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By means of Minimax theory, we study the existence of one nontrivial solution and multi-
ple nontrivial solutions for a fourth-order semilinear elliptic problem with Navier bound-
ary conditions.

1. Introduction

Let us consider the problem

NutcAu=f(x,u), x€Q,

u=0, Au=0, x€Q, P)
where, A? is the biharmonic operator and Q is a bounded domain in R” with smooth
boundary 0Q. This fourth-order semilinear elliptic problem can be considered as an ana-
logue of a class of second order problems which have been studied by many authors. In
[3], there was a survey of results obtained in this direction.

Known results about (P) were concerned with the case ¢ < A; the first eigenvalue of
—A in H{(Q). In [8], the author proved the existence of a negative solution of (P) by
a degree theory with f(x,u) = b[(u+1)" — 1]. [4] showed that there existed multiple
solutions for f(x,u) = bg(x,u) by using variational approach. Our recent work obtained
a positive solution and a negative solution of (P) by Mountain Pass Theorem, and one
more nontrivial solution by Morse theory. It is natural to ask what additional phenomena
if ¢ goes beyond A;. In [5], the author considered the problem (P) with f(x,u) = bg(x,u),
and got two solutions by using a “variation of linking” theorem under certain conditions.
In the present work, we study the problem (P) with ¢ > A; by using variational approach.

In Section 2, we prove the existence of one nontrivial solution by Linking Theorem in-
cluding the Saddle Point Theorem, whether c is one of the eigenvalues A of (— A, H} (Q))
or not. In Section 3, we obtain two nontrivial solutions by using a “variation of linking”
theorem. Section 4 is devoted to prove the multiplicity of nontrivial solutions, by using
the pseudo-index theory. Of course, our results are still valid for second-order semilinear
elliptic problem under weaker conditions.
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2. The existence of one nontrivial solution

Let H := H>*(H}(Q). Denote 0 < A; < A; < - - - to be the eigenvalues of —A in HJ(Q),
and each eigenvalue is repeated according to its multiplicity. Let e be the eigenfunction

corresponding to Ax orthogonal in L?(€)), we can choose e; >0 in Q. Set Ax = A, (Ax — ¢).
If ¢ > A1, define

(u,v)yg = J Au/A\v+VuVy,
Q

1

Je(u) = 3 JQ (IAul* = c|Vul?) - JQF(x,u),

(2.1)

where, F(x,t) = fotf(x,s)ds. If ¢ < Ay, then (Jo(IAul? = c[Vul|?)dx)"? can be taken as
a norm on H, one can use the Mountain Pass theorem to establish the existence of a
weak solution of (P) (and even a positive solution). However, if ¢ > A;, our previous
mechanism fails, we will apply the Linking Theorem to obtain the weak solution of (P).

LiNkING THEOREM [9, Theorem 2.12]. Let X = Y @ Z be a Banach space with dimY < co.
Letp >r >0and z € Z such that || z|| = r. Define

M={u=y+Az:lull <p,1>0, ye Y},
My={u=y+Az:y€Y,|lull=pandr=0or|lull <pandA=0}, (2.2)
N={ueZ:||ull=r}.

Let ] € CY(X,R) be such that

b:=1inf] >a:= max]J. (2.3)
N M,

If ] satisfies the (PS) condition,then ] has a critical point whose critical value not smaller
than b.
Assume L, < ¢ <Apyy1, n = 1. let

Y :=span{ey,...,e,}, Z:={ueH:(uv)=0, VveY}. (2.4)

Since ¢ < Apt1, IWlI? = [o(|AW[? — c|Vw|?) and ||wl|3; are norms equivalent in the space
Z, denote ||w]|* = IIWII%{for convenience. Then H=Y @ Z.
The conditions imposed on f(x,t) are as follows:

(fi) f: QxR — R isa Carathéodory function, and for some 1 < p <2* = (2N/N —4),
co >0,

| feu)] <co(1+[ul?™h). (2.5)
(f2) There exists o > 2, for |u| > 1,
0<aF(x,u) < uf(x,u). (2.6)

(f5) f(x,u) =o(lul), lul — 0 uniformly on Q.
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(fs) (An/2)u? < F(x,u) = [ f(x,t)dt.
LemMa 2.1. Under (f;)- (), any sequence (u,) C H such that

d:=supJc(uy) < oo, J (un) — 0, (2.7)

contains a convergent subsequence.

Proof. First of all, we observe that
Vie(w) =u+i*((1+c)Au— f(x,u)), (2.8)

where, i* : L>(Q)) — H is a compact operator (i* is the adjoint of the immersion i: H —
L*(2)).

It is enough to prove that (|lu,|l),en is bounded, because of (2.8) and (f;). We consider
the case N > 5. Form (f;), we obtain the existence ¢; > 0 such that

ci(lul* = 1) < F(x,u). (2.9)
Let € (a!,271), for n large enough and c,,c; > 0, we have
A1+ Ly = TeCatn) = B (b))
= JQ [ % —ﬁ) (12w |” = c| Tun|*) +Bf (6,100 ) —F(x,un)]dx
> (38) (lznll+ A1 1 l3) + @B - 1) | Flxun)dx—c,

= (%_/j) (”Zn”?—['l'Al|yn|§)+cl(‘xﬂ_1)|u”|3_c3’

(2.10)

where, u, = ¥, + 24, yn €Y, z, € Z. It is easy to verify that (u,) is bounded in H using
the fact that dim Y is finite.

A standard argument shows that {u,} has a convergent subsequence in H. Therefore,
J satisfies the (PS) condition. O

THEOREM 2.2. Assume (f;)—(fy), then problem (P) has at least one nontrivial solution.

Proof. (1) We consider the case N = 5. We will verify the assumptions of the Linking
Theorem. The (PS) condition follows form the preceding Lemma 2.1.
(2) By (f1) (f2), we have
Ve >0, 3¢, >0 such that |F(x,u) | < elul®+celul?. (2.11)

On Z, we obtain

1
Je(u) = < llullf — L) (elul® +celul?) = Ellullfq —elul - c.lulh. (2.12)

N | =
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By Sobolev imbedding theorem, there exists r > 0, such that

b:= | 1|{1f Jo(u) > ueZz. (2.13)
(3) By (fs), on Y we have
1 2
Jo(u) < L} [EAnu - F(x,u)] <0. (2.14)

Define z := re,q1/|leps1 || 1. It follows (2.9), for u = y + Az with A > 0, we deduce

Jo(u) = I [|A (y+A1z) | —c|V( y+/lz I F(x,u)

1

A
= EL) (I1AyP =clVyl?) + ELz (1Az]2 = | Vzl) - Jgp(x,u) (2.15)

< %A,,L)yu %r—cllu|g+cllﬂl.
Since on the finite dimensional space Y € Rz all norms are equivalent, then we get
Jo(u) — —oo, |lullg — oo, uEY@IR{z. (2.16)
Thus, there exists p > r such that

max/, =0, (2.17)
My

where My is as above. By the Linking Theorem, there exists a critical point u of ] satisfying
J:(u) = b > 0. Since J.(0) = 0, then u is a nontrivial solution of (P). O

Remark 2.3. If ¢ < Ay, it suffices to use the Mountain Pass Theorem [6, Theorem 2.2]
instead of Linking Theorem.

THEOREM 2.4. Under (f,)—(f3) with ¢ < A1, (P) has a nontrivial solution.

Proof. Please see [6, Theorem 2.15] for its proof in detail, where E = H>(\H{ (Q), (u,v)g =
Jo(Aurv —cVuVv) and I(u) = (1/2) [o(|Aul? = c|Vul?) — [o F(x,u). O

Similarly, we can obtain the following corollary.

COROLLARY 2.5. Under (f;)—(f3) and
(fs)" fe,t)t =0 forallt € R,

problem (P) has a positive solution and a negative solution.
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Proof. By the truncation technique and the Mountain Pass theorem, the problem

A*u+cAu = f(x,u), x € Q,

P
u=0, Au=0, xe€0Q, (P)
where
. fxu), u=0,
X, U) = 2.18
flu) {O, u<o, ( )
has a solution u # 0 satisfying
J AuAv—cVqu=J f(x,u)v, Vv eH. (2.19)
Q Q
Let A = {x € Q|u(x) < 0}, then by the definition off,
Au+cAu=0, xeA,
(2.20)

u=0, Au=0, x€odA.

By the maximum principle, we have u = 0 in A, therefore A = &. Thus u > 0 a.e. on Q.
From (fy)’, further using the strong maximum principle [2], we deduce u > 0, that is,
u is the positive solution of (P). O

While for A1 < ¢ € (A4,A441), by the Linking Theorem, we have the following theorem.
THEOREM 2.6. Under (f,)—(f4)’, problem (P) has at least a nontrivial solution.

Proof. Condition (f)" is stronger than (f4), which is also applied to show that, for u € Y

Jo(u) = 1J [ AUl - c|Vul?] —J Flx,u) < lAnJ . —J Fluu) <0, (221)
2 Ja Q 2 Q Q
As the similar proof of Theorem 2.2, we obtain the result. O

Remark 2.7. In Corollary 2.5, we obtain a positive solution of (P) by using truncation
technique, if ¢ < 1. However, if ¢ > 1;, we cannot expect a positive solution of (P). In-
deed, if v, is the eigenfunction corresponding to A;, we can assume v; > 0 in Q. Therefore,
if u is a solution of (P), we get

J flx,u)vy = J (A2u+cAu)v, = J (A2 +cAv))u = Alj ViU (2.22)
Q Q Q Q

If u is positive in (), the left-hand side of (2.22) is nonnegative by (fy)’, while the right-
hand side is nonpositive, since ¢ > A;. Thus, there can only be a positive solution u(x) if
c =\, and p(x,u(x)) =0.

If ¢ = Ak < Ag+1, we can apply the Saddle Point Theorem to obtain a nontrivial solution
of (P).
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SADDLE PoINT THEOREM [6, Theorem 4.6]. Let E = VX, where E is a real Banach
space and V # {0} is finite dimensional. Suppose ] € C'(E,R) satisfies (PS) condition, and

(1) there is a constant « and a bounded neighborhood D of 0 in V, such that ] |5p < «,
(1) there is a constant 3 > « such that J|x = f.

Then ] possessed a critical point whose critical value ¢ = f.

TueoreM 2.8. Under the following conditions

(i) f: QxR — R isa Carathéodory function, and for some C > 0,
lf(l <G,
(ii) F(x,&) = foff(x,t)dt — 00 as |&| — co uniformly for x € Q,

problem (P) possesses a nontrivial solution.

Proof. Since (i), J. is of C'. Let V := span{ey,...,ex},and X := span{ejlj=k+1},50X =
V. Therefore H = V @ X. We will show that J. satisfies (i) (ii) and (PS) condition. Then
our result follows from the Saddle Point Theorem.

By (i), let M := sup, g seg | f(x,§)], then
' [ F(x,u)dx' < MJ \uldx < M llulli, (2.23)
Q Q

for all u € H via the Holder and Poincaré inequality. On X, the norms ||ul|?> = [ (| Aul? —
¢|Vu|?) and ||ul|? are equivalent, we have

1
Jc(w:EJQUAuP—chP]—jQF(x,u)zc1||u||%,—M1||u||H, a>0,  (224)

which shows J, is bounded from below on X, that is, (I,) holds.
Next, if u € V, then u = u® + u~, where u” € E* := span{ej[A; = c},and u~ € E~ :=
span{e;|A; < c}. Then

J(u) = ljﬂ(|Au* |2—C|Vu* |2> —L)F(x,uo) —L} (F(x,u’ +u~) — F(x,u°)).

2
(2.25)

Estimating the last term as in (2.23), since all norms are equivalent on the finite dimen-
sional subspace E~, we have

Jo(u) < —Mo|ju |5 - JQF(x, W) + Myl (2.26)

Now, (2.26) and (ii) show J.(u) — —o0 as u — o in V. Hence J, satisfies (I).
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Lastly to verify (PS) condition, it suffices to show that |J.(u,,)| < K and J/(uy) — 0

implies (u,,) is bounded, since (i) and (2.8). Writing u,, = 5, + u,, + u;},, where u, € E°,
u,, € E-, u}, € X. For large m,

[ (u) | = ‘ J;; [AumAuy, — cVun Vg, — f(um)uy,ldx| < |uglly.  (2.27)
Consequently, since X = V+, by (2.27) and an estimate like (2.23), we get

il = ol = Ml sl (2.28)

which shows that {[|u, |z} is bounded. Similarly {|lu;,|l} is bounded. Finally we claim
that {||ud, ||} is bounded. Then (uy,) is bounded in H and we are through. Indeed,

K> [elun) | = | [ {51100+ [ S| = el Vi | = ¢ Vit ]
(2.29)
— (F(x,um) —F(x,u?n))}dx—L)F(x,u(,)y,)dx‘.

By what has already been shown, the first term on the right is bounded independently of
m. Therefore

K> ~ K, (2.30)

L)F(x, )

s0 (Jo F(x,u)dx) is bounded, which implies (19,) is bounded as the proof of Lemma
4.21 [6]. |

Remark 2.9. If (ii) is replaced by F(x,&) — —oo as |£| — oo, the above arguments can easily
be modified to handle this case.
3. The existence of two nontrivial solution

By using the following “a variation of linking” theorem, we can obtain at least two solu-
tions of (P).

TaEOREM 3.1 (“a variation of linking”) [7, Corollary 2.4]. Let N be a subspace of a Hilbert
space H, such that 0 < dimN < oo, and M = N*. Assume ] is a continuously differentiable
functional on H, which satisfies for some a < , 0 < § < R and wy € M\{0},

Jw)<a, veN, |[vl<R,
J(swo+v) <a, s>0,vEN, |lswo+v||=R, (3.1)
Jw)=p, weH, |[w]=0.

If ] satisfies the (PS) condition, then there are at least two solutions of ]’ (u) = 0, one satisfies
J(u) < o and the other J(u) = p.
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THEOREM 3.2. Assume c € (Aj_1,A;) with | > 2, under the conditions (f,) (f,) and

(fs) F = [; f(x,s)ds satisfies

%Al,ltz —wolx) < F(x,t) < %vl 2+ V)PP +w (%), (3.2)

where vy < Ap, p > 2.

Byi= [ widx<w, j=0,1,
o (3.3)
\Vulb < Cllullf;, ueH,

(fs) the following inequality holds:

1 2 " >p/(172) ( 1 )2/(p2)
By+Bi<-(1-=)(1-2 — , 3.4
0 1<2( p)( Al »C (34)

problem (P) has at least two nontrivial solutions.

Proof. Note that above conditions allow f(x,0) # 0.

Under (f}), it is readily checked that the functional J, is of C'. Let N be the subspace
spanned by the eigenfunctions corresponding to the eigenvalues Ay,...,A;_1, and let M =
N+ H, the orthogonal complement of N in H. On M we have by (f5),

LW0=1WM%—JFMM)Z%
1

= 3 (1= 32 ) il ~ cwiy ~ B

4
Iwllgy == w3 = 1Vwlp -
(3.5)

If we take 8772 = (1 — (»1/A1))/pC, we get

]c(W)Z%(1_%)<1—%>82—31:%(1_%> (l—j\ll)p/(p2)<plc)2/(p2)—31,

Iwllg =6, weM.
(3.6)

On the other hand, on N we have by (f5),
1 2 1 2
J») <= | (lav]*=cIVv|*) —=A;1 | v*+By<By, vEN. (3.7)
2 Ja 2 Q

Let wy be an eigenfunction corresponding to the eigenvalue A; with unit norm, and let N;
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denote the subspace spanned by N and wy. On N; we have by (f,),

Jotw) < 3 | [1aGrom) P el ¥ (vrom) I*] = | Foow)

1 s (3.8)
< EA]_l ,[sz + E - C1|M|§+C1|Q|,
wherev €N, s> 0.
In particular, we see that
Je(u) — —ooas [lully — o, u€eN, (3.9)
since all norms are equivalent on the finite dimensional space Nj.
Take R so large that R > § and
Je(u) < By, lull =R, u€N;. (3.10)

If B denote the right-hand of (3.5), we see that By < § by (f). Under (f;), Lemma 2.1 has
shown that J, satisfies the (PS) condition, then our results will follow from Theorem 3.1,
that is, J. has at least two nontrivial critical points, since J.(0) # 0. O

Remark 3.3. Indeed, if f(x,0) # 0 in Theorems 2.2, 2.6, and 2.8, we also can obtain at
least two nontrivial solutions under certain conditions.

4. The existence of multiple solutions

In this section, we will prove an existence result of multiple solutions by using pseudo-
index. We first recall the definition of genus and an abstract theorem of [1].

Let E be a Banach space, ] € C!(E,R) satisfy J(—u) = J(u) for all u € E. Denote X to
be all the symmetrical and closed sets in E, and Z, the set of nonnegative integer. Define

y(A) := inf {n € Z,: there is a continuous and odd map ¢ : A — R"\{0}}. (4.1)

If for all n € N, there is no such ¢, set y(A) = +o0, while A = &, set y(A) = 0. Genus y
has the following properties:

ProrosITiON 4.1 [9, Theorem 3.2 IV]. The following conditions hold.
(10) IfE =X @Xz, d1mX1 =k, y(A) >k, thenAﬂXz + .
(2°) If Q) is a symmetrical and bounded neighborhood of 0 in R™, and there exists a map-

ping h € C(A,0Q) with h an odd homeomorphism, then y(A) = m, for A € Z.
(3°) If y(A) = k, O & A, then there exist at least k distinct pairs of points in A.

Now, we define the pseudo-index i* by y,

(A= inf )y(Aﬂh(aBl)>, (4.2)

heAy(p

where A € £* = {A € X : A is compact} and Ay (p) = {h € C(E,E) : h is an odd homeo-
morphism, for some p >0, h(By) C J~1(0, ) UB,}.
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TueorEM 4.2 [1, Theorem 3.6 IV]. Let E be a Banach space, ] € C'(E,R) satisfy ] (—u) =
J(u) for all u € E. Assume

(I) there exist p, ap > 0 and a subspace E, C E with dimE; = my, such that

JlE 0B, = a0, (4.3)

(IT) there exists a subspace E; C E with dimE, = my > my, and R > 0 such that J(u) <0
for all u € E;\Bg,

and ] satisfies (PS) condition, then ] has at least m, — m, distinct pairs of critical points with
critical value

cf = inf supJ(u). (4.4)

i*(A)zn yeca

THEOREM 4.3. Assume (fi), (f2), (f3), and
(fa2) f(x,t)isoddint.
IfAj < ¢ < Ajy1, then (P) has infinitely many nontrivial solutions.

Proof. Let E = H := H>(H{(Q), first we will prove (I) (IT) of Theorem 4.2 are satisfied
under the conditions of Theorem 4.3.

(I) Let Ey := Y; = span{e,...,e;}, the similar proof of Theorem 2.2 (2), for all u €
Y+
] bl

1
]c(u)zEllullé—slulﬁ—cslu\ﬁ, (4.5)

thus, there exist p, ap > 0 small enough, such that
Je(w) = a9, VueYj, lully=p. (4.6)

(II) For m = 1 fixed, since all norms are equivalent on the finite dimensional space
Yjtm> by (2.9) there exists a sufficiently big constant R > p, such that

1
Je(u) < S Ajem Qu2 —clul§+cilQf

(4.7)
=cllullfy —cullullfy+c11Q1 <0, u € Yjim\B.
Next, by the properties of genus and the definition of ¢;f, we have
Qo < ¢fg < oo, m>s>1. (4.8)

Indeed, for all A € 2* satisfying i*(A) = j+s, let hy = p - id, then hy € A4 (p) and

y(AN3B,) = y(ANho(2B1)) = hei/{l*f(P)y<Aﬂh(aBl)> = i*(A) > j. (4.9)
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By (1°) of Proposition 4.1, A(1 0B, YjL # @, then (4.6) implies

supJe(u) = inf  J.(u) = ap. (4.10)
ueA uEBBpﬂYjL

Since A € X* is arbitrary, then ¢}, > ao.
As the proof of Theorem 3.6 IV [1], c;-"+s < +oo,since j+s < dimYj,.
Thus, we have

Q) < Cfop S Cjupr < -0 S €y < F00, (4.11)

and the (PS) condition is obtained by Lemma 2.1. Therefore, Theorem 4.2 implies that
Jc admits at least m distinct pairs of critical points. Since m is arbitrary and A; — +co as
j — oo, then (P) has infinitely many nontrivial solutions. O
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