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In the present article, we introduce the second Kummer function with matrix parameters and examine its asymptotic behaviour
relying on the residue theorem. Further, we provide a closed form of a solution of a Weber matrix differential equation and give a

representation using the second Kummer function.

1. Introduction

The application of special functions can be found in the-
oretical physics [1], probability theory [1, 2], or numerical
mathematics [1]. The solution of the confluent hypergeomet-
ric differential equation [3] is often expressed as a linear
combination of the Kummer functions that are defined as
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where z is a complex argument and a and b are real-valued
parameters that are not negative integers. We note that U is
also known as the second confluent hypergeometric, Tricomi,
or Gordon function. Its asymptotic behaviour is well known
(see [3]): in particular for |z| — oo, we have

U(a, b, z) =z_“(1 +O(|z|_1)). (2)

U(a,b,z) =

The generalization of special functions to matrix valued
functions is a growing subject and the first Kummer function
has been studied widely (see [4-7]). However, the second
Kummer function has not yet been examined.

The main goal of this article is to introduce the second
Kummer function with matrix parameters and to study its
asymptotic behaviour. This function appears as a solution
of an equation in mathematical finance, where a Markovian
regime switching framework (see [8, 9] as an example) is
combined with an equilibrium model for asset bubbles from
(10, 11]. In such a model, knowing the asymptotic behaviour
of the solution is essential.

Currently, there is a growing number of literatures about
matrix special functions. The study of the properties of
Gamma and Beta matrix functions by Jédar and Cortés [5]
is a corner stone of the theory of matrix special functions
and provides us with many important concepts to examine
their properties. Moreover, Jodar and Cortés [6, 12] also
later introduced the first Kummer matrix function, gave an
integral representation, and used them to obtain a solution in
a closed form of a hypergeometric matrix differential equa-
tion. For solving a matrix differential equations, matrix poly-
nomials were studied frequently, such as the Laguerre matrix
polynomials [13-15], the Hermite matrix polynomials [14],
the Jacobi matrix polynomials [16], or the Gegenbauer matrix
polynomials [17]. Many other matrix special functions were
already introduced. The modified Gamma matrix and the
incomplete Bessel function were studied in [18] and the
Humbert matrix functions in [19, 20]. A modification of
the first Kummer matrix function including two complex
variables was introduced in [7]. Recently, the hypergeometric
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matrix functions were extended by adding another matrix
parameter (see [4]).

Throughout the paper, we will use the following notation.
Let L and M be N x N matrices. With I we denote the iden-
tity matrix. Given a vector v € C", we use diag(v) for the
matrix with v in its diagonal entries and zero elsewhere. We
call a matrix positive stable, if it has only eigenvalues with
positive real part. For complex valued matrix functions f
and g, we write f(z) ~ g(z) if there is a matrix C such that
lim, ., f(2) = lim,_,.,g(z)C. We write | x| for the integer
part of x € R. The symbol < means asymptotically smaller.

The article is structured as follows. In Section 2, we repeat
some of the most important concepts from matrix special
function theory. It contains the definition of the second Kum-
mer function, with matrix parameters L and bI and a com-
plex argument z, as

U(L,bI,2) =T (1-b) ,F, (L;bLz)T(L+(1-b)I)"

+27T (b - 1)
(3)
R ((Q-bI+L;2-b)I2)

T,

Based on a classical approach as in Slater [21] or Paris and
Kaminski [22], we analyse the asymptotic behaviour of this
function in Section 3. In particular, we show the asymptotic
behaviour for large |z,

U (L,bL,z) ~ |z| ™ (4)

under certain conditions on the matrix L. Moreover, we intro-
duce the parabolic cylinder function with matrix parameters
in the present article and analyse its asymptotic behaviour.
In Section 4, we compute a solution of a Weber matrix
differential equation

2
y”(x)+(K+<%—xZ)I)y(x):0, x>0, (5

using the power series method. The representation of this solu-
tion uses parabolic cylinder functions with matrix parame-
ters.

2. Some Examples of Special Matrix Functions
First, we define the Pochhammer symbol for matrices as
Mp=M+k-1)I)---M+I)M fork=>1,
(M) =I. ©

Using the matrix exponential, we define
=) k
M Mlnt _ k (Int)
' =e = ];)M Th (7)

for t > 0. Following [5], we introduce the Gamma matrix
function for a positive stable matrix M as

I M) = Jme_ttM_Idt. )

0
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Using infinite matrix products [23], the Gamma matrix
function can be extended to matrices with only nonnegative-
integer eigenvalues, i.e., —n ¢ (M) forn € N\ {0}. If M + nI
is an invertible matrix for every integer n > 0, then it can be
shown that I'(M) is also invertible and its inverse corresponds
to the inverse of the Gamma function (see [5]). Computing
I'(M) numerically for a diagonalizable matrix M = TDT ! is
simple, as we have

(e}
re)=r(1or’) = J e 'O dr = TeTT (9)

0

where the matrix

L) 0 0
0 T(w) 0

S (1)
0 0 Ty

contains Gamma functions of eigenvalues the y;, ..., gy of M.
Now we define the Beta matrix function for positive stable
matrices L and M as

B(L,M) = Ll -0t (11)

This function is symmetric if and only if L and M commute
[5]. The next lemma (see Lemma 2 from [12]) characterizes
the relationship between Beta and Gamma matrix function.

Lemma 1. For positive stable, commuting matrices L and M
so that L + M has only nonnegative-integer eigenvalues, the
following holds:

BLM)=T@L)TMTIL+M". (12)

Proof. First, we write

r@Lrm = (J:O e_SsL_Ids> (J:O e_ttM_Idt>

o0 o0
= J J e s" e M ds dt.
0

0

(13)

With the change of variables x = s/(s +t) and y = s + t and
using the commutativity, we get

o0 1
T(L)TM) = L L e (xy) "

e (y(1- %) ydxdy.

_ <JOO e‘}’yL+M—Idy) <J'1 A - T dy)
0 0

=T(L+M)B(LM.

(14)

Due to the extension of the Gamma function [23], we do not
need the additional condition from Lemma 2 in [12] that L+M
has to be positive stable. Since T'(L + M) is well-defined, it is
invertible and we obtain the desired result. O
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The following lemma taken from [12] gives us an integral
representation of the Pochhammer matrix symbol.

Lemma 2. Let L, M and M — L be positive stable matrices such
that LM = ML. Then the following identity holds:

L =r@'re-o)"

1 (15)
) (J poHkDE (g _ gyl dt) T,
0

for every k € N.

Proof. Using Lemma 1 and the fact that L and M commute, we

get
L) =T@L) ' T@L+kI)TM)TM+kI)™

=T 'TL+kDTM+kI)'TM) =T (L)™"

TM-L)'TM-L)T(L+kI)TM+kI) ' T (M)

=I(L) ' T(M-L)" BL+kLM-L)T (M) (16)
=r@w'rm-o™ (Jl (eI () _ pie-LeT dt)

0
T (M).

We remark that the Beta function is well-defined, because M—
L is positive stable. O

We define the confluent hypergeometric function with
matrix parameters as

(o) k
B (Lik2) = ) O 00 5 17)
k=0 :

for z € C, where (M + kI) invertible for every k > 0 (see [15]).
This function is also often called first Kummer function and
the notation M(L, M, z) = | F, (L; M; z) can be found elsewhere.
Now let L and M be commuting matrices. We obtain the
integral representation.

Lemma 3. IfM - L is positive stable, then we have

=T 'rm-r)"

<J'1 2t L 1(1 t)M—L—I dt)I‘(M)
0

F (L4 2)
(18)

forallz € C.
Proof. By Lemma 2, we get

F (LM 2) = iozl"(L)_1 rm-r)"
k=0

-(th kDI (g t)””dt)r(M)

k
=T(@)"

3
-F(M—L)_1<J ”Z@(l t)”‘Hdt>
T (M).
19)
O

If L commutes with M, it consequently commutes with (M+
kI)™" for all integers k > 0 and we get

p 1
+; 1F1 (LiM2) = kzl L
- ,;)(L)kﬂ (M kk,
=§(L+ I), L(M+ I);‘M‘li—lz (20)
- <§(L + 1) M+ I), " %T)LM_I

Fy(L+ LM+ I;2) LM

Since (L+kI) commutes with (M+kI) " for all integers k > 0,
we obtain

dr _
b (L;M;z) = |F, (L+kL;M+kL;2) (L), () . (2D

Note that this property holds especially for diagonal matrices
M. We define the second Kummer function with matrix
parameters as

U(L,bT,z) =T (1-b) ,F, (L;bI; 2)

TL+1-b)D)  +27T(b-1)
(22)
L F (-0 1+L;2-b)L2)
T

for z € C, where b € R\ Z . Moreover, we introduce the
matrix function

o1 (2) (b2 o(ben)

T (-1/2) (1, 3 2 2
+_\/§ 1F1<2(I K)’ZI’Z) ( )

1 -1
(),
2
for z € C and matrices K having only eigenvalues with neg-

ative real part. Obviously, Fx(z) = U(-(1/2)K, (1/2)1,2%/2).
Analogously to the definition in [24, p. 39], we call

Dy (2) = 21(/23_22/4}3K (z) (24)



the parabolic cylinder function with matrix parameters. We

remark that
r<1> F(ter-n: 252 ) ew
2/ 1\ 2 272

r<% (1 —K)>_1 + r(:/li/z)

1 3_ 7
1 F <§(I—K);§I;7>
T(-1/2)
\2

d
EFK (2) =

(25)

1 -1
-T (——K) sgn (z) +
2
F 1(3I—K)'EI‘Z—2 l(K—I)
2 272 /3

1 -1
-T (——K) 2,
2

for z € R\ {0}. In z = 0 the function Fy(z) is obviously not
differentiable; however we can observe that

-1
0,F¢ (2)],_, r(\/g/z) <—%K> ,

T'(-1/2) 1 \! 26
0_Fy (2)|,p =~ 7 r<—§K> .

3. Asymptotic Behaviour of
the Second Kummer Function

Now we focus on the asymptotic behaviour of the second
Kummer function with matrix parameters. Analogously to
the case with real-valued parameters (see [21, p. 35] or [22,
p. 106]), we compute the Mellin-Barnes integral using the
residue theorem. The proof of the following lemma has two
steps. First, we define integral over a curve depending on
R > 0 and apply the residue theorem. The sum of the residues
converges to an expression containing the second Kummer
function. Then, by parametrizing the curve and taking limits,
we obtain another representation for the integral.

Lemma4. LetL be a positive stable, diagonalizable matrix and
b e R\ Z . For z € C with |arg(z)| < 3m/2 and ¢ < oo, the
following holds:

L, Jc+le(—s)T(L+SI)F(L+ (1-b+s)I)
271 Je—ico (27)

| ds = |z|" U (L,bLz) T (L) T (L+ (1 -b) I).

Proof. LetA,..., Ay denote the eigenvalues of L and suppose
we have the eigenvalue decomposition L = TAT™' where A =
diag((A,..., Any)"). Since L is positive stable, all eigenvalues
have nonnegative real part and, hence, all singularities of
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['(A;+s) are on the negative real axis. Let «, S and R be positive
real numbers. For each eigenvalue, let us consider the integral

Sk = ZL F(—s)l“()t,-+sI)1“(Ai+(1—b+s))
v 7Tl

(28)
|zl ds,

where &) is taken around a rectangular contour so that the
polesats = —A; —kand ats = —A; — (1 — b + k) are inside and
all other poles are outside the contour foralli € 1,..., N and

k=0,1,2,...,|R]. So, according to the residue theorem, we
get
LR]
Spp =2l YT +K)T(1-b- k)( 'Zl)
k=0
+ |z 121 (29)
[R]
ST +1-b+k)T (- (k+ 1))( 'Zl)
k=0

We remark that L+kT has the eigenvalue decomposition T (A+
kI)T™". Defining the matrix

Sy = Tdiag ((S1,00 > Fa) ) T (30)

we can write

= |z|* ZF(L+kI)F(1 b k)( 'ZD 2
k=0
.|Z|1_b (31)
LR]
STe+1-b+ DT G- (k+ 1))( 'Zl)

k=0

In the next step, we use the relationship I'(L + kI) = (L), I'(L)
for Gamma matrix functions and the identity

I'(1-b)
-DFr1-b-k)=
(1" T( ) o (32)
for Gamma functions. We denote § = limp , S and
obtain

||Z(””'nmru—w+mud”

o (D) k!
QL+ 1-bTD) 2
ZTIL+(1-b)DI (-1

% T o Rl Lr-hDI )ww

= |zl |F, (L;bL2) T (L) T (1-b) + [2" [2]"™"

S F,L+(1-b)L2-b)L2)T(L+(1-b)I)

T(b-1).
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AsLand L+(1-b)I commute, also the matrix exponential and
hence their Gamma matrix function commute. Therefore, we
get

S=|z"U@LbL2)T@ML)T@L+(1-b)I). (34)

Now we want to find an integral representation for .
Therefore, we examine the contour %A; for R — oo for each
eigenvalue ;. Hence, we parametrize the contour and write
the integral as

Sir =905 tO1%, T S1e, T S0, (35)
where we use the abbreviations

-R
~

1
ShE = 27 J¢

T +1-b+x+ia) 2| ™ dx,

[ (—x—ia) T (A; + x + i)

1 ct+io
g = —— T(R-t)T(A,—R+t
NS1.%, i L,-/g ( )T (A, )

T(A+1-b-R+1t) 2|~ dt,
(36)

S1e = 5o jR I(=x+if)T (A, +x —if)
T(A+1-b+x—ip) |z dx,
1 ct+ia
S1e = 5o L_iﬁ P+ )T (4 +1-b+s)

2| ds.

In the next step, we show that § & — 0and J) &, — 0.
Following [21], we use the Stirling formula

T (u + iv)| < V27 |v]* 12 /21 (37)

for the Gamma function with |/ finite and |v| large (see [25,
p. 223]). Altogether, we get

IT (—x — ia)| < V2ma > 2™ M/2%

IT(A; + x +ict)|
< V2r (o + Im (1)) RT3 g a/2etm@) o (3g)

T(A;+1-b+x+ia)|
< \/E (a +Im ()LJ)RC(MHI_IH‘J‘_I/Z e—(n/Z)(a-}-Im(/\i)).

Therefore,
-R
'Sg1| < \/EJ IT (—x + ie)| T (A; + x — iex)]|

AT(A;+1-b+x-ix z_xe“arg(z)dx
| ( i | |
(39)

a—x—l/Z (“ +Im (Al))z Re(A;)+2x-b

smj

c

. e—rz Im(A;) |Z|—x e—zx(3n/2—arg(z))dx

and, hence,

lim [S;,4,| =0, (40)

x—>00

provided arg(z) < 37/2. Almost analogously, it can be shown
that

Jim [, | = 0. (41)

In the last step, we analyse ) ¢ . We define

1 c+ico
SA,Rz—,J T(R-t)T(A;-R+1t)
v 271 Je—ico (42)

T(A,+1-b-R+1t)|z/" " dr.
Since t is complex valued, we proceed slightly differently than
before. Using the Stirling formula again and the well-known
identity |I'(z)| < [['(Re(z))], we obtain
Jim [Fg| = 0. (43)

Finally, we combine

3 = lim Tdiag((S’,\I,R,...,SAN,R)T)T_l =T

R—00
. T\ - 1
. d1ag ((S/\l)g4,. ey SAN)g4) )T 1 = 2—
i
(44)
c+ico
J ' IF'(-s)T(L+sI)T(L+(1-b+s)I)
|z| ™ ds
with the result from the residue theorem. O

Let us suppose that L has the eigenvalue decomposition
L = TAT . Then, we get

lim e * = T lim diag ((e_/\‘c, ... ,e_’\Nc)T) 7!
c—00 c—00

(45)
-1
=TOnunT = Opervs

where Oy, is an N x N matrix with zero in all entries. Now
we take a closer look at the asymptotic behaviour whenever
|z| — oo.

Theorem 5. Let L be a positive stable, diagonalizable matrix.
For |z| — oo the second Kummer function behaves as

U (L,bI,z) ~ |z| . (46)

Proof. We proceed in a similar way to the classical case (see
[21, p. 58]). Fix R > 0. We define a contour integral

& 1
JR_%
(47)
<J} T(=s)T@L+sDT@L+1-b+s)I) |z ds
728

R



where the curve %; is constructed such that all poles of I'(—s)
lie inside and the poles of I'(L + sI) and T(L + (1 — b + s)I)
outside. This is possible, because examining the residues of
the Gamma matrix function, we get

o0
I(L+sI)= J ety
0
Jl OZO“tL+ (s+k— II( 1) ) dr
0 k=0 k!

(e}
+ j e—ttL+sI—Idt
1

k
_ 020: J'l (LsT+(k=1)Dine) (=1) dt

e
k=00 k!
+ J e T gy (48)
1
_ OZO: <JO e(L+sI+kI)udu> (_l)k
k=0 V7T k!

00
+ J e—ttL+sI—Idt

0 k
= ) (L+sI+kI)™"

(00
+ J e_ttL+SI_Idt.

Obviously, I'(L + sI) has simple poles whenever det(L + (s +
k)I) = 0fork € N. Hence, I'(L+sI)issingularifs = —A;,—k for
all eigenvalues A,,..., A, of L. As |Jy] is bounded for large
|z|, we can write

S = lim 3y
R—o00

S\ (49)
(Zr(uknm bk D 'ZD >

k=0

by the residue theorem. Obviously, for |z] — oo, the integral
S converges to the unit matrix. On the other hand we already
know from Lemma 4 that

= |z U@, bLz) LML) T@L+(1-b)I). (50)

and, hence,
U(L,bLz) =z "STOL) ' TL+1-bI)".  (51)
O

Moreover, Theorem 5 give uslim,_, . U(L, bI, x) = Onyy
for x € R, if L is positive stable and diagonalizable. Therefore,

2
11m Fy (%) = hm U(—lK 1I X

) ) = OnunN (52)

holds for negative stable matrices .
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4. The Weber Matrix Differential Equation

The Weber matrix differential equation provides us with an
example for the use of parabolic cylinder functions with
matrix parameters.

Lemma 6. The general solution of the Weber matrix differen-
tial equation

3" (x) + <K+<% - %2)1>y(x) =0, x>0 (53)
has the form
y(x) = Dy (=x) Ty + Dy (x) T, (54)
withc,,c, € RN,
Proof. First, we substitute
y(x) = " u(x) (55)

into equation (53) and obtain
W )+ () + K+ Du) =0, (56)

2
Multiplying the equality on both sides by e ™ /%, we receive a
matrix differential equation that can be solved by a classical
power series approach. Then, we take as a solution

(o)
u(x) =Ygk, ¢ eRY vkeN, (57)
k=0

If the series is a solution, then the coefficients satisfy the
recurrence relation

_ 1
S = o (KI -

k+2)(k+1) K+D)C

k>0, (58

separately for even and odd k starting with €, ¢, € R". First,
we obtain the identity

k—
H(z;1—(x+1) Co»

c
(59)
_ 1 _
Cokr1 = mg ((2j+1)I-(K+D)z,
by induction and we arrive at
u(x)
® k-1 o
Z P 0(2jI—(K+I))x T, + xCT,
k=1 =
(60)
k-1
+Z 1_[ (2j+1)I-&+1)x*"e,

(2k+ DS

x=>0.



Abstract and Applied Analysis

Using the identity
k-1 1
(2j1 - (K+1)) =2* <—— (K + I)) :
-0 2 k
(61)
k-1 1
(2j+1)I-(X+1)) =22k<§(1—(K+I))) :
j=0 k
we finally write
K+1I) 1. x*\_
v = (5250 )
(62)
1 3_x"\_
+x1P1 (E(I—(K+I)),EI,7)C1
for x > 0. Choosing the constants
_ 1\ (1 o
q=r(3)r(;a-0) &
(63)

we observe that Fy(x) solves equation (56). Obviously, Fy(—x)
is another solution and we write

u(x) = F; (-x)Ty + F¢ (x) ;. (64)

A proper choice of the constants and a resubstitution give us
the desired result. O

5. Conclusions

Our analysis of the asymptotic behaviour of the second
Kummer function with matrix parameters may help to
understand better the asymptotic behaviour of other matrix
special functions. The method is a generalization of the classi-
cal Mellin-Barnes approach that is also used to analyse the
properties of other special functions such as the Gauss hyper-
geometric function. Moreover, matrix special functions have
an interesting application in mathematical finance. In overall,
our findings might be useful to develop new regime switching
models in an Ornstein-Uhlenbeck setting.
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