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1. Introduction

The purpose of this paper is to establish the exact controllability of a nonlinear stochastic
heat equation with null Dirichlet boundary conditions, nonzero initial and target values.

Let (Q, 94, P) be a probability space, let F* be a filtration on the space and let w be a F*
standard Wiener process. Given two elements «,  of L2(G), one wishes to find a control
v and y such that

dy — Aydt+ fdw =vdt+g(y)dt in Gx(0,T),
y(x,tw) =0 onodGx(0,T), as. (1.1)
y(x,0;0) = o y(x,T;w) = inGa.s.

The bounded open subset G of R” is assumed to have a smooth boundary and g is con-
tinuous from L?(0, T;L?(G)) into L(0, T;L?(G)). The existence of a solution of the linear
version of (1.1) is established in Section 3 of the paper. The nonlinear case is considered
in Section 4.

The main assumptions of the paper and some preliminary results are given in Section
2.

Exact controllability of the wave equation has been the subject of extensive investiga-
tions using the HUM method of J. L. Lions and the nonlinear case has been studied by
Zuazua [6] and recently by the author in [1].

Hindawi Publishing Corporation

Abstract and Applied Analysis

Volume 2006, Article ID 61203, Pages 1-12
DOI 10.1155/AAA/2006/61203


http://dx.doi.org/10.1155/S1085337506612037

2 Exact controllability

In contrast with the hyperbolic case, there are few works on the exact controllability of
parabolic equations and studies for the nonlinear stochastic heat equation seem non ex-
istent. For the linear deterministic heat equation, the exact controllability was established
by Lebeau and Robbiano [4] and earlier by Russell [5] with some additional hypothe-
ses. For the deterministic semilinear heat equation, the approximate exact controllability
was shown by Fabre et al. [3]. The result of the paper on the exact controllability for the
nonlinear stochastic heat equation seems new.

2. Some preliminary results

In this section we will consider the exact controllability of the linear heat equation. Con-
sider the problem

Z—Az=v inGx(0,T), a.s.,
zZ(x,t;w) =0 onadGx(0,T), a.s., (2.1)

z(x,0;w) = o z(x, T;w) = y(x;w) in Ga.s.

Tueorem 2.1. Let {a,y} bein L*(G) x L*(Q, A, P; L*(G)), then there exists a solution {v,z}
of (2.1) in

L*(Q,s4; P31 (0, T;H'(G))) X L2 (Q, 4, P;C(0, T;L*(G)) N L*(0, T;HY(G))).  (2.2)
Moreover

2 2 712 2
E(12112: 0 rr161)) + E(1212 0 r206n) + E(12 V0,250 160) + E(1V122 0,101

< c{lallb +E(I 1) |-
(2.3)

The constant C is independent of «, y.

Consider the initial boundary-value problem

zZ'-Az=0 inGx(0,T),
Z(x,t)=0 onadGx(0,T), (2.4)

z(x,0)=a inG.
LemMA 2.2. There exists a unique solution Z of (2.4) with
121l 20,7512 Gy + 12" 120, 151-1(6)) < Cllllz2(6). (2.5)

The constant C is independent of a.
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We now consider the exact controllability of the problem
Z'—AZ=V inGx(0,T),
Z(x,t)=0 ondGx (0,T), (2.6)
Z(x,0) =y —2z(x,T); Z(x,T)=0 inG.
First we consider the deterministic case.

LEmMA 2.3. Let a, y be in L*(G) and let Z be as in Lemma 2.2. Then there exists a solution
{v,Z} of (2.6) in

L™ (0, T;L*(G)) x C(0, T;L*(G)) N L*(0, T; Hy (G)). (2.7)
Moreover
121 200,518 6y + 12" 20,160 + IV L= 0,12 (6)) < Clllellze) Iyl ). (2.8)

The constant C is independent of o, , Z.

Proof. Tt follows from [4, Theorem 1 (page 336) and from (35)—(37) (page 344)] that
there exists {v,Z} € L*(0, T;L*(G)) x L*(0, T; H} (G)), solution of (2.6). Moreover

Pllz=.r52266) = Clly =20 Dl| 2y =< Clllallze) + 1yl - (2.9)
With the above estimate for 7, the stated result is now obvious
O
Lets =T —t, Z(x,t) = Z(x, T — 5) = z(x,s), then we have
Z+Az=-v inGx(0,T),
Z(x,s) =0 ondGx(0,T), (2.10)
z(x,0) = 0; zZ(x,T)=y—-2(x,T) inG.
Set z, = Z+2, then we get
Z,—Azy =—V-2AZ=% inGx(0,T),
Zx(x%,t) =0 ondGx(0,T), (2.11)
Z4(x,0) = a3 z+«(x,T) =y inG
Let T be the set-valued mapping
T(y) = {[V,z«] : {¥,24«} solution of (2.11)} (2.12)

of L*(G) into L*(0, T; H'(G)) x {L*(0, T; H}(G)) n C(0, T; L*(G)).

LEMMA 2.4. Let T be as in (2.12), then the images of T are closed subsets of L*(0, T;H1(G))
x {L*(0, T; H} (G)) N C(0, T;L*(G))}. Moreover the graph of T is closed.
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Proof. Since the problem is linear, in view of the estimates of Lemmas 2.2, 2.3 it is clear
that the graph of I' is closed and that its images are nonempty closed subsets of

L*(0, T;HY(G)) x L*(0, T; H} (G)) N C(0, T; L*(G)). (2.13)
O

We now consider (2.11) when y is in L2(Q, A, P; L*(G)).
Let ¢ be the random variable

p(w) = y(x;w) (2.14)
of Q into L?(G) and set
Aw) =Tog(w) ={[¥(-,w),z«(+,w)]; solution of (2.11)}. (2.15)

LemMa 2.5. The set valued mapping T given by (2.11) has a universally measurable section
0. The application o o ¢ of

Q— L*(0,T;H (G)) x L*(0, T; H} (G)) (2.16)

is a measurable section of A.

Proof. (1) Since the set valued mapping T' has nonempty closed images in L?(0,T;
H~Y(G)) x L*(0, T; H} (G)) N C(0, T;L*(G)) with closed graph, it follows from a theo-
rem of Von Neumann that there exists a universally measurable section o of T. (cf. 2,
Theorem 3.1, page 206]).

(2) Since P is a Radon measure on a regular space and since ¢ is a random variable and
hence is measurable, for each k there exists a compact Kj of Q such that

P(Q/Ky) < Uk (2.17)

We may assume without loss of generality that Kj is an increasing sequence.

The restriction ¢ = ¢ |k, is continuous. The measure P induces on Kj a Radon mea-
sure Py and ¢k (Py) is a Radon measure on L?(0, T; H'(G)) x L*(0, T; Hy (G)). Since o is
¢k (Px) measurable, o o ¢ is P-measurable of Ki in L2(0, T;H™'(G)) x L*(0, T; H} (G)).
Let

(24 (:),9(+)) = (00 9)(w) ifweE Ky,

2.18
0 if w & K. ( )

(24 (@), Dk, ) _{

The functions (zy x, V) from Q to L?(0, T; H} (G)) x L*(0, T;H~'(G)) are measurable
and

(Z*’k(',w),{/\k(',a))) - (Z*(Uw)vi/\("a))) a.s. (219)

as P(Ux Kx) = 1. Therefore (z4,7) is P-measurable and o o ¢ is a measurable section of A.
We have (zx(w),7(+,w)) € I'(a, y(+,w)) and the lemma is proved. O
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Proof of Theorem 2.1. 1t follows from (2.6) and from Lemmas 2.3-2.5 that

E(I1020% 0 116y ) < CIE(I912e 0 m2a ) + E(1Z 1220 10 ) |

(2.20)
< Clllalt g +E(Iylik ) |-
Set v = —v — 2AZ, and the theorem is proved. O
3. Exact controllability: the linear case
In this section, we will consider the problem
dy —Aydt = —fdw+vdt inGx(0,T), as.,
y(x,t,w) =0 ondGx(0,T), as., (3.1)

y(x,0;0) = o y(x,T;w) = inG, as.
The main result of the section is the following theorem.

THEOREM 3.1. Let f be in L?(0,T;L*(G)) and let {a,} be in L*(G). Then there exists a
solution {v,y} of (3.1), in

L*(Q,4,P;L2(0, T; H™H(G))) X L*(Q, 4, P; L (0, T; HY(G)) N L™ (0, T;LX(G))) - (3.2)

and y € C(0, T;(L*(G) )weak)- Moreover

2 2 2
E(||y("w)||L“(0,T;L2(G))) +E(||y("w)’|L2(0,T;H§(G))) +E<||V(';“’)||L2(0,T;H4(G)))

(3.3)
< C{& @B +E(If oo |
with
E(a,B) = llallr2(a) + 1 Bllr2c)- (3.4)
The constant C is independent of o, 3, f, g.
First we will consider the linear stochastic problem
dy—Aydt=—fdw in Gx(0,T),
y(x,5w) =0 ondGx(0,T), as., (3.5)

Y(x,0;0) =0 inG, as.

It is well known that for a given f € L*(Q, s, P;L*(0, T;L*(G))), there exists a unique
solution y of (3.5) in L2(Q,sd,P;L*(0, T; H}(G)) N L*(0,T;L*(G))) with y € C(0,T;
H~(G)) a.s. The discretisation of (3.5) leads to the following lemma. The result is known.

Lemma 3.2. Suppose all the hypotheses of Theorem 3.1 are satisfied. Then there exists

5 € I*(Q, 54, P;HL(G)) N L= (0, T;LX(G)) (3.6)
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with y € C(0, T;(L*(G) )weak) a.5. such that

dy —Aydt = fdw inG, a.s.,
y(x,w) =0 ondG, as., (3.7)
Y(x,0;0)=0 inG.

Moreover
E(”?”%”(O,T;U(G))) +E(”?”iz(o,T;H§(G})) = CE(”f”%Z(O,T;LZ(G)))' (3.8)
The constant C is independent of f.
Proof of Theorem 3.1. Let y be as in Lemma 3.2. Since
t t
500 - j AJ(-,s)ds = — J Faw(s) as. Vte[0,T), (3.9)
0 0
we have y € C(0, T;H !(G)) a.s. and hence also since it is bounded in L*(G),

7)€ C(0, T (LHG)) yet) 2. (3.10)
Therefore y(-, T;w) € L*(G) a.s. We set
y=B-y(,T;w) (3.11)
and we deduce from Theorem 2.1 that there exists a unique solution Z of (2.3). Set
y(x,bw) = Y(x, ) +z2(x, o). (3.12)
Then it is clear that {v, y} is a solution of (3.1) and
Y(x,0;0) = (x,0;w) + 2(x,0;w) = o y(x,Ts0) = y(x, T;0)+y = . (3.13)

The stated estimate is an immediate consequence of those of Theorem 2.1 and of
Lemma 3.2. O

4. The nonlinear case
We will make the following assumption on the nonlinear mapping g.

Assumption 4.1. Let g be a continuous mapping of L?(0, T;L*(G)) into L%(0, T;L*(G)).
We assume that

ez r26) = Clyllzorze) Yy € L2 (0, T;L4(G)). (4.1)

The main result of the section is the following theorem.
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THEOREM 4.2. Let {a,f3, f} be in (L*(G))? x L*(0,T;L*(G)) and let g be as in Assump-
tion 4.1. Then there exists {v, y} in

L*(Q,,P;L*(0, T;H(G))) x L*(Q, 4, P;L* (0, T; Hy (G)) N L™ (0, T;LA(G)))  (4.2)
with y € C(0, T;H Y(G)) a.s., solution of the stochastic equation

dy —Aydt+ fdw = —vdt +g(y)dt,

. (4.3)
(-, 00) = a; y(,T;w) =B inG, as.

Let ¥ € L*(0, T;L*(G)) and consider the exact controllability of the linear heat equa-
tion
Z —Az=v+g(y+z) inGx(0,T),
z(x,t;w) =0 onodGx(0,T), (4.4)
z(x,0) = 0; z(x,T)=0 inG.

Let A >0 and set

2(x,t) = exp(=At)z, 2z =e Mz, (4.5)
then we get
2 HAZ—AZ=eMp+ e‘“g(e“zl +y) inGx(0,T),
z=0 ondGx(0,T), (4.6)
Z(x,0) = 0; zZ(x,T)=0 inG.
Let

B =1{z: 12020 rzey < C(E @A +E(ILf 120 mizzay) )
120122 013y = €78 (€2 B) +E (Il F120,1160)) ) (4.7)

7112
1Y 2) 120,150y = 2C7 expCATI{ € (@) +E( I f 1220, 102000 ) }}-

It follows from Aubin’s theorem that % is a compact convex subset of L?(0, T; L*(G)).
We deduce from Theorem 2.1 that for a given z; € %, there exists a solution {Z,e "7}

of (4.6). Let
% (z1) = {2: {2,677} solution of (4.6)}. (4.8)

Then & is a set-valued mapping of % into the subsets of L?(0, T; L*(G)).
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LEmMA 4.3. Let y be in L?(0, T; L*(G)) with
1¥l20.7:2 (00 < CL€(a ) +E(Il fll20,122(6)) } (4.9)

and let & be as in (4.8), then for large positive A, the mapping takes B into B. The images of
& are closed convex subsets of L*(0, T; L*(G)).

Proof. (1) We have

(2A-1) HEH%Z(O’T;LZ(G)) + CéHEHiz(O,T;H&(G))
(4.10)
<ClleMg(5+ ele)HLZ(O,T;LZ(G)) + Heﬂ\tV”Lz(o,T;H*l(G))'

With z; € B, it follows from the estimates of Theorem 3.1 and from Assumption 4.1
that

(20 = DIEIZ o 26 + BIEN R 0 s o) = cz{%zZ(a,/;) +E(If 1200122067 } (4.11)

We will take A such that 2C,/(2A — 1) < C?. Thus,

1113200 15020 < CLE2(@B) + E(If 1320 150200) |- (4.12)
It now follows that
CEIIZIZ 0 1 6y = CLEX @) + E(ILf 02060 - (4.13)

We have

A

12 —r
||(6MZ) ||L2(0,T;H*1(G)) =1z ”I%Z(O,T;H*I(G))
< C{(1+2Cexp(AT)) € (e, ) + E(Il f 220 11260 ) |-
It follows that & takes % into 3.

(2) We now show that the images of & are closed convex subsets of L?(0, T;L*(G)).
Suppose that zi, 2, are in £(z;) and set

(4.14)

Z=uzi+(1—wz, wpelo,1]. (4.15)
Then
2~ A2+ A2 = e M{uv + (1 — i} +e Mg (Y +etz),
Z(x,t) =0 ondGx (0,T), (4.16)

Z(x,0) = 0; zZ(x,T)=0 inG.

It is now clear that Z € £(z;). We now show that the images of £(z;) are closed subsets
of L2(0, T; L*(G)). Suppose that

Z,— 2z inL*(0,T;L%(G)); 2n € L(z1). (4.17)
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Let {Z,,e *v,} be a solution of the exact controllability problem
Z,+ Az, — AZ, =e"“{g(7+zl)+vn} in Gx (0,T),
Z,=0 onodGx(0,T), (4.18)
Zu(x,0) = 0; Zy(x,T)=0 inG.

From the estimates of Theorems 2.1 and 3.1, we get

112 |L2(0,T;H01(G)) +||23| |L2(0,T;H*1 @yt HVnHLTz(o,T;Irl @y =G (4.19)

It follows that there exists a subsequence such that

{zn, 20 v} — {2,277} (4.20)

in
C(0,T;L2(G)) N (L2(0, T HY(G))) yeare X (L2(0, TsHH(G))) e (4.21)
Since the problem is linear, it is clear that Z € £(z;) and the lemma is proved. O

LEMMA 4.4. The set valued mapping £ mapping B into the closed convex subsets of L*(0, T
L%(G)), has a fixed point.

Proof. In view of Lemma 4.3, to apply the Kakutani fixed point theorem to the set valued
mapping & we have to show that the mapping is u.s.c. and therefore it is sufficient to
prove that its graph is closed. Suppose that

Z, € L(21)  with {2,271} — {Z,z1} in (L2(0, T;L3(G)))". (4.22)

We now show that zZ € £(z;). With z,, € £(zV), there exists v, € L*(0, T; H'(G)) such
that

{Z,,e7M9,} is a solution of (4.6). (4.23)

From the estimates of Theorems 2.1 and 3.1, we get

ZnsZmsVn} — {2,2',0} (4.24)
in
C(0,T;12(G)) N (L2(0, T; HA(G))) e X (L2(0, TsHH(G)) ) (4.25)
With Assumption 4.1, we have
g(eMZz,+5) — g(eMX+%) in (L*(0,T;L*(G))) yeur- (4.26)

It is now clear that Z € £(z;). It now follows from the Kakutani fixed point theorem
that there exists Z € % such that zZ € £(2). The lemma is proved. O
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LEMMA 4.5. Let y be as in Lemma 4.3, then there exists {z,v} in

L*(0,T;Hy (G)) N C(0, T;L*(G)) x L*(0, T; H(G)), (4.27)
such that
Z—Az=v+g(y+2),
z(x,t) =0 o0ndGx(0,T), (4.28)
z(x,0) = 0; z(x,T)=0 inG.
Moreover

Izl 20,1511 () + 12" 220,751 6)) + IVl 20,1H-1(6)) < CE€(a, B). (4.29)
Furthermore the set valued mapping
[(y) = {z: {z,V} solution of (4.28)} (4.30)

of L*(0, T; L*(G)) into L*(0, T; Hy (G)), has non empty closed images and its graph is closed.

Proof. (1) The existence of a solution of (4.28) is an immediate consequence of Lemma
4.4. We now show that the images of T are closed. Suppose that

z, €T(¥) withz, — zin L*(0, T; H} (G)). (4.31)
With the estimates of the theorem, we have

znll 20,2016y + 1 Pnll 20,116y < € (4.32)
Thus there exists a subsequence such that
{2n> 20,V } — {2,2,9} (4.33)
in

2
weak*

L*(0, T;HY(G)) nC(0, T;L2(G)) x (L*(0, T; HH(G))) (4.34)

With Assumption 4.1 on g, it is easy to check that indeed z € T(y).
(2) We now show that the graph of T is closed. Suppose that

{Zm;n} - {Z);} in L? (0’ T;HI(G)) X L? (0> T;LZ(G)) with z, € F(%)- (4.35)
Then from the estimates of the theorem, we get as before
{an)Z;;Ja{/\nj} - {Z’Z’){/\} (4°36)
in

2
weak*

L*(0, T;HY(G)) nC(0, T;L*(G)) x (L*(0, T; H'(G))) (4.37)
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With Assumption 4.1 on g, we obtain
g +2zu,) — g(¥+2)  in (L*(0,T5L*(G))) yeur- (4.38)

It is now clear that z € T(¥). The lemma is proved. O
We now turn to the case when ¥ is in L*(Q, 4, P; L*(0, T; L*(G))).

THEOREM 4.6. Suppose all the hypotheses of Theorem 4.2 are satisfied and let y be as in
Theorem 3.1. Then there exists {V,Z}, solution of

' —AZ=V+g(y+2) inGx(0,T)as.
Z(x,t;0) =0 o0ndGx(0,T) a.s. (4.39)

Z(x,0;w) = 0; Z(x, T;0) =0 inGa.s.

Moreover

E<”g”i2(o,T;HJ<G))) +E(I210,r260) + E(IP1E:0.71-161)) < CE (@), (4.40)

The constant C is independent of ¥, a, f.

Proof. It follows from Lemma 4.5 and from a theorem of Von Neumann that there exists
a universally measurable section ¢ of the set valued mapping T
(1) Let {z,v} be as in Lemma 4.5 and let ¢ be the random variable

p(w) =y(-,w) (4.41)
of Q — L*(0, T;L*(G)). Let

Gw = {Z(+,w),V(-,w)} € L*(0, T; HY(G)) x L*(0, T;H'(G)) : solution of (4.28)}
(4.42)

with y replaced by y(-;w). Thus, G=T o ¢.
Since P is a Radon measure and ¢ is a random variable, there exists a compact subset
K of Q such that

P(Q/Ky) < Uk (4.43)

We may assume without loss of generality that the sets Kj are increasing and that
P(U Kn) =1.

We now show that ¢ o ¢ is a measurable section of the set valued mapping G.

(2) Let ¢x = ¢ |k, then P induces on K} a Radon measure Py and ¢x(Px) is a Radon
measure on L?(0, T;L*(G)). Since o is g (Px) measurable, o o ¢ is P-measurable from Kj
to L2(0, T; HY(G)) x L2(0, T; H™1(G)). Set

{Ek(';Q)),;k(-,a))} =

1{5(.,w),5(-,w)} =(0og)(w) ifweEKp (4.44)

0 if w & K.
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Then the functions {2, %} from Q into L?(0, T; H} (G)) x L*(0, T;H~'(G)) are mea-
surable. Moreover

{%,k(Uw));k(')w)} - {E(-,w),V(-,w)} (445)

a.s. since P(UgKx) = 1. Therefore ¢ o ¢ is a measurable section of G. The theorem is
proved. O

Proof of Theorem 4.2. Let {y,v} be as in Theorem 3.1 and let {Z,¥} be as in Theorem 4.6.
Set {y,v} = {¥+Z,v+7} and the theorem is proved. O
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