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The maps of the form f(x) = >, a; - x - b;, called 1-degree maps, are introduced and
investigated. For noncommutative algebras and modules over them 1-degree maps give
an analogy of linear maps and differentials. Under some conditions on the algebra s,
contractibility of the group of 1-degree isomorphisms is proved for the module L ().
It is shown that these conditions are fulfilled for the algebra of linear maps of a finite-
dimensional linear space. The notion of 1-degree map gives a possibility to define a non-
linear Fredholm map of ,,(s4) and a Fredholm manifold modelled by L,(s4). 1-degree
maps are also applied to some problems of Markov chains.
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1. Motivation

For the last several decades various algebras and algebra modules have been intensively
investigated. Module maps are traditionally called linear if they preserve addition and
multiplication by elements of the algebra (for noncommutative algebra—Ileft or right
multiplication). For nonlinear maps of modules it is easy to give a definition of the deriv-
ative similar to Freche derivative in linear spaces. In the case of noncommutative algebra,
even simplest nonlinear maps, for example, power maps of the algebra (i.e., here a “one-
dimensional” module) do not have such derivatives, however there exists analogue of the
differential, containing only first power of the “argument increment.” Namely,

(x+Ax)* —x* = x - Ax+ Ax - x + (Ax)?,

(x+Ax)° = =x%  Ax+x-Ax-x+Ax - x>+ (Ax)? - x+Ax - x - Ax+x - (Ax)> + (Ax)?,

(1.1)

and so forth.
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2 The mappings of degree 1

This was the reason for the author to introduce and investigate the maps as f(Ax) =
x-Ax+Ax-xand fH(Ax) =x? - Ax+x - Ax - x+Ax - x%.

2. 1-degree maps of algebras
Let 54 be an algebra.

Definition 2.1 [2-10]. The map f : 4 — s is called a mapping of degree 1 (1-degree map
for short) if f(x) = >\ a;-x - b; for some n € N and a;,a,,...,a,,b1,b2,...,b, € A.

By d; () denote the set of 1-degree maps.

Obviously, for a commutative algebra s a 1-degree map is a trivial multiplication by
a specified element. That is why { will denote further a noncommutative algebra.

Let Map(sd) be the algebra of all maps from o to sd with usual addition and multipli-
cation by number and with map composition as element’s multiplication.

Let A be o without the element’s multiplication. A is a linear space over some number
field F. Let L(A) denote the algebra of its linear operators. It is obvious that d; () C
L(A) c Map(A).

Definition 2.2. We say that o{ is I-algebra if d, () = L(A).
Taeorem 2.3. If A = L(F") for some field F, then s is a 1-algebra.

Proof. Tt is sufficient to prove that L(A) C di(sd). Let X € . Since sd = L(F"), then oA is
isomorphic to the algebra of square F-matrices, that is, A is n>-dimensional linear space
with matrices

0 0 0
Pj=]0 -+ 1 -+ 0 (2.1)
0 0 0

as a basis. (Matrix P;; consists of zeroes except 1 at the intersection of ith row and jth
column.) If

X1 ottt Xin
X = s (2.2)

Xnl  *tt Xun

X = z?:l Z?:lxijpij and f(X) = Z?:l Z;;lx,-jf(P,-j) for f e L(A). Ifxij # 0, then Pij =
(l/xij)PiiXij = ((I/X,‘j)Pii)Xij = P,’,‘X((l/X,‘j)ij). (Pij can be obtained from X in an-
other way as well.)
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Let
ij ij
an ot 4 a n
. . ij
fPij)=| =2 DauPa (2.3)
ij ij k=11=1
at’ll - Ann

For any i,j € {1,2,...,n} we have Py = Py;P;;P;;.. Hence
n n .
1
F&X) = Z D% 2. 2. auPPiiPji
z 1
l
= 2 Zakszzxu P iXPjjPji (2.4)
n n ..
1
= Z za,ijk,-P,-,-XijPﬂ.

Ifx,-]- =0, then P;iXPjjisa nil-matrix. So,

[\/_|:

aklPkl P]l): (2.5)

||[\/_|:

ZZZ aklPkl i) X (PjiPji) =

||M=

11

1

thatis, f € d;(sd). Therefore d,(sd) = L(A). The theorem follows. O

Replace the multiplication xy in s{ by x © y = yx and denote the new algebra by
. There is an algebra homomorphism (epimorphism) h: o ® A - di(A), k(X a; ®
b;) = f, where f(x) = > a;-x - b;. Kerh is not trivial. Some conditions, under which
>, ai® b; € Kerh, are stated below.

THEOREM 2.4. If A = L(E) for some linear space E over any field F, then
(1) a®beKerhifandonlyifa=0o0rb=0;
(2) fora,b,c,d + 0 onegetsa® b — c® d € Kerh if and only if 31 € F is such that a = Ac
and b = (1/1)d.

Proof. (1) If a =0 or b =0, then, obviously, for any x € sl one gets axb = 0, that is,
a®beKerh.Ifa+ 0and b # 0, then there exist e1,e, € E such that b(e;) # 0 and a(e,) #
0. Since o is the algebra of all linear maps from E to E, there is x € s such that x(b(e;)) =
;. So, (axb)(er) = (ax)(b(e1)) = a(x(b(e1))) = aley) # 0. Therefore, axb # 0 € A, thus
a®b & Kerh.

(2) Suppose that a,b,c,d # 0 but there is no A € F with properties formulated in this
theorem. (If such A exists, then, evidently, a ® b — ¢ ® d € Kerh.) Consider the following
cases.

(2.1) There exists « € F such that « # 0, a = ac, b # (1/a)d. As b # (1/a)d, b, d # 0,
we can find e; € E such that e; # 0, b(e;) # (1/a)d(e;), and at least one element b(e;)
or d(e;) is not equal to zero. As a,c # 0, a = ac, we can find e, € E such that e, # 0,
a(e) = ac(ey) # 0.
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If b(er) = 0, then for any x € s(axb)(e;) = 0. But again as far as & = L(E) is the
algebra of all linear maps from E to E, there exists x € o such that x(d(e;)) = e, and
(cxd)(er) = c(x(d(er))) = c(ez) # 0. So, (axb)(e1) # (cxd)(e1) and axb # cxd, that is, a ®
b-c®d¢& Kerh.

If d(e;) = 0, then for any x € sd(cxd)(e;) = 0 and we take x € o such that x(b(e;)) =
e>. We obtain (axb)(e;) = a(x(b(e1))) = aley) # 0, that is, (axb)(e1) # (cxd)(e1), axb #
cxd,a®b—c®d ¢ Kerh.

If b(e1) # 0, d(er) # 0, we take x € o such that x(b(e;)) = ez, x(d(e1)) = e, where
B # 0, a # 3. Therefore (axb)(e;) = a(x(b(e1))) = alez) = ac(ez) = ac((1/)x(d(e1))) =
(a/B)c(x(d(e1))) = (a/B)(cxd)(e1) # (cxd)(er) and axb # cxd, that is, a®b—c® d ¢
Ker h.

(2.2) There exists « € F such that « # 0, a # ac, b = (1/a)d. As b = (1/a)d # 0, there
exists e; € E such thate; # 0, b(e;) = (1/a)d(e;) # 0. As a,c # 0, a # ac, there exists e; €
E such that e; # 0, a(e,) # ac(ez), and at least one element a(e;) or c(e;) is not equal to
zero. Let us take x € A such that x(b(ey)) = e,.

If one element, either a(e,), or c(e;) is equal to zero, then, obviously, (axb)(e;) #
(cxd)(e1) because only one of these elements is equal to zero.

If a(ez) # 0, c(ez) # 0, then (axb)(e) = a(x(b(e1))) = alez) # ac(ez) = ac(x(b(er))) =
ac(x((1/a)d(er))) = a(1/a)c(x(d(er))) = (cxd)(e1), hence axb # cxd. Thus a® b — ¢ ®
d ¢ Kerh.

(2.3) a+ ac, b # (1/a)d for each « € F, a # 0. As b # 0, there exists e; € E such that
e1 #0,b(e;) #0.

If d(e;) = 0, then take e, € E such that e; # 0, a(e;) # 0 that exists because a # 0 and
x € A is such that x(b(e;)) = e,. Then (axb)(e;) = a(ey) # 0 = (bxd)(ey), therefore axb #
cxdanda®b—c®d & Kerh.

If d(e;) # 0 and there exists y € F such that y # 0, b(e;) = yd(e;), then take e, € E and
x € o such that e, # 0, a(ez) # (1/y)c(ez), x(b(er)) = e,. We obtain (axb)(e;) = a(e;) #
(1/y)c(es) = (1/p)e(x(ble)) = (1/y)e(x(yd(er))) = (1/y)yc(x(d(e1))) = (cxd)(er). Thus
axb+# cxdanda® b —c®d & Kerh.

If b(e;) and d(e;) are linearly independent (therefore b(e;) # 0 and d(e;) # 0), then
take e, € E, x € A such thate, # 0, x(b(e1)) = . If a(x(b(e;))) # c(x(d(ey))), then axb #
cxd and a® b — ¢ ® d ¢ Kerh. If it appears to be a(x(b(e;))) = c(x(d(e1))), then replace
x by X such that X(b(e;)) = x(b(e1)), X(d(e1)) = dx(d(e;)) where § # 0, # 1. Thus we ob-
tain (axb)(e1) = a(x(b(e1))) = a(x(b(e1))) = c(x(d(er))) = c((1/8)x(d(e1))) = (1/8)c(%(d
(e1))) # c(X(d(e1))). This yields aXb # cXd, that is, a® b — ¢ ® d ¢ Kerh. The theorem is
proved. g

Let s be an involutive algebra.

Definition 2.5 [8, 9]. The elements f, f* € d, () are called conjugate if
fx)=>ai-x-b,  f¥x)=>bf-x-af. (2.6)
i=1 i=1

Operation f < f* is an involution for d, (s4). It is clear that f*(x*) = (f(x))™* for all
x e dA.
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Definition 2.6 [8,9]. An element f € d,(sA) is called self-conjugate if f = f*.

Obviously, for self-conjugate f € d;(s4) and for all x € o one gets f(x*) = (f(x))*.
In addition f € d; () is self-conjugate if and only if for all i € {1,2,...,n} either b; = af
or there exists j € {1,2,...,n}, j # isuch thata; = b}, b; = a.

Definition 2.7 8, 9]. Self-conjugate f € d;(sd) is called positive if

n

f(x):Zai-x-a,*, for some ay,as,...,a, € A. (2.7)

i=1

This notation is chosen since for C*-algebra o a positive map sends positive elements
of algebra s to positive ones. Indeed, for C*-algebra sd one of definitions of positive
elements is x = yy* for a certain y € . If f € d;() is positive and x € o is positive,
then

f)=2ai-x-af =>a;i- (yy*)-af => (aiy) - (y*af) = > (aiy) - (aiy)™.
i=1 i=1 i=1 i=1
(2.8)

Since for C*-algebra the cone P of positive elements is convex, then f(x) € P.

Now consider some properties of eigenvalues and eigenelements for self-conjugate and
positive 1-degree maps. It is useful to note that characteristic values of self-conjugate
maps are real. The next three theorems were announced in [9].

THEOREM 2.8. If A is a C*-algebra, f € d\(sd) is a positive map, A € R is a characteristic
value of f, and there exists a positive characteristic element x € d, corresponding to the
characteristic value A, then A = 0.

Proof. Suppose that o is a C*-algebra, f € d,(s) is a positive map, x € o is a posi-
tive element (x # 0), A € R, f(x) = Ax. If 1 <0, then —A >0 and —Ax is positive, that
is, Ax € (—P), where P is the cone of positive elements. But Ax = f(x) € P. Hence Ax €
PN (=P) = {0}. It is impossible since for A # 0, x # 0, Ax # 0. Therefore the assumption
A <0is false and A > 0. O

THEOREM 2.9. If A is an involutive algebra, f € dy(A) is a self-conjugate map, A € Ris a
characteristic value of f, then there exists a self-conjugate characteristic element x € A (x #
0) corresponding to the characteristic value A.

Proof. For any x € o there exists a unique representation as the sum of “real” and “imag-
inary” parts x = x1 + ixy, where x1,x, € o are self-conjugate elements (x; = (1/2)(x +
x*),x, = (1/2i)(x — x*)). Therefore f(x)=Axe f(x; +ixz)=A(x1 +ixz) & f(x1) +if (x2)=
Ax1 +idx;.

The elements Ax;, Ax; are self-conjugate. As f, x1, x, are self-conjugate, f(x;), f(x2)
are self-conjugate as well. Since the representation as the sum of “real” and “imaginary”
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parts is unique, then f(x;) = Ax1, f(x2) = Ax,. For x # 0 at least one element x; or x; is
not equal to zero. This completes the proof. O

TueoreMm 2.10. If o is a C*-algebra, f € d\(sd) is a positive map, and there is a character-
istic value A < 0 of f, then there exist positive elements x1, x2, a € A such that f(x;) — Ax; =
f(x2) —Ax, = a.

Proof. A positive map is self-conjugate. From Theorem 2.9 it follows that there is a self-
conjugate element x € o such that x # 0 and f(x) = Ax. If o is C*-algebra and x €
is a self-conjugate element, then there exists unique couple of positive or equal to zero
elements x1, x, € & such that x = x; — x2, x1%2 = x2x1 = 0.

We have f(x) = f(x1 —x2) = A(x1 — x2) = Ax; — Ax,. Therefore f(x;) — Ax; = f(x2) —
Ax,. Denote this element by a. It follows from Theorem 2.8 that x; # 0, x, # 0. Hence
both x; and x, are positive. As x1, x2, f, (—A) are positive, then f(x1), f(x2), (—Ax1),
(—Ax2), and a are positive. This completes the proof. O

If 54 is a normed algebra, then the standard norm on d; (s4) is also given, since d; () C
L(A), that is, for f € d; (),

_fG]]
”f”_i‘iE il (2.9)

Obviously, || f*[I = || fll and if f(x) = >/_, ai - x - by, then [ fI| < 21, llaill - [|bs]].
As far as L(A) is closed, d; (s4) € L(A), where d; () is the closure of d; ().

Definition 2.11. A normed algebra o is 1-algebra if dy(sd) = L(A). Obviously, if o is a
normed 1-algebra, then o is a 1-algebra.

Definition 2.12. If ${ is an involutive algebra, then the maps f, f* € d;(sd) are called con-
jugate if f(x) = lim,—« fu(x), f*(x) = lim,_« f,*(x) for some fi, fo,..., fu>... € di(A).
3. 1-degree maps of modules

(A) Let My, J; be free finitely generated s{-modules,

h
f

J‘/L]Z&dn, J(/LZ:&Q’”, F:JM1—>J‘/L2, F = . 5 f,'ZP,'OF:JMul—*&q‘,
fm
(3.1)

where P; : M, — s is the projection of My = A & A & - - - & o onto ith term.

Definition 3.1. F : MM, — J, is called 1-degree (1-degree) map if for each i € {1,2,...,m}
the relation fi(x1,x2,...,%,) = fi(x1) + f(x2) +- -+ fin(x,) holds, where fi1, fi,..., fin €
di()(€ dy(sA)).
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Assign the following matrix to a 1-degree or a 1-degree map:

fll le e fln
f21 f22 e f2n

F — : : : (3.2)
fml fmZ to fmn

Definition 3.2. If o is an involutive algebra, then the 1-degree or 1-degree maps F =
(fij ) mxns F* = (fz-;-")mxn are called conjugate.

As well as it is for algebra maps, F*(x*) = (F(x))*.
If the modules Jl,, I, are normed (e.g., for a normed algebra s the norm can be
defined as ||x|| = 4/>; llxill? ), then ||F|| is defined in the standard way

HF” = sup ||F(~x)||

3.3
AT (3:3)

The straightforward computation gives

iFI= S (S0) < S S0 G4)
j=1

i=1 i=1 j=1

and [[F|| = [|[F*]|.
(B) Let o be a C*-algebra and let I,(s4) be a Hilbert s¢-module,
fi

F:h(d) — L(sd), F=|f], (3.5)

where f; = P; o F, as above. Since F(x) € () it has to be [|F(x)[I? = 32, | fi(x)||> < o
for any x € L (). This is fulfilled, in particular, if ;7 || f||> < o. In this case

NE@I < STIAI - %012, (3.6)
i=1

d F
1El = | S IIFIE < oo forHFIIzsup””(—x)H. (37)
i=1 x#0 x|

Definition 3.3. A bounded map F : L(A) — L(sA) is called I-degree map if for each i €
N fi(x) = fi(x1,x2,...) = Z;ilfij(xj), where f;; € di(sd) forany j € N,

fii S
Fe|fa f2 -] (3.8)

therefore
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Since lim,, . Z;’:] fij(xj) must exist for all x = (x1,%2,...) € L(s4), we assume that for
each i € N there exists a constant Mg; > 0 such that IIj}j |l < Mg, for each j € N. Then

) < Sl ol

=] S

5l =42, b

(3.9)

IA

and || fill < Mg,;. Assume that Z{LM}%J < oo for each 1-degree map F. Then for each 1-
degree map F||F|| < co.

By d,(L,(sd)) denote the set of all 1-degree maps from L, () to L, () and by d, (I, (s4))
denote its closure. We say that F : () — L(d) is a 1-degree map if F € d;(I,(s4)). Ob-
viously, F € di(L(sA)) ~ fij € dy () for all 4, jEN.

Let e; = (1,0,0,...), e = (0,1,0,...), e3 = (0,0,1,...), and so forth be basic elements in
l(sd) andlet L;; 4 beasubmodule of the module () generated by elements e;,+1, €n+2, ..

Definition 3.4. Following [14], we say that a map F € d;(L(sd)) is compact if lim,_.
IFlL:, Il =0.

Definition 3.5. Amap F € d,(l,(s4)) is called Fredholm 1-map if F = H + C, where H,C €
di(l(sA)), H is an isomorphism, and C is a compact map.

The set Ci(L(A)) of all compact 1-degree maps from L (s4) to L () is an ideal in the
algebra d; ((sA)).

Definition 3.6. A manifold M modelled by L,(A) is called Fredholm 1-manifold if M has
an atlas with transformation functions having the “derivatives” in the form I + C, where
I is the identity map, C € Cy(L(A)).

By GL;(L(4)) denote the group of 1-degree isomorphisms of I ().
Tueorem 3.7. If A is C*-1-algebra, then GLy(L,(A)) is contractible.

Proof. Let E be the Banach space obtained from ,(s4) by ignoring the element multipli-
cation in o4, where || - [z = || - [l (s0)-

For C*-1-algebra o we get d;(l(A)) = B(E) and GL;(L(s4)) = GL(E). Hence GL;
(lL(s4)) is an open subset of Banach space B(E). Therefore, by Milnor’s theorem [13]
GL1(L2(s4)) has the homotopy type of a CW-complex and by Whitehead’s theorem [16]
the strong and weak homotopy trivialities of GL1(L(s4)) are equivalent. So, it is sufficient
to prove the weak homotopy triviality.

The proof technique repeats that for GL(H) in [11] or for GL(;(s4)) in [12]. First we
use Atiyah’s theorem on small balls: if f is a continuous map from n-dimensional sphere
S" to GL1(L1(s4)), then f is homotopic to f” so that f'(S") is a finite polyhedron lying in
GL1(L(sA)) together with the homotopy.

Then we use from [11, Lemma 3]: there exist a decomposition () in H & H;, where
H' = H, = [,(dA), and a continuous map f"": §" — GL1(L,(s4)) homotopic to f” such that
f7(s)(x)=xforallse S", xe H'.
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Next we prove the statement similar to [11, Lemma 7], and [12, Lemma 7.1.4]: V =
{g € GL1(L(A)) Iglw = Idy, g(H,) = Hy} is contractible to 1 in GL1(l,(s4)). Here we
use the condition from the hypothesis of our theorem that ${ is C*-1-algebra. If so,
then for any u € GL1(L(s4)), u™! and all linear combinations of u and u~! belong to
GL1(L2(s4)) as well. The construction of homotopy is the same as in [11, 12].

Since H' = [,(A), we can decompose H' into thesum H' = H, ® H3; @ - - - H; = [h(A),
thenweget h(d)=H e H, e H3; & - - -.

Let g € V on, then the matrix of g related to the above decomposition is g = diag(u, 1,
L1,...) =diag(u,u 'u,1,utu,1,...), where u = g|p,.

For t € [0,71/2] we get g, = gln, = u and for eachi € N,

| _ [cost —sint\ (u 0 cost sint) fu™! 0
StlHyeHin =\ Gint  cost ) \0 1) \—sint cost)\ 0 1

(3.10)
_(1-cos’t+ ulsin’t  (u—1)sintcost
"\ (A—=uYsintcost wusin’t+1-cos’t)’
For t € [m/2,m] and for eachi € N
| _ [cost —sint) (u! 0 cost sint\ [u O
SilHiaoHy = \ gint  cost 0 1)\-sint cost)\0 1
(3.11)

1-cos’t+usin’t (u~!—1)sintcost
(1—u)sintcost wulsin’t+1-cos’t)’

g0 = & g2 = diag(u,u™Y,u,u1,u,...) by both formulas of homotopies, and g, = diag(1,
L1L1,...).

Since all these maps are linear isomorphisms in L(E), then by the hypothesis of the
theorem they are 1-degree isomorphisms.

At last we repeat [12, Lemma 7.1.5]: the set

W =1{g € GL; (Lb(s)) Iglp = Idw} (3.12)
is contractible to V. (In [12] this is proved for GL(l;(s4)).) This concludes the proof. [

4. Polynomials over a noncommutative algebra and nonlinear Fredholm maps

Let 4 be a noncommutative algebra, x ¢ o, x! = x, xk - x! = xk for all k,I € N. Let us
give the recurrent definition of a monomial in x.

Definition 4.1. (1) Every element of o is a 0-degree monomial.

(2) x is a 1-degree monomial.

(3) If m; is a k-degree monomial for any k € N and m; is an [-degree monomial for
any [ € N, then m, - m; is a (k +[)-degree monomial.

(4) The other monomials do not exist.

Definition 4.2. A finite sum of n-degree monomials is called a hormogeneous n-degree poly-
nomial.
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Definition 4.3. A finite sum of homogeneous polynomials is called an all linearn-degree
polynomial, where n is the maximal degree of the terms.

The set P of all polynomials forms a graded algebra P = @, P,,, where P, is the set of
homogeneous n-degree polynomials. Obviously, Py = o,P; = s ® A .

Definition 4.4. The map corresponding to the homogeneous n-degree polynomial is call-
ed an n-degree map and the map corresponding to any polynomial is called a polynomial
map.

The set d(sd) of all polynomial maps forms a graded algebra as well: d(d) = @&, d,, (),
where d,(sd) is the set of n-degree maps. There is a natural map of graded algebras
h:P — d(sl) assigning to the polynomial its corresponding map. For n = 1 it was shown
in Section 2 that i |p: P = A ® A - dy () is not injective. Polynomial maps defined
above are maps that have 1-degree “derivatives.”

We will obtain the definition of a monomial in several variables x1,x,...,%,,... if in
Definition 4.1 we replace (2) by “x; is a 1-degree monomial for every i € N.” Then Defini-
tions 4.2 and 4.3 give the notions of polynomials in x1,x3,...,Xy,... and of corresponding
polynomial maps from L () to .

Definition 4.5. Themap F: U — L,(sA) is called polynomial if f; are polynomial maps for
all i € N, where U C () is an open domain and

h
F=|/f]. (4.1)

The “derivative”

dfi
F'(x) = | 4f (4.2)

of a polynomial map F is a 1-degree map for every x € U.

Definition 4.6. The polynomial map F: U — L(s) is called a Fredholm map if F'(x) is a
Fredholm 1-degree map for eachx € U.

5. A certain application of 1-degree maps

In probability theory a discrete Markov chain is described by the transition matrix con-
sisting of elements from [0, 1]. Markov’s theorem proclaims that if some power of this
matrix does not contain zeroes, then limit transition probabilities exist. We assume that
kth power of the transition matrix does not contain zeroes and so the question is aris-
ing: how the elements of transition matrix that can be changed for kth power of matrix
remain without zeroes.

Assume that the transition matrix is an # X n-matrix and consider the set of the real
n X n-matrices as a normed involutive algebra with transposition as the involution and
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the norm [|All = n - max, <; j<y |a;;|, (equivalent to the norm ||A|| = sup, , [[Ax|[/| x|l but
more suitable for the calculation). The inequality [|AB]| < ||Al| - [|B]| for the normed al-
gebra is fulfilled.

Let P = (pjj)nxn be a transition matrix, let Pk = (pl(»f))nxn be the kth power of P and
f(P) = Pk. Using the equality f(P+AP) — f(P) = (P + AP)* — PX = df + o(AP) we ap-
proximate the difference at the left-hand side by the “differential” df and instead of the
inequality [[Af]l = || f(P+AP) — f(P)|l < € we solve the inequality ||df || < e. Here

df =P* 1. AP+P*"2.AP-P+---+P-AP-P<"2+ AP . P! (5.1)
is a d;-map of AP,

0(AP) = [P*"2 - (AP)* + P2 - (AP)? - P+ - - - + P (AP)* - P2
+Pk—3_AP_P_AP+...+AP-P-AP-Pk73] (5~2)
+[Pk—3 . (AP)3+' . .]+.--+(AP)k.

Taking into account the estimate

Idf Il < [|PX1|| - |1 AP +|[P%2]| - [|AP]| - |1 P]|
-+ Pl - IAP] - ||P*2|[+ AP - ||P51]|

(5.3)
< |PI*=L - |JAP| + |IPI*=2 - |AP]| - ||P|
+- -+ Pl IAP] - |[PE2][+ AP - [[PF1]| = k- [P 51 - AP,
it is sufficient to solve the inequality k - IP||*~1 - ||AP|| < &. Thus we get
£
IAP] < d1(e) = ot P (5.4)
therefore forall i, j € {1,2,...,n},
|Apijl < ————— (5.5)
Pijl< TN :

Further we will not reject o(AP) and obtain more exact estimate:

llo(AP)|| < [IIPII*=2 - |APII*+ |PI*> - ||AP|I - |P|| + - - -
+PIl - |API? - [[P|*= + || AP]* - ||P| ¥
+||PIIK=> - |AP|[ - [|P]| - IAP][ + - - - + [|AP|| - [|[P]| - |AP]| - | P[]
+[IPIF2 AP + -+ - ]+ - -+ |AP|IF
= CL- IPE2 - ||APIP+ CF - |PIF2 - IAPIP + - - -+ C - |IPIIF - || API*

k _
+- -+ [|AP[I* = (1Pl + IAPI))" = Pl =k - [|P|*=1 - || AP
(5.6)
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Let ¢(x) = x* be a real function. Then for x = || P||, Ax = || AP|| we get

Ag = o(x+Ax) — p(x) = 9(IIP + IAPI)) — o(IIP]1) = (IPIl + IAPI)* = | PJI%,
do = q)'(x)Ax =kx*1Ax =k - ||P||*1 - |AP]],

(IPIl+ 1API) = 1PIIF — k- [IPII" - [|AP]| = Ap — dg = o(Ax) = o(IIAP])).
(5.7)

Consider o(Ax) in the form (¢" (x+ - Ax)/2)(Ax)?, where 0 < t < 1. For ¢"' (x) = k(k —
1)x%~2, we obtain ¢” (x +t - Ax) = k(k — 1)(x+1t - Ax)*2.

Since P and P + AP are transition matrices, that is, their elements are probabilities,
then |Ap;;| <1 for all i,j € {1,2,...,n} and [[AP|| < n. Thus for x = ||P||, Ax = ||AP||
wegetx>0,0<Ax<n x+t-Ax<x+Ax<x+n, and (x+1t-Ax)F2 < (x+n)k2
Therefore ||o(AP)|| < (k(k — 1)/2)(||P]| +n)*2||AP||? and

k(k—-1 _
1P+ AP~ P < 1dfl + [oaP)| < k- 1P - 1aP1 + K1) 1y 4 )2 P
(5.8)
Now we have to solve the square inequality
k(k—1 _
1P 18P+ D 1P ) AR < € (5.9)

for ||AP||. Taking into account ||AP]|| = 0 we obtain

~ —2_ k—
J(KIPIF=1)? + 2ek(k — )(IlPllth) kI (5.10)

AP < 82(e) =
k(k = 1)(IIPIl+n)

Since [|AP|| = n - maxi<; j<, |Apijl, we get for all 4, j € {1,2,...,n},

JKIPIE1)? + 2ek(k — 1) (1Pl + )% = k|| P4

[Apiil <
P nk(k — 1) (I|P|| +n)*

(5.11)

This is a sufficient condition for |[Af]l <e.

The number £ must be chosen so that all elements of the matrix (P + AP)* are strictly
positive, that is, they differ from the corresponding elements of P* less than by m =
minls,-,js,,pg‘) > 0. Hence it must be ||df || = ||(P + AP)k — P¥|| < nm, therefore ¢ has to
be chosen so that € < nm, for example, & = nm.

In this case the first formula yields |Ap;;| < m/k||P |*~1 and the second formula yields

JKIPIE1)? + 20mk(k — 1) (1PI| + )" % = k| P|[*!

| Apij| <
! nk(k = 1) (IP]| +n)*2

(5.12)

foralli,j € {1,2,...,n}. The formulae (5.5) and (5.12) were announced in [10].



Maria N. Krein 13
6. Conclusion

Let us ascertain the interdependence between the notions defined in this paper and some
other ones.

(1) Let f be a polynomial in x with coefficients from &4, then df is a 1-degree poly-
nomial in Ax, where the coefficients are also polynomials in x. So, d: P — P ® P (see
Section 2 for the description of what s with respect to o is). Let g: P ® P — P be an
algebra homomorphism defined as g(fi ® f2) = fi - fo. Thend =god: P — Pisaderiva-
tion of the algebra P, thatis, 6(fi - 2) =8(fi) - o+ fi - 8(fp) forall fi, o, €P.If f is an
n-degree polynomial, then &(f) is also an (n — 1)-degree polynomial.

(2) For a noncommutative operator algebra sd consider the algebra homomorphisms
pa ¥ — o and ‘MAI 5 : &, — A that are defined, for example, in [15]. Here A,A],...,
IX” € o are called generators, 7, is a space of one-place symbols, F, is a space of n-
place symbols, numbers over letters are called Feynman numbers, and the set of letters
with numbers over them is called Feynman set. The one-place or n-place symbols are
real or complex functions of one or n variables, respectively. These homomorphisms iy
and @ may be called “evaluation homomorphisms” because they give a possibility

Iseeesfdn

n

1 n 1
to find in o the values f(A) or f(Ay,...,A,) for different f and specified A or Ay,...,A,.
For example, if f is a polynomial in one or several variables, it is necessary to substitute

1
A or Al,...,zgn for variables of f.
If f is a polynomial in 2n + 1 variables, f = f(y1,..., Yu,2X15..., %) = z?:l)’i - Z - X,

1
n+l n+2 2n+1 .
then for ay,...,an,¢,by,..., b, € s we can evaluate f (by,...,by, ¢, a 1,..., a ,). Speci-

tying ay,...,an,b1,...,b, and replacing ¢ by 54, we obtain the 1-degree map correspond-
ing to the 1-degree polynomial in x of the form >}, a; - x - b;. Obviously, for another
polynomial it is necessary to use another homomorphism and the quantity of generators
depends on the quantity of polynomial terms.
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