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In 2016, some inequalities of the Ostrowski type for functions (of two variables) differentiable on the coordinates were established.
In this paper, we extend these results to an arbitrary time scale by means of a parameter A € [0, 1]. The aforementioned results
are regained for the case when the time scale T = R. Besides extension, our results are employed to the continuous and discrete

calculus to get some new inequalities in this direction.

1. Introduction

To find a bound for the difference of a function and its integral
mean, the Ukraine-born mathematician Ostrowski [1], in
1938, established the subsequent result which is nowadays
celebrated as the Ostrowski inequality.

Theorem 1. Let G : [, f] — R be continuous on [«, B] and
differentiable in («, B) and its derivative G : (a, B) — Ris
bounded in (a, ). IfIG'(s)I < M for all s € [a, B], then we
have
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\4 (B-a)

M
) (B - o),

for all x € [a, B]. The inequality is sharp in the sense that the
constant 1/4 cannot be replaced by a smaller one.

In 2001, Cheng [2] gave the following improvement of the
above inequality.

Theorem 2. Let G : [a, 5] — R be continuous on [a, ] and
differentiable in («, ) such that there exist constants y,I' € R

withy < G'(s) < T forall s € [a, Bl. Then for all x € [«, B,
one gets

(x-B)G(B) - (x-a)G(a)
2(f-a)
(x—oc)2+([3—x)2

T aGea TV

I%G(x) -

; (2)
1
_ [Toc L G(s)ds

Recently, Farid [3] extended Theorems 1 and 2 to func-
tions of two variables that are differentiable on their coordi-
nates. Specifically, he proved the following two theorems.

Theorem 3. Let G : F x F — R, where .7, § are open
intervals in R, be a mapping such that for a;, B, € F, a,, 3, €
I, o < B, ay < By, the partial mappings

Gy : [0‘1’51] — R,
G, =G(y),

Gx : [aZ’ﬁZ] - R’
G, () =G(x0),
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defined for all y € [a,, 3,] and x € [, 3,], are differentiable,
and |G;(S)| < M, s € [a, Bl IG;(S)I < N, s € oy, 5l
Then we have

Jﬁ‘ G (x, ) +G(x’ﬁ2)dx
o 2
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Remark 4. Inequality (7) is the correct version of inequality
(2.18) as presented in [[3], Theorem 2.6].

Theorem 5. Let G : . x F — R, where .7, f are open
intervals in R, be a mapping such that for a;, B, € F, a,, 3, €
F> oy < B, ay < By, the partial mappings

G, : [a, Bi] — R,

G, ) =G(&y),
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G, [“z’ﬁz] — R,

G, (0) =G(x,0),
(8)

defined for all y € [a,, B,] and x € [, 3,1, are differentiable
with y, < G;(s) <I), s €, filye < G.(s) < T, s €
[y, B,]. Then we have

dx

Jﬁl G(x,a,) +G(x, )

o 2

B G (ay, G(B;,
+J (a )’);' (B, y)dy

— + X, X
Bi—a Br—o0y/) Jay Ja, e
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< 3 By =) (B — )
)
[ Gloe)+Glsp),,
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@ 4(B, - ay)
1 B B
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< (ﬂl - “1) (ry - Y;v) + (:82 - “2) (rx - Yx)

16

In 1988, the idea of time scales [4] was initiated so as to
bring together the continuous and discrete analysis into a uni-
fied fold. Since the introduction of this subject, many classical
integral results have been extended to time scales. “A time
scale T is an arbitrary nonempty closed subset of R.” We shall
presume, all over this work, that the reader is familiar with
the theory of time scale (see [5, 6] for more on this subject).
We present here a result of Bohner and Matthews [7] which is
embedded in Theorem 6 below. This result extends Theorem 1
to time scales. For more improvements and generalizations
around this result, we refer the interested reader to see the
papers [8-12] and the references therein.

Theorem 6. Let o, 3,s5,t € T, a < fand G : [«, 3] — R be
differentiable. Then for allt € [a, B], we have

1 B
‘G (t) - m L G (o (s))As

(10)
M

-«

where hy(t,s) = _Lt('r - $)AT for all s,t € T and M =
sup“<t<ﬂ|GA(t)| < 00. This inequality is sharp in the sense that
the right-hand side of (10) cannot be replaced by a smaller one.

<

(hy (t, @) +hy (£, B)),
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It is our purpose in this paper to extend inequalities (4),
(5), (6), (7), and (9) to time scales by means of a parameter
A € [0,1]. In Section 2, we frame and prove the main results
followed by applications to the continuous and discrete
calculus.

2. Main Results

In this section, we will present our results involving double
integrals. For some recent results in this regard, see [13-18].
The proofs of our findings shall be anchored on the sub-
sequent lemmas.

Lemma 7 (see [9]). Leta, B, t,x € T,a < fand G : [a, f] —
R be differentiable. Then

G(a) +G(p)

l(l—A)G(x)+A :

1

e
< 2 [hz((x,(x+kﬁ;“> (11)

+h2<x,<x+)xﬁ_a>+h2<x,,8—)k$>

o pa2857)].

forall A € [0, 1] such that a+ A((f—«)/2) and B—-A((f-«)/2)
arein T and x € [a+AM(B-a)/2), B—A(B-«)/2)]NT, where
M= sup“<x<ﬂ|GA(x)| < 00. This is sharp provided that

B
J G (o (t) At

A 22 ) at+A((B-a)/2)

2 (B-a)+ T (B-a) < L tat.  (12)
Lemma 8 (see [8]). Leta, B, t,x € T,a < fand G : [a, f] —
R be differentiable. If G* € C,4(T,R) and there exist y,T € R
suchthaty < Gh¢t) < I forallt € [a, B], then forall x € [«, 3,
we have

(1—%)G(x)+)k

o
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(x-a)G(a)+(B-x)G(B)
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g
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o
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(13)

forall A € [0, 1] such that a+ A((x—«)/2) and B—-A((—x)/2)
are in T.

We now formulate and prove our first result.

Theorem 9. Let oy, B, x € Ty, oy, B,y € T, with o <
Bi» &y < By and G : [ay, Bi] X [y, B,] — R be such that
the partial mappings

Gy : [“1)!31] — R,
G,(®)=G(&),
G, [az’ﬁz] —R,

G, (0) =G(x,0),

defined for all y € [«,, B,] and x € [«y, B,], are differentiable.
If Ml = sup,, ;. |Gy(0)| and W = sup, ;.5 |G (b)], then the
succeeding inequalities

(14)

J'ﬁ1 G(x)“z)"'G(x’ﬁz)Ax
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[3]12 <¢>c2,oc2 + A@)

+3h, (ﬁz,ﬁz-)a@)
th, («2,524@)],

hold for all A € [0, 1] such that (o¢; + A((B; —&1)/2), oy + A((B,—
a,)/2)) € TyxT, and (B —A(By—,)/2), B—M(B—,)/2)) €

Proof. Applying Lemma7to G, at x = f3;, we get

(

1-Z=

B /\ B
2>J G(ﬁv)’)A}’JFEJ G(a, y) Ay

(1-5) 6+ 560w

B

1

-

M

B
J G(o(x),y)Ax

“Bi-

(51

+zh2<ﬁ1,ﬁl—x¥>].

Integrating (17) over [«,, 3,] gives

A

1

_ﬁl_“l
< M (B, —

Bi -

Jﬁ1
L5t

[hz (ocl,oc1 + )LM)
o, 2

oc1+)t—ﬁl_al)
2

B
J G(o(x),y) Ay Ax

%

) [hz (cxl,cxl +A—ﬁ1 _(X1>
o 2

(16)
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+h, (ﬁl,cxl b ;“1>

+2h, (ﬁl,/}I —A@)}.

(18)

Applying, again, Lemma7 to G, at x = «;,and integrating
over [a,, 3,] give

A B A B
|<1_5)j G(cxpy)AwgJ G(Bry) by

1
B — o

M (B, — ) B 19
< W |:2h2 <(Xl,061 +/\T> ( )

h, <oc1,[31 —A@)

(o -1855)]

Using (18) and (19), we have

Jﬁl jﬁ G(o(x), ) AyAx

o

Jﬁz G (o, y) +G(Br, y) Ay

@ 2

1
Bi—o

+h, <[31,oc1 +A@>

+3h, (ﬁl,ﬁl —A@)

h, <(x1,[31 —A@)].

Similarly, doing the same thing for G, at y = a, and y = f3,,
and then integrating the resultant inequality over [«;, ], we
get

jﬁ jﬁ G (0 (x),y) Ay Ax

(20)

J'ﬁ1 G(x, ) +G(x’ﬁ2)Ax
o 2

1 Jﬁl J~ﬁzG( ( ))A A
- x,0(y)) Ay Ax
ﬁZ_(XZ ap Joy

< f((/f; O‘:)) [3h2 (ocz,rxz +A@)

h, (ﬁz,a2+/\@>
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Using (20) and (21) amounts to (15). Also, from (20) and (21),
we get

Jﬁz G (o, y) + G(ﬁl»)’)A
a 2(B, ~ )

1

B (B _“1)(

< ﬁ [3h2 (0(1,041 +A¥)
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+3h, </31,/31 —A@)
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1
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h, <a2,/32—)x@>].

Combining (22) and (23), one gets (16). O

(21)

-o) J:I Lz G(o(x),y)AyAx
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(B “ ) f Lz G(x,0(y)) Ay Ax
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Theorem 10. Under the assumptions of Theorem 9 and sup-

pose also the intervals contain the mid points, then we have
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B
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I 152
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Proof. Next, we now apply Lemma 7 to G, at x = (&t + f3;)/2
and thereafter integrate the resulting inequality over [«,, 3, ]
to get

-n o(E)s

5]

. 3
ALZGWPﬂAy+L2GwaAy
2

1

Bi—o

< % [hz (ocl,oc1 + /\%)

+h2<a1;ﬁl,al+lﬁ1;al>

+@(“1+ﬁ%ﬁ1—xﬁlg%>

jﬁ jﬁ G (0 (x),y) Ay Ax

(26)

2

(1855

Similarly, if one applies Lemma 7 to G, at y = (a, +3,)/2 and
thereafter integrate the resulting inequality over [«;, ], one

gets
B
(1—/\)J G(x,%lg)Ax

Lfl G(x,0) Ax + Jﬁl G(x, 3,) Ax
e %
2

! Jﬁ‘ IﬁZG(x,o(y))AyAx

B —ay Jay Ja,

< -/V‘lgzﬁl ) [hz <a2,062 +/\@>

+h2<“2;ﬁ2,cx2+)t/32;“2>

+h2<“2+ﬁ%ﬁ2—Aﬁ2_“2>

(27)

2 2

o35

Combining (26) and (27), we get (24). Finally, from (26) and

(27), we get
y>Ay

__;ijc<ﬁi£%
2~ 0 Ja, 2
+ﬂg%zyﬁﬂﬂ%”+waﬂA
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G(o(x),y)AyAx

B (B - “1)1(ﬂ2 - ay) J:I J:z
S 2 [h (ocl,(x1+)t¥>
+ﬁ1 1;a1>
+,B1 1;0c1>
=)
%iﬁ*?(m%ﬁ%
B

A
TG e o [6Gem) + G o)) ax

<
(%3
i

Bi> B =

+

) (B, _“1)1(/32 - o) le sz G(x,0(y)) Ay Ax

(28)

Using (28) amounts to (25). Thus, the proof of Theorem 9 is
complete. O

Corollary 11. Ifwelet T,
we obtain the inequality

=T, = R in Theorems 9 and 10, then

Jﬁl G(x,a) +G(x, 'BZ)dx
o 2

+J'ﬁ2 G(“la)’)+G(ﬁl)J’)dy_<ﬁl 1“1

o 2

1 /31 ﬁz
i)l e
B—ay/) Jay Ja,

AP -d+1

< T(ﬁl —a;) (B~

Jﬁl G(x, ) +G(x,B,)
o 4(ﬁ1_“1)

P G (o, ) + G(Bry)
i J:xz 4([;2 _OCZ)

(x,y)dydx

o) (M + ),

dx

dy
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By (B
B (B - “1)1([;2 - ay) Ll ~[x2

A-d+1

< , (M (B =)+ N (By—r))s

By
l(l -A) [J G<x,%/32>dx
B,
o[ c(#,y)dy]%

[ (6 ee) + G ax 5

o

G(x,y)dydx

Sl 6+ 6By (o
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Swwl‘“l)(ﬁz‘“z)(/ﬂ"'/m’
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B
] 16 +G e pder s

[ 6@ +a ey

By (B
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< 207 - 2)t+1(/%(lgl

G(x,y)dydx

o)+ N (B -a)).
(29)

Remark 12. Corollary 11 becomes Theorem 3 if A = 0.

Corollary 13. If we let T, = T, = Z in Theorems 9 and 10,
then we get the succeeding inequalities

ﬁil G(x, ) +G(x 8,)

2

xX=0,

+ﬁzZ_:IG(“1’)’)+G(ﬁ1’)’) 1
y=a, 2 ﬁl !

P11
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X=0 Y=0y
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x=a, 4(ﬁl _(Xl)
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" yzzaz 4(B, - )
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2(Bi - ) (B — )
Bi=1B,-1

. Z ZG[(x,y+1)+G(x+1,y)]

x=a; y=a

A -A+1

<L,

(I—A)[

X=0 Y=,

B,-1
- Y (Gl ) + G (B y)] -

y=a, :81 - %

ﬁl lﬁz

X=0 Y=

Bi-1p,-1

-ZZny+1)

X=0 Y=0,
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(By =) (M + ),

a) (B

—a) + (B - )],

pi-1 -1
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— (B )

R _
1-1 (x’(x2+,82)+ 1-1
2(ﬁl _0‘1))/:oc2 2 2(

. Z(;<‘Xl+ﬁ1) ) 4(,811_

y=a

o)

ﬁ171 A
- ) (G0 0) +G(x )] +

x=0 4(ﬂ2 - “2)
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Y Y [G(x+1,y)+G(x, y+1)]

X=0 Y=0y

< w [l (B, - o)+ (B, - )] .

(30)
Theorem 14. Let o), 31, x € Ty, oy, B,y € T, with o) <
Bi> &y < Byand G : [«y, B1] X [y, B,] — R be such that the
partial mappings

G, : [a, Bi] — R,

Gy(g) ::G(E’)’)>
31
Gx : [aZ’ﬁZ] - R’
G, (0) =G(x,0),

defined for all y € [a,, B,] and x € [e, B, ], are differentiable.
IfGa, GA € C,y(T,R) and there exist y,,y,, I, I}, € R such
thaty, < Gy(t) < T, t € o, Bi], y, < Gy(t) < Ty, £ €
[, B,], then the succeeding inequalities

03]

+ A “jl G(x,3,) Ax + Jﬁz

2 o

By B
J G(x, ;) Ax + j

% 5]

G (o, ) Ay]

G(ﬁpy)Ay] g 1“1

J:fl J:;ZG(G(x),y)AyAx—ﬁ !

1 2 2 T X

ﬁl ﬁZ r
J J G(x,0(y))AyAx + %

x Jo

'M —hz (a5, B2) = & (B —“2)2 + S’

ﬂl_aZ L 2 ] 2 (32)
ﬁZ_OCZ [ A 2 rx_yx

B« »hz (o, By) - 5(/31 -ay) ] ST 5

_ﬁl o | ﬁ o)

B, -, <0‘2 B, - )

n (ﬁz,ﬁz—AﬁZ;“Z)] , Fy;”

B [hz (M;l _AM)

B — o 2
(1852

‘4(/311_ o [Jﬁ (2-1)G (@) +AG (x, ﬁz))Ax]

sl | MG LI S CICROrY]

1
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B L, +y,
J (G(x,0(y))+G(o(x),y))AyAx + a

J’ﬁl
o Ja,

1
I, +y,

1 [ A 2 x
'/31_“1 _hz(“pﬁl)_z(ﬁl_“l) ]+ 2

1 [ A 2
B-a _hz (“z’ﬁz)_z(ﬂz_“z) ] <

.ﬁlial (al B, - ﬁ_“>

{1852

4

Falhenoit5)

(o155

hold for all A € [0, 1] such that 3; — A((j3; —
By = M(By = y)/2) € T.

L-v
4

(33)

«,)/2) € T, and
Proof. Applying Lemma 8 to the mapping G, at x = a; gives

|<1 - %)G((xl,yh %G(ﬁpy)

b
— | fem.ay

By
2l ) - 2B 69
< Ty;}’y 5 ial [hz (ocpﬁ1 —A¥>
+h, </31,ﬁ1 —A%)].

Integrating (34) over [y, B, ] yields

’(1—%)Lif(%y)Aw%I:f(ﬁpy)Ay

i jﬁ [:f(a(x>,y)AyAx
W 27 ?T [h (o0 )~ 2 (8, —041)2] (35)

o255

Similarly, applying Lemma 8 to the mapping G, at y = «, and
then integrating the resulting inequality over [, 3,] give
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(-3)

LM rwetnayas

be(x (xz)Ax+—J f(xB,)Ax

@y

B By =0 Ja,
L Ehae gl [h (06, B,) - i(ﬁz_%)z] (36)

o252

Using (35) and (36), we get (32). Also, we obtain from (35)
and (36) the following inequalities:

A RO

G sz(ﬁp )Ay

et [ [ rewas
e [ ) -5 (6o ]
< (o aB5%)

)

(1-21/2)
Bi—oy

(37)

[ rema)an

A
+ 2([3 “1) jalf(x /32)

By rd
) (B ‘“1)1(/52 -o) L L flxo(y) Ay dx

i - Jno]

I‘x_yx 1 ﬁZ_(x2>
<=—=——1h B, —A—=—=
< 5 /32_“2[2<0‘2[32 5

2]

Using (37) amounts to (33). That completes the proof of
Theorem 14. U

Corollary 15. If we let T, = T, = R in Theorem 10, then the
succeeding inequalities hold:

) “f G (x, ;) dx + Jﬁz G (. y) dy]

x

[Mowprans [ o]

_</3 1“1 /321 )J:lLiZG(x,y)dydx

+(/31_“1)( By - )

4

(l—A)(Fx+yx+I‘y+yy)

< (B, _al)s(ﬁz - ) ((A— 1%+ 1)(

rx VYt ry
- yy)’
(38)

‘m “ﬁ (2-1)G(x.a)+AG (x,[52))dx]

1
4(B,— o)

RCECALCEY [ [} ctonaas

1

+ % ((ry +yy) (B =) + (T +7,) (B —042))

+

“B (=N G (e, ) +AG By, y))dy]

A—1)?
<=0 ) (6 - )

+ (rx - YX) (ﬁz - “2)) .

Remark 16. Corollary 15 becomes Theorem 5if A = 1.

Corollary 17. If we let T; = T, = Z in Theorem 10, then the
succeeding inequalities hold:

(1 - —) [xZ“lG X, 0,) jZiG(ocl,y)]

po-1

+—[ZG %) + Zc(ﬁl,y)]—ﬁ —

x=a y=a, 1 1
Bi=1p,-1 Bi—1p,-1
ZZGx+1y) ZZny+1
X=0) Y=, 2x =) y=a,
+%(ﬁl—ao[(/sz—oczﬂ)—uﬁz—az)]
T
s 2D ) (B -+ 1) - A (B - )]

< r%yx(ﬁl —a) (B, - ) (A =21 +2) - 22

b (B, — ) ((/31 -a) (’12 -20+ 2)
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1 Pl
1B —a) |:x=zocl (2= G(x,0) + AG (x, /32))]

1 Pl
+ 1B -a) [ Z (2-VG(ay, ) +AG(ﬁ1)J’))]

y=o

) 1
2(Bi—oy) (B - )

Bio1fy]

Y Y Gy +1)+G(x+1,y))

X=0 y=0

' Fy;r_”y (B +1) = A (B - )]

+ rx;%‘ [(By—0y +1) = A (B, — )]
(a0 2202) 24+
et (g 12 2002)-2003).

(39)

3. Conclusion

Three main theorems are hereby established. The results of
Farid [3] are obtained as special cases of our results. Loads
of interesting new inequalities can be obtained by choosing
different values of A € [0, 1], and considering a different time
scale different from R and Z.
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