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In this paper, we study the quasilinear elliptic system with Sobolev critical exponent involving both concave-convex and Hardy
terms in bounded domains. By employing the technique introduced by Benci and Cerami (1991), we obtain at least cat(Q) + 1

distinct positive solutions.

1. Introduction and Main Result

In this paper, we are concerned with the multiplicity of
positive solutions of the following critical problem:

uP?u 1 OF

_A - e y Uy + q_z
U= PR > ou (6 u,v) + L () |ulT u
in Q,
vy 1 OF P €]
A v Lo T ) + q
VY PR o v (6 u,v) + g, () V" 7y
in Q,

u=v=0 on o0Q,

where Q is a smooth bounded domain of RN, N > 3,0 € Q,
1 <g<p<N,p" = pN/(N - p) is the critical Sobolev
exponent, 0 < v < ¥ where v = (N - p)/p)? is the best
Hardy constant, and the parameter A > 0, y > 0, we assume
that £, (x) = Af,(x)+ f_(x) and gﬂ(x) = pg, (x)+g_(x) where
the weight functions f and g satisfy the following conditions:

(H)f,g € C(Q) with | f,llo = Ig:lleo = 1, where
f+ = max{tf,0} # 0 and g, = max{+g, 0} # 0.

And the function F satisfies the following conditions:

(f,) F € C'(Q x (R")*,R™), such that V¢ > 0

F(x,tu,tv) = tP*F(x, w,v) Y(xuv)eQx (IR+)2. (2)

(fy) F(x,u,0) = F(x,0,v) = (0F/ou)(x,u,0) =
(OF/0v)(x,0,v) = 0, where u,v € R".

(f3) OF(x,u,v)/ou = OF(x,u,v)[0v are strictly
increasing functions about u and v forall u > 0, v > 0.

(fs) (u,v).VF(x,u,v) = p"F(x,u,v) with (0F(x,u,
v)/ou, OF (x, u, v)/ov) = VF.

(fs) F(x,u,v) < K(Jul? + |v|P)P*/P for some constant
K >0.

Remark 1. We deduce form the conditions ( f;), (f,),and (f3)
that the functional (u,v) — w(u,v) = J'Q F(x,u,v)dx is of

class C' (W, P(Q) x W, P(Q), R") and

(v (wv),(a,b))

:J <8F(x,u,v)a+ aF(x’u’V)b)dx,
Q au aV

3)
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where (u,v), (a,b) € W,"P(Q) x W,?(Q), and dF /u, dF /v
e CHQ x (R")%RY) such that (OF/ou)(x,tu,tv) =

t?" "N (OF Jou)(x,u,v) and (OF/ov)(x,tu,tv) = t” "'(3F/
o) (x,u, v).
Moreover, there exists C > 0 such that
‘£ (x,u, )| < c(|u|f’*‘1 + |v|P*‘1)
’a—f (ouv)| < C(luf ™ + ) (4)

VxeQ, u,veR".

The proof is almost the same as that in Chu and Tang [1].

Recently, many papers have studied the multiplicity of
positive solutions by way of fibering method and the notions
of topological indices category for different semilinear, quasi-
linear, and nonlocal problems involving a critical exponent
and concave and convex nonlinearities (see [2-4]). Our goal
here is to give a new result for this system by linking the
number of positive solutions with the topology of the domain
Q. More precisely with the Category index, let us note caty (X)
is the least number of closed and contractible sets in Y which
cover X. Our main result is the following.

Theorem 2. Let N > p® and p*~N/(N—p) < q < p. Suppose
that F satisfies (f,) — (f5) and the functions f, g satisfy the
condition (H,). Then, there exists A , > 0 such that if for each

API=) 4 P10 ¢ (0, A ), problem (1) has at least cat(€2) +1
distinct positive solutions.

This paper is composed of four sections. In Section 2, we
give some results for the ./"ehari manifold associated of the
energy functional and fibering maps. In Section 3, we will
build homotopies between () and certain sublevel set of the
energy functional associated with (1). Finally we prove the
result in Section 4.

2. The /' ehari Manifold Associated with the
Energy Functional and Fibering Maps

Let the Sobolev space WO1 Q) x WO1 P(Q) with the usual
norm:

1ty = (lull® + 0]P)"7*

1/p
Jul = Tl =(JQ|W|P-V|' : ax) . O

v e [0,7).

Also, the standard norm of the space Lf(Q) is |ull Q) =
(_[Q |ulpdx)1/p. Moreover, a pair of functions (u,v) € W is
said be to a weak solution of problem (1) if

ulP u
7 ¢1)dx

p2
J. (lelpZVvV(pz—v| || 7 (p1>d

J (qulp 2VuVe, — v———
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1 OF (x, u,v) OF (x,u,v) )

_ = d

p* JQ< w7 w7 *

- | A updx = [ g, vpdx 0
Q Q

(6)

for all (¢, ,) € W.
We know that looking for weak solutions of (1) is like
looking for the critical points of the associated functional

]A,p. (I/l, V)

*

= M= [ FGoutv)dx
Q
1 )
— &Kf;‘,g” (u+’ V+)
where waﬂ(u, V) = _[Q (Al + gﬂ(x)|v|‘1) dx.
By the above Remark 1, the functional J, ,(u,v) is well

defined on the space W and is of class C'(W,R).

Therefore, the solutions of (1) correspond to critical points
of ], .- Let us denote by /) , the ./ ehari manifold related to
Ty iven by

Ny = {(u, v) € W, (u,v) #(0,0) : <])’W (u,v), (u, v)>
(8)

W= Ju e W) £ 0,00 s I,
©)

_ : +’ \d +’ 1

JQF(xu vi)dx+Kp o (u v)}

Notice that the functional J A is not bounded below on the
total space for that we consider the functional on the .4 ’ehari
manifold.

Define

X (W) = <]A,# (u,v), (u, v)>
= b, - J F(x,u,v)dx 10)
Q

- waﬂ (u,v).

Let (u,v) € /', ,» and by easy calculation we have

(X o v), (w0 0)) = Pl )y
—p* J F(x,u,v)dx
Q
- qK/\,y (u’ V)
= (p—p*)J F (x,u,v)dx
Q
- (q - P) I<f/\,g}4 (u’ V)
=(p-q) lw VI,

-(p* -9 JQF(x,u,v)dx
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=(p-p") IV,

- (q - P*)I<_)‘)L,g[4 (M,V) .
(11)

Lemma 3. The functional ], , is bounded below on the .V ehari
manifold ') ,.

Proof. Let (u,v) € /) ,, and applying the Holder inequality

and the Sobolev embedding theorem, Young inequality, and
Condition (H,) we have

beg” (u,v) < S—Q/P |Q|(P -q)/p

(12)
.(Ap/(p—q) +”p/(p—q))(1"q)/1’ I, )[4,
and we deduce
p-p p (P -4
Jou (Wv) = < - ) |, V)15, — < - )
e PP v\ pq
P -p » P-4
‘K u,v) > u, |2, -
. S‘Q/P |Q|(P*—q)/p* (A‘D/(p_q) n ‘u‘D/(P_q))(p_q)/P
N, v
Thus, J A 18 coercive and bounded below on ./ P O

Now, we split the ./ ehari manifold ./ , into three parts,
namely,

Ma={ue N, (G, @), wv) > o}
Wi ={ue M (v, wm) <ol (14)
Ha={ue N (G, @), wv)) =0}

Then, we have the following results.

Lemmad4. Let (uy,vy) € W), be alocal minimizer of ], , and
(ug>vy) ¢ /VR,M. Then (ug, vy) is a critical point of ]y ,,.

Proof. The proof is standard; you can see [4]. O

Lemma 5. There exists A, > 0 such that for all A, u > 0 such
that 0 < AP/(P=D 4 yPIP=D < A then ./Vg)# =0.

Proof. Suppose the contrary; that is, there exist A, 4 > 0 with
- - 0 0

0 < \P/(P~D +yp/(1’ D < A, but /V)W # 0. Let (u,v) € ./VM;

we have

(p-a) W)L, = (p" - q) L Fnuv)ds (15)

and

(p" = PN, = (" = ) Ky y, W), (16)

By (f;) and applying the Minkowski inequality and the
Sobolev embedding theorem, we have

J F(x,u,v)dx
Q

* (pIp")P*/p)
< K ([, (lul? + WP)P"/? dx)

(17)
’ ) N * Plp
< K(( J—Q (|”|p dx)P/P + (IQ |v|? dx)P/P dx)
< KSR ([ (|VulP dx + [ [Vv)P dx)P*/p’
SO
J F(x,u,v)dx < KSP/P I, v)||§; . (18)
Q

Combining (15) and (18), we have
(p" =) KS Il = (p- @) I )liy, (19
then

. /(p™=p)
(p-a)s* /p)l 20
I )l > (7@* T A

By (12) we have

(" = PVl = (p" = 9) Ky, g, ) < (p* = q)

.§7alp |Q|(p*_q)/p* (/\p/(Pfq) + ‘up/(pfq))(P*q)/p (1)
’ "(u’ v)”\q/v >
then
«_ N galp o -/t \ VPP
et )y < <(P AERS )
(p*-p) o

(Al 4 gp/(p—q))l/ P
We deduct from (20) and (22) that
(AP/(p—q) + ”p/(p-q)) >A,, (23)
which is a contradiction. O

So, we have /), = ./VX)# U ./V:{)#, and we define

¢, = inf u,v),
At (u,v)e/lf;wj ()
c/{ = inf J,,(uv),
o wmeny, (24)

inf u,v).
(u,v)eJV;,”]A’# )

c/{)# =
Lemma 6. (i) For some A, > 0 and for A9/~ 4 ,9/(P~9) ¢
10, A, [ so, there exists (PS)CM —sequence {(u,,,v,)} of V' Ay for
T
(i) If0 < AP~ 4 P~ < A then there exists a
(PS)C;M —sequence {(u,, v,)} of/l/;’# for T



Proof. You find the same proof in the following reference [5].
O

Denote

P
u,v
Sgp= inf I plp” :
(u,v)eW\{0} (.[Q F(x,u,v) dx)

J F(x,u,v)dx > 0}.
Q

We define a cut-off function 77(x) € C;°(Q) such that#(x) = 1
for |x| < py, (x) = 0 for |x| > 2py, 0 <y < 1,and |Vy| < C.
For e > 0, let

(25)

1 (x)
_IN\N=-p)/p”
(8+ |x|P/(P 1)) piip

U, (x) = (26)

From Li Wang, Qiaoling Wei, and Dongsheng Kang [6], we
have

(Jo I dx)™™ = e

Vu |P dx = e VPP vy
v

N-
-(N-p)/p ”U”LP /) +0(e),

Lr RN)+O(1)’ (27)

IQ |Vu€|p dx ~
(IQ |“s|P dx)P/P*

where U(x) = (1 + |x[?/®™D)y WN"P/P ¢ whe(RYN), and
verifying S, this

+O (NP0,

”VU"LP(RN) ”VMHLP(RN)
IIUIIP ) f” llull? 29
') uew, P (RM)\{0} ||[U L RY)
Lemma?7.
1
oo = —=Sh/P. (29)

N

Proof. Set uy, = eju, and v, = e,u, and (uy, vy) € W, where

e e, € RT, ef +e§ = 1,and inf _5F(x, e, e,) > K. Then by

(f5), the definition of Sg, and (27), we have
Goo < sup Joo (tugtvy)
£20

1 (ep +e§) IQ|Vu lp dx

N/p
- plp”
( J'QF(x ejUy, ey, )dx) >

1 Jo [V’ dx i (30)
N KP/P Ilulp dx>P/p*

1 )N/P S+O(8<N—p>/p))N/P

1

_ 1
N/P‘I'O(S(N P)/P) < NS;\]/P
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o < —s NIp, 31)

We use the following relation:

P p N/p
sup(t A—t—B)=i<i*> , A,B>0. (32)
o\ p  p N\ Brlp

For the reverse inequality, the application of the mountain
pass theorem gives us a Palais-Smale sequence {(u,, v,,)} ¢ W
for I, at level ¢, and from here we can show that {(x,, v,)}
is bounded in W using standard arguments. Since

s VDI = (1 (2t v,) (e

Assuming that u,, v, > 0, we find

> 0. (33)

v )IP — 1

(34)
and (J F(x,u,,v,) dx) — L
Q
From definition (25) of S, we get
. . plp*
SplPlP = S lim (_[Q F(x,u,,v,) dx)
(35)
P _
< i (w,,v,)]" =
then
1> SN/P. (36)

Since Joo(ut,,, v,,) — ¢ implies [ =
(36) that

0N, we deduce from

1
CO,O > NS;\]/P (37)
Then from (31) and (37) we obtain

1
Coo = NS;WP. (38)
(|

Next we prove that J, , satisfies the Palais-Smale condi-
tion under some level. Before, we need the following lemma.

Lemma 8. Let F ¢ CYQ,(R*)?) with F(x,0,0) = 0
and |OF (x, u, v)/oul, |0F (x, u, v)/ov| < C, (|u|?~ + [v|P7) for
some < p < co. C; > 0. Let {(uy, v, )} be a bounded sequence
in LP(Q), (R*)?), such that (ug, v,) — (u, v) weakly in W. Then

J F(x,uk,vk)dx—>J F(x,u —u, v —v)dx
Q Q (39)
+J F(x,u,v)dx
Q

ask — oo.

Proof. (The idea of this proof was borrowed from [7]) O
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Lemma9. ], , satisfies the (PS).—condition for
1
—00 < €< Gy = ngj/? - C(AP/(P_‘?) + ‘up/(p—q))’ (40)
where C > 0 is independent on A and p.

Proof. The proof is similar to that of Lemma 2.1in [8]. O

Let (u,v) € W, with JQ F(x,u,v)dx > 0, and put
tmax = tmax (u’ V’ A’ l‘/i)

_ < (P~ @) I V)l
(p*—9q) IQF(x,u, v)dx

1/(p*=p) (41)
R

Then the following lemma holds. Its proof is similar to the
lemma [4] (or see Tarantello [9]).

Lemma10. Let (u,v) € W, with _[Q F(x,u,v)dx > 0, so there
are unique number positives t* and t~ such that 0 < t* <

to <t with
(Fu,t™v) e /V:{)#,
(42)
(tutv)e W
and
S S .
I (s t™v) = osr}lslt{:ax]l”‘ (tu, tv),
I (t (vl w)ut” (v, A, u)v) (43)

= nl’LlZaOX ]/\’P‘ (tu, tV) .

Lemma 11. For some A,y > 0, and A, > 0 such that 0 <
AP/~ oy PIP~D < A e have

A < Coor (44)

Proof. First, we claim that there exist positive constants
C,,C, > 0 independent of ¢ such that

0<C, <t,=t (ugvyAu)<C, <00 (45)

Let u, = eyu, and v, = e,v,. We obtain

”(”m Vo)"P - tsp*_P J;) F (x, ug, v) dx

(46)
- tZ_PKfA,gM (ug,vp) -
Then, by (f5) and (27) we deduct that
. VU|? dx
op . JalVUI O(NPI), (g7

(K fy 017 )"
thent, isbounded above ase — 0. Using Lemma 10, we have

o>t (

& — "max

Uy, Ve A, ) > 0, (48)

then we can also suppose that ¢, is bounded below. By a direct
calculation we have

J |u£|q dx
Q

Ce-(N=-p)/P)a+N((p-1)/p) i p* - <q (49)
N-p
Ce- PPN | o) | if g = p* - ——,
N-p
and the constant C is a positive. So
1 Ny _
Toge (tetton tottg) < S P40 (eNPP) — (A + )
CelP=DIPN-a((N~-p)/p) if pr - N < g (50)
N —
Celb-DIPIN-aN-PIP) 1 o] | if g = p* — —
N-p
We have p* — < g < p, and there exist 7 > 0 such that
N —
— — 1 —
p-ap—_ <N—q—)<r
q9 P
N (51)
N- -1 -
< N7p_ P2 (N - q—p)
p p p
Let
Ap=¢" (52)

By the following relation, for x, y > 0 and s € [0, 1], we have
(x+ y)’ < x° + y°, and we obtain

AP/(P—q) +‘u1>/(1>—q) < ST(P/(P—q))_ (53)
By (51) we have
_ N — _
T+p 1<N—q—p><min{1 P ,u} (54)
p p p-q9 p

Then, there exists A, > 0 such that AP/P™0 4 ,P/(P70) ¢
(0, A ,), and we have

])L,y (tsuO’ tsuO) < Coo (55)

so by definition ¢, , we deduct that

C/\,y < Coo- (56)
For the caseq = p*—N/(N-p), so we get the same result. [
For the existence of the first solution of our problem (1)

Lemma 12. There exists A, > 0 such that if A,y € (0,A ),
then ]y , has a minimizer (uy,uy ) € N}, and its satisfies

. oy
(1) ]’\’!‘(MA’#’ V,\,#) = O

(ii) (uiﬂ, VX’#) is a positive solution of (1).



Proof. Taking into account the fact that #7 , < /4, , and
Lemma 11 we have

O < c;,# < Cor (57)

Hence, for the proof of (i) just use the following Lemmas 11
and 9. Now let (1) o VX’#) be solution of problem (1) such that

+ oy + + +

]A,#(u/\)#, vMi) = fA’w Moreover, we have (”A,w VM) € ./VM.
In fact, if (uw, VA’#) € /VW, by Lemma 10, there are unique
+ - o+ gt + +,— -

ty, t, such that (touA,,u ty VA’#) € /V]W and (tou/\’#, ty VA’#) €
Ny In particular, we have ¢; < t, = 1. Since

d o+t
55,# (tO Upw bo V/\,#) =0

) (58)

o+t
and @]M‘ (tou/\)#, tOV/\,y) >0,
there exists t;, < f < f, such that ]M(tgui#, t0+v:{)#) <
Inu(tuy v ). By Lemma 10

FoF L+ -+ =+
w (tO Upwto VW) < (t”A,w tvM)

<y (taui#, tgv:{)#) (59)
= (“X,w V:{,u) )

which is impossible and by the maximum principle, we
deduct that (u,,v},) is a positive solution of problem
1). O

3. Some Technical Results

Lemma13. Let (A,) and (u,,) decreasing sequences in (0, A )
for some A, > 0 and converging to 0, so lim, 06y . = -

Proof. By Lemma 6 there exists a sequence {(u,,v,)} C /7
u,, v, > 0 such that

]/\n,p.n (un’ Vn) = C)I,,,p.n
, (60)
and J; ., (uv,) = 0.

There exists a real number sequence t, satisfying (t,u
t,v,) € Vo So

n

CO,O < ]0,0 (tnun’ tnvn)

11 - (61)
n
= ])L",y,, (tnun’ tnvn) + EKfAn’gl‘n (un’ Vn)
- tz + o+
<t EKwagun (ur,v)) (62)
Since, by Lemma 10 for all n we have
0<6 S <o (63)
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Moreover, (t,u,,t,v,) € A, implies that
"(un’ Vn)"w = tz_pKf,\n,gyn (u:’ V;) (64)

and we deduct that J, , (u,,v,) = ¢, , < ¢and ]J’t,.,m(un’
v,) = 0. We get that {(u,, v,,)} is bounded in W.

We can now say that ¢, is a bounded sequence, if we
assume by contradiction that lim, ., f, = oo. We find
lim, . Kp, 4 (u),vy) = 0,s0lim,_,, G, v,)ly = 0
which implies by (60) that

lim ¢, , =0 (65)

n—+00 mwhn
which is a contradiction with (63). O

We consider the following lemma. See section 5.3 in [10].

Lemma 14. Suppose that X is Banach space and F € €' (X,
R). Assume that, for ¢, € R and k € N,

(1) F satisfies the (PS), condition for ¢ < ¢,
(2) cat ({x € X, F(x) < ¢}) = k.

Then F has at least k critical points in {x € X, F(x) < ¢}

Let us consider tow subset of RY

Q: = {x e RN : dist (x,Q) < r},
(66)
Q= {x € Q:dist (x,0Q) > r}
Note that Q7 and Q) are homotopically equivalent to Q for
some r > 0. We may assume B, = B,(0) ¢ Q2. We consider
WT
. . (67)
= {(u, v) € WP (B,) x W,? (B,) : u, v are radial}.

Recall that u € WO1 P(B,) implies that u is extension in Q with
u =0outside of B,. Let ], , g : W, — Roas

*

1 p 1 J + +
W)= Nl - — | Feau'v)d
Jrup, W V) » (2, V)i, > o (x,u’,v")dx

. (68)
_ QKM# (u",v").
We denote by
EA’# . (u,v)ierjlg,w}?r ]A%B' ). (69)

Similar to Jj . Jy,p can be shown to satisfy restricted
versions of the same three Lemmas 7, 9, and 11. We consider

A = {w,v) € Nt T W) < G (70)

Let

N
C(u,v) = S;]_/P J;) xF (x,u,v)dx, (71)

for all (u,v) € /VX’W that is, {(u,v) € RN
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and themap @ : Q' — N, - given by
ATALU

@ (y) (%)
[ o= 2) ifxeB (). 02
o if x ¢ B, (y) >

withu, ,,v, , radial. Forall y € O

SN/P
FT (o) (y)

) L XF (%t (x = ), a0 (3 - ) ) dx

(73)
= L (y+2)F (x, ) (2), 71, (z)) dx
= JQ yF (x, Uy, (2), Vi, (z)) dx.
Then { o @ can be rewritten
N
£o@0) = 5 | F (ot (2),ma, (2) dx
Sp 0 (74)
= x(ALu)y.
Remark I5.
A O = oo (75)
and
Jlim x () = 1. (76)

Next, we define the map H/\# 1 [0,1] x /VXM — RN by
> o

1-t
Hy, (tu,v) = <f+ m)((u, V). (77)

Lemma 16. For some A, such that AP/P™0 4 /(=9 ¢
(0, A ,) we have

H,, ([0,1]1 x4 = ) c Q. (78)

Proof. We show by the absurd that there exist (¢,) sequence
of [0,1], A, 4, — 0, and {(u,,, v,)} C /VX%EW such that
H, , (t,u,v,) ¢ Q) (79)

and let t, — t, € [0,1] (up to a subsequence of (t,)). By
Remark 15, we have

x(Apu,) — 1 (80)

LGl = o | F st

Dbt s

=

. (81)
— aKf)‘n’gMn (u:, V:) < EAn’P‘n'

and

P _ d _ + .t
Lol = [ P ot =K, 1)

=0.

Standard calculations show that (u,,, v,,) is bounded in W and
by this we obtain

. o)< % Gt vl

and
{7 vn)”‘ﬁ, - J F(x,u,,v,)dx=0(1), (84)
Q

as 1 — +00. We have by Lemmas 13 and 7 and its restricted
version for J; , p that

_ 1
i, and E/\mm both converge to NS;\UP R (85)

then by (83), (84) and (85)
|t vl — S27*
(86)
and J F(x,u,,v,)dx — S;\]/‘D.
Q

Now, it is easy to see that the sequence (i, V,,) given by

(@, 7,)

u, Vi (87)
- < (JQ F(x,u,,v,) dx)l/P* (JQ F(x,u,,v,) dx)l/P* )

verifies

J F(x,1,,7,)dx =1
Q

(88)
and (i, 7,)|5, — Sg
For a subsequence of {(i,, v,)} we have
(,,79,) — (@7) ae onRY
lVﬁn - ﬁlp + lVVn - vlp dx — w in A (RN) S (89)

J F(x,#,,7,)dx — 7 in /%(IRN).
)

By the same way used in [[10],Lemma 1.40] (see also [7] ), we
obtain
SF = "(ﬁ) V)"p + ”(L)" >

(90)
1= J F(x, i, 7) dx + |7
Q



and
117" < Sp ]l (1)

Since

~ plp” 1y~ ~
(IQ F (x,1,7V) dx) < S @ w)|E, . (92)
It is easy to confirm that I F(x,#,7)dx and |w]| are equal
either to 0 or to 1. Since S is independent of Q) and is never
achieved except when Q = RY (see also [11]), so necessarily
IQ F(x,%,v)dx = 0. Then the measure w is concentrated at a
single point y of Q,
and we have

¢ (uyv,) — J xdw(x)=yeQcQ. (93)
o

Therefore
H, , (t ) (t ek )(( )
n’ un’ Vn = n un’ vn -
Aot X (A’ ‘u) (94)
yeQcQl,
and this is impossible. O

Lemma 17. For some A, > 0 such that 0 < AP/P~9 4

uP!P=D < A we have

cat (/VX’P‘»%) > cat (Q)). (95)
Proof. This classic proof is omitted for brevity. An identical
proof can be found in [12], Lemma 14. O
4. The Proof of Theorem 2

Denote by ] ;- the restriction of J, , on A7 .
e o 5

Lemma 18. If0 < AP/P~D 4 yP/0=0 < A*, for some A* > 0,

so the functional J . verifies the Palais-Smale condition for
M

€ < Coo

Proof. By [[10], Proposition 5.12], there exists a sequence
{o,} c R.If (u,,v,)isa (PS), for I w;oat level c, there exists a
M

sequence {0,} ¢ R such that
T (t2) = 030, (s v,) +0(1), (96)
where
V) = (T (s v,) s (1 v,))
Nl = | F e )dx o)

- I<f)t,g,4 (un’ Vn)

XA,[A (un

Recall that (u,,v,) € /VX’#, ) (X;w(un, V), (U, v,)) < 0.
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IF () (s Vs (t4,5,.)) — 0,

(o= w2l = (" =) | F o0y ,)

(98)
+o(1)
and
(P* - P) "(un’ Vn)"€v = (P* - q) I<f)t,g,4 (un’ vn) (99)
+o(l).
By the same argument employed in Lemma 5, we get
1(p*-p)
P
||(uwvn)||wz(%) o), (100
P -q
and
Gt vl < <(P* - q) s )” e
v (p*-p) (101)
(APoa) 4 #p/(p—q))l/f’
and we deduct that AP/P™0 4 uP/(P=) 5 A* This is

contradiction.
!
Moreover we assume that <X,\,;4(”n’ v,), (U, v,)) — L as

n — +00. Since (]/’L#(un, v,), (U,,v,)) = 0,500, — 0as

n — +0o then ]/’W(un, v,) — 0. Thus,

]A,p. (un’ Vn) —cCE€ (O’CA,”) >
(102)

and ])’W (u,,v,) — 0,
then by Lemma 9 the proof is finished. O

Lemma 19. For some A* > 0 such that if 0 < AP/P~9 4

uP! P~ < A*| then every critical point (u, v) € Ny f Ly is
> W

a critical point Of]Mt inW.

Proof. For the proof of this lemma, it is similar to Lemma 18.
O

Proof of Theorem 2. Applying Lemmas 9 and 12, | M satisfies
(PS),. condition for all ¢ € (0,¢, #) Then, by Lemmas 17
and 14, J A admits at least cat (2) critical points in /7 i

Hence, we deduce from Lemma 19 that ] " has at least cat (Q)
critical points in ./ . Moreover, 4 Mtn/V au = 0, ]y, atleast
cat () + 1 critical points in W. O
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