these integral operators and, in
this connection, we prove some convergence results.

1. Introduction

Let f be a function analytic in the open unit disk D, with Taylor power
series expansion .o a, -z, and let A¢ be the linear functional on the
space of complex polynomials defined by A¢(x”) = a, (v=0,1,2,...). By
Cauchy’s integral formula and by a density argument, the functional A
can be extended to the space A(D) of all functions which are analytic in
D and continuous in the open neighborhood of D (see [4]). In particular,
we have f(z) = Af((1-x-z)™") forany z€ D.

Now, let 0,41 (x) be an arbitrary polynomial of degree m + 1, with dis-
tinct zeros ary,r,, ..., a0, of respective multiplicities (m; +1), (mp +1),...,
(mp+1)and (my+1)+ (mo+ 1) +---+ (my+1) =m+1.

Let I(v41) be the linear operator mapping each g(x) € A(D) into its
Hermite interpolation polynomial G, of degree at most m defined by

g (m) =G (m) fori=1,...,n, j=0,1,...,m,. (1.1)
If g(x,z) = (1-x-2)7!, then Af(Gmi(x,z)) is the so-called Padé-type
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approximant to f(z) with generating polynomial v,,,1(x). It is a rational
function with numerator of degree m and denominator of degree m +1,
denoted by (m/(m+1))(z) and such that

m m+ : ; 1 1
f(z)—<m>f(z)=0(Z P 1f|z|<m1n{m,.-.,|—}- (1.2)

al

If U1 (x) is identical to the orthogonal polynomial g1 (x) with res-
pect to Ay, that is, the polynomial satisfying the orthogonality condi-
tions Af(x” - gms1(x)) =0,v=0,1,...,m, then the Padé-type approximant
(m/(m+1))¢(z) becomes identical to the classical Padé approximant
[m/(m+1)]f(z) such that

f(z)—[%]f(zFO(z”"”), if|Z|<min{L|,...,L}- (1.3)

] Tl

By making use of the notation of duality, we can also write

( n )f(z):Af(Gm+1(x,z))

m+1
= (g, [I(vma)] (A1 -x-2)7")
([ (Oma) [ (A) A= x-2)7").

(1.4)

In [3], Brezinski showed that the operator which maps f on (m/(m +
1)) can be understood as the mapping of A*(D) into itself which maps
Aginto [I* (Up41)] (Af). This mapping, which depends on the generating
polynomial v,,41(x), is called the Padé-type operator for the space O(D)
of all analytic functions on D and it is exactly the operator I*(v+1). If
Upms1(x) does not depend on Ay, then I*(vy41) is linear. But for Padé
approximants, since v,,41(x) is the orthogonal polynomial gy,+1(x) of de-
gree m + 1 with respect to the functional Ay, then v,,;1(x) depends on
A¢ and the linearity property holds only if the first 2m + 2 moments of
both functionals are the same since, then, both orthogonal polynomial of
degree m + 1 will be the same.

The aim of this paper is to consider the explicit form of the Padé-
type operator by means of integral representations. Section 2 deals with
the definition of integral representations of Padé-type approximants to
real-valued L? or harmonic functions and, thus, with the expressions of
the Padé-type operator for the spaces L2 (C) of all real-valued L? func-
tions on C, LHZR,(ZJr—per) [~or,or] of all real-valued 2xr-periodic L? functions
on [-ur,or], and Hi(D) of all real-valued harmonic functions on D. We
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also give some examples with applications of these integral representa-
tions for the Padé-type operator to the convergence problem of a series of
Padé-type approximants and to the problem of finding a sufficient con-
dition permitting the interpretation of any 2sr-periodic L? real-valued
function on [-ur,or] as a Padé-type approximant. In [7], by introduc-
ing the so-called composed Padé-type approximation, we discussed the
general situation of complex-valued harmonic or L functions and we
showed that any Padé-type approximant in the ordinary sense to a func-
tion f € O(D) is a special case of this composed procedure. It is therefore
natural to reflect that any I*(v,,4+1) can also be viewed as a special case
of the operator which maps every f € O(D) on a composed Padé-type
approximant to f. Such a mapping will be called a composed Padé-type
operator for O(D). In Section 3, we define and give the explicit form of
the composed Padé-type operators for the spaces L2 (C) of all complex-

valued L? functions on C, Lé,(zn-per)[_”/”] of all complex-valued 2zr-

periodic L? functions on [-, 7], and H¢(D) of all complex-valued har-
monic functions on D. Since O(D) C H¢ (D), we thus obtain the desired
explicit form of I*(Uy41).

2. Integral representations and Padé-type operators

In [5, 6], we have defined and studied Padé-type approximation to L"2r-
periodic real-valued functions and to harmonic functions in D. In all
cases, the development of our theory was analogous to the classical one
about analytic functions.

Really, no situation is quite as pleasant as the L? case. In this section,
we look for another way to introduce Padé-type approximants to L?
functions and to harmonic functions. Our method is based on integral
representation formulas and leads to a number of convergence results.

To begin our discussion, consider any real-valued L? function u(z)
defined on the unit circle C. Suppose that the Fourier series expansion
of u(e') is 322, oy - €. Since u is square integrable, the sequence of
partial sums {3)__, 0, € :n=0,1,2,...} converges to u(e") in the L2-
norm. Let P(C) be the vector space of all complex-valued analytic poly-
nomials with coefficients in C. For every p(x) = 37", f» - x* € P(C), we
denote by p(x) the polynomial p(x) = 31", B - x° € P(C). Define the lin-
ear functionals T,, : P(C) — C and S,, : P(C) — C associated with u by

Tu(x%) =0y, Su(x?):=0, (©v=0,1,2,...). 2.1)
As it is well known, the Poisson integral of u(z) = u(e') (|z| = 1) extends

to a harmonic real-valued function u(z) = u(r - e*) in the unit disk D
(where |z| <1, 0 < r < 1). This harmonic function being the real part of
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some analytic function in D, we immediately see that T,,(x%) =6, =0 =
S.(x?) for any v > 0. More generally, we have the following proposition.

ProrosiTION 2.1. For every p(x) € P(C) there holds

Su(p(x) =Tu(p(x)),  Su(p(x)) =Tu(p(x))- (22)

Proof. Let p(x) = >,7", fox” € P(C). By linearity, we obtain

Su(p(x)) = Su<ioﬁvxv> - ioﬁvsu(xv> - ioﬁvTu(xv)

= =0 2.3)
:goﬂ T (x?) = T<§pv-x”>=Tu(p(x))-
O

COROLLARY 2.2. For every p(x) € P(C) there holds

ReT,(p(x)) =ReS,(p(x)), ReT,(p(x)) =ReS,(p(x)). (2.4)

Now, observe that the linear functional S,, can be extended continu-
ously on the space L2 (C) of all real-valued square integrable functions
on the unit circle C. In fact, if p(x) = >,7_, fox? € P(C) then, by Holder’s
inequality, we get

2

|Su(p)) | = | 3 o0
v=0

= ZB’UO.‘U
v=0

“Jg e (Epe)a

2

2

2 (2.5)

e j u(e") -p(et) dt

-

<cu P
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for some positive constant ¢, depending only on u, and hence, by the
Hahn-Banach theorem, there is a continuous linear extension of S, on

L2 (C). It follows, from the Riesz representation theorem, that there exists
a unique F, € L2 (C) such that

su(g>=jcg<g>-mdg=i-j_ o) Fule® -0 (26)

for all g € L2(C). In particular, if g(¢) = ¢° then

Su(8”) = L PR Q) dg =i f " give. F,(e) - e de. 2.7)

—Jr

But

JT

5.6 =002 g u(e) e 28)

and therefore
F,(e®) =—i-u(e®)-e™, (2.9)

which implies that
Su(g) = j g(e") -u(e?)do (2.10)

for all g € L%(C). In view of Corollary 2.2, we have thus obtained the
following theorem.

THEOREM 2.3. Let M = (T k) m>0,0<k<m be an infinite triangular interpolation
matrix with complex entries and, for any m >0, let G,,(x,z) be the unique
polynomial of degree at most m which interpolates the function (1—x-z)™" at
X =T 0, Tm1, FTm2,- - - Fmm (Where z is fixed and |7r,, | < 1).

(a) For any real-valued function u € L%(C), the Padé-type approximant
Re(m/(m+1)),(z) to u(z) has the following integral representation:

Re(%)u@=%-Lu(c>Re{%}d§ (I21=1),
2.11)
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or equivalently

Re < n >u(eit) = J‘:u(eie) -2Re {Gm (e, e) - é } de

m+1
(2.12)

| u(e®) -Ref{dr-G,(e®,e)-1}de,

—=Jr

1
Y

where —or <t < .

(b) Let f € L?[-ar,or] be a 2or-periodic real-valued function, with Fourier
coefficients {cy, : v = +0,+1,%2,...}. Since f(t) = 3o _ ¢y - e in the L?-
norm, the function f(t) can be viewed as a function of the unit circle, and there-
fore the Padé-type approximant Re(m/(m+1))¢(t) to f(t) has the following

integral representation:

Re <%>f(t) - J‘: £(8) 2Re {Gm(eie,eit) - ﬁ } de

:%.J'” f(g) .Re{4_71-.(;m(ei9’eit)_1}d9 (o <t<m).
h (2.13)

Proof. We have

Re <mni 1>u(ei‘) = 2ReT, (Gy(x,€")) —u(0)

=2Re S, (G (x,e")) —u(0)

=2Ref Gm(eie,eit)u(eie)dQ—%f u(e®yde

_1( i0 =~ /0 it
=5 u(e')Re [4rG, (e, e")] dO

(" e
—ﬂf_ﬁu(e )do

- 0 . ~ (0 ity _
=5, u(e")-Re{4rGy (e, e")-1}do6

—=Jr

:J‘jr u(e)-2Re {Cm(eie,eit)—ﬁ}de (-ar<t<).
(2.14)
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Setting z = e and ¢ = e, we also have

(i) -5

(o
Re[ L J”; (e {471'(3 m(e?,et) - l}ieiede]
[2.71"

_Re lf (g>{4—”cm(§’z)e_1}d§]
:E.Lu@)Re{%}dc (121 =1).
(2.15)

This completes the proof of (a). The proof of (b) is exactly similar and
is based on the identification between Lé(C ) and the space of all 2sr-
periodic L? real-valued functions on [-ur,or] (every u(z) = u(e') € L3 (C)
can be interpreted as a 2sr-periodic real-valued function f (t) € L2[-r, o]
and conversely). O

In order to simplify the formalism, we make use of the notation
Re{M} :=RG{M},
i i
ReB,,(e?,e") :=Re{4r -G, (e, e") -1}.

(2.16)

As itis well known, the function Re(m/(m+1)),(z) (|z| = 1) is contin-
uous (see [6]). Hence, the integral operator Re(m/ (m + 1)) maps L (C)
into L2 (C) and therefore, by the closed graph theorem, it is continuous
(of course, under the assumption that |7, x| <1 for all k < m). The inte-
gral operator

Re(%) L 12(C) — [2(C);
m 1 B (¢,2) (217)
u:) —Re (1) (=5 -Lu@ Re25) 4y

is called the Padé-type operator for L% (C). Its adjoint operator is given
by

m *
Re (ﬁ) 1 [2(C) — L2(C);

u(z) — Re =— -Re B (Z g)al =
(@) —Re (- )() f@) :
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In fact, to Re(m/ (m+1)) there corresponds a unique operator Re(m/ (m +

1))* : L2(C) — L(C) satistying (Re(m/(m +1)),,w) = (u,Re(m/(m +
1))z,), that is,

ICRe<m >(§) w(g)d¢ = fu(z) Re< 1 > (z)dz (2.19)

forall u,w e L]}Zg(C ); since, by Fubini’s theorem,
) (©)-w(2)dg

Jore (s
f I B ’”z’é) dzw(l)de (2.20)

SRCHE f w(e)-Re 28 4g) dz,

we conclude that

m
R
e<m+1

Similarly, as it is pointed out in [6], for any real-valued 2sr-periodic
function f € L?[-ur,or], the Padé-type approximant Re(m/ (m + 1)) 7(t)is
continuous, and, by construction, 2zr- periodic. It follows that the integral
operator Re(m/(m+1)) maps the space L? ar,ar| of real-valued

) @5z [ w@ RePED g weri©). @2

R,(27r-per) [
2sr-periodic functions of L?[-ar, o] into itself. Hence, by the closed graph
theorem, the operator

m .72 )
Re<m+1> 'LRI(M-per)[ ,7] HLR(zyr per)[ a,];

- (2.22)
f(t) —>Re< ) (t) = —-I £(0) -ReB,,(e",e") do
=IJr
is continuous and is called the Padé-type operator for L2 (2r-per) [=or,or]. Its
adjoint operator is then given by
m *
Re <m + 1) : L%R,(Zﬂ-per) [~or,r] — L (@-pen) =TT ];
(2.23)

: 1 i it i
f(t) — Re <mnil>f(t) =5 -er(e) -ReB,,(e",e") do.
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In fact, to Re(m/(m + 1)) we associate the unique operator Re(m/ (m +

1))*: L2 [-or,or] — L2 [, ] satisfying

R,(27r-per) R,(27r-per

<Re<mni1>f’g> - <f'Re<mni1>;>’ (224

that is,

fr Re< ) (t) - g(t)dt_f £(0)- Re< ) 0)do  (2.25)

=T

forall f,ge€ L2 ar,or]; it follows, from Fubini’s theorem, that

R,(2or-per) [

f:Re<mm ) (t)- g(t)dt

- f R f B £(0) -ReB,,(",e") dog(t) dt (2.26)
= f J; £(0)- <% rﬁ g(t)-ReB,,(e",e") dt) ae,

and consequently

Re<m+ ) (0)

— I g(t)-ReB,, (ele e dt (gELR(Zﬂ_ Per)[ a,]).
(2.27)

Summarizing, we have the following theorem.

THEOREM 24. If m >0, then for any u(z) € LA(C) and any f(t) €

Lﬂz& (2r-pery [T, 7], there holds

m * _ 1 Bm(zlg)
Re(m) <z)-ﬂ-f u(@) Re 2Z) 4y

(2.28)
Re<m+1> ()—— f £(6) -ReB,, (e, &) db.

The continuity of the Padé-type operators Re(m/ (m + 1)) leads imme-
diately to the following convergence results which can be considered as
a first example of their application.
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THEOREM 2.5. (a) If the sequence {u, € L3(C) :n=0,1,2,...} converges to
ue Lﬂé(C) in the L?>-norm, then there holds lim, ., Re(m/(m +1)),, (z) =
Re(m/(m+1)),(z) in the L>-norm.

(b) If the sequence {f, € Lﬂz&(zmper)[—yr,yr] :n=0,1,2,...} converges to
fe L%,(zﬂ_Per)[—Jl‘,ﬂ'] in the L>-norm, then there holds lim,_..Re(m/(m +

1))y, (t) =Re(m/ (m+1))¢(t) in the L*-norm.

COROLLARY 2.6. (a) If the series of functions u(z) = >,7° a, - Un(z) (where
an €R, u, € L2(C)) converges in the L>-norm, then Re(m/(m+1)),(z) =
S oanRe(m/(m+1))uy,(z) in the L>-norm.

(b) If the series of functions f(t) = > ooan - fu(t) (wherea, €R, f, €
L@ZR,(m-per) [-or,or]) converges in the L*-norm then Re(m/(m +1))s(t) =

S oanRe(m/(m+1))y, (t) in the L*-norm.

Now we determine the conditions under which the integral operator

Re(m/(m+1)) is compact onto L]IZg (27-per) [-or,7r]. Since, for each fixed

t € [, o], the kernel function Re B,,(e%, ') is bounded in 6, it follows,
from Tonelli’s theorem, that the following theorem holds true.

THEOREM 2.7. If there is a constant c, < oo such that
I |ReB,, (e, e")|"do < (27)* - c. (2.29)
—=Jr

for almost all t € [-or,or], then the Padé-type operator Re(m/(m + 1)) :
L]lzk,(Zyr—per) [~or, ] — LHZR,(ZJr—per) [~or,or] is compact. Moreover,

m
Re( ——
” e<m+1>

and Re(m/(m+1))* is also compact.

<@x)*c, (2.30)

It is readily seen that if the Padé-type operator Re(m/(m + 1)) :

Lﬂél(zﬂ_per) [, o] — Lﬁl(zﬁ_per)[—ﬁ,ﬂ'] is compact, then it is not one-to-
one. This follows from the fact that dim anaa (27-per) [-or,r] = o0 and there-

fore 0 must be an eigenvalue of Re(m/(m +1)). However, it would be
interesting to know a necessary and sufficient condition under which
for any h € Lﬂz&(zﬂ_per) [-or, o] there is an f € Lﬂér(zﬂ_per) [-7, 7] such that
Re(m/(m + 1))y = h. Of course, such a general condition is the

inequality
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[ ()
m+1 f

zelfle (231)

or alternatively,

Jm |f(t)|2dt§c-J‘]r Zdt (2.32)

J‘” £(0) -ReB,,(e",e")do

for some constant ¢ > 0 and for every f € Lér(h_per) [-or,or]. Obviously,
this inequality is true if and only if
lf(t)] <c- j £(0) -ReB,,(e",e) de‘ (2.33)

for almost all t € [-or,r], and thus we have proved the following the-
orem describing a sufficient condition under which every function in
L%R, (27-per) [-or,or] is a Padé-type approximant.

THEOREM 2.8. If there is a constant ¢ > 0 such that

v
lf(t)|<c- f £(0) -ReB,,(e",e) do (2.34)
=Jr
almost everywhere on [—ur,or], for every f € Lé,(zﬂ_per) [—or,or], then the range
of Re(m/(m+1)) equals Lﬂ2§,(2ﬂ'7per) [~ o).

Finally, we turn to integral representation formulas in the harmonic
case. If u is harmonic and real-valued in the unit disk, then, for any
0 < r <1, the restriction u,(t) = u(r - e*) (-or <t <) of u(z) to the cir-
cle of radius r can be interpreted as a real-valued, 2sr-periodic func-
tion in L?*[-ur,7]. According to Theorem 2.3, the Padé-type approximant
Re(m/(m+1)),,(t) to u,(t) is given by the integral representation for-
mula

m I . G (16 poeit) —
Re<m+ )u,(t)_ZJl' J‘_Iu,(G) Re {47 -Gy (r-e*,r-e')-1}d0

= %J‘ u,(r-e?) -Re{dr -G, (r-e,r-e") -1} do.
(2.35)

=
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After a simple change of variables z =7 - e and { = r - ¢?, we obtain

1  (Bul22)
“5i ), Re{ - }dg,

(2.36)

and hence we can state the following theorem.

THEOREM 2.9. Let M = (T k) m>0,0<k<m be an infinite triangular interpolation
matrix with complex entries and, for any m > 0, let G,,(x, z) be the unique poly-
nomial of degree at most m which interpolates the function (1-x-z)™ at x =
om0, Tm 1, Tm2s - Tmm (Where z is fixed and |m,i| <1 for each
k<m).

The Padé-type approximant Re(m/ (m+ 1)), (z) to the harmonic real-valued
function u(z) in the disk is given by the following integral representation for-
mula:

Re< " )u(z)zi- u(g)-Re{B’"@’Z)}dg (zeD). (2.37)

m+1 27T HEE IC

As it is mentioned in [5], the function Re(m/(m + 1)),(z) is the real
part of an analytic function in the unit disk, and therefore, it is a har-
monic real-valued function in D (of course, under the assumption that
|7 x| < 1 for all k < m). If Hg (D) is the space of all harmonic real-valued
functions in D, the integral operator

Re (57 ) : Ha(D) — Ha(D);

1 (2.38)

Bu(¢,2)
27 ) gz i

u(@)-Re{ 222 by

u(z) — Re (%)u(z) = ;

is said to be a Padé-type operator of Hr (D). It is easily seen that a Padé-
type operator of Hg (D) is continuous. For, if {u, € Hx(D) : n=0,1,2,...}
and if lim, ., u, = u € Hr(D) compactly in the disk D, then, by the
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maximum principle for harmonic functions, we have

) o) )

sup
|z|<r

)

-elre(i), 0% (5
Lol (S]]

< —-ZJz'r-{ sup |ReBm(§,z)|}~{?§lu_1f |un(§)—u(§)|}

|z|=r,I¢|=r

<L(r,m)- {lsglu_p |14 () —u(§)|}

for any r <1, and the continuity of Re(m/(m + 1)) : Hr(D) — Hgr(D)
follows.

As for the L*-case, the continuity of the Padé-type operator for
Hpg (D) leads to the following convergence results.
THEOREM 2.10. If the sequence {u, :n=0,1,2,...} of harmonic real-valued

functions in the open unit disk converges compactly to u € Hg(D), then there
holds

lim Re<%>u (2) = Re<m > (2) (2.40)

compactly in D.

COROLLARY 2.11. If the series of harmonic real-valued functions

u(z) = i an-un(z) (an €R, u, € Hr(D)) (2.41)
n=0

converges compactly in the disk, then

Re (%)u(z) - ia Re (%) (2), (2.42)

the convergence of the series being compact in D.
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Remark 2.12. In [2], Brezinski showed that the (Hermite) interpolation
polynomial G, (x,z) of (1- xz)lat x =m0, T, Tomm 18 given by

Gp(x,z) = 1_;2 . <1— U1 (%) ) (z;éyr;lllk, k=0,1,...,m), (243)

Upe1(z71)
where v,,,,1(x) is any generating polynomial v,.1(x) =y - [T} (X — T i)

(y #0). We thus obtain the following expressions for the kernels
Re{B(§,2)/¢i} and Re By, (e, e™):

(B e s (e i) )

Y (2.44)
0 ity _ e’ = Tmk
ReB, (e, e )—Re{1 ezet)<1 l_g - Jl'mk> }
If, for example, 7,0 = -+ = T = 0, then for anyueLﬂé(C), we have
m
Re(57).
re{ 2.5 2 [ w@etat- 2 we @} ceo
Jri =0 C ari C
(2.45)
or

Re (mr:l- ] )u (e)

=2. JJ u(e®)cos(@-t)do-2- Jﬂ u(e®)cos[m-(0-1t)]do

—Jr

=4.J‘” i : (m+1)9—(m+1)t]

0y .
u(e) -sin 5

sin [(m— 1)92— (m-1)t

]de (- <t < o).
(2.46)

3. Integral representations and composed Padé-type approximation

We are now in a position to generalize the definitions and results of
Section 2 to the context of composed Padé-type approximation. Recall
that a composed Padé-type approximant to a harmonic complex-valued
function u = uy + iup in the disk D (resp., to an LP complex-valued
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function u = uy + iuy on the circle C or to a 2or-periodic complex-valued
function f = f1 +if, € LP[-r,or]) is a coordinate approximant given by
the formula

<mn+1— 1 >u(z) =Re <m11n}r 1 >u1 (z) +iRe <mz1i 1 >u2(Z) (zeD), (3.1)

respectively, by the formula

<%)u(2):Re<m11nj‘1>u1(2)+iRe<%)uz(Z) (zeC) (3.2)
<%>f(t) _Re (%)f (2)+iRe (22 1)f2(t>, (33)

where —or <t < (see [7]).

or

Set
LL.(C) := {u€ LP(C) : u is complex-valued},
LZ,(Zﬂ_per) [-or, ] := { f € LP[-or,or] : f is complex-valued and

27r-periodic (f (-x) = f(o)) },

H¢(D) :={u: D — C: u is harmonic and complex-valued }.
(34)
From Theorems 2.3 and 2.9, the following theorem follows imme-
diately.

THEOREM 3.1. For j=1,2, let MO = (71' k)m]>0 0<k<m; be an infinite trian-
gular interpolation matrix with complex entrzes al )k € D, and, for any m; >0,
let G(] : . (x,z) be the unique polynomial of degree at most m; which interpolates

()] (7 ()]

thefunctzon (1-xz)tatx=m) o), -+ Tmy,m; (Where z is regarded as a
ji

m]-,O’
parameter).

If Gi,]lz (x,z) = Zv 0 gz(,] ) (z) - x¥, denote by Gi,’g (x,z) the polynomial

Zg“ " (2) - x° (3.5)

Put

Br(']lf) (x,z) =4 Gg,]) (x,z) - 1. (3.6)
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(a) For any u=uy +i-up € L%(C), the corresponding composed Padé-type
approximant (m/(m+1)),(z) to u(z) has the following integral representa-
tion

m 1 B;%l)(g,z)
<m+1>u‘z>:ﬂfc{”1@"1‘e [g—]

()
+i-uy(z)-Re [%@Qz)] } g (lzl=1),

(3.7)

or equivalently

AR IR CICOR TGS

m+1 .

+i-up(e®)-ReBY) (e, ') } de (-m<t<).
(3.8)

(b) Forany f = fi+i-fr € Lé,(Z]z‘—per) [-or,or], the corresponding composed

Padé-type approximant (m/(m+1))¢(t) to f(t) has the following integral rep-
resentation:

(757), 05 [ {po resicenen

m+1

+i-f2(0)-ReBp (e ") | (-r<t<im)
(3.9)
(c) For any u=wuy +i-up € He (D), the corresponding composed Padé-type

approximant (m/(m+1)),(z) to u(z) has the following integral representa-
tion:

m 1 B (4,2)
(m+1>u(2)_g.f|g|=|z{ul(Z).Re[ Gi ]

(2
+i-u2() -Re [W] } dg  (lz1<1).
(3.10)

In particular, since any Padé-type approximant in the ordinary sense
is a composed Padé-type approximant, we can give integral representa-
tion for the classical Padé-type approximants to analytic functions.

COROLLARY 3.2. Let M = (I k) m>0,0<k<m be an infinite triangular interpo-
lation matrix with complex entries gy, € D, and, for any m > 0, let G,,(x, z)
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be the unique polynomial of degree at most m which interpolates the function
(1=xz)Vat x =T, T, ) Tmm (2 15 regarded as a parameter).

If Gu(x,2) = 3™, 85" (2) - x¥, denote by Gu(x,z) the polynomial
g™ (2) - x°, and put

Bu(x,z) =4r - Gp(x,2) - 1. (3.11)

For any f € O(D), the corresponding Padé-type approximant (m/(m +
1))f(z) to f(z) (in the Brezinski's sense of [1]) has the following integral rep-
resentation:

< : )f(Z) L'J‘lq-hﬂg)'Re[%]dQ (2<1). 312

m+1 =2.7r

Under the assumptions of Theorem 3.1, the integral operators

(52) @ — 120

m+1
U=u+iuy— <mni1> (z)
(1) (2)
o o 5]

m _\.;2 2 .
<m +1 > H Lt @rpen (77,71 — L i pery [, 71

+1

fsisi o () ©

= % {f1 (6)-ReBYy (e,e") +i- £,(0)-Re B (¢, &™) } de,
<m"il> : He(D) — He(D);
u=u1+iuzl—> <m1/z1> (Z)

1 B (¢,2)

@)
+i-uy(2) - Re [B’"Z (g,z)] } dg

Ci
(3.13)
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are called composed Padé-type operators for L2, Lé(zﬂ_per) [-or, o], and
Hc (D), respectively. Under the assumptions of Corollary 3.2, the integral
operator

(5200 — o)

m+1

f~< = >f(z) L f(g)-m[%] dt

m+1 - 2ir B

(3.14)

is called a Padé-type operator for O(D).
The continuity of these integral operators follows directly from the
arguments of Section 2 and leads to the following result.

Tueorem 3.3. Under the assumptions and notations of Theorem 3.1 and
Corollary 3.2,

(a) if the sequence {u, € L%(C) :n=0,1,2,...} converges to u € L%(C)

in the L2-norm, then lim,_.,(m/(m+1)),, (z) = (m/(m+1)),(z)
in the L*-norm;

(b) if the sequence { f, € Lé (2r-per) [~ :n=0,1,2,...} converges to
fe Lé (27-per) [—or,ar], with respect to the L*-norm, then lim,_,o,(m/

(m+1))s,(t) = (m/(m+1))s(t) in the L?-norm;

(c) if the sequence {u, € Hc(D) :n=0,1,2,...} converges to u € He(D)
compactly in D, then lim,_,o.(m/(m+1)),,(z) = (m/(m+1)),(z)
compactly in D;

(d) if the sequence {f, € O(D):n=0,1,2,...} converges to f € O(D)
compactly in D, then lim,_(m/(m+1))s, (z) = (m/(m+1))(z)
compactly in D.

Especially, for series of functions, there is an obvious consequence of
this theorem.

COROLLARY 3.4. Under the assumptions of Theorem 3.1 and Corollary 3.2,

(@) if the series of functions u(z) = >0 an - Un(z) (an €C, u, € Lé(C))
converges in the L>-norm, then (m/(m+1)),(z) =X a, - (m/(m+
1))y, (2) in the L2-norm;

(b) if the series of functions f(t) = >, oan - fn(t) (where a, € C, f, €

L2 (2-per) (=7, T])  converges in  the L%>-norm, then (m/(m +

D) (t) oo an - (m/(m+1))y,(t) in the L%-norm;

(c) if the series of functions u(z) = >,.- an - Un(z) (a, € C, u, € He(D))
converges compactly in the disk D, then (m/(m+1)),(z) = >0 an -
(m/(m+1)),,(z) compactly in D;
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(d) if the series of analytic functions f(z) = X" 0an - fu(z) (a, € C,
fxO(D)) converges compactly in D, then (m/(m+1))¢(z) = 3,720 an -
(m/(m+1))y,(z) compactly in D.

Remark 3.5. Padé and Padé-type approximants to arbitrary series of func-
tions were first considered by Brezinski in [1, 2].
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