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In this work, we want to detect the shape and the location of an inclusion w via some boundary measurement on dQ. In practice, the
body w is immersed in a fluid flowing in a greater domain ) and governed by the Stokes equations. We study the inverse problem
of reconstructing w using shape optimization methods by defining the Kohn-Vogelius cost functional. We aim to study the inverse

problem with Neumann and mixed boundary conditions.

1. Introduction

The problem of detecting an inclusion w immersed in a fluid
flowing in a greater bounded domain Q) has been researched
by many authors. In [1], Alvarez et al. investigated this
problem to find the location and the shape of w using the
measurement of the velocity of the fluid and the Cauchy
forces on the boundary 0Q). Badra et al. [2] studied the same
problem using the least-squares functional and Caubet et al.
in [3] solved the problem using the Kohn-Vogelius functional
with Dirichlet boundary conditions.

In this work we assume that the fluid is governed by
Stationary Stokes equations with homogeneous Neumann
boundary condition on the interior boundary and nonho-
mogeneous Dirichlet boundary condition on the exterior
boundary. We solve our inverse problem by minimizing
the Kohn-Vogelius cost functional. Then we characterize the
gradient of this functional.

The paper is organized as follows: in the first part of the
paper, we introduce the notations and the overdetermined
problem that we consider. In the second part we state the
main results of this work and we compute the first order
derivative of the cost functional.

In order to do so, we need to fix some notation and
definitions. For a bounded Lipschitz open subset Q ¢ R?
(d = 2 or 3) with a smooth boundary 0Q, n represents

the external unit normal to 0Q), and for a smooth enough
function u, we note, respectively, d,u and 97, u, the normal
derivative and the second normal derivative of u. Recall that
0,u = Vu n. The tangential differential operators which will
be noted by the subscript I' are defined on 0 as follows:

Viw = Vw — (Vwn)®n Yw € wht (0Q) )

where ® denotes the tensor product. For more details on
tangential differential operators, we refer to [4, Section 5.4.3].

Finally, for a nonempty open subset O of d(), we recall
that

Hy)? (0) = {uo, u € H” (00, upa5=0}. ()

2. The Problem Setting

Let Q) be a bounded, connected and Lipschitz open subset
of R% (d = 2 or 3). Given 8 > 0, consider Os as the set of
admissible geometries such that
05
= {w ¢ Q be an open set with a C*' boundary such that d (x, 9Q) (3)

>6Vxew}.
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Take now ()5 as an open set with a C* boundary and satisfy
the following assumption:

{xEQ:d(x,aQ)> g} C Qg
5 (4)
C {er:d(x,aQ)>§}.

For w € Og, we consider the overdetermined Stokes
boundary values problem:

-pAu+Vp=0 in Q\w
divu=0 inQ\w
u=f ondQ (5)
-po,u+ pn=0 on dw

-uo,u+pn=g onO

where f € H/2(9Q) such that f # 0 and the compatibility
condition is fulfilled; that is,

LQ fn =0, ©)

and g € [Hééz]’(O) is an admissible boundary measurement.

Here [H(%z]'(O) stands for the classical dual space of Hééz (0).
The constant p > 0 represents the kinematic viscosity of the
fluid, the vectorial function u represents the velocity of the
fluid, and the scalar function p represents the pressure.

Note that we assume that there exists an admissible
geometry w* € Oy such that (5) has a solution. So that, the
geometric inverse problem under consideration reads

Find w € O5 and (u, p)
7)
which satisfies the overdetermined system (5).

Our purpose here is to solve the inverse problem of
reconstructing w using shape optimization techniques. The
reader will find all the ingredients for shape differentiation in
the papers of Jacques Simon ([5, 6]) and the books of Henrot
and Pierre [4] and of Sokolowski and Zolesio [7].

To recover the shape of the inclusion w, we adopt the
usual approach by minimizing a shape functional. We follow
the classical technique of optimization; that is, we evaluate
an explicit formula of the gradient of the shape functional
which can be used in numerical experiments. Many choices
of shape functionals are possible. For instance in [2], Badra et
al. investigate the problem of the detection of an obstacle in a
fluid by boundary measurement, using the least-squares cost
functional.

In this paper, following previous works by Caubet et al.
in [3], we will solve the inverse problem by using the Kohn-
Vogelius cost functional

1
T @ =3 | ul¥ (- w)f ®
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where (up, pp) € H'(Q\@)xL*(Q\ @) is the unique solution
of the Stokes problem with mixed boundary conditions given
by

—pAup+Vpy, =0 in Q\w
divu, =0 in Q\w
)
up=f onoQ

—-po,up + ppn =0 on dw

and (uy, py) € HY(Q\ @) x L*(Q\ @) is the unique solution
of the following Stokes problem with Neumann boundary
conditions:

—pAuy +Vpy =0 in Q\w
divuy =0 in Q\w
—uouy +pyn=g onO (10)

uy=f onoQ\O
—po,uy + pyn =0 on ow.

For the results of existence, uniqueness, and regularity of
the solutions of the Stokes problem with Neumann boundary
conditions, one can refer to [2]. Also the existence result for
the mixed boundary conditions is well known. For the sake
of clarity, we will recall that result in Appendix.

In order to determine the shape of w, we try to minimize
the Kohn-Vogelius cost functional [ (w):

w" = argmin Jxy (w) .
B X (a
Indeed, if w* solves (11) with Jiy (0*) = 0, then
this domain " is a solution of the inverse problem (7).

Conversely, if w”. is solution of the inverse problem (7), then
Jxy(@™) = 0 and (11) holds.

The Needed Functional Tools. The velocity method is used to
define the shape derivatives. For this purpose, we introduce
the following space of admissible deformations:

U= 1{0 e W (R?);Supp c O;}. (12)
Then consider for any V € U the following application:
¢:tel0,T) —

3,00 d (13)
I+tV e W (RY)

with T' > 0 being a fixed and small number. Let us notice

that, for ¢ small enough, ¢(¢) is a diffeomorphism of R% and
(/)'(0) = V vanishes on 0Q). Now for t € [0, T), we define

Q= ¢ (1) (Q),
V,=V-n

(14)

where V is a perturbation direction.
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For u € HYQ), we recall that the shape derivative is
defined by

W =u-Vu-v (15)

where
U, oy (x) —u(x)

t (16)
VxeQ, u, e H (Q,).

u(x) = tli_m)0

For more details on the differentiation with respect to the
domain, see [4-7].

3. Identifiability Result

This section is devoted to new identifiability result for the
mixed case.

Theorem 1 (identifiability result). Let Q € R (d=2ord =
3) be a bounded Lipschitz domain and O be a nonempty open
subset of 9Q). Let wy,w, € Oy and f € H*(0Q) with f # 0
satisfying the flux condition .[BQ fn=0.Let(u;, p;)forj=0,1
be a solution of

—phu;+Vp; =0 in Q\w;,

divuj =0 in Q\w_j,

(17)
u; = f on 0Q,
—yanjuj +pmn; =0 ondw;.
Assume that (uj, pj) are such that
—H0, Uy + pong = —pd, u; + pin;  on O. (18)

Then w, = w,.

This result is directly adapted from Theorem 2.2 given in
[2] to our problem.

Hence the solution of problem (7) is unique since, for a
fixed f, the same measure g yields the same geometry w in
@6.

4. Shape Derivatives of the States

The following proposition states that the solutions (up, p)
and (uy;, py) are differentiable with respect to the domain.
Moreover, we obtain a characterization of the shape deriva-
tives of these solutions. This result is based on [2, Proposition
2.5].

Proposition 2 (first-order shape derivatives of the states). Let
V € U be an admissible deformation. The solutions (up, pp)
and (uy, py) are differentiable with respect to the domain and
the shape derivatives (u'D, p'D) and (u;\,, pl'\,) belong to H2(05 \
w) X HI(Q(; \ w). The couples (u'D, p'D) and (u;\,, p;\,) e HY(Q\

©)XL*(Q\w) are, respectively, the only solutions of the following
boundary value problems:

—uhup, +Vpp =0 in Q\w

divu, =0 in Q\@

u’D =0 on oQ
(19)
_‘“anu,D + p,Dn = (AbtainuD - anpDn) (V.n)
+ ppVr (V.n) — uVup Vi (V.n)
on ow
and
—uhuy +Vpy =0 in Q\©
div(u;\,) =0 nQ\w
~ud,uy + pyn=0 on O
u;\,:O on 00\ O (20)

_‘“anu;\I + p;\In = (xuainuN - anpNn) (V.n)
+ py'Vr (V.n) — uVuy Vi (V.n)
on dw.

We aim to compute the gradient of the Kohn-Vogelius
functional.

5. Shape Derivative of the Kohn-Vogelius
Cost Functional

We consider for w € O, the Kohn-Vogelius cost functional

1
Jkv (@) = 5 Jg\w” [V (up, - “N)lz- (21

To simplify the expressions, we use the following notations:
w=up — Uy,
(22)
9= Pp~ PN
where (up, ppy) solves (9) and (uy;, py) solves (10).
Proposition 3 (first-order shape derivative of the functional).

For V. e U, the Kohn-Vogelius cost functional Ji is
differentiable at w in the direction V with

1
D]y (@).V = > J u|Vw|* v,
Ow

+ Lw [(u0;,uy = 3,pyn) (V) + py ¥y (Von) (23)

— uVuy Vp (V.n)] w

where (w, q) is defined by (22).



Proof. From Hadamard’s formula (see [4, Theorem 5.2.2]), we
have

Djgy (w) .V

= J [wa AT lydiv(lel2 V)]
)y 2

L1 5 (24)
=J. uVw : Vw +—J ulVw|” vV,
[\ 2 Jaaw)
1
= Vw : V (u), - u) +—J szVn
Jo\aﬂ ( b N) 2 aw‘ul |
because V = 0 on 0Q). As
J uVw:V (u'D - u;\,)
O\G
(25)
=J ‘qu:Vu;)—J ‘qu:Vu;\,
oO\G oO\G
we apply Green Formula for .[Q\E pVw : Vuy, :
J uVw : Vu’D = —J yAw.u;)
@ Qe
+ 0, w.u;
L(Q\w) HOt0-lp
=- J Vgu, + J o, w.uy,
O\o o(Q\w)
= J gdivu, - J qup,n
oO\G AN\
\w@ (Q\w) (26)
+ §o,w.u;
L(Q\w) P
= J _ [u0,w - qn] ui,
(Q\w)
= J [4d,w — qn] uy,
00
+ J [0, w — qn] .up,.
ow
Since div u;) =01in Q \ w with u'D =0 on 0Q and
—po,uy + pyn = —pod,up + ppn = 0 on ow,
J uV (up —uy) : Vup, = 0. (27)
O\G

Apply now Green Formula for IQ\E pVw : Vuy, to get

J pVw : Vuy, = — J pAuy.w + J o, uy.
QN\w QN\w o(Q\w)

w= —J Vppw + J o, uy.w = J Pn
0\@ AQ\@) 0\@
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~divw - J pwan + J o, Uy w
2(Q\w) o(Q\w)

= [ o (o= pem) w0 = [ (0,0
- pll\,n) w+ J (‘uanu;\, - pll\,n) w
ow

- L [(P‘aﬁnuw - anPNn) (V.n) + py Vi (Von)

— uVuyVr (V.n)] w.
(28)

Since divw = 0 in Q \ @ with —ud,u), + pyyn = 0 on 0Q
and from (20)

—‘Manll;\] + Pll\ln = ([’tainuN - anpNn) (V.n)
+ pnVr (V.n) — uVuy Vi (V.n) (29)
on ow

thus we get

J uVw : Vuy, = —J [(yainuN - anpNn) (V.n)
Q\w ow

(30)
+ paVr (V) — uVuy Vi (V.n)] w.
From (27)-(30), we get
Jo\w ww : Vu' = Lw [( BﬁnuN - BnpNn) (V.n) o

+ pn'Vr (V.n) — uVuy Vi (V.n)] w

Hence the first-order shape derivative of the functional is
1 2
Djgy (). V==1| ulVw|"V,
2 Jow

* Lw [(MainuN - anpNn) (V.n) + pn Vi (V.n) (32)

— uVuy Ve (Voan) [Lw.
uvuy vr ] 0

To recover the shape of the inclusion w, we adopt the
usual approach by minimizing a shape functional. We follow
the classical technique of optimization; that is, we evaluate
an explicit formula of the gradient of the shape functional
which can be used in numerical experiments. The gradient
is computed component by component using its character-
ization (see Proposition 3, formula (23). The optimization
method used for the numerical simulations is the classical
gradient algorithm which is the descent method: For a given
initial shape w,, we can compute the following iteration by
the algorithm w;,; = w; — &;VJ gy (w;) where «; is a satisfying
step length, until obtaining the stopped criterion. For more
details see [3].
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6. Conclusion

We solved our inverse problem using shape optimization
methods to detect an inclusion immersed in a fluid. We
use here the functional Kohn-Vogelius; we compute the first
shape derivative of this functional which can be used in
numerical experiments.

Appendix

Result on the Stokes Problem with
Mixed Conditions

Define

$6(Q\®) = {ue H' (Q\®);divu=0in Q\@,u
_ (A
=00n 0dQ\O and - ud,u+ pn =20 on aw}

and denote, respectively, by (., '>Q\5 and () the duality
product between [H'(Q\®)] and H(Q \ @) and the duality
product between H_I/Z(O) and HI/Z(O).

Theorem A.1 (existence and uniqueness of the solution). Let
Q be a bounded Lipschitz open set of R? (d € N*) and let w cc
Q be a Lipschitz open subset of Q such that Q) \ @ is connected.
Let O be an open subset of the exterior boundary 0Q and y > 0.
Let f € LX(Q\ @), hy € H*(0), h,,, € H/?(0Q \ O), and
h,, € H'*(Qw). Then, the problem.

~uhu+Vp=£f inQ\w
divu=0 inQ\w
—uo,u+pn=hy onO (A.2)
u=h,, ondQ\O
—ud,u+pn=h,, ondw

admits a unique solution (u, p) € HY(Q\ @) x L*(Q\ @)

Proof. According to [8, Lemma 3.3], consider H € HY(Q\ )
such that divH = 0, -uo,H = h;,, on dw, and H = h_,
on 0Q \ O such that JaQuaw H.n = 0. Then the couple (U :=
u-H, p) e H(Q\ @) x L*(Q \ @) satisfies
~-uAU+Vp = f+uAH in Q\w

divU=0 inQ\w
-uo,U+ pn=hgy+ud,H onO (A.3)

U=0 onoQ\O
-uo,U+ pn=0 on ow.

From the first equation we obtain, for v € S5(Q \ w),

L\E (=uAU +Vp)v = j (f+uAH)v  (A4)

O\w

5
Apply now Green Formula to get
/4[ VU:VV—[AJ anU.v+J Vp.v
[\t A(0\w) [t
(A.5)
= (f’V>Q\$_[/‘J VH:VV+‘uJ o,H.v
Q\w o(Q\w)
Since we have
J Vpv=- J p-divv + J pn.v (A.6)
Q\w Q\w o(Q\w)
then we obtain
yJ VU : Vv + J (-p0,U + pn) v
ol o(0\w)
(A7)
= <f’V>Q\w_#J VH:Vv+‘uJ o,H.v
Q\w o(Q\w)
From the conditions on the boundary we get
[,tj VU: Vv = <f>V>Q\$_[/‘J VH : Vv
O\w No (A.8)

- <hO + /’lanH’ V>o

From Lax-Milgram’s Theorem, there exists a unique U €
So(Q\ w) such that, for all v e S5(Q \ w), one has

MJ VU : Vv = (f,v)Q\w—yJ VH : Vv
O\@ O\w (A.9)

- <hO + [’tanH’ V>o

In particular (A.9) is true for all v € So(Q \ w) N H(l)(Q \
). Then using De Rham’s theorem (see [9]), there exists p €

L*(Q\ @), up to an additive constant, such that, for all v €
H,(Q\ @),

yJ VU:VV—J pdivv
@ 0@

- <f|H3(Q\a)’ V> H(0\@)H) (0\@) (A.10)

- /AJ VH : Vv.
G

Using [8, Lemma 3.3] (or [10, Théoreme 3.2]), we define ¢, €
HY(Q \ @) such that divey =1in O\ , @5 = 0 0on 0Q \ O,
and @, = 0 on dw with jo @nn#0.Letv e H!(Q\ @) such
that v =0 on 9Q \ O and -3, v + pn = 0 on dw and define

J V-n.
0(Q\w)

From [8, Lemma 3.3] (see also [10, Théoréme 3.2]), we define
v, € $5(Q\ w) such that v = v, + v, + ¢, (v)g,, where v, €
H(l)(Q \ w) satisfies the following equality:

1
G (V) = (A1)

Ja(Q\w) Pn-1

dive, =div(v-¢, (v) @) - (A12)
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Then, using (A.9) and (A.10), it yields [4] A.Henrot and M. Pierre, Variation et Optimisation De Formes,
vol. 48 of Mathématiques et Applications, Springer, Berlin,
U J. VU : Vv - j pdivv Germany, 2005.

Nw N\w [5] J. Simon, “Differentiation with respect to the domain in
boundary value problems,” Numerical Functional Analysis and

= (f, Viow — H j _VH:Vv Optimization, vol. 2, no. 7-8, pp. 649-687 (1981), 1980.
e [6] J.Simon, “Second variation for domain optimization problems,”
— (hy, + po H V>o in Controland Estimation of Distributed Parameter Systems,

ntl>

E. Kappel, K. Kunisch, and W. Schappacher, Eds., vol. 91 of
International Series of Numerical Mathematics, pp. 361-378,
+ J;)\_ uVU : V (6, (V) @y) (A13) Birkhiuser, 1992.
w
[7] J. Sokolowski and J.-P. Zolesio, Introduction to Shape Optimiza-
_ . _ tion: Shape Sensitivity Analysis, vol. 16 of Series in computational
Ja\w pdiv (Cb WM en ) <f’ % (V) Py >Q\w Mathematics, Springer, Berlin, Germany, 1992.

[8] C. Amrouche and V. Girault, “Decomposition of vector spaces

+u J VH : V (g, (V) ¢y) and application to the Stokes problem in arbitrary dimension,”
Q\w Czechoslovak Mathematical Journal, vol. 44(119), no. 1, pp. 109-
140, 1994.
+ <h0 + HoH, ¢, (v) LN >O ' [9] C.Amroucheand V. Girault, “Problemes généralis és de Stokes,”
Choose the additive constant for p such that Portugaliae Mathematica, vol. 49, no. 4, pp. 463-503,1992.
[10] G. P. Galdi, An Introduction to the Mathematical Theory of the
Jﬂ\w p=u J;)\w VU : Vo, - (f,¢, (v) (pN>Q\5 ;Vrizl}i;ifosl{;;fggf?ggi vol. 38 of New York Linearized steady

+ yj VH : Vg, (A.14)
o\@

+ (ho + o, Ho 6, (V) @) -
Hence, we prove that there exists a unique pair (U, p) €
So(Q\ w) x L%(Q \ @) such that, for all v € H(Q \ @) with
v =00n0Q \ Oand -ud,v+ pn = 0 on dw,

J. uvVU : Vv — J pdivv=(f,v)o\5
o0\ o\B
(A15)
—yJ VH : Vv — (hg + uo,H,v) 4
o\B

which complete the proof. O
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