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In this paper we introduce the notion of proximal p-normal structure of pair of p-admissible sets in modular spaces. We prove
some results of best proximity points in this setting without recourse to Zorn’s lemma. We provide some examples to support our

conclusions.

1. Introduction

Fixed point theory is powerful tools in different fields such
as differential equations, dynamical systems, optimal control,
and many other scientific branches; it treats equations of type
Tx = x where T : X — X is a map of a nonempty set to
itself.

Let A,B ¢ X and T a cyclic mapping on A U B; that is,
T: AUB — AUBand T(A) € B, T(B) C A; in this case,
T does not necessarily possess a fixed point if, for instance,
AN B = @. One often attempts to find a point x which is
closest to T'x in the sense that the “distance” between x and
Tx is equal to the distance between A and B; such a point x is
said to be a best proximity point.

The first result of this kind is due to Fan [1] which is
stated in locally convex Hausdorff topological vector space.
Afterward, many extensions and generalizations were given;
see, for instance, [2-6].

On the other hand, Eldred et al. in [7], after generalizing
the geometric concept of normal structure for a pair of
subsets (A, B) in Banach space introduced earlier by Brodski
and Milman (see [8]), proved the existence of best proximity
points for relatively nonexpansive mappings in Banach space.
Recall thatamap T : AU B — A U B is called relatively
nonexpansive if |[Tx — Ty|| < [|x — y| forall x € Aand y €

B. This class of mapping is much larger than nonexpansive,
because, it does not guarantee the continuity of T.

After that, Sankar and Veeramani in [9] without using
Zorn's lemma, proved the existence of a best proximity point
by using convergence theorem. Also, Espinola in [10] showed
that under a suitable condition on the pair (A, B) the relatively
nonexpansive assumption can be seen as nonexpansive one,
which in fact guarantees the continuity of the map.

Recently, the best proximity points results was inves-
tigated by many authors and found extension and gener-
alization for different class of mappings and spaces; for a
recent account of the theory we refer the reader to [11-18].
In this paper, we extend the notion of proximal p-normal
structure for a pair of p-admissible subsets (A, B) which is a
generalization of Khamsi and Kozlowski definition. Also, we
give existence results of a best proximity point in the setting of
proximal p-admissible subsets in modular space. Our proofs
do not invoke Zorn’s lemma.

2. Preliminaries

We start by recalling some basic facts of modular space. For
more details the reader can consult [19].
Let X be an arbitrary vector space.
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Definition 1. A function p : X — [0, 00) is called a modular
on X if for arbitrary x, y € X,
(1) p(x) =0ifand onlyifx = 0
(2) plax) = p(x) for every scalar « with |«| =1
(3) plax+ By) < p(x) + p(y)ifa+ f=1land «, >0
If the following property is satisfied,
(4) plax + By) < ap(x) + Bp(y)ifa+f=1anda, 20
we say that p is a convex modular. A modular p defines

a corresponding modular space, i.e., the vector space
X, given by

X,={xeX:p(Ax) — 0as A — 0}. 1

In general the modular p is not subadditive and therefore
does not behave as a norm or a distance.

Definition 2. Let X, be a modular space.
(1) We say that (x,) is p-convergent to x and write x,, —
x(p) if and only if p(x,, — x) — 0.
(2) A sequence (x,,), where x,, € X, is called p-Cauchy
if p(x,, — x,,) — 0asn,m — oo.
(3) We say that X, is p-complete if and only if any p-
Cauchy sequence in X , is p-convergent.

(4) Aset C ¢ X, is called p-closed if for any sequence
(x,,) of C; the convergence x,, — x(p) implies that x
belongs to C.

(5)AsetC ¢ X, is called p-bounded if sup{p(x — y) :
x,y € C} < oo.

(6) A set C c X, is p-sequentially compact, if for
any sequence (x,) of C, there exists a convergent
subsequence (xnk)k of (x,) such that Xy, — x(p) in
C.

(7) We will say p satisfies Fatou property if
p (x) <lim infp (x,) whenever x, — x(p).  (2)
We shall say that a pair (A, B) of sets in a modular space
satisfies a property if each of the sets A and B has that
property. Thus (A, B) is said to be p-closed if both A and B
are p-closed, (H,K) € (A,B) & H € A and K C B, (A, B)

is not reduced to one point which means that A and B are not
singletons, etc. We shall also introduce the following notation:

8,(A,B) =sup{p(x—y):x€AyeB};
S, (x, A) =sup{p(x - y): y € A};
dist,(A,B) = inf {p(x - y) : x € A,y € B}; 3)
¥, (A, B) = max {inf {3, (x, B) : x € A},
inf {8, (y,A): y € B}}.

The following definitions are extensions of Definition 5.7
in [19] and are more adapted for a pair of subsets (A, B).
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Definition 3. Let (A, B) be a p-bounded pair.
We will say that (H, K) is proximal p-admissible pair of
(A, B) if

H= ﬂBP (y»7;) N A and
iel
, @
K=()B,(x,r/)NB
i€l
where (x;, y;) € Ax B, r;, rl-' > dp(A, B), I is an arbitrary
index set, and Bp(x, r)=1{ye X,: p(x—y) < r} the standard
p-closed ball of X . The family of all proximal p-admissible
pair of (A, B) will be denoted by Q(A, B).

If (D,, D,) < (A, B) we write

Coiz (Dl) = ﬂ Bp (y’ap (y’Dl))nA
yeb,

cop' (D,) = ﬂ B, (x, 3, (x Dz)) N B.

x€Dy

©)

Remark 4. Note that (coiz(Dl),cogl(Dz)) € @(A,B) and
is the smallest p-admissible pair of (A, B) which contains
(Dy, D,). Indeed, let (H,K) € Q(A, B) such that (D,,D,) <
(H,K); then H = ﬂyeDz B,(y,r,) N A and for each x € D,
and y € D, we have p(x — y) < r,. Hence, 6,(y,D;) < r,
since D, € H, which implies that

Coﬁz (Dl) = ﬂ Bp (y’(sp (y’Dl)) nA
y€D,

c ﬂ B, (y,ry) nA.
y€D,

(6)

In the same manner, we obtain cogl (D,) € K.

Definition 5. Let (A, B) be a p-bounded pair.

(1) Q(A, B) is said to satisfy the property (%)-proximal,
if for any sequence

({A”}nzl ’{Bm}m21) < @(A’ B)$ (7)

which are nonempty and decreasing, has a nonempty
intersection.

(2) @(A, B) is said to be proximal p-normal, if for each
proximal p-admissible pair (H, K) not reduced to one
point of (A, B) for which distp(H, K) = distp(A, B)
and 6P(H, K) > distP(H, K) there exists (x, y) € H x
K such that

8P (%, K) < 6/3 (H,K) and

®)
8,(y.H) <68, (H,K).

(3) We say that the pair (A, B) is proximal p-sequentially
compactness provided that every sequence ({x,},,
{y,},) of (A, B) satisfying the condition that p(x, —
V) — distp(A, B) has a convergent subsequence in
(A, B).
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Remark 6. Notice that the @Q(A, A) is proximal p-normal
(resp., has the (%)-proximal property) if and only if Q(A)
is p-normal (resp., has the (%)-property) in the sense of
Khamsi-Kozlowski (see [19, Definition 5.7]).

Definition 7 Amap T : AUB — A U B will be said cyclic
relatively p-nonexpansive on A U B if

(1) T(A) cBandT(B) € A
(2) p(Tx—-Ty) < p(x—y)forx € A,y € B

We conclude this section by a modular version of Kirk’s
fixed point theorem [20] which follows as a corollary from
our former result Theorem 10 (see Corollary 11 below).

Theorem 8 (see [19, Theorem 5.9]). Let A be a p-bounded and
p-closed nonempty subset of X , which satisfies (R)-property.
Assume that Q(A) is p-normal. If T : A — Ais p-
nonexpansive, then T has a fixed point.

3. Best Proximity Results with
p-Normal Structure

In what follows, we investigate the validity of technical lemma
due to Gillespie and Williams [21] for a pair of p-admissible
subsets in modular space. This result can be considered as the
main ingredient and will play an important role in this article.

Lemma 9. Let (A, B) be a p-bounded pair of X,. Let T :
AUB — AUB be a cyclic relatively p-nonexpansive mapping.
Assume that Q(A, B) is proximal p-normal. Let (H,K) €
@Q(A, B) be a nonempty and T-cyclic pair; i.e., T(H) € K and
T(K) € H with distP(H, K) = distP(A, B) not reduced to one
point. Then, there exists a nonempty T-cyclic pair (Hy, K) €
@Q(A, B) such that (Hy, K,) € (H,K) and

8, (H,K) +7y, (H,K)

5 .
Proof. Set r = (1/2)(6P(H,K) + yP(H,K)). If 6P(H,K) =
distp(H, K) one can choose (H,, K,) = (H, K). We assume

that 5P(H, K) > distp(H, K). Since Q(A, B) is proximal p-
normal, we have

8, (Ho, K) < )

Y, (H,K) <, (H,K) (10)

and hence y,(H, K) < r. Thus, there exists (x;, y;) € HX K
such that

8(x,,K) < rand

(11)
S(yp,H)<r.
Let
D" = ﬂ B, (y,r)NH and
yeK
(12)

DX = (B, (x,r) NK;

x€H

then (DY, DX) # 0 since (x1, 1) € D" x DX,

Let # denote the set of all nonempty pairs {(E,, F,)},cn
of @(A, B) which are subsets of (A, B) such that T is cyclic
on E, U F, and (D",D%) ¢ (E,,F,) with dist (E,,F,) =
dist (A, B) for all « € A. Obviously, # is nonempty since
(A, B) € #. Defining (L4, L,) by

L, = ﬂEa and
24

L,=()F,
o

itis clear that (L, L,) # 0 since (D", D) ¢ (Ly,L,)and T is
cyclicon L, U L,, (E,, F,) is proximal p-admissible for each
asoitis (Ly,L,), and it is easy to check that dist,(L,,L,) =
distp(A, B); thus (L, L,) € .

Let M, = D" UT(L,) and M, = DX UT(L,); it is claimed
that

(13)

o (M) = L, and »
M, (14)
COB (Mz) = Lz.

Indeed, M, ¢ L, M, C L, and the pair (L,,L,) is
proximal p-admissible; then

(col (M), cop" (My)) € (L1, L,) (15)

since (coi/lz(]\/ll),coi\;f1 (M,)) is the smallest p-admissible
pair which contains (M,, M,). Also,

T(cof2 (Ml)) cT(L,) and
(16)
T(cog/l1 (Mz)) cT(L,)

which implies
T (coi\;[2 (Ml)) c M, and
u 17)
T(coB1 (Mz)) cM,.

Note that distp(T(Ll), T(L,) = distp(Ll,Lz) since T is
relatively p-nonexpansive mapping. And, since (M;, M,) <
(coIXZ(Ml), cog/[1 (M,)) we get

dist,, (coi\fz (M), cop’ (Mz)) = dist, (A, B), (18)

and hence (coi\fz (Ml),cog/l1 (M,)) € F; that s,

(COIXIZ (M,) ’60241 (Mz)) = (L, L,). (19)
Define
H, = ﬂ B,(y,r)NL, and
yeL,
(20)
Ky= (B, (xr)NL,.
x€L,;

We claim that (Hy,K,) is the desired pair. Since
(D, DX) ¢ (H,, K,) the pair (Hy, K,) is nonempty; also
(Hy, Ky) € G(A, B).



Note that for each x € H, and y € K,, we have

plx-y)<r=
1)
8, (Hy, Ky) <.

Next, we show that T'is cyclic on H, U K|, to complete the
proof. Let x € H; then,

p(Tx-Ty)<p(x-y)<r (Yyel,)  (22)

since T is relatively p-nonexpansive. Thus, T(L,) C B p(Tx, 7).

Recall that D = (yex Bo(y>7) N Hi then if z € D' we
have for all w € K

plz-—w)<r (23)

and since (H,K) € &, weget L, c K;then L, C B(z,r).Itis
clear that Tx € L,; that is,

Tx € B, (z,r) =
(24)
z€B, (Tx, )

and hence D ¢ B (Tx, r), which implies
Ly =coy* (D" uT(L,)) B, (Tx,r)N A (25)

this deduces that Tx e K; that is, T(H,) < K,. Similarly,
we can see that T(K,) € H,. Since (L,,L,) < (H,K) we get
(H()) K()) g (H: K) |:|

Theorem 10. Let (A, B) be a nonempty p-bounded and p-
closed pair in a modular space X ,. Moreover, assume that
@Q(A, B) has the proximal p-normal structure and the property
(R)-proximall.

If T is cyclic relatively p-nonexpansive on AU B, then there
exists (x, y) € A x B such that

p(x—=Tx) = p(y~-Ty) = dist, (A B). (26)

Proof. Let & denote the set of all nonempty pairs (E, F) of
@(A, B) which are subsets of (A, B) such that T is cyclic on
EUF and distp(E, F) = dp, where dp = distp(A, B).

F is nonempty since (A,B) € . Define Sp F —
[0, 00) by

5,(D*,D") =inf {3, (E,F): (E,F) ¢ #

c (D%, D")}.
Set (D%, DB ) = (A, B); by definition of 5 0 there exists
(D3,D3) € F such that (D3,D5) < (Dy,D}), dist (D3,
DB) = dist (DA,DB) = d and

% and (E, F)
(27)

8,(D3, D7) <5, (Df, DY) +1 (28)
and suppose that (Dy, DY), 12...n are constructed for n >
1. Again, by definition of 6 c

there exists (D2
(DA DB ) such that

n+1?> n+1)

8, (Dy1,Dhy) <8, (Do

n+1?>

Dy)+ 1 (29)
n
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and dist (Dn+1’ fﬂ) = dp. Since @(A, B) has the property
(R)-proximal, (Dfo, Dfo) # 0 where

= ﬂ Dﬁ and

n=1

- ﬂ Df,
n=1
note that T(D2) = T(N, D < N, T(DY) < N,DE =
Dfo; in the same manner T(Dfo) c Dfo. Also, (Dfo, Dfo) €
@(A, B) since (Dﬁ, Df) € @Q(A, B) for all n > 1. Also, we have

(30)

d,(A,B)<d, (D}, Dy,)

= inf{p(x—y) ((x,y) € Dgo foO}
:inf{ (x=y):(xy)€ ﬂD XﬂD}
n>1 nx1 (31)

inf {p (x-y):(x,y) e DXxD? (Vnyme N*)}

inf d ( B)

n,meN* P

<d,(D,,Dy)=d,(A,B)
and then (DA DB o) € F.
If8p(D ,DB o) = dist (DA D? o) then for each (x, y) €
Déo X Dfo we get
plx—Tx)=p(y-Ty) =dist, (DA,DB). (32)
Assume that § (DA D5 o) > dist (DA D? o)

First Case. If one of the pair (DOO, DOO) isreduced to one point,
say, for example, D® = {y}, since T is cyclic relatively p-
nonexpansive on D2 U D? we get for all x € D

p(Tx~Ty)=p(y-Ty)<p(x~-y) (33)
which implies that
p(y-Ty)=p(x-Tx)=dist,(D5,D5)  (34)
for x = Ty; note that Tx = y for each x € DA

Second Case. The pair (DA D? ) is not reduced to one point;
by Lemma 9, there exists (D}, Dp) € (DA D? o)

s, (Dfo,Dfo) +, (ijo,Dfo)

8, (D} Dy) < > (35)
which implies
8,(D}, Dy) <8, (D4, D)
A B
<4,(D;,Dy)
_ 1 (36)
D4, DP) + -
<3, (0}.0p) + 1
. 1
<é,(D},Dp) -
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since (D}, Dg) € (DA DB) forany n > 1. If we let n — oo,
we get8 (D}, Dp) =46 (DA DB o) BY (35) we get

8, (D4, DY) <y, (D5, DY) (37)
and this is in contradiction with the assumption that @(A, B)
is proximal p-normal. This completes the proof. O

If we set A = B, we get Theorem 8.

Corollary 11. Let A be a p-bounded and p-closed nonempty
subset of X ,. Assume that Q(A, A) is p-normal and satisfies
the property (R)-proximal. If T : A — A is p-nonexpansive,
then T has a fixed point.

We conclude by the following example.

Example 12. Let the real space X = {x = (x,),5; € RV

Y o1 1%,11* < o0}, and define the modular functional p :
X — [0,00] by

p(x) = Z |xn|1/2 , forall x =(x,),., €X (38)

n=1

Suppose that {e, } is the canonical basis of X and let

A= {%el} Ufe;+e,:neN\{0,1,3}} and
(39)
B= {%33}U{el+en:ne N\ {0, 1}}.

Then, (A, B) is p-bounded, p-closed in X,, and not
convex. Note that A (resp., B) is not p-sequentially compact,
because the sequence {e; + en}m&{o,m} (resp., {e; + en}#{o,l})
does not have any p-convergent subsequence in A (resp., in
B).

We have p((1/2)e, —(1/2)e;) = \/2; also, for all x € A and
neN*, p(x—e —e,) > V2, which implies that distP(A, B) =
V2.

@Q(A, B) satisfies the property (&)-proximal; indeed, let

({H,},i51> 1K, b m>1) be a sequence of @(A,B) which are
nonempty and decreasing.
(1) If, for each n € N*, K,, = ﬂje] B,(es +e€j,,7;,) N B,
so, forall j € J,,(1/2)e; € By(es+ej,, 1+1/2)NB C
Ns1 K> because p(es +e;,,—(1/2)es) = 1++/1/2,and
since K,, # 0 for eachn € N* wehaver a2 1+4/1/
Hence, (5, K, # 0.

(2) If, for each n € N*, K, = (ieyr B,((1/2)ey,1,,) N B,

so (1/2)e; € B,((1/2)ey, V2)NB ¢ MNis1
K, # 0 foralln € N*. Hence )., K, # 0.
(3) If there exists n € N* such that

)
(ﬂB ( el,rkn)> B,

keJ!

K, since

we have (1/2)e; ¢ Bp(e3 + el + \V1/2) n
B,((1/2)e;, V2)N B ¢ (51 K,,» and hence ., K, #
0.

Analogously, we obtain that ()., H, # 0 replacing e; + ¢,
and (1/2)e, by e, + €j , and (1/2)es, respectively.

@(A, B) has the prox1mal p-normal structure. Indeed, let
(H, K) be a proximal p-admissible pair of (A, B) not reduced
to one point for which distP(H, K) = distp(A, B) = V2 and
6P(H,K) > distp(H,K); then (1/2)e; € H and (1/2)e; € K.
So, there exist p,q € N\ {0,1,3} x N'\ {0, 1} such that

e;+e, € H and
(41)

e +e, € K.

Therefore,ép((l/Z)el,K) =1++/1/2 and6p((1/2)e3,H) =
1+ +/1/2; then we get

8, (H,K) Zp(e3 te,—e —eq)

) ) (42)
> max {8P (Eel’K> ,8p (Ee3,H)} .
LetT: AUB — AU Bbe a mapping defined by
1 .
Tyzze1 if y € Band
163 if x = le1 (43)
Tx = {2 2

e te, ifxeA\ {%el}.
T is cyclic and for each y € Band x = (1/2)e,

1
P(Tx—Ty)=P<561— 63)= V2<p(x-y), (44)

and for each x € A\ {(1/2)e,},y € B

1
el—el—ez>: 1+\/—
SN CO)

<p(x-y).

p(Tx—Ty)=p(%

Then, T is cyclic relatively p-nonexpansive on A U B.
Therefore, all assumptions of Theorem 10 are satisfied, so T
has a best proximity point; in particular

(5-7(5%)) =p (G -7(54))

= distp (A, B).

(46)



4. Best Proximity for Proximal
p-Sequentially Compact Pair

In this section, we use (A, B;) to denote the proximal pair
obtained from (A, B) upon setting

Ay = {x €A: p(x - y’) =dist, (A, B) for some y'

€ B}
(47)
B, = {y €B:p (x' - y) =dist, (A, B) for some x'

eA}.

Lemma 13. Let (A, B) be a nonempty p-bounded and proxi-
mal p-sequentially compactness pair in a modular space X, for
which p satisfies Fatou property. Then (A, B,) is a nonempty
p-sequentially compact pair of (A, B) such that dist ,(A, By) =
distp(A, B).

Proof. Itis clear that distP(AO, B,) = distp(A, B). Let (x,,) and
(y,) be two sequences in A and B, respectively, such that

p(x, = y,) — dist, (A, B). (48)

Since (A, B) is a proximal p-compactness pair, there exist
subsequences (xnk) and ( ynk) of (x,) and (y,), respectively,
such thatx, — x € Aandy, — y € Bask — oo. Since
p has Fatou property

plx-y)< larlgfp (xnk - ynk) =dist,(A,B).  (49)

This implies that A is nonempty, since x € A. Similarly,
we can see that B, is nonempty. The p-sequentially compact
of A, is vacuous since for each sequence (x,) of A, has a
convergent subsequence for which this limit is in A, because
A, is p-closed in A. Indeed, let (x,,)) ¢ A, such that x,, — a;
then there exists a sequence (y,,) in B, such that

p(x, = y,) — dist, (A, B) (50)

and the proximal p-compactness of (A, B) implies the exis-
tence of subsequences (x,,) and (y,,) of (x,) and (y,),
respectively, such that x, — x € Aandy, — y € B.
Since p has Fatou property,

plx-y)< l%crlgfp (xnk - ynk) =dist,(A,B).  (51)

Then x € A; the uniqueness of the limit implies that x = a.
Hence (A, B,) is p-sequentially compact pair. O

Theorem 14. Let (A, B) be a nonempty p-bounded and proxi-
mal p-sequentially compactness pair in a modular space X , for
which p has the Fatou property. Moreover, assume that Q(A, B)
has the proximal p-normal structure.

If T is cyclic relatively p-nonexpansive on AU B, then there
exists (x, y) € A x B such that

p(x—Tx)=p(y-Ty) =dist(A,B). (52)
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Proof. Let x, € A,; then there exists y, € Bsuch that
p(Txo = Tyo) < p (%0 = 0) = d, (53)

That is, Tx,, € B,. Hence T(A,) € By, similarly, T(B,) € A,
and T is cyclic relatively p-nonexpansive on A, U B,

Let # denote the set of all nonempty p-closed pairs (E, F)
of Q(A, B) which are subsets of (A, B) such that T'is cyclic on
EUFand p(x — y) = dp for some (x, y) € E x F, where
dp = distp(A, B). Thus, & is nonempty since (A, B) € F.

Define Sp : F — [0,00) by

5,(D* D?) =inf {5, (E,F): (E,F) € # and (E,F)
(54)
c (D", D%)}.

Set (D%, le ) = (A, B); by definition of Sp, there exists
(D3,D3) € F such that (D},D}) < (Dy,D}), dist,(D3,
D}) =d,, and

8,(Dy, D7) <6, (DY, DY) +1 (55)

Suppose that (Dg, Df)kzl,z,...,n are constructed for n > 1.

Again, by definition of 5 o there exists (DSH,DE +1) S (Dr‘?,
Dg ) such that
A B X (A ~BY 1
8,(Dp.pDy,y) <8, (D5, D) + - (56)

and diStP(DA B )= d,. Since (A, By) is p-sequentially

n+1> “n+l/
compact, (Dfo, Dfo) + 0, where

D‘:‘o = ﬂ Dﬁ‘ and
n=1

Dy, =(Dy.

n=1

(57)

Indeed, one can choose two sequences (x,,) and (y,) such
that (x,, y,,) € (Dﬁ NAg x (DE N B,) for each n > 1 and

P (xn - yn) - dp (58)

Using the proximal p-compactness of (A, B,), there exists
(xnk) of (x,) and (ynk) of (y,) such that Xy — x(p) and
Yn, — Y(p); let p > 1 and define two subsets of A, and B,
as follows:

C? = {xnk k> p} and
; (59)
sz{ynk:kzp}
Hence x € ﬂng and y € ﬂpCﬁ. Thus, x € ()., D =

Mis1 Dﬁk = Déo and y €[5, Df = N1 ng = Dgo‘ Also, p
satisfies Fatou property and we get

p(x—y) =dist, (D}, Dy, ) = dist, (A, B). (60)
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Note that
T(D;;):Tmz;:)ng(D:)ngfj:Dgo (6D

In the same manner T(Dfo) c D‘QO. Hence, (D‘QO, Dfo) €
@(A, B) since (Dr‘?, Df ) € Q(A, B) for all n > 1, which implies
A B
(DS,Dy) € F.
In this step, we can use the same argument as Theorem 14
to prove that

8, (D4, DE)) = dist,, (D}, DY) (62)

Hence we get for each (x, y) € D2 x DE
p(x—-Tx)=p(y-Ty)=dist, (Dfo,Dfo) (63)
which completes the proof. O

Corollary 15. Let A be a p-bounded and p-sequentially
compact nonempty subset of X , which satisfies Fatou property.
Assume that Q(A, A) is p-normal. If T : A — Ais p-
nonexpansive, then T has a fixed point.

We conclude by the following example.

Example 16. Let the real space X = {x = (x,),5; € RN

Yo |xn|1/ 2 < oo} and define the modular functional p
X — [0,00] by
p)=Y |x|", forallx=(x,)., €X  (64)
n=1

Suppose that {e,} is the canonical basis of X and let

A= {%el} Ufe, +e,:neN\{0,1,2}} and
1 (65)
B= {el)eZa RES} .

Then, (A, B) is p-bounded and not convex. Let u =
(1/2)e; in A; we have p(u—e;) = \/1/2, also for each (x, y) €
AXB, p(x-y) = \/1/2, which implies that distp(A, B) =

1/2.
Also, for all (x,,) ¢ A and (y,) ¢ Bsuch that lim, p(x,, —
¥,) = \/1/2 there exists 1, € N such that

1
x, = —e; and
2 (66)

Yo =€

for each n > ny, so (x,,) and (y,) are p-convergent sequences
and the pair (A, B) is proximal p-sequentially compactness.
However, A is not p-sequentially compact since the sequence
{e; +e,}400,1,2; does not have any p-convergent subsequence
inA

@Q(A, B) has the proximal p-normal structure. Indeed, let
(H, K) be a proximal p-admissible pair of (A, B) not reduced

to one point for which distP(H, K) = distP(A, B) = \1/2;
then (1/2)e; € H and e; € K. Also, 5P(H,K) > distp(H,K),
so there exits m ¢ {0, 1,2} such thate, +e¢,, € Hande, € K
or (1/16)e; € K.

If K = {e;,(1/16)e;} we obtain 8P((1/2)e1,K) =1/4+

\/1/2 and

V15 1
1 1+ — ifH={—el,e2+e3}
s, <Ee3,H) Sk 2 (67)
2+ n otherwise,

and hence 6P(H,K) > ple, +e, —e) > max{ép((l/z)el,
K),8,((1/16)e;, H)}.

Ife, € K, then, 8 ((1/2)e;, K) = 1++/1/2 andép(ez,H) =
1+ +/1/2. Hence, we have

8,(H,K) = p(e, +e,—e)

| (68)
> max {6P<561’K>’6P (ez,H)}.
LetT: AUB — AU Bbe a mapping defined by
Ty = %el if yeB, and
e if x = le1 (69)
Tx = 2

1 . 1
6% ifxeA\ {Eel}’

So, for each y € Band x = (1/2)e;, we get p(Tx — Ty) =
V172 < p(x — y), and, for each y € Band x € A\ {(1/2)e,},
we obtain, p(Tx — Ty) = (1 +2V2)/4 < p(x - y).

Then, T is cyclic relatively p-nonexpansive on A U B.
Therefore, all assumptions of Theorem 14 are satisfied, so T
has a best proximity point; in particular

p(e, —Te) = p(%el —T<%el>> = dist, (A, B). (70)
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