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Let X be an infinite-dimensional real reflexive Banach space with dual space X* and G C
X open and bounded. Assume that X and X* are locally uniformly convex. Let T : X D
D(T) — 2X" be maximal monotone and C: X D D(C) — X* quasibounded and of type
(S,). Assume that L ¢ D(C), where L is a dense subspace of X, and 0 € T(0). A new
topological degree theory is introduced for the sum T + C. Browder’s degree theory has
thus been extended to densely defined perturbations of maximal monotone operators
while results of Browder and Hess have been extended to various classes of single-valued
densely defined generalized pseudomonotone perturbations C. Although the main results
are of theoretical nature, possible applications of the new degree theory are given for
several other theoretical problems in nonlinear functional analysis.

1. Introduction and preliminaries

In what follows, the symbol X stands for an infinite-dimensional real reflexive Banach
space which has been renormed so that it and its dual X* are locally uniformly convex.
The symbol || - || stands for the norm of X, X* and J : X — X* is the normalized duality
mapping. In what follows, “continuous” means “strongly continuous” and the symbol
“=” (“~”) means strong (weak) convergence.

The symbol R(R.) stands for the set (—00,00)([0,)) and the symbols 0D, D denote
the strong boundary and closure of the set D, respectively. We denote by B, (0) the open
ball of X or X* with center at zero and radius r > 0.

For an operator T: X — 2X* we denote by D(T) the effective domain of T, that is,
D(T) = {x € X : Tx # @}. We denote by G(T) the graph of T, that is, G(T) = {(x, y) :
x € D(T), y € Tx}. An operator T : X D D(T) — 2X" is called “monotone” if for every
x,y € D(T) and every u € Tx, v € Ty, we have

(u—v,x—y)=0. (1.1)

A monotone operator T is “maximal monotone” if G(T') is maximal in X X X* when X x
X* is partially ordered by inclusion. In our setting, a monotone operator T is maximal if
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and onlyif R(T +1]) = X* forall A € (0, c0). If T is maximal monotone, then the operator
Ty= (T '+t 1)~1: X — X* is bounded, continuous (see Lemma 3.1 below), maximal
monotone and such that Tyx — T'%x as t — 0% for every x € D(T), where T'%x de-
notes the element y* € Tx of minimum norm, that is, | 7% x|| = inf{||y*|| : y* € Tx}.
In our setting, this infimum is always attained and D(T'%}) = D(T). Also, Tix € TJ;x,
where J; =1 — tJ7'T; : X — X and satisfies lim;_¢ J;x = x for all x € coD(T), where coA
denotes the convex hull of the set A. The operators T, J; were introduced by Brézis et al.
in [2]. For their basic properties, we refer the reader to [2] as well as Pascali and Sburlan
[22, pages 128-130]. In our setting, the duality mapping J is single-valued and bicontin-
uous.

An operator T: X D D(T) — Y, with Y another real Banach space, is “bounded” if
it maps bounded subsets of D(T') onto bounded sets. It is “compact” if it is continuous
and maps bounded subsets of D(T') onto relatively compact subsets of Y. It is “demi-
continuous” (“completely continuous”) if it is strong-weak (weak-strong) continuous on
D(T).

We say that an operator C: X D D(C) — X* satisfies condition “(S;)” if {x,} ¢ D(C),
X, — Xo, and

limsup (Cxy,, x, — x0) <0 (1.2)
imply x,, — xo.
We say that an operator C: X D D(C) — X* satisfies condition “(S;)” if {x,} c D(C),
Xy — X0, Cx, — h{, and (1.2) imply x, — x¢, x0 € D(C), and Cxq = h.
The following lemma can be found in Zeidler [29, page 915].

LemMMA 1.1. Let T: X D D(T) — 2X" be maximal monotone. Then the following are true:
(1) {xn} € D(T), x4y — x0 and Tx, 2 y, — yo imply xo € D(T) and y, € Txy;
(ii) {x,} € D(T), x, — x0 and Tx, 3 y, — yo imply xo € D(T) and yy € Txq.

From Lemma 1.1, we see that either one of (i) and (ii) implies that the graph G(T) of
the operator T is closed, that is, G(T) is a closed subset of X x X*.

For facts involving monotone operators, and other related concepts, the reader is re-
ferred to Barbu [1], Brézis et al. [2], Browder [3], Pascali and Sburlan [22], Simons [26],
Skrypnik [27], and Zeidler [29].

We cite the books of Browder [3], Lloyd [21], Petryshyn [23], Rothe [25], and Skrypnik
[27], and the papers of Browder [4, 5], Kartsatos and Skrypnik [15, 16], and Zhang and
Chen [30] as references to degree theories.

For recent results about ranges of operators, we refer the reader to Guan and Kartsatos
[9], Guan et al. [10], Kartsatos [11], the authors [13, 16, 17, 18], Li and Huang [20], and
Zhang and Chen [30].

Recent related eigenvalue problems can be found in the paper of the authors [14] and
the paper of Li and Huang [20].

In Section 2, we summarize the construction of our recent degree theory for two
densely defined mappings T, C, where T is at least single-valued and maximal mono-
tone, and C satisfies an L-related quasiboundedness condition and an L-related general-
ized (S;)-condition with respect to T. Here, L is a dense subspace of X.
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Section 3 contains the construction of the new degree. We only assume that 0 € D(T),
0 e T(0),and T: X — 2X" is maximal monotone. Unlike [15], we do not assume that T
is densely defined and conditions like (,)—(t4) (see Section 2), which make T stronger
than just maximal monotone. The operator C: X D> D(C) — X*, with L ¢ D(C), is qua-
sibounded, finitely continuous on subspaces of L (see (c3) below) and satisfies condition
(S,). In [15], we assumed that C satisfies a quasiboundedness condition and a condition
of type (S+), which involve the operator T and the space L.

The basic characteristic of the new degree is that the maximal monotone operator T
may be multivalued but not necessarily densely defined. We should note here that the new
degree theory does not contain the theory developed in [15] as a special case. Although
the two degree theories overlap for certain combinations of operators T, C, and the de-
gree in [15] is used for the construction herein, they are generally different even in the
important case of a single-valued maximal monotone operator T. The new degree theory
is also a substantial extension of Browder’s degree theory in [5]. Browder’s perturbation
term is defined on the closure of an open and bounded set in the space X. However, we
should mention here that our degree definition uses the degree of the mapping T; + C,
which is constant for all small values of t. Such an approach was first used by Browder in
[5]. Naturally, we have to show here that this homotopy function T} + C is admissible for
our degree in [15]. This is the content of Theorem 3.3.

Naturally, every new degree theory is useful provided that it carries appropriate ho-
motopies that can be used for the calculation of the degree. Theorem 4.3 contains a basic
homotopy result. This result is used in Theorem 4.4(iii), of Section 4, in order to obtain a
rather important homotopy that we have actually used in all the applications of the new
mapping theorems of Section 6. Again, unlike the main homotopy that has been used for
the degree of [15], the main feature of the above homotopy is that we no longer assume
that the dense linear space L lies in both domains D(T), D(C). Such an assumption must
be made for the degree in [15], and it precludes us from considering many simple affine
homotopies of the type H(t,-) = t(T + C,) + (1 — £)C; for general maximal monotone
operators T'. Simply, under this assumption, the degree d(H(t, -), G,0) might not be well
defined, although 0 & H(t,-)(dG), t € [0,1], and both degrees d(C;,G,0), d(C,G,0) are
well defined. This, at times, is due to the fact that the mappings T, C; have domains that
contain different dense subspaces L.

An index theory for densely defined operators and the degree developed in [15] can
be found in the authors’ paper [17].

Section 4 contains some basic properties of the new degree including two basic homo-
topies.

In Section 5, we extend some results of Browder and Hess [6] about generalized pseu-
domonotone operators to pairs of operators T, C covered by the new degree theory.

Further mapping theorems for the new degree are given in Section 6.

2. The degree for densely defined mappings T, C

We exhibit below, in a summary, the degree theory that was recently developed by the
authors in [15]. In this degree theory, both operators T, C are densely defined, and
d(T + C,G,0) comes from approximation by finite-dimensional Brouwer degrees. We
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note that the operator T is single-valued and the operator C satisfies two basic conditions
(quasiboundedness and generalized (S.)) involving the dense subspace L ¢ D(T) n D(C)
of the space X as well as the operator T itself. This introduction is instructive in view of
the degree theory that we are going to develop later in this paper.

Let L be a subspace of X and let (L) be the set of all finite-dimensional subspaces
of L. Consider a single-valued operator T': X D D(T) — X* satistying the following con-
ditions:

(1) T is monotone, that is,
(Tu—Tv,u—v) =0 (2.1)
for every u,v € D(T). Moreover,
LcD(T), I=X; (2.2)
() for every (ug,hi) € X x X* with
(Tu—-hf,u—up) =0 foruel, (2.3)

we have uy € D(T) and Tup = hg;
(t3) for any uy € D(T), we have

inf {(Tv— Tug,v—ug) :v €L} =0; (2.4)

(t4) for every F € F(L), v € L, the mapping o(F,v) : F — R, defined by o(F,v)u =
(Tu,v) is continuous.

Note that the conditions (f,), (#3) are automatically satisfied by a maximal monotone
operator T whose domain D(T) = L.

We also consider a second operator C: X D D(C) — X* satisfying the following con-
ditions:

(c1)
L c D(C) (2.5)

and C is quasibounded with respect to T, that is, for every number S > 0, there
exists a number K(S) > 0 such that from the inequalities

(Tu+Cu,u) <0, Jlul<S,uel, (2.6)

we have ||Cul| < K(S);
(cz) the operator C satisfies the following generalized (S;) condition with respect to
T: for every sequence {u,} C L such that u, — uy, Cu, — ho and

limsup (Cuy, u, — ug) <0, (Tu,+ Cup,uy,) <0, (2.7)

n— 00

for some uy € X, hg € X*, we have u,, — ug, ug € D(C) and Cuqy = ho;
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(¢3) for every F € (L), v € L, the mapping c¢(F,v) : F — R, defined by ¢(F,v)(u) =
(Cu,v), is continuous.
In what follows, Gk = GNF.

LEMMA 2.1. Assume that T : X D D(T) — X* satisfies (t;)—(t3), while C: X > D(C) — X*
satisfies (¢1), (¢2). Let G be a bounded open set in X such that

Tu+Cu+0, uc€dGnD(T+C), (2.8)

where D(C+ T) = D(T) N D(C). Then there exists a space Fy € F(L) such that for every
space F € & (L) such that Fy C F, it holds that

Z(Fy,F) ={u€0Gr N D(T+C): {Tu+ Cu,u) <0, (Tu+Cu,v) =0, v Fy} = @.
(2.9)

Let F € (L) and let vi,..., vk be a basis for F. We define a finite-dimensional mapping
(T+C)F ZF—’FbY

k
(T+C)p(u Z (Tu+ Cu,vi)v;. (2.10)

THEOREM 2.2. Assume that T : X D D(T) — X* satisfies (t;)—(t4), while C: X > D(C) —
X* satisfies (¢1)—(c3). Let G be a bounded open set in X such that (2.8) holds. Let Fy € (L)
be the space defined in Lemma 2.1. Then for every space F € F(L) with Fy C F, the following
relation holds:

deg((T+C)F>GF)0) :deg((T+C)Fg)GF070)) (211)

where (T + C)r is the finite-dimensional mapping defined by (2.10), and deg denotes the
Brouwer degree.

Definition 2.3 (degree for densely defined T, C). Assume that the operators T, C and the
set G satisfy the conditions of Theorem 2.2. Then the degree d(T + C,G,0) is defined by

d(T +C,G,0) = deg (T + C)g,» Gr,,0), (2.12)

where the operator (T + C)r is defined by (2.10), and Fj is the finite-dimensional sub-
space of L determined by Lemma 2.1.

The basic properties of our degree can be found in [15]. We do need to exhibit the basic
homotopy invariance property of this degree. It is contained in Theorem 2.5. Before we
state it, we need certain facts and a definition.

Consider the one-parameter family of operators M; : X D D(M;) — X*, t € [0,1], sat-
isfying the following conditions:

(mgl)) for every t € [0,1], the operator M; satisfies conditions (#;)—(#3) above with the
space L independent of t;

(m§2>) for every v € L, the mapping u(v) : [0,1] — X*, defined by u(v)(t) = M,(v), is
continuous;
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(m§3)) for every F € (L), v € L the mapping m(F,v) : F x [0,1] — R, defined by
m(F,v)(u,t) = (M,u,v), is continuous.
Let A;: X D D(A;) — X*, t € [0,1], be a second one-parameter family of operators satis-
fying the following conditions:

(agl)) for every t € [0,1], let L C D(A;) be as in conditions (mil))—(m?)), and let the
family {A,} be uniformly quasibounded with respect to Mj, that is, for every S >
0, there exists K(S) > 0 such that

(Myu+Amuu) <0, |lull<S,uel,te[0,1], (2.13)

implies the estimate [|A;ull < K(S);
(agz)) for every pair of sequences {¢;} C [0,1], {u;} C L such that u; — up, Asu; — he,
tj — to and

limsup(Atjuj,ujfug) <0, (Mtjuj+Atjuj,uj) <0, (2.14)

jooo

for some ty € [0,1], up € X, hy € X*, we have uj — uo, ug € D(A) and A ug =
hi's
(a§3)) for every F € (L), v € L, the mapping a(F,v) : F X [0,1] — R, defined by
a(F,v)(u,t) = (Asu,v), is continuous.
Definition 2.4. Let MY : X > D(MY) — X*, AV : X 5 D(A?) — X*, i = 0,1, satisfy con-
ditions (t;)—(t4) and (c;)—(c3) above, with a common space L. We say that the operators
A+ MO AD + MO are homotopic with respect to the open bounded set D € X if
there exist one-parameter families of operators M, : X D D(M;) — X*, A;: X D D(A,;) —
X* satistying conditions (mﬁ”)—(mﬁ”) and (aﬁl))—(af)), respectively, and such that

MDY =M, AD=A, i=0,1,

2.15
Mu+Au#0, uceoDND(M;+A,), te[0,1]. 2.15)

We also say in this case that {M; + C;}, t € [0,1], is an “admissible homotopy.”

THEOREM 2.5. Assume that the operators M), AD, i = 0,1, satisfy conditions (t,)—(t,) and
(c1)—(c3), respectively. Assume that the operators M©) + A©), MM + AW are homotopic with
respect to the bounded open set G C X. Then

dM® + A9, G,0) =d(MV +ADY,G,0), (2.16)

where the degree d is as in Definition 2.3.

Remark 2.6. Tt is important to mention here that our degree theory above was actually
developed in [15] with S in place of 0 in the first inequality in (2.6) and (2.13). It can
be seen that the present situation is sufficient for the development of our degree after a
careful study of the construction in [15].
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3. The construction of the new degree

We are now ready to state the hypotheses needed for our new degree. As above, L is a dense
subspace of X carrying the family &(L). For the operator T, we assume the following:

(t1) T:X > D(T) — 2X" is maximal monotone with 0 € D(T) and 0 € T(0).
For the operator C, we assume that

(c1) C: X > D(C) — X*, with L ¢ D(C), is quasibounded, that is, for every S >0,
there exists K(S) > 0 such that u € D(C) with

llull <, (Cu,u) <§ (3.1)

implies || Cull < K(S);

(c2) the operator C satisfies condition (§+);

(c3) for every F € (L), v € L, the mapping c(F,v) : F — R, defined by ¢(F,v)(u) =
(Cu,v), is continuous.

Condition (¢3) here is the same as condition (¢3). It is included with a new symbol for
convenience.

The following lemma is a new result that shows the continuity of the operator (¢,x) —
Tix on (0,00) x X. For D(T) in place of X, this was shown differently in the paper [30].

LEMMA 3.1. Let T: X D D(T) — 2X" be maximal monotone with 0 € D(T) and 0 € T(0).
Then the mapping (t,x) — Tyx is continuous on (0,00) X X.

Proof. Fix § >0. Let {x,} C X, {t,} C [§,) be such that x, — xo and t, — ;. Let y; =
T, xn. Then, for some z, € D(T) with y¥ € Tz,

(T +t, ) ) yf o x0 =20+t 'yt (3.2)

Using the monotonicity of the operator T and the condition 0 € T(0), we get
(yixn) = (szn) + talyoT 1y} = 81|, (3.3)
which gives us the boundedness of the sequence { ;¥ } and hence the boundedness of {z,}
by (3.2). Since X, X * are reflexive, we may assume that y;¥ — yg',z, — zopand J 1y} — y,.
Using this and the monotonicity of the duality mapping /! : X* — X = X**, we obtain
lim (y; = yisxa) =0, liminf (y = y3 6" y) 2 0. (3.4)

The second inequality of (3.4) follows from
i =yt 0y =171)) = alllyi Nl = llyol ), (3:5)
which implies

=yt ') = ik =yt "y (3.6)
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From (3.2) and (3.4), we have

limsup (' = y5',2n) < im (y = yxa) +limsup [ = (v = y5sta) "' y)], - (3.7)

n— oo n—oo

which says

limsup (y; — y&,z4) <0. (3.8)
This yields

limsup (y,5,2,4) < (¥§>20)- (3.9)

Fix X € D(T), x* € Tx. Using the monotonicity of the operator T, we get
(yn — %2, - %) 20, (3.10)
or
(Vr>zn) = (> X) + (X%, 20) — (X5, %). (3.11)
Passing to the limit as n — oo, we obtain
hfflio?f (yiozn) = (yi,%) + (x%,20) — (X*,%). (3.12)
Inequalities (3.9) and (3.12) imply
(y§ —x*,20—%) = 0. (3.13)

Since the point (%,%*) € G(T) is arbitrary, we have zy € D(T) and y;* € Tz, by the max-
imal monotonicity of the operator T. Thus, we may take in (3.12) X = zj to arrive at

liglinf(y:,zn) > (y¢20)- (3.14)
Now from (3.2), the first equality in (3.4), and (3.14), we obtain

limsup (y; — yi t.J 'yk) <0. (3.15)

n—oo

Using the (S;)-property of the operator J~!, we obtain y} — yg. Passing to the limit in
(3.2) and taking into consideration that y; € Tz, we get

X0 =Z()+t0]_1)/6k S (T_l'l'to]_l)yék. (316)

Thus, y§ = (T7'+1toJ ) "'xo = Ty, X0, and the proof is complete. O

The following theorem will allow us to define the degree d(T; + C, G,0) (see Theorem
3.3) provided that 0 ¢ (T + C)(D(T) n D(C) N 9G).
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THEOREM 3.2. Assume that the operator T satisfies condition (t1) and the operator C satis-
fies conditions (c1)—(c3). Assume that G C X is open and bounded and that

0¢ (T+C)(D(T)NnD(C)NaG). (3.17)
Then there exists t; € (0,00) such that 0 & (T¢+ C)(D(C) N 0G) for every t € (0,t,], where
Ti= (T '+t H1: X - X* t>0.

Proof. Assume that (3.17) is true and that the conclusion is false. Then there exists a
sequence {t,} such that ¢, | 0, and a sequence {x,} C D(C) N dG such that

T, %y +Cx, = 0. (3.18)

Since G is bounded, we may assume that x, — xo € X. Since {x,} is bounded and
(Cxn,xn) < 0, because (T xn,x,) = 0, we have by the quasiboundedness of C that
{11Cxy |} is also bounded. We may thus assume that Cx,, — h* € X*. We claim that (3.18)
implies (1.2). Assume that this is not true. Then there exists a subsequence of {x,}, de-
noted again by {x,}, such that

%Lngo (Cxpyxn — x9) > 0. (3.19)
This implies
111}{)10 (T, %, %7 — x0) <O. (3.20)
We also have Ty, x,, — —h*. Consequently, along with
(Ty,%n>%xn) = (T4, Xn%n — X0) + Ty Xn>X0)» (3.21)
we obtain
liI:qsup(Ttnxn,x,,) <limsup (Tt xn,x0) = { — h*,x0). (3.22)

Let now x € D(T) and x* € Tx. Then, as in Browder [5, proof of Theorem 12],
limig}lf(Ttnxn,xn) > ligli;l“Ttnxn,x) +{x*,x0 —x) = ( —h*,x) + (x*,x0 —x). (3.23)
Thus, by (3.22),
(—h*,x)+ (x*,x0 —x) < (= h*,x0), (3.24)
or

(=h* —x*,x0—x) >0. (3.25)

Since (x,x™) are arbitrary in the graph G(T') and T is maximal monotone, we have xy €
D(T) and Txy 2 —h*. Taking x = xo and x* = —h™* in (3.25), we obtain a contradiction.
Consequently, (1.2) is true.
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Using the fact that the operator C satisfies condition (S,), we conclude that x, — xo,
xo € D(C) N 9G, and Cxy = h*. This says Ty, x, — —h* and

lim (Tt %y %0 — X0) = — lim (Cxpyxn —x0) =0 (3.26)

and implies, as in the argument starting with (3.20) above, that xo € D(T) and Tx, >
—h*. Consequently, T'xy + Cxy = 0 with xo € D(T) n D(C) N dG, that is, a contradiction.
The proof is complete. 0

Theorem 3.3 below contains the fact that the degree d(T; + C, G,0) is well defined and
constant. The latter follows from the fact that the operator T; + C defines a homotopy
which is admissible for all small t > 0, according to Definition 2.4.

THEOREM 3.3. Assume that the operator T satisfies condition (t1) and the operator C sat-
isfies conditions (c1)—(c3). Assume that G C X is open and bounded and that 0 ¢ (T +
C)(D(T) N D(C) N 9G). Then if t; € (0,c0) is as in Theorem 3.2, the degree d(T; + C,G,0)
is well defined and constant for every t € (0,1, ].

Proof. We first note that 0 € T(0) implies T(0) = 0, t > 0. In order to define the degree
d(T¢+ C,G,0), we need to show that the operators T;, C satisfy the conditions (#;)—(4)
and (c;)—(c3), respectively. We know that T} is maximal monotone and continuous. This
takes care of (t1) and (t4).

To show (), fix t > 0 and let (1o, hd) € X X X* be such that

(Tyu—h¥,u—up) =0, ucl. (3.27)

Since L is dense in X and T} is continuous, it follows easily that this inequality holds for
all u € X. Since T} is maximal monotone, this says that uy € D(T;) = X and Tyuy = hg.
Thus, (#,) is true.

To show (t3), we fix t > 0 and note that 1y € X and

inf {(Tyv — Tyug,v —ug) :vE L} >0 (3.28)

imply, by the continuity of T; and the density of L in X, that the same inequality is true
for v € X. This however is false because one such v is the element .

We now show that C satisfies (¢1), (c2), and (¢3) is identical to (¢3) with T; in place of T.
To see that (¢;) is satisfied, it suffices to observe that, in view of c1, the first inequality
of (2.6) is true without the term Tu because (Tu,u) > 0. To see that (c,) is satisfied, it
suffices to observe that (c2) is stronger than (c;).

It follows that the degree d(T: + C,G,0), t € (0,t;], is well defined. Now, fix the point
to € (0,11) and let A(t) = tto + (1 — t)t1, t € [0,1]. Since fy is picked arbitrarily in (0,1, ),
in order to show that this degree is constant on (0, ], it suffices to show that { Ty + C},
t € [0,1], is an admissible homotopy in the sense of Definition 2.4 with M; = T)() and
A =C.

To this end, we observe first that (mgl)) is satisfied by what we saw above.
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To see that (mi”) is true, we observe that for every v € L, actually for everyv € X D L,
and every f € [0,1], we have

lim T)L(t)v = T)L([)v (3.29)
t—t

by Lemma 3.1 above.
To show (m\™), fix f € [0,1], F € F(L), u € F and let {u,} C F, {t,} C [0,1] be such
that t, — f and u,, — u. Then we have

%11‘1;10 Tayun = Tapu (3.30)

by Lemma 3.1 above, which shows our assertion.
As far as A; = C is concerned, we have already checked the validity of (a;l)) and (a§3)).
To show (ai”), we observe that A;, = C and that the assumptions on C in it are stronger

than those of (S, ).
Thus, {Ty) + C}, t € [0,1], is an admissible homotopy. O

Definition 3.4 (degree for (§+)-perturbations C). Assume that the operators T, C and the
set G satisfy the conditions of Theorem 3.3. Assume that 0 ¢ (T + C)(D(T) n D(C) N 9G).
Then the new degree d(T + C, G,0) is defined by

d(T+C,G,0)=d(T,+C,G,0), te(0,t1], (3.31)
where t; is as in the conclusion of Theorem 3.2. We also set
d(T+C,G,p*) =d(T+C-p*,G,0),  d(T+C,D,p*) =0 (3.32)

for every p* € X* with p* ¢ (T + C)(D(T) n D(C) N 9G).

Remark 3.5. We note that in the above definition the operator C — p* satisfies all the
assumptions (c1)—(c3). Thus, the degree d(T + C — p*,G,0) is well defined. To see, in
particular, that C — p* is quasibounded, let [|u|| < S and (Cu — p*,u) < S, where Sis a
positive constant. Then

||u|| SSI) <Cu)u> SS]) (333)
where
S, = S([p*||+1). (3.34)

Thus, the quasiboundedness of C implies ||Cull < K(S;) and [|Cu— p*|| < K(81) + l[p*|]
=K (S), where K(S) is now the quasiboundedness constant for C — p*.

We should also point out that the degree d(J,G,0) is well defined if 0 € J(9G), which
is equivalent to 0 ¢& 0G. We are allowed to take C = ¢], € > 0 (or C = ¢],,, with J,, defined
in Section 5), in Definition 3.4. However, we are not allowed to have C = 0 there. This is
due to the fact that C = 0 does not satisfy the (§+)-condition.
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4. Basic properties of the new degree

We are now going to establish (see Theorem 4.3 below) a homotopy property of the new
degree. This property is used in Theorem 4.4(iii) in order to establish a more concrete
and useful homotopy.

We consider the one-parameter family of operators T7 : X > D(T7) — 2X*, 7 € [0,1],
satisfying the following conditions:

(tgl)) for each 7, the operator T7 is maximal monotone, 0 € D(T7) and 0 € T7(0);

(t?’) given sequences {7, }, {un}, {v;}, n=1,2,...,such thatu, € D(T™), v € T™u,,

Ty — To, Un — Uo, Vi — Vv, and

limsup (vi',u,) < (vi,up), (4.1)

n—o0o

for some uy € X, vj € X*, we have
Ug € D(TTO)’ V(;k € TTO”O) <V:L<’uﬂ> - <V6k>u0>- (42)

The condition £ was introduced by Browder [5] and was called “generalized pseu-
domonotonicity” condition.

The following lemma was proved by Browder in [5, Proposition 1(iv)].

LEmMA 4.1. Assume that the family of operators {T"} satisfies the condition (). Then the
(2)

condition (t;"") is equivalent to the following condition:
(t?)) let {1,} C [0,1] be such that 1, — 19 and let x € D(T™), x* € T™x, then there exist
sequences x, € D(T™), x} € T™x, such that x, — x and x;; — x*.
Let C": X D D(C") — X*, C™ C D(C7), 7 € [0,1], be a second one-parameter family
of operators satisfying the following conditions:

(cgl)) the family {C"} is “uniformly quasibounded”, that is, for every S > 0, there exists
K(S) > 0 such that

(Cu,u) <0, |lull <S8, forsomer € [0,1], u€ D(C"), (4.3)

imply the estimate ||C7ul| < K(S);

(c?)) for every pair of sequences {7, } € [0,1], {u,} C Lsuch thatu, — uy, C™u, — h*,
T, — To, and

limsup (C™ uy, 1, — tg) <0, (C™"tupyuy) <0, (4.4)

for some 7y € [0,1], up € X, h* € X*, we have u, — ug, up € D(C™) and C™uy =
h*;

(cg)) for every F € F(L), v € L, the mapping é(F,v) : F x [0,1] — R defined by
¢(F,v)(u,t) = (C"u,v), is continuous.

Definition 4.2. Let T : X > D(T®W) — 2X*, C) : X > D(CY) — X*, i = 0,1, satisfy con-
ditions (£1), (c1)—(c3) of Section 3, respectively, with the space L independent of i. We
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say that the operators T + C(0, T + C) are “homotopic” with respect to the open
bounded set G C X if there exist one-parameter families of operators T7 : X D D(T7) —

2X", C*: X > D(CT) — X*, t € [0,1], satisfying conditions (tgl)), (t£2)) and (cgl))—(c(f)),
respectively, and such that

TO =T, CV=C, i=0,1, (4.5)

T"u+C'u#0, ueD(T")nD(C")NnaG, T €[0,1]. (4.6)

When the operators T7, C* are as above, we also say that the mapping H(7,x) = (T” +

C")x is an “admissible homotopy.”

THEOREM 4.3. Assume that the operators TV, C, i = 0,1 satisfy conditions (t1), (c1)—(c3)
of Section 3, respectively. Assume that the operators T© + C, T + C1) are homotopic
with respect to the bounded open set G C X. Then if T*, C" are as in Definition 4.2, it
holds that

d(T™ +C%,G,0) =d(T? +C9,G,0) =d(TV +CV,G,0), 7e€]0,1], (4.7)

where the degrees are well defined according to Definition 3.4.

Proof. Welet Tf = (T™ '+t 1)"1: X — X*, t > 0. We will show the existence of #; >0
such that

0¢ (TF +C)(D(CT) naG), (t7) e (0,7] % [0,1]. (4.8)

We assume that the contrary is true. Then there exist sequences {t,} C (0,0), {1,} C
[0,1], {u,} € D(C™) N oG such that t, — 0, 7, — 179 € [0,1], u, — ug € X, and

Tt ty+C™uy, = 0. (4.9)

Since (T} tn,uy) = 0, we have (C™u,,u,) <0 and from the uniform quasiboundedness
of {C7} follows the boundedness of {|[C™u,]||}. We may assume that C™u, — h* € X*.
We are going to show that

limsup (C™uy,, u, — up) < 0. (4.10)

n— oo

Assume that this is not true. Then we may also assume that {7,}, {u,} are such that

lim (C™u,,u, — ug) > 0. (4.11)
N— 00

By virtue of (4.9), this implies
lim (T}, iy — tg) < 0. (4.12)
Nn— 00

Denote g/f = Tfn "u,. Then there exists w, € D(T™) such that

Un =t 'gF +w,,  gF € T7w,. (4.13)
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Now, let (x,x*) € G(T™). Then, by Lemma 4.1, there exist x, € D(T™), x; € T™x,, such
that x, — x, x¥ — x*. By the monotonicity of T™, we obtain

0 < {gF —x) un—tJ 'gF —xn). (4.14)
Noting that g — —h™*, we obtain from (4.14)
liglioglf(Tfn”un,un) > (—h*,x) + (x*,up — x). (4.15)
This and (4.12) imply
(=h* —x*,uy—x) >0. (4.16)

Since x € D(T™), x* € T™x are otherwise arbitrary and T™ is maximal monotone, we
have from (4.16) uy € D(T™) and —h* € T™u,. Taking x = u, in (4.16), we obtain a
contradiction. Consequently, (4.10) is true.

Using the condition (c?)), we conclude that u,, — ugy, ug € D(C™) N 9dG, and C*uy =
h*. This says

lim (T}, thy — 1) = — lim (C™upytty — tp) = 0. (4.17)

n—oo

Repeating the argument that we carried out above starting with (4.12), we obtain from
(4.16) (with “>” replaced by “=”) uy € D(T™), —h* € T™u,. Thus, 0 € T™uy + C™uy
with uy € D(T™) N D(C™) N dG, and we have a contradiction with (4.6). The proof of
(4.8) is complete.

We fix tp € (0,f] and introduce the operator M™ = Tf. We need to check that con-
ditions (mgl))—(mf)) are satisfied for the operator M™ and conditions (agl))—(af)) are
satisfied for the operator C*. Then the assertion of the theorem will follow immediately
from Theorem 2.5.

Condition (mgl)). Conditions (t;)—(ts) have already been checked in the proof of

Theorem 3.3 for the operator satisfying the condition ¢1.

Condition (m*)). We have to show that for every u € X, the mapping 7 — M"u is contin-
uous. Consider the sequence {7,} C [0,1] such that 7, — 7o. Let v} = M™u. Then there
exists w, € D(T™) such that

u=ty) Witw, vieTmw,. (4.18)
Using the monotonicity of the operator T™ and the condition 0 € T™(0), we get

(viu) =t T W) + (v wy) = t0||vjf||2, (4.19)
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which yields the boundedness of the sequence {v;’} and hence the sequence {w,}. Thus,
we may assume that

* * —1,,%
v =, v = v, W, — Wo, (4.20)

for some vy, wp € X, v € X*.
From (4.18), (4.20), we obtain

limsup (v, w,) = limsup [ (v} —vi,u) —to (v —v&, T W) + (v wa) ] < (vE, wo).
n— oo n—oo
(4.21)

Using the condition (tﬁz)), we get from (4.21) v§ € T™wy, (v, w,) — (v{,wo). From
this and (4.18), we have

lim (v — v, to] ') = lim (v} —v§,u—w,) = 0. (4.22)
n—oo n— oo

This implies v} — v¢ by the (S;)-property of the operator J 1.
Passing to the limit in (4.18), we get u = to] v + wo, which gives v = Ti'u = M™u,
and the proof of the condition (m?) is complete.

Condition (mﬁS) ). The proof of this condition goes as in the case of condition (mﬁ”). It is

therefore omitted.

Condition (aEl)). Let u € L be such that

(M"u+C u,u) <0, |lull<S, 7€[0,1]. (4.23)

Then condition cgl) and the fact that (M u,u) > 0 imply [|Cu|| < K(S). This proves con-
dition agl).
Conditions (aﬁ”), (af)) follow immediately from conditions (c&”), (cg)), respectively.

This ends the proof of the theorem. O

An important homotopy is included in the statement of Theorem 4.4(iii) below.
Let the mapping ¢ : R, — R, be such that ¢(0) = 0and if r, >0, n = 1,2,..., satisfies

lim ¢(r,) =0, (4.24)

n—oo

then r, — 07. We say that the operator C: X — X* belongs to the class I'y if there exists a
function ¢, as above, such that (Cx,x) = ¢(lIx||), x € X.

THEOREM 4.4. Assume that the operator T satisfies (t1) and the operator C satisfies (c1)—
(¢3). Let G be an open and bounded subset of X. Let d denote the degree mapping defined in
Definition 3.4. Then, the following statements are true.

(1) If0 € G, then, for every A >0,

d(T+1],G,0) = 1. (4.25)
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Ifo¢J(G),
d(J,G,0) = 0. (4.26)

(ii) If p* ¢ (T + C)(D(T) N D(C) N 0G) and d(T + C,G, p*) # 0 then there exists x €
D(T) nD(C) N G such that (T + C)x = p*.

(iii) If 0 € G, then the degree d(H(t,),G,0) is well defined and invariant under homo-
topies of the type

H(t,x) =t(T+Cy)x+(1—-1t)Cyx, te][0,1], (4.27)

provided that 0 ¢ H(t,-)(9G), t € [0,1]. Here, C satisfies c1—c3 and C; : X — X* is
bounded, demicontinuous, of type (Sy), and belongs to the class T'y, for some function
¢: Ry — Ry In particular, d(T + C,G,0) = d(C,,G,0).

(iv) The degree d(H(t, ), G,0) is invariant under homotopies of the type

H(t,x)=(T+C)x—y*(t), tel0,1], (4.28)

e [0,1].
61 Uéz, and

(v) If G1, G, are open and bounded sets in X such that Gy, NG, = O, G
0&(T+C)(D(T+C)NnaGy),i=1,2, then

where y* :[0,1] — X* is a continuous curve. Here, 0 & H(t,-)(dG), t

d(T+C,G,0)=d(T+C,G1,0) +d(T + C,G,,0). (4.29)

Proof. Property (i) is a well-known property of the degree mapping which goes back to
Skrypnik in 1973 (see [27]). In fact, (4.25) follows from the fact that

d(T+1],G,0) = limd (T, +1/,G,0) = 1 (4.30)

because the operator T + AJ is demicontinuous, bounded, strictly monotone (and thus
one-to-one), and satisfies (Tsx + AJx,x) > 0, x € 0G (cf. Browder [4, Theorem 3(iv)]).
Equation (4.26) follows from the same Browder reference as well.

To show (ii), assume that p* ¢ (T + C)(D(T) N D(C) N dG) and d(T + C,G, p*) # 0.
Then if #; is as in Theorem 3.2, with C replaced by C — p*, we have d(T; + C — p*,G,0) +
0 for all t € (0,#,]. This implies that for each t € (0,1;], there exists x; € D(C) N G such
that

Ttxt-f—Cxt = p* (431)

Thus, given a sequence {f,} C (0,t;] such that #, | 0, there exists a sequence {x,} C
D(C) N G such that

Ti,xn + Cx, = p*. (4.32)
Since {x,} is bounded, we may assume that x,, — xy € X. Since

(Cxn = p*,xn) = — (T, %n,%n) <0, (4.33)
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we can use the quasiboundedness of C — p* to conclude, without any loss of generality,
that Cx,, — p* — h* € X*. We can now show, as in the proof of Theorem 3.2, that

limsup (Cx, — p*,x, —x0) < 0. (4.34)

n— oo

Using the condition (§+), we see that x, — x9, xp € D(C) and Cx, — p* = h*. Conse-
quently, working as with (3.20) in the proof of Theorem 3.2 (we now have (3.26) instead
of (3.20)), we obtain xy € D(T) and Tx, + Cxy 3 p*.

(iii) Weset T™ = 7T, C* = 7C; + (1 — 1) C,, and verify first that the family of operators
C7 satisfies conditions (cgl))—(c?)).

To show cgl), let S >0, u € D(C") be such that

(C'uyu) = (1Ciu+ (1 —1)Cu,u) <0, |lull <S, T€[0,1]. (4.35)
If 7 =0, then [[CTull = ||Cyull < M by the boundedness of C, on the ball Bs(0). If T €
(0,1], then (Cyu,u) < 0, the quasiboundedness of C; and the boundedness of C, imply
CTull = [TCiu+ (1 —1)Coull < K(S)+M = E(S), where K(S) is the quasiboundedness
constant of C; and K(S) is the uniform quasiboundedness constant of C”. This finishes
the proof of (cgl)).
To show (c(TZ)), assume that for a pair of sequences {7,} C [0,1], {u,} C L, we have
u, — ug, Cu, — hi, 1, — 10, and

limsup (C™uy,, u, — ug) <0, (C™up,u,) <0, (4.36)

n—oo

for some 1y € [0,1], up € X, hf € X*. We observe first that the above assumptions are
true for any subsequences {7y, }, {1y} as well.

We first consider the case 79 = 0. Assume that 7, = 0 for all large n. Then C™u, =
Cyuy — h§ and the first inequality of (4.36), along with the (S )-property of C,, implies
Uy — up and C™u, — Couy = Coug = h.

Now, assume that there exists a subsequence {n} of {n} such that 7, = 0 for all k.
Then C*™ u,, = Coup, — h§ and the first inequality of (4.36), which holds for {#;} instead
of {n}, along with the (S;)-property of C,, implies u,, — uy, C™u,, — C'uy = Cyug =
hg . Let, for another subsequence {n;} of {n}, Tn; >0 for all j. Then the second inequality
of (4.36) says that

(Tn; Crtg, + (1 = 7)) Coth s ;) < 0 (4.37)

and implies easily the boundedness of {||C, Un, [} and |Tnj (Cy Un; > Un, Y| — 0. Then the first
inequality of (4.36), along with the (S, )-property of C,, implies again u, ; — Uo and

C™itty, = T, Crttn, + (1 = Tn;) Cott; = COuig = Couig = h. (4.38)

It is evident from the above analysis that u, — ug, ug € D(C™) = D(C°) = D(C,) = X and
Couy = h{. We are thus done with the case 7o = 0.
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For the case 7y > 0, we set
an = Tn(Crttpstty — tho), by = (1= 7,) (Cothy, y — tig) (4.39)
and assume that 7,, > 0. We know from (4.36) that

limsup (a, +b,) <0, (4.40)

n—oo

with both sequences {a,}, {b,} bounded. We also know that C, is bounded and that
(4.36) and the quasiboundedness of C; imply the boundedness of {C;u,} as well. Thus,
we may assume that Cyu, — h{ and Cyu, — h3. We also observe that there exists a sub-
sequence {nx} of {n} such that one of the inequalities

limsupa,, <0, limsupb,, <0 (4.41)

k—oo k—o0

holds true.
We assume first that 7y € (0,1). We also assume that the first inequality of (4.41) is
true. Then

limsup 7y, (Cythy, thy, — tho) <0 (4.42)
koo
and 7,, — 19 >0 imply
limsup (Cyuy,, tn, — up) <O. (4.43)
k— o0

The assumption (§+) for C; implies that u,, — uo, uy € D(Cy), and Cyup = hf.
Since C, is demicontinuous, Cuo = hi. Thus,

C™ Uy, = Ty, Crtdy, + (1 — 7y, ) Cotty, — ToCrug + (1 — 70) Cotig

4.44
=T()I’lik+(1—T()) ;Zh* ( )
It follows that uy € D(C™) and C™uy = h*.
If the second inequality of (4.41) is true, and 7o € (0,1), then
limsup (Cotiy,, tn, — tig) <0 (4.45)

k— o0

and the (S;)-property of C, imply u,, — uy € X. Since C, is demicontinuous, Cyug = hj.
Since C; satisfies condition (§+) and the first inequality in (4.41) is true again, we have
ug € D(Cy) and Cyup = hi. The rest of the proof for this case follows exactly as above. It
is therefore omitted.

We now assume that 7p = 1. Then since

(1=1) [ (Coutnyty — o) | < (1= 70) || Cotn] |||t — 0| — 0, (4.46)
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(4.36) implies

limsup (Cyuy, u, — tg) < 0. (4.47)
Again, the (§+)—pr0perty of C; says that u, — uy € D(C;) and Cyuy = h{. Thus, Cug =
hy, and the situation repeats itself as above.
Property ¢ follows immediately from the corresponding property of C; and the
demicontinuity of C,.
We will now prove that d(H(t, - ), G,0) does not depend on ¢ € (0,1]. We fix t, € (0,1)
and consider the homotopy

Hi(t,x) = [to(1 =) +t] (T+C1)x+ (1 - 1) (1 — ty) Cox. (4.48)

All the conditions of Theorem 4.3 are satisfied for H;(t,x). For example, condition tgz)

follows immediately from Lemma 4.1. Conditions (cgl))—(c?)) follow from the properties

of the operator C7 established above. Using Theorem 4.3, we have

for fy <t < 1 and, consequently, the last equality is true for 0 < t < 1 since the number #,
is arbitrary.
Now, we need to prove the equality

d(H(0,-),G,0) = limd(H(t,),G,0). (4.50)

We set TF = (T ' +¢J71)~1. We will establish the existence of a number & > 0 such that
Tix+C'x+0 (4.51)

for x € D(C") N dG, 0<t <4, 0=t <d. Assume that the contrary is true. Then there
exist sequences 7, € (0,1), t, € (0,), x,, € dG such that 7, — 0, t, — 0, and

Tt x, + C™x, = 0. (4.52)

The other possible case of 7, = 0, for some #, can be easily discarded. Using the mono-
tonicity of the operator T7, the equality T70 = 0 and the inequality (C,x,x) > 0, we ob-
tain from (4.52)

(Crxp,x,) <0. (4.53)

The quasiboundedness of the operator C; implies the boundedness of the sequence
{C1x,}. Now, we have from (4.52)

limsup (Cyxy,x,) <0, (4.54)

n— oo

which contradicts the fact that the operator C, belongs to the class I'y. It follows that
Tix+C'x#0forxeD(C")NdG,0<t<8,0<1<4d.
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Consider the homotopy
Hy(t,x) = T{'x+ COx. (4.55)

We need to prove that this homotopy satisfies all the conditions of Theorem 2.5.
We will check the conditions (mgz)), (m£3)). It is sufficient to establish the continuity
of T{'x with respect to t, x. Define the mapping

Ji=I-817'T¢ : X — X, (4.56)
where ] : X — X* is the duality mapping. Then
J(x—J'x) = 8TQ'x € §TOJ'x = 8t TT'x (4.57)

is true for t € [0,1], x € X. Let t, € [0,1], x, € X be such that t, — o, x, — xo. From
(4.57), we obtain the existence of y € TJ"x,, y§ € TJ"x, such that

8tuyk =T (xn — "), toys =T (x0 —J"x0). (4.58)

Using this, the monotonicity of the operator T and the assumptions 0 € D(T), 0 € T(0),
we have

||xn _]tnxn”z = (](xn _]tnxn))xn _]tnxn>
= 8%t (¥ xn — " xn) (4.59)
= (J(xn _]t"xn)’xn>y

which implies the boundedness of the sequence {J'x,,}.
From (4.58) and the monotonicity of the operator T, we get

(J (20 = J'"xn) = J (x0 = Jx0),J "0 — J*X0)
= 8% (tuy) — toy T xn — JH0x0) (4.60)
= 82(tn - tO) ()/(TJI”xn _]t0x0>-

From this inequality, the boundedness of the sequence {J%x,}, t, — to, and x, — xo, we
obtain

'll_g.lo <]Zn _]ZO>Zn - ZO) = O) (461)

where z, = x, — J"x,, zo = xo — J*x0. This and a well-known property of the duality map-
ping imply z, — zy and, consequently, J*»x, — J%xy. Then Tgt”xn - Tgt“xg by virtue of
(4.57), and the desired continuity of the mapping T3 has been established.

Using Definition 3.4, the properties of the operator C7 established above and Theorem
2.5, we obtain the equality (4.50) and the proof of part (iii) is complete.

The proof of part (iv) follows simply from Theorem 4.3 and it is therefore omitted.
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(v) Let Ty : X — X* be as in Theorem 3.2. As in the proof of Theorem 3.2, we establish
the existence of t; € (0,0) such that

0¢ (T;+C)(D(C)naG;), i=1,2, 0¢ (T;+C)(D(C) N aG), (4.62)

t € (0,;]. Using the additivity property of the degree of the operator T; + C, which fol-
lows simply from our construction in [15], we have

d(T;+C,G,0) =d(T;+C,G1,0) +d(T; + C,G,,0), te (0,t1]. (4.63)
Assertion (v) follows from this and Definition 3.4. O

5. Extending results of Browder and Hess

We denote by ], the duality mapping with gauge function y. The function y : R, — R,
is continuous, strictly increasing and such that y(0) = 0 and y/(r) — oo at r — co. This
mapping J, is continuous, bounded, surjective, strictly and maximal monotone, and
satisfies condition (S;). Also, (Jyx,x) = w(llx[)|lx|l and [[Jyx[l = w(llx[]), x € X. Thus,
Jy € Ty, where ¢(r) = y(r)r. For these facts, we refer to Petryshyn [23, pages 32-33 and
132]. Petryshyn used in [23, Lemma 2.5] the separability of X in order to get a conver-
gent subsequence of a bounded sequence {Jyx;} there. However, the separability of X
is not needed in our setting because of the Eberlein-Smulyan theorem about reflexive
spaces. For the property d(Jy,G,0) = 1, for any bounded open set G containing zero, see
Lemma 5.10 below.

The following proposition shows how we can solve an important approximate prob-
lem for the operator T + C. This approximate problem, inclusion (5.3) below, can be used
in a variety of problems in nonlinear analysis, that is, problems of solvability, existence of
eigenvalues, ranges of sums, invariance of domain, bifurcation, and so forth.

ProrosITION 5.1. Assume that the operator T satisfies (t1) and the operator C satisfies
(c1)=(c3). Let G be an open and bounded subset of X with 0 € G. Assume that (H(t,-))(dG)?
p*, t>[0,1], where

H(t,x) =t(T+C—p* +efy)x+(1—1)]yx, (5.1)

p* € X* is fixed, and ¢ is a positive constant. Then the degree d(H(t,-),G,0) is well defined
and

d(H(t,-),G,0) = constant, t¢€ [0,1]. (5.2)
In particular, the inclusion
Tx+Cx+efyx > p* (5.3)

is solvable in G.
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Proof. The conclusion of this proposition follows from (i)—(iii) of Theorem 4.4. In fact,
one may take here C; = C — p* +¢J, and C, = J,. Then the homotopy invariance in (iii)
of Theorem 4.4 says that (5.2) is true. This says that

by Theorem 4.4(i), because 0 € G. Finally, Theorem 4.4(ii) implies (5.3). O
We need the following definition from Browder and Hess [6].

Definition 5.2. An operator C: X D D(C) — 2X" is called “generalized pseudomonotone”
if for every sequence (x,, y;¥) C G(C) such that

Xp — X0, =, limsup (y;,x, — x9) <0, (5.5)

n—oo

for some xg € X, y;° € X*, it holds that xg € D(C), y5 € Cx, and (y;5,x,) — (¥ %0).
An operator C: X D D(C) — 2X" is called “coercive” if there exists a function ¢ : R, —
R such that ¢(r) — o0 as r — o0 and

(r*x) = o(llxl)Ixll,  (x,p*) € G(C). (5.6)

An operator C: X D D(C) — 2X" is called “smooth” if it is bounded, coercive, maximal
monotone, and has effective domain D(T) = X.

A generalized pseudomonotone operator C: X D D(C) — 2X" is called “regular” if
R(T + C) = X* for every smooth operator T.

The operator T + C in our degree theory (as well as in Proposition 5.1 and Theorem 5.4
below) is generalized pseudomonotone. This is included in the following lemma.

LemMma 5.3. Let T satisfy condition (t1). Let C: X D D(C) — X* be generalized pseu-
domonotone and satisfy (c1), (¢3). Then the operator T + C is generalized pseudomonotone.

Proof. Our assertion follows from Theorem 1 of Browder and Hess [6, page 260]. In
fact, it suffices to notice that T is generalized pseudomonotone (see [6, Proposition 2,
page 257]) and such that (u,x) = 0 for all (x,u) € G(T), while C is generalized pseu-
domonotone and quasibounded (“strongly quasibounded” according to Browder and
Hess [6]). O

However, we cannot replace, within our methodology, the operator T + C by a single
multivalued generalized pseudomonotone operator, because we have no degree theory,
as yet, for such mappings.

In order to demonstrate the applicability of our new degree theory, we give below
an existence theorem concerning single-valued and densely defined generalized pseu-
domonotone perturbations. This result uses the homotopy function of Proposition 5.1,
where the condition (8,) for the operator C is actually replaced by the weaker assump-
tion of generalized pseudomonotonicity and does not follow from any of the results of
Browder and Hess [6]. A related result is in [10, Theorem 2.1].
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THEOREM 5.4 (existence). Let T satisfy (t1). Let C: X D D(C) — X* satisfy (c1), (¢3) and
be generalized pseudomonotone. Assume that there exist a constant Q >0 and ff: [Q, ) —
R+, with f(r) — 0 as r — oo, such that: for every x € D(T) n D(C) with ||x|| = Q and every
u € Tx, it holds that

(u+Cx,x) = =B lxI)w(xl) 1xIl, (5.7)

where y is a gauge function. Then, for every e >0, R(T + C+¢],) = X*.
If, in addition,

. |Tx+ Cx|
liminf —F———
xen(m)np©) y(lxll)

llx[[ = o0

>0, (5.8)

then R(T + C) = X*.
Proof. We fix p* € X*, ¢ >0, and consider the problem

Tx+Cx+efyx > p*. (5.9)
As in Proposition 5.1, we consider the homotopy inclusion
H(t,x) =t(Tx+Cx—p* +¢Jyx) +(1-1)Jy,x 30, te[0,1], (5.10)

and apply Theorem 4.4(iii). To this end, we need to show first that the operator U =
C +¢Jy, — p* satisfies the conditions (c1)—(c3), and the operator J,, satisfies the conditions
on C, in Theorem 4.4(iii). The latter is obviously true. Also, it is evident that the operator
U satisfies c1, c3. To show that U satisfies ¢2, assume that x,, — xo, Ux, — h*, and

limsup (Ux,,x, — xp) <0, (5.11)

n—oo

for some xo € X, h* € X*. Since {Jyx,} is bounded, we may assume that Cx, — hi. We
show that x,, — x0, xo € D(U) and Uxy = h*. Since (p*,x, —x0) — 0, (5.11) implies

limsup (Cx;, + €]y Xn, %, — %) < 0. (5.12)

n— oo

Using the monotonicity of J,,, we get

(Coxpyxtn — X0) < (Coxp+ €]y Xn — €]y X0, Xn — X0)
(5.13)
= (Cxy + €]y XnXn — %0) — (€yX0,Xn — X0)>

which, along with (5.12), gives

limsup (Cx,,, x, — x0) < 0. (5.14)

n—oo
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Since C is generalized pseudomonotone, we obtain xy € D(C), Cxo = h} and (Cxy,x,,) —
(Cxp,%0). Thus,

lim (Coxn, X = Xo) = lim (Cxy, x) — lim (Cox,X0)

= (CxO,X()) — (CxO,X()) =0. (515)

Using this in (5.12), we get

limsup (Jyxn, %, — x0) < 0. (5.16)
Since ]y is of type (S;), we have x, — xo and Jyx, — Jyxo. Consequently, xo € D(U) =
D(C) and Uxy = Cxo — p* +¢&Jyx9 = h*. It follows that c2 is satisfied.

We now show that all possible solutions of the inclusion (5.10) are bounded by a con-
stant which is independent of t € [0,1]. To this end, assume that there exists a sequence
{tm} C [0,1] and a sequence {x,,} C D(H(t,-)) such that [|x,,|| — o as m — co. If there
exists a subsequence {t;, } of {t,} such that t,,, =0, k = 1,2,..., then x,,, = 0 for all k,
which contradicts [|x, | — oo as k — co. We may thus assume that t,, >0, m = 1,2,....
Then, D(H(t,,,-)) = D(C) " D(T) and

tm (T + Cxpy — p* + €lyxm) + (1 = t) JyXm 2 0 (5.17)
or, for some u,, € Tx,,,

tm[thm + (Cxpw — p*) ]+ [1 = t(1 — &) ] Jy2xm = 0. (5.18)
By our hypothesis, assuming that [|x,, || = Q for all m, we find

(i + Cotm = p*2m) = =™ 2m) = B[] 9 ([ 1) 6|

o[ gl [l (519

Bl y ([l D1l

where ﬁN( I 1) — 0 as m — co. Using this along with (5.18), we obtain

ey (| [xm| D [J2cm < [1 = (1 = &) Ty ([ x| ) [ 26|
= _tm<”m + Cxpm — p*)xm> (5.20)
< Bl () ]
This says that € < E(lenll) — 0 as m — oo, that is, a contradiction. Thus, there exists a

number r > 0 such that all possible solutions of (5.10) lie in the ball B,(0). Consequently,
no solution of (5.10) lies in dB,(0), and the degree mapping d(H(t,-),B:(0),0) is well
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defined. By the homotopy invariance property of this degree (Theorem 4.4(iii)), we ob-
tain

d(T+C+¢]y,B,(0),0) = d(T+C+¢Jy,B,(0),p*) =d(Jy,B,(0),0) = 1. (5.21)

By (ii) of Theorem 4.4, the inclusion (5.9) is solvable for every € > 0.
Let x,, be a solution of

Tx+Cx+ (%)]wxap*. (5.22)
We assume that (5.8) holds and show that the sequence {x,} is bounded. To this end,

assume that there exists a subsequence of {x,}, denoted again by {x,}, such that [|x,|| —
o0, Then there exists & > 0 such that

T C
liminfM > limin [Tx+Cx| = (5.23)
n=ooy([xal]) xepinpc) y(lx)
However, for some u,, € Tx,, we have
[ln+ Coxall = llp™ = { - Jyall < { - Jw ([l l) +[[p7]],
(5.24)
Tx, + + *
o < liminfM < liminfM < liminf [l + M] =0,
neeo g ([[xl]) n=oy(|lxa]]) s Ly ([lxal])
that is, a contradiction.
Since {x,} bounded, there exists a sequence u, € Tx, such that
},Lr?o (un+ Cxy) = p*. (5.25)
Now, we may assume that x,, — xo. Since
limsup (uy, + Cxp,x, — Xo) = lim (p*,xn—x0) =0 (5.26)

n— 00

and the operator T + C is generalized pseudomonotone (see Lemma 5.3), we have x; €
D(T+ C) and Txp + Cxo > p*. The proof is complete. O

As Kartsatos has noted in [11, page 1673], neither one of the conditions (5.7), (5.8) is
sufficient for the surjectivity of the operator T + C under the rest of the assumptions of
Theorem 5.4. The simple counterexamples of [11] hold true here as well.

From the proof of the above theorem, we have the following useful lemma.

Lemma 5.5. Fix y as in the definition of J,, p* € X* and A >0. If C: X > D(C) — X*
is generalized pseudomonotone and satisfies (c1), (c3), then the operator U = C+ 1], — p*
satisfies (c1)—(c3). In particular, U satisfies condition (S,).

As a special case of the above theorem, we obtain the following single-valued extension
of Theorem 5 of Browder and Hess [6, page 273]. In [6], it was assumed that the operator
C is coercive.
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CoROLLARY 5.6. Let C: X D D(C) — X* satisfy (cl), (¢3) and be generalized pseudomono-
tone. Assume that there exist a constant Q > 0 and a function 3: Rq — R4, with f(r) — 0
asr — oo, such that for every x € D(C) with ||x|| = Q, it holds that

(Cx,x) = =L Ixl) w(lIxl) 1xll, (5.27)

where v is a gauge function. Then, for every e >0, R(C +¢]y,) = X*.
If, in addition,
o lICxl|
min
xeD(€) v (IIxIl)

llx[| =0

>0, (5.28)

then R(C) = X*.
Another corollary of Theorem 5.4 and its proof is the following.

COROLLARY 5.7. Assume that T satisfies (t1) and C: X D D(C) — X* satisfies (c1), (¢3)
and is generalized pseudomonotone. Assume that
(a) there exist constants k > 0, Q > 0 such that

(u+Cx,x) = —kllx|, x€D(T)nD(C), ue Tx, ||x| = Q; (5.29)

(b) (T+ C)~ ! is bounded.
Then R(T+C) = X*.

Proof. We observe first that (5.29) implies

<Tx+Cx,x>z—ﬁnxn%—ﬁ(||x||)||x||2, xeD(T)NDE), Ixl =Q,  (5.30)

where (1) = k/r. Thus, (5.7) is true with y(r) = r. Consequently, Theorem 5.4 implies
R(T+C+¢J) = X*, that is, given any p* € X*, the inclusion

Tx+Cx+¢eJx > p* (5.31)

is solvable for every e > 0. Here, J, = ], that is, ], is the normalized duality mapping. We
fix p* € X* and consider a solution x, of the inclusion

1
Tx,+ Cx, + <;)]xn > p*. (5.32)
To show that {x,} is bounded, we assume that the contrary is true. Then, without any
loss of generality, we may also assume that [|x,|| = Q, n = 1,2,.... Then (5.32) says, for
some y¥ € Txy,

Y+ Cxy+ (%)]xn =p*, (5.33)
and (5.29) implies

Kl + (5 ) ol < 197 1l (534)
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or
(5 )1l = 1p*11+ . (535)
This and (5.33) imply in turn
[y + Cxal| < 2|[p*|| + k. (5.36)

Using our assumption (b), we obtain now that the sequence {|/x,|} is bounded, that is, a
contradiction. We may thus assume that x,, — xy. Hence,

n—oo

lim (¥ + Cxpyxn — x0) = lim < - (%)]xn +p*, % — x0> =0. (5.37)

Since the operator T + C is generalized pseudomonotone (see Lemma 5.3), we can con-
clude that x) € D(T + C) and p* € (T + C)xo. It follows that p* € R(T + C) and the proof
is complete. O

Corollary 5.7 is related to Theorem 7 of Browder and Hess [6, page 282]. In that the-
orem, the operator C is multivalued and coercive. If C is coercive in Corollary 5.7, then
both conditions (a), (b) in it are trivially satisfied because T + C is also coercive. When C
is coercive in Corollary 5.7, then this corollary is also related to [6, Theorem 5]. In that
theorem, T is the zero operator and C is multivalued, “weakly quasibounded” (i.e., for ev-
ery S > 0, there exists K(S) > 0 such that: (x, y*) € G(C) with [|x|| < Sand (y*,x) < Slx||
imply || y*[l < K(S)) generalized pseudomonotone, and such that L ¢ D(C) and a condi-
tion like ¢3 is satisfied. However, unlike our simple degree-theoretic argument, the proof
of Theorem 5 in [6] is about 5 pages long (cf. [6, pages 273-279]).

We now consider the solvability of a Leray-Schauder type of problem.

TaEOREM 5.8 (Leray-Schauder condition). Let T satisfy (t1) and let C: X D D(C) — X*
satisfy (cl), (c3) and be generalized pseudomonotone. Assume, further, that there exists an
open, bounded, and convex set G C X containing zero and such that the inclusion

Tx+Cx>AJx (5.38)

has no solution x € D(T + C) N dG for any A < 0. Then the inclusion Tx+ Cx 3 0 has a
solutionx € D(T+C)NG.

Proof. We consider again the homotopy equation
H(t,x) =t(Tx+Cx+eJx)+(1—1t)Jx 0. (5.39)

It is obvious, by our assumption, that (5.39) has no solution x € dG for t = 1. This is also
true for t = 0 because Jx = 0 implies x = 0 ¢ dG. We now assume that for some ¢ € (0, 1),
the inclusion (5.39) has a solution x € dG. Then

Tx+Cx+[<%—1>+s]]x90, (5.40)
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which contradicts our assumption about (5.38). Thus, by Proposition 5.1, the inclusion
Tx+Cx+¢eJx>30 (5.41)

is solvable in G for every € > 0. Letting x,, € G solve
1
Tx+Cx+ (;)]xBO, (5.42)

and assuming, without any loss of generality, that x,, — x¢, we obtain, for some y* € Tx,,

%1_{1()10 (Y + Cxpyxp — x0) = %1}{)10 < - (%)]xn,xn —x0> =0. (5.43)

Using again the fact that T + C is generalized pseudomonotone (see Lemma 5.3), we ob-
tain xo € D(T + C) and 0 € Txg + Cxo. Obviously, xo € coG = G, but x ¢ 9G because of
our assumption on (5.38). The proof is complete. O

The problem in Theorem 5.8 was solved first by de Figueiredo [7] and then by Brow-
der and Hess [6] for single multivalued pseudomonotone operators C with D(C) = X and
regular generalized pseudomonotone operators C, respectively. The set G in these refer-
ences was B, (0). It was also assumed in [6] that the operator C satisfies (u,x) = —k||x]l,
for every x € D(C), u € Cx, where k is a fixed positive constant. The authors of [6, 7]
used Rockafellar’s mapping from [24]:

{0}, ifllxll<r,

T,x = , (5.44)
Mx, A=0,ifl|x]|=r,

which is maximal monotone and quasibounded because intD(T,) # @ (cf. [6, Proposi-
tion 14]). Thus, in [6], the operator T, + C is regular and generalized pseudomonotone.
This allows the solvability of the problem T,x + Cx +AJx > 0 in B,(0) and, eventually,
the solvability of T,x + Cx = 0. Also, in [7] the operator T, + C is shown to be surjective
via a different method of proof. Kenmochi extended this result in [19, Theorem 22] by
considering a more general boundary condition on a closed convex subset of X instead of
the ball B, (0). The reader is also referred to Kenmochi [19] for other results involving the
class of operators of type (M), which is more general than the class of pseudomonotone

mappings.

COROLLARY 5.9. Let T : X D D(T) — 2X" satisfy (t1) and C: X > D(C) — X* satisfy (cl),
(c3) and be generalized pseudomonotone. Assume, further, that there exists an open, bounded
and convex set G C X containing zero and such that for every x € D(T + C) N 0G and every
u* € Tx we have

(u* +Cx) = 0. (5.45)

Then the inclusion Tx+ Cx 2 0 has a solution x € D(T+C) N G.

Proof. It suffices to note that (5.38) is impossible for A < 0. O
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It is actually possible to replace Jy,x by J,, (x — xo) in various homotopies provided that
Xo € G. In this case, we do not need 0 € G. In fact, our assertion will become obvious
from the following lemma.

LemMa 5.10. Let G be a bounded open subset of X and fix xo € G and constants y, > 0,
U2 >0. Let

H(t,x) = tuJy (x —x0) + (1 = D (Jyx = Jyxo),  (£,x) € [0,1] X X, (5.46)

for a gauge function y : Ry — R Then the degree mapping d(H(t,-),G,0) is well defined
and constant on [0,1]. In particular,

d(pfy (- =x0),G,0) = d(u2(Jy = Jyx0),G,0) = 1. (5.47)

Proof. Since the mappings p1]y (- — Xo), 42(Jy — JyXo) are continuous, bounded and sat-
isfy (S;), they also satisfy (S,) and the degree d(H(t,-),G,0) is well defined, provided
that 0 € H(t,0G), for t € [0,1]. Assume that this last assertion is not true. Then, for some
X€0G,H(t,X) =0.Ift = 0 or t = 1, we obtain X = x, which contradicts 0GNintG = @.
Lett € (0,1). Then

iy ([l = xol & = xol| = (1] (X = x0), % = x0)

(5= 1) 0F = Ty) % - x0) (5.48)

= (= 1) 3 =yl ) (1 = ol

which says t = 1 and X = xo, that is, a contradiction again. It follows that the mapping
H(t,x) is an admissible homotopy for our degree. Thus, d(H(t,-),G,0) is well defined
and constant for all ¢ € [0,1]. In particular,

d(urJy (- —x0),G,0) = d (2 (Jy — Jyx0),G,0) = d(p2]y> G, paJyxo) = 1. (5.49)

In fact, to show that d(u( ]W Jy%0),G,0) = 1, we first observe that we can consider instead
the translated mapping ]wx u( L,,(x +x0) — Jyxo) on the translated set G=G- xo. We do
this because we now have 0 € G and ]1//( ) = 0. Another way of saying this is to consider
the mapping g(x) = x — xo and the degree d(Jyg™"' — Jyx0,2(G),0), where g7'(x) = x +
xo Since g is a homeomorphism on X with all the desirable properties, the mapping

d(fg1,¢(G ,0) is another degree mapping on the demicontinuous, bounded, and (S,)-
mappings f — X*. Since this degree is unique (cf. Browder [5]), we must have
d(u(Jy = Jyx0),G,0) = d(u>(Jyg ' — Jyx0),g(G),0) =1, (5.50)

by Browder [4, Theorem 3(iv)], because 0 € g(G), 0 € ur(Jyg ™' — Jyx0)(g(G)), and
‘Ltz(]v,g’l — JyXo) is continuous and one-to-one on g(G) = G — xp, and satisfies

(w2 ((yg ™) (o) = Jyxo),x) = pa (w([1x +x0[[) = w([[xo])) (I|x +x0]| = [|x0l) = 0
(5.51)

for all x € d(g(G)) = 0G — xy. The proof is finished. a
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The boundary condition (5.38) may be replaced, in view of Lemma 5.10, by the con-
dition that Tx + Cx 2 0, x € D(T + C) N dG, and

(u+Cx,x) > —lulll]x —x0||, x€D(T+C)naG, u€ Tx, (5.52)

provided, again, that xy € G and the set G does not necessarily contain 0. In fact, this will
follow trivially from the following lemma (cf., e.g., Guan [8, Theorem 3, page 14]) for the
case of a single-valued mapping T.

LEMMA 5.11. Assume that T : X D D(T) — 2X" and let G be a bounded open subset of X.
Assume that 0 & Tx, x € D(T) N 0G. Then the following are equivalent:

(a) there exists xo € G such that Tx  t](x — xy), x € D(T) N 9G, t < 0;
(b) there exists xo € G such that {(u,x — xo) > —||ullllx — x0ll, x € D(T) N 9G, u € Tx.

6. Further mapping theorems for the new degree

Another result that we prove here has to do with the establishment of necessary and suf-
ficient conditions for an operator T + C to have a zero in a given open and bounded set.
Such conditions were given by Kartsatos in [12] for compact perturbations of maximal
monotone operators. It is rather interesting to establish them for operators T + C that
are not necessarily satisfying any “infinite-dimensional” continuity assumption on their
domains. Naturally, the Leray-Schauder boundary condition (see Theorem 5.8 and the
remark preceding Lemma 5.10) plays an important role here.

Another familiar problem in nonlinear functional analysis is the problem of showing
that, under certain conditions, there exists an open ball in the range of the operator T + C.
For some recent results of this type, the reader is referred to Kartsatos and Skrypnik [13]
and Yang [28]. Here, we give a solution to such a problem involving the sum T + C.

Finally, an invariance of domain result is given, Theorem 6.3, according to which the
operator T + C maps a relatively open set onto an open set in X*.

Let G C X be open. An operator T : X D D(T) — 2X" is called “locally monotone” on
G if for every xo € D(T) N G, there exists a ball B,(xy) C G such that T is monotone on
D(T) N By(xo).

THEOREM 6.1 (equivalent conditions for the existence of zeros). Let T satisfy (t1) and let
C:X D D(C) — X* be generalized pseudomonotone and satisfy (c1), (c3). Assume that, for
some open and bounded set G C X, the operator T + C is locally monotone on G. Then the
following conditions are equivalent:

(a) 0 (T+C)(D(T)NG);

(b) there exist r >0 and xo € D(T + C) N G such that B,(x9) C G and

(u*+Cx,x—x9) 20, forevery (x,u®) € (D(T+C)NaB,(x0)) X Tx; (6.1)

(c) there exist r >0 and xo € D(T + C) N G such that B,(xy) C G and

(T+C)x DM (x—x), forevery (A,x) € (—0,0)x (D(T+C)N3B,(x0)). (6.2)
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Proof. Assume that 0 € (T + C)(D(T + C) N G). Then there exists xo € D(T+C) NG
such that 0 € (T + C)xo. Since T+C is locally monotone on G, there exists a ball B,(xy) C G

such that T'+ C is monotone on D(T + C) N B,(x,). Consequently,

(u* +Cx,x—x9) =0, forevery (x,u*) € (D(T+C)naB,(0)) X Tx. (6.3)

It follows that (a)=(b).
To show that (b)=(c), assume that (b) holds and let (T + C)x 2 AJ(x — xg), for some
(A, x) € (—00,0) X (D(T + C) N 0B, (xg)). Then, for some u* € Tx,

0<{(u*+Cx,x—x0) =A{J(x—x0),x—x0) =/\||x—x0{|2 <0. (6.4)

This contradiction says that (b)=(c).
Let (c) hold. We consider the approximate problem

Tx+Cx+(%)](x—xo) 50. (6.5)

Taking into consideration the statement preceding Lemma 5.10, we see that Theorem 5.8
implies the solvability of (6.5) in B, (xy) for any n = 1,2,.... We call x, a solution of (6.5)

lying in B,(xo). We may assume that x, — X € B,(xo). Then, for some y;* € Tx,, we have

y;“+an+<%>](xn—xo):0. (6.6)
Then
lim (y;y + Cxyx = X) = = lim (%) (J (xn — x0), %4 —X) = 0. (6.7)

Since y;f + Cx, — 0 and T + C is generalized pseudomonotone (see Lemma 5.3), we get
X € D(T+C) and 0 € (T + C)X. However, X & 0G because B,(xy) C G. Thus, x € D(T +
C) N G and the proof is complete. O

Naturally, Theorem 6.1 is true if instead of the local monotonicity assumption, we
assume that T + C is monotone on the set D(T + C) N G.

It is easy to see that the assumption of local monotonicity cannot be deleted from
Theorem 6.1, which is also true in the finite-dimensional case. In fact, let Tx = x>, Cx =
—4xand G = (—1,1). Then Xy = 0 € G is a zero of the operator T + C, which is not locally
monotone on G. Now, let xy be any point in G. Let B,(xp) C G. Then r < 1 and 9B, (xo) =
{xo — 1,x0 + r}. Assume that

(Tx+Cx,x —x0) = (x> —4x)(x —x9) =0, x€ {x9—r,xo+r}. (6.8)
Then, forx =xy —rand x = xy + 1,

—r[(xo—r)3—4(xo—r)] >0, r[(x0+r)3—4(xo+r)] >0, (6.9)
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or
[(xo—r)2—4](xo—r) <0, [(x0+r)2—4](x0+r) >0, (6.10)
respectively. Since |xo — 712, |xo + r|? < 4, we actually obtain
xo—1 =0, xo+7r =<0, (6.11)
which are incompatible. Consequently,

(Tx+Cx,x—x0) 20, Vxe&D(T+C)N0dB,(x0), (6.12)

is false for any xp € G and any closed ball B,(xy) C G. It follows that (a) does not imply
(b) in Theorem 6.1.

In the following theorem, we obtain sufficient conditions for an open ball to lie in the
range of the operator T + C.

THEOREM 6.2 (balls in the range of T + C). Let T satisfy (t1), and let C: X > D(C) — X*
be generalized pseudomonotone and satisfy (cl), (c3). Assume, further, that G is a bounded
open subset of X, and that there exist a constant r >0 and z§ € X* such that

llz&|| <r < |Tx+Cxl, x€D(T+C)naG,

6.13
(u+Cx—2zf,x) 20, x€D(T+C)NIG, u €< Tx. ( )

Then B,(0) C (T + C)(D(T + C) N coG). If, moreover, G is convex, then B,(0) C (T +
C)(D(T+C)NG) and B,(0) c (T+C)(D(T+C)NG).

Proof. We fix p* € B,(0) and consider the approximate problem
Tx+Cx+<%)]x9p*. (6.14)
We also consider the homotopy mappings

Hi(t,x) = t(Tx+Cx—z}) + <%)]x

=t(Tx+Cx—zS‘+(%>]x)+(1—t)(%>]x, (6.15)

Hy(t,x)=Tx+Cx+ (%)]x —tzg —(1—t)p™.
Following the proof of Theorem 1 in [13], we see that when # is sufficiently large, say
n = ny, both these homotopies are admissible and the degrees

d(H,(t,-),G,0), d(H,(t,-),G,0) (6.16)
are well defined and constant for ¢ € [0,1]. However,

1
n

d(H,(0,-),G,0) :d<( )J,G,o) —1 (6.17)
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(see Lemma 5.10). It follows that
d(Hz(O, -),G,O) = d(Hz(l, -),G,O) = d(Hl(l, -),G,O) = d(Hl(O, -),G,O) =1. (6.18)

Thus, the inclusion (6.14) is solvable in G for all large n. We assume that this is true for
all n =1,2,..., and consider a solution x, € G of (6.14) for each n. We may also assume
that x, — xo € coG. Since, for some yf € Tx,,

%Lr?o (y¥+Cxy—p*) =—lim [(%)]xn] =0,

n— 00

] (6.19)
31{510 (i +Cxy— p* %0 — x0) = _,1132 [(;)]xn] =0,

the generalized pseudomonotonicity of the operator T + C — p* (see Lemma 5.3 with C

replaced by C — p*) implies xo € D(T + C) and p* € Txy + Cx,. Consequently, B,(0) C

(T + C)(D(T + C) n coG), which finishes the proof of the first conclusion of the theorem.
If, in addition, G is convex, then

B.(0) c (T+C)(D(T+C)nG), (6.20)
but the boundary of G is excluded from this inclusion because p* € B,(0) implies
[[u*+Cx|| = ITx+Cx| >||p*||, x€D(T+C)NIG, u* € Tx. (6.21)

Thus, B,(0) C (T + C)(D(T + C) N G). Also, since G is bounded and weakly closed, the
generalized pseudomonotonicity of T+ C and Lemma 1.1 in Section 7 below imply that
the set (T + C)(D(T + C) N G) is closed. Thus, (6.20) implies

B.(0) c (T+C)(D(T+C)NG). (6.22)

The proof is complete. U

In the next theorem, we are using another application of our new degree to the solv-
ability of an invariance of domain problem for the sum T+ C.

A subset M of the space X* is called “pathwise connected” if for every x*,y* € M
there exists a continuous function s: [0,1] — M such that s(0) = x* and s(1) = y*. The
function s is called a “path.”

A pathwise connected set M, associated with the norm topology, is connected.

Let G C X be open and bounded. We say that the operator T : X > D(T) — 2X" is
“locally injective” on the set G C X if for every point xy € D(T) N G, there exists a closed
ball B,(x0) C G such that the operator T is injective on D(T) N B,(xp). If G = X, in the
previous definition, we simply say that T is “locally injective.”

THEOREM 6.3 (invariance of domain). Assume that T satisfies (t1), while C: X > D(C) —
X* satisfies (c1), (c3) and is generalized pseudomonotone. For an open bounded set G C X,
assume that T + C + €] is injective on D(T + C) N G for every € > 0. Then
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(1) if either (a) G is convex or (b) C satisfies c2, then for every pathwise connected set
M C X* with

((T+C)(D(T+C)N3G)) "M =D,

(T+C)(D(T+C)NG)) "M+ D, (6.23)

it holds that M C (T + C)(D(T + C) N G);
(ii) if T + C is locally injective on G, then the set (T + C)(D(T + C) N G) is open.

Proof. (i) Without loss of generality, we may assume that C(0) = 0,0 € M, and 0 € G. Fix
a point y* € M such that y* # 0 and let s(¢), t € [0,1] be a path in M such that s(0) = 0
and s(1) = y*. We consider the two homotopy inclusions:

Hi(t,x) = Tx+ Cy,x—s(t) 20, (6.24)
Hy(t,x) =t(Tx+Cux) +(1—t)Jx >0, (6.25)

where C,, = C+ (1/n)]. We first show that (6.24) has no solution x € D(T + C) n dG for
any t € [0,1]. Assume that this is not true. Then we may also assume that there exist
sequences {t,,} C [0,1], {x,} C D(T +C) N dG such that t,, — to € [0,1], Xy = xp € X
and

Txm + Cpxn 2 s(tm), (6.26)
or
Vi + Coxn = 5(tm), (6.27)
for some y% € Tx,,. Since
il{rolo (¥ + Cuxon, X — X0) =r£i£r(}o (s(tm)sXm —x0) =0 (6.28)

and y} + Cpx,m — s(tp) and the operator C, satisfies (§+) and is quasibounded, we can
repeat the proof of Theorem 7 in [13] to obtain x, — xo € D(T + C) N G and s(ty) €
Txo + Cpxo. This, however, is a contradiction to our assumption that the set M does not
intersect the set (T + C)(D(T + C) N dG). The quoted proof is for single-valued operators
T, but it goes through for multivalued ones as well.

To show that (6.25) has no solutions x € dG, we assume again that this is not the case
and that {t,,} € [0,1], {x;»} C 0G are such that t,, — ty, x,, — x0 € X.

tm (Yo + Codin) + (1 = t) JXm 0, (6.29)

for some y;: € Tx,. From (v} + (1/n)] X, %m) = 0 and the quasiboundedness of C, we
can now obtain the boundedness of the sequence {C,x;, }, which implies the boundedness
of {y}} as well. Consequently, we may also assume that y} — y5 € X* and C,x,, —
h* € X*. If t,, = 0 for some m, then (6.29) says that 0 € dG, that is, a contradiction.
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If t,, = 1, then we get a contradiction again by the injectivity of T + C, and the fact that
0 € (T +C,)(0). Thus, t,, € (0,1) for all m. Again, we can now repeat the relevant part of
the proof of Theorem 7 in [13] in order to obtain a contradiction.

It follows that H,(,x), H(t,x) are admissible homotopies for our degree. As such,
they have constant degrees. Thus, we have

d(H;(1,),G,0) = d(H,(0,-),G,0) = d(Hy(1,-),G,0) = 1. (6.30)

This says that the inclusion

Tx+Cx+(%)]x9y* (6.31)

is solvable in G for every n = 1,2,.... Let x, solve this inclusion. Then, for some yf € Tx,,

I+ Cxp+ <%>1xn =y*. (6.32)

Since {x,} is bounded, we may assume that x, — xo. We assume that (a) is true. Then
Xp € coG = G. We also have y;* + Cx, — y* and

%Lm (¥ + Cxpyxp — x0) = lim <— (%)]xn + y*, % —xo> =0. (6.33)

Since T + C is generalized pseudomonotone, we obtain xo € D(T +C) N G and y* €
Txo + Cxo. However, xq & 0G because of (6.23). Thus, M C (T + C)(D(T +C) N G).

If (b) is true, we can use the fact that the operator C satisfies (§+) along with the proof
of Theorem 7 in [13] to arrive at the same conclusion.

(if) We fix yg5 € (T + C)(D(T + C) n G) with y§ = (T + C)xo. By our assumption, there
exists a ball B;(xo) C X such that B;4(xp) C G and the operator T + C is injective on D(T +

C) N By(xo). We show that there exists > 0 such that

((T+C)(D(T +C) N 9By (x0))) N Br(y5) = D, (6.34)

where B,(y;) C X*. Assume the contrary and let r, | 0, p} € B,, (y5) C X*, {x,} €
D(T + C) N dB4(xo) be such that

yn +Cxn = py, (6.35)

for some y; € Tx,. Then we may assume that x, — X € B,(xp). Since y;f + Cx, — y; and

limsup (yf + Cxy,x, — X) = %im (yi,xn—X) =0, (6.36)
n—oo -
we can use the generalized pseudomonotonicity of the operator T + C to obtain X €
D(T +C) and y; € TX+ CX. Naturally, X ¢ 0B4(xo) because we already have yg € Txo +
Cxo and the operator T + C is injective on D(T + C) N By(xo). Thus, (6.34) is true.
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Using part (i) of the proof with M = B,(y;) and the convex open set G = B,(x), we
obtain

B, (y5) € (T+C)(D(T+C)NBy(xo)) C(T+C)(D(T+C)NG). (6.37)

It follows that the set (T'+ C)(D(T + C) N G) is open, and the proof is finished. O

Since every open set G is the union of bounded open subsets of it (i.e., open balls about
its points lying in it), part (ii) of Theorem 6.3 is actually true for any open set G. We state
this fact in the following corollary.

COROLLARY 6.4. Assume that T satisfies (t1), while C: X D D(C) — X* satisfies (c1), (¢3)
and is generalized pseudomonotone. Then

(1) if T + C is locally injective on an open set G C X, the set (T +C)(D(T+C) N G) is
open;

(ii) if T + C is locally injective and R(T + C) is closed, then R(T + C) = X*.

Proof. (ii) If T + C is locally injective, then (i) implies that R(T + C) = (T + C)(D(T +
C)nX) is open. If R(T + C) is also closed, then it must equal X* because the only open
and closed sets in a Banach space are the empty set and the space itself. O

7. Discussion

“Ranges of sums” problems can also be handled with our new degree theory in the spirit
of the results of the paper [10]. However, Theorem 2.1 in that paper is a very general
result for densely defined, (weakly) quasibounded, finitely continuous, and generalized
pseudomonotone perturbations C of maximal monotone operators T. That result uses an
approximation involving a duality mapping ]y, where the gauge function ¢ is produced
by the weak quasiboundedness property of the operator C.

In the proof of Theorem 6.2, we made use of the following lemma that can be found
in [6, page 263]. Since the operator T + C in our new degree theory is generalized pseu-
domonotone, it is useful to state explicitly this lemma here for future use.

LEmMMA 7.1. Let T: X D D(T) — 2X" be generalized pseudomonotone. Let M be a bounded

weakly closed subset of X. Then T(D(T) N M) is closed. In particular, T(D(T) N B,(xo)) is
closed for every xy € X and every r > 0.

The authors of the papers [20, 30] claim that if T}, T, are maximal monotone, then so
are the operators T(t) = tT) + (1 —t)T5, t € [0,1]. This is obviously not true in general.
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