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In this paper, the notion of &#-contractions is introduced and a new fixed point theorem for such contractions is established.

1. Introduction and Preliminaries

Branciari [1] introduced the notion of generalized metric
spaces and obtained a generalization of the Banach contrac-
tion principle, whereafter many authors proved various fixed
point results in such spaces, for example, [2-8] and references
therein. Also, Suzuki et al. [9] and Abtahi et al. [10] studied
y-generalized metric spaces and proved the Banach and
Kannan contraction principles in such spaces, and Mitrovi¢
et al. [11] introduced the notion of b,(s)-generalized metric
spaces and Banach and Reich contraction principles in such
spaces.

In particular, Jleli and Samet [12] introduced the notion
of O-contractions and gave a generalization of the Banach
contraction principle in generalized metric spaces, where
0 : (0,00) — (1,00) is a function satistying the following
conditions:

(01) 0 is nondecreasing;
(62) v{t,} c (0,00),

Jlim 6(t,) =1 & lim 1, = 0% @)

(03) Ir € (0,1) Al € (0,00):
RCIGES!
lim =

t—0" tr

L. )

Also, Ahmad et al. [13] extended the result of Jleli and
Samet [12] to metric spaces by applying the following simple
condition (64) instead of (63).

(64) 06 is continuous on (0, co).

Recently, Khojasteh et al. [14] introduced the notion
of Z-contractions by defining the concept of simulation
functions. They unified some existing metric fixed point
results. Afterward, many authors ([15-19] and references
therein) obtained generalizations of the result of [14].

In the paper, we introduce the concept of a new type of
contraction maps, and we establish a new fixed point theorem
for such contraction maps in the setting of generalized metric
spaces.

Let & be the family of all mappings & : [1,00)%[1,00) —
R such that

(€1) §(1,1) = 1;
(&2) &(t,s) < s/t Vs, t > 1;

(£3) for any sequence {¢,}, {s,,} € (1,00) witht, <s, Vn =
1,2,3,--

lim t, = lim s, >1= lim_ sup& (t,,s,) <1 (3)

n—:oo n—:oo

We say that & € & is a Z-simulation function.
Note that &(t,t) < 1 Vt > 1.

Example 1. Let&,, &, & : [1,00) % [1,00) — R be functions
defined as follows, respectively:

1) &,(t,s) = s/t Vt,s > 1, where k € (0,1);
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(2) &,(t,s) = s/tg(s) Vt,s > 1, where ¢ : [1,00) —
[1,00) is nondecreasing and lower semicontinuous
such that gb_l({l}) =1;

1 if (s,0)=(1,1),

S .

E(t,s) = Z if s<t, (4)
§
" otherwise,

Vs,t > 1, where A € (0, 1).
Then &, &, € £.

We recall the following definitions which are in [1].

Let X be a nonempty set, and letd : X x X — [0, 00)
be a map such that for all x, y € X and for all distinct points
u,v € X, each of them is different from x and y:

(d1) d(x, y) = 0 ifand only if x = y;
(d2) d(x, y) = d(y, x);
(d3) d(x, y) < d(x,u) +d(u,v) +d(v, y).
Then d is called a generalized metric on X and (X, d) is
called a generalized metric space.

Let (X, d) be a generalized metric space, let {x,} ¢ X bea
sequence, and x € X.

Then we say that
(1) {x,} is convergent to x (denoted by lim,__, x, = x)
ifand only if lim,_,, d(x,, x) = 0;

(2) {x,} is Cauchy if and only if lim,,,,, ., d(x,,x,,) = 0;

(3) (X,d) is complete if and only if every Cauchy
sequence in X is convergent to some point in X.

Let (X, d) be a generalized metric space.

AmapT : X — X is called continuous at x € X if, for
any V € 7 containing Tx, there exists U € 7 containing x
such that TU ¢ V, where 7 is the topology on X induced by
the generalized metric d. That is,

t={UcX: VxeU,3Be B,x e Bc U},
B={B(x,r):xeX, Vr>0}, (5)
B(x,r)={yeX:d(x,y)<r}.

If T is continuous at each point x € X, then it is called
continuous.

Note that T' is continuous if and only if it is sequentially
continuous, i.e., lim, ,  d(Tx,,Tx) = 0 for any sequence
{x,} ¢ X with lim,,_, d(x,,x) = 0.

Remark 2 (see [6]). If d is a generalized metric on X, then it
is not continuous in each coordinate.

Lemma 3 (see [20]). Let (X, d) be a generalized metric space,
let {x,} ¢ X be a Cauchy sequence, and x, y € X. If there exists
a positive integer N such that

(1) x,, # x,, YVn,m > N;
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(2) x, # x Vn> N;
(3)x,#yVn>N;
4) lim,_, d(x,,x) =lim,_, d(x,, y),

then x = y.

2. Fixed Point Theorems

We denote by ® the class of all functions 6 : (0,00) —
(1, 00) such that conditions (61) and (62) hold.

A mapping T : X — X is called Z-contraction with
respect to & if there exist 8 € @ and & € Z such that, for all
x,y € X with d(Tx, Ty) > 0,

§(6(d(Tx.Ty)),0(d (x, ) = 1. (6)

Note that if T is &-contraction with respect to &, then it is
continuous. In fact, let x € X be a point and let {x,} ¢ X be
any sequence such that

nli_r)nood (x,,x) =07,
d(Tx,,Tx) >0 (7)
Vn=12,3---.

Then from (62) lim,_, 0(d(x,, x)) = 1.
It follows from (6) and (£2) that

0 (d (x,x))

1<8(0(d (Tx,, Tx)), 0 (d (x,, x))) < o) O
which implies
6(d (Tx,, Tx)) < 0(d (x,,x)). ©)
Since 6 is nondecreasing, we have
d(Tx,, Tx) < d(x,, x), (10)
and so
Jim_d (Tx,, Tx) = 0. (11)

Hence T is continuous.
Now, we prove our main result.

Theorem 4. Let (X, d) be a complete generalized metric space,

andlet T : X — X be a &-contraction with respect to &.
Then T has a unique fixed point, and for every initial point

X, € X, the Picard sequence {T" x,} converges to the fixed point.

Proof. Firstly, we show uniqueness of fixed point whenever it
exists.

Assume that w and u are fixed points of T'.

If u # z, then d(w, u) > 0, and so it follows from (6) that

1 <&(0(d(Tw,Tu)),0(d (w,u)))

0(dw,uw) (12

=&0(d (w,w),0(d(w,u))) < 0(dwu)
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Hence
0 (d(w,u)) < 0(d(w,u)) 13)

which is a contradiction.

Hence w = u, and fixed point of T' is unique.

Secondly, we prove existence of fixed point.

Let x, € X be a point. Define a sequence {x,} ¢ X by
X, =Tx, ;1 =T"xy Vn=1,2,3---.

Ifx, = x, ., forsomen, € N, then x,, is a fixed point of
T, and the proof is finished.

Assume that

X,1 #FXx, Yn=123---. (14)
It follows from (6) and (14) that Vn =1,2,3,---
1<8(6(d(Tx,1, Tx,)) 0 (d (15 X,)))

= &(0(d (x%,:11)) 0 (d (%1, %))

< 0 (d (xn—l’ ‘xn))
0 (d (xn’ xn+1)) .

Consequently, we obtain that

0 (d (xn’ xn+1)) <0 (d (xn—l’ xn))

which implies

(15)

Vn=1,273,--- (16)

d(x, %) <d(x,_1.x,) Vn=123,---. (17)

Hence {d(x,,_;, x,,)} is a decreasing sequence, and so there
exists r > 0 such that

nli_{noo d (xn—l’ xn) =Tr. (18)

We now show that r = 0.
Assume that r # 0.
Then it follows from (62) that

Jdim 0(d (x,,_1,x,)) # 1, (19)
and so
nh_r)nooe(d (xn—l’xn)) > L (20)

Lets, = 0(d(x,_;,x,)) and t, = 0(d(x,,x,,,)) Vn =
1,2,3,---.
From (£3) we obtain

1< lim sup&(t,s,) <1 (21)

which is a contradiction.
Thus we have

nli—r>noo d (‘xn—l’ xﬂ) =0 (22)
and so
Jim 0(d (5, 1.%,) = 1. @)

3
We show that
dim d (x,1,%,,,) = 0. (24)
We consider three cases.
Casel. x, # x,., Vn=1,2,3,---.
From (6) and (14) we obtain that Vn =1,2,3,---
1< &8(0(d (x5 Tx11)) 0 (d (%15 X1)))
=&(0(d (x X12)) 0 (d (x5-1, Xp11))) (25)

0 (d (%15 X11))
0 (d (xn’ xn+2)) ’

and so
0(d (x> %,12)) <0(d (%1 %,11)) Y =1,2,3,- (26)
which implies
d(x,xp40) <d (X1, Xy1) Y=1,2,3,---.  (27)

Hence {d(x,,_,, x,,1)} is decreasing.
In a manner similar to that which proved (22), we have

nlgnoo d (‘xn—l’ ‘xn+1) =0. (28)

Case 2. There exists ny > 1 such that x,, = x,, ,,.

From the first term to the #, th term shall be removed,
andletx, = x,, ., Vn=1,2,3,---.

Then x,, # x,,,, Vn=1,2,3,---. By Case 1, we have

Jim d (X1 Xpe1) = 0. (29)
Case3.x, = x,., Vn=0,1,2,---.
We have
d(x,_1,%,1) =0 Vn=1,2,3--. (30)
Hence

nli—r>nood(xﬂ—l’xn+l) =0. (31)

In all cases, (24) is satisfied.

Now, we show that {x,,} is bounded.

If {x,} is not bounded, then there exists a subsequence
{xnpt of {x,,} such that n; = T and Vk = 1,2,3,...,n(k + 1)
is the minimum integer greater than n(k) with

d (X1 %) > 1,

(32)
d (.xl, xn(k)) <1
fornk) <l<n(k+1)-1.
Then we have
1< d (Xpger1) Xnge)
< d (Xyikr1y Xngern)-2) + 4 (Xner1)-2> Xnger1)-1) (33)

+d (xn(k+1)—1’ xn(k))

< d (Xykr1y Xngern)-2) + 4 (Xger1y-2 Xngerny—1) + 1.



By letting k — o0 in the above, we obtain

im d (%4419 Xngey) = 1. (34)

k—00

By using (22), (34), and condition (d3), we deduce that

lim d( n(k+1)— n(k)—l) =1 (35)

It follows from (62), (34), and (35) that

Jim 6(d (%) Xuy)) > 1 (36)

dim 6(d (Xei1)-10 Xng-1)) > 1. (37)

From (6) and (32) we infer that
1< &(0(d (Txks1)-1 TXngy-1)) »
0 (d (xn(k+1)—1’ xn(k)—l))) = 5(9 (d (xn(k+1)’xn(k)))’

0 (d (xn(k+1)—1> xn(k)—l))
0 (d (xn(k+1)> xn(k)))

(38)

0(d (xn(k+1)—1’ xn(k)—l))) <

which implies

6 (d(x n(k+1)> )) <0(d ('xn(k+1) X —1)) . (39)
Let
s, = 0(d (xn(k+1)—1’xn(k)—1)’
(40)
ty = 0(d (Xppery Xny)) V1 =1,2,3,-
Then t, < s Vn = 1,2,3,--- and lim_,t; =
hmk_>oo Sk > 1.
It follows from (£3) that
1< klim sup& (ty,s) < 1 (41)

which is a contradiction.
Thus {x,} is bounded.
Now, we show that {x,} is a Cauchy sequence.
Let

M, = sup {d (x,-,xj) A n}. (42)
Clearly,
0<M, <M,<co0 VYn=1,23,- (43)
and so there exists M > 0 such that
nhlnw M, =M. (44)
Assume that M > 0.

It follows from (42) that Vk =
n(k),m(k) > k with

1,2,3,--- there exist

1
Mk — E < d (xm(k), xn(k)) < Mk‘ (45)
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So
kli_fgod (xm(k) X (k)) = kh_ffloo M =M. (46)
It follows from (6) and (14) that
g (9 (d (Txm(k)—l’ Txn(k)—l)) ,0 (d (xm(k)—l’ xn(k)—l)))

= 5(9 (d (xm(k) X (k))) ,G(d (xm X 1)))

(47)
0 (d (xm(k)—l’ xn(k)—l))
6(d (xm(k)’ xn(k)))
which implies
0 (d (X Xngry)) < 0(d (Xmgiy—1> Xngiy-1)) - (48)

Hence we have
d (xm(k)’xn(k)) <d (xm(k)—l’ xn(k)—l)
< d (%=1 Xmiiy) + 4 (Kmgrys X)) (49)

+d (xn(k)’ xn(k)—l) .

Letting k — o0 in the above inequality, we obtain

Jim d (X001 X0g0-1) = M. (50)
Let
Sk =9(d ('xm - X 1))
(51)
tk :e(d(xm(k) X (k))) sz 1,2,3,"' .
Thent, < s, Vk=1,2,3,--- .Since M > 0,
lim ¢, = li 1.
b= Jim 5> 2
Thus we have
1< lim sup&(t,s) <1 (53)
k—00

which is a contradiction.
Hence M = 0, and hence {x,} is a Cauchy sequence.
Since X is complete, there exists z € X such that

dim, d (x,,2) = 0. (54)

Because T is continuous,
Jlim d(x,,Tz) = lim d(Tx,,Tz)=0.  (55)
By Lemma 3,z = Tz. O

We give an example to illustrate Theorem 4.

Example 5. Let X = {1,2,3,4} and defined : X x X —
[0, 00) as follows:
d(1,2)=d(2,1) =3,

d(2,3)=d(3,2)=d(1,3) =d(3,1) = 1,

d1,4)=d(4,1)=d2,4)=d(4,2) =d(3,4)  (56)
=d(4,3) =4,
dx,x)=0 VxeX.
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Then (X, d) is a complete generalized metric space, but
not a metric space (see [21]).
Defineamap T : X — X by

3 (x#4),
Tx = (57)
1 (x=4).
And define a function 0 : (0, c0) — (1, 00) by
o(t) =¢. (58)

We now show that T' is a &Z-contraction with respect to
&,, where &, (t,s) = sIevt s> 1,k =1/2.

We have
d(1,3)=1 (x=4,y%+4),
d(Tx,Ty)=4d(1,1)=0 (x=4,y=4), (59)
d3,3)=0 (x+4,y+4)
S0
d(Tx,Ty) >0 x=4, y + 4. (60)
We have, for x =4 and y # 4,
d(x,y) =4,
(61)
d(Tx,Ty) = 1.
We deduce that, for all x, y € X with d(Tx,Ty) > 0,
[6(d (x )
0(d(Tx,Ty)),0(d (x, =
(62)
= =e>1.
ol

Thus all hypotheses of Theorem 4 are satisfied, and T has
a fixed point x, = 3.

Note that Banach’s contraction principle is not satisfied
with the usual metric p(x, y) = |x — y| Vx, y € X.In fact, if
x =2,y =4,then

p(T2,T4) <kp(2,4), ke (0,1) (63)
which implies
k>1. (64)

Also, note that the 8-contraction condition [13] does not
hold.

Let 6(¢) = €', Vt > 0.

Then 6(t) satisfies conditions (01), (62), and (64).

If

0 (p(T2,T4) < [0(p(2,4))]", where k € (0,1) (65)
then
e < [ez]k (66)

and so k > 1. Hence T is not 6-contraction map.
By taking & = &, in Theorem 4, we obtain Corollary 6.

Corollary 6. Let (X,d) be a complete generalized metric
space, and let T : X — X be a mapping such that for all
x,y € X withd(Tx,Ty) > 0

0(d (Tx, Ty)) < 0(d (x, y))* (67)

where 6 € © and k € (0,1).
Then T has a unique fixed point.

Remark 7. Corollary 6 is a generalization of Theorem 2.1 of
[12] without condition (83) and Theorem 2.2 of [13] without
condition (64).

By taking & = £, in Theorem 4, we obtain Corollary 8.

Corollary 8. Let (X,d) be a complete generalized metric
space, and let T : X — X be a mapping such that for all
x,y € Xwithd(Tx,Ty) >0

6(d (x.y))
$(6(d(x. )
where 6 € ® and ¢ : [1,00) — [1,00) is nondecreasing and

lower semicontinuous such that </>_1 f1h =1L
Then T has a unique fixed point.

6(d(Tx, Ty)) < (68)

Corollary 9. Let (X,d) be a complete generalized metric
space, and let T : X — X be a mapping such that for all
x,y € X withd(Tx,Ty) > 0

d(Tx,Ty) <d(x,y) - ¢(d(x,y)) (69)

where ¢ : [0,00) — [0,00) is nondecreasing and lower

semicontinuous such that (p_l({O}) =0.
Then T has a unique fixed point.

Proof. Condition (69) implies T'is continuous.

Let O(t) = €', Vt > 0.

From (69) we have that, for all x, y € X with d(Tx, Ty) >
O)

ed(x, y)

(70)

Let ¢(t) = In(¢(0(t))), Vt = 0, where ¢ : [1,00) —
[1, 00) is nondecreasing and lower semicontinuous such that

¢ (1) = 1.

Then ¢ is nondecreasing and lower semicontinuous, and

_ d(TxTy) d(x,y)-e(d(x,y)) _
0(d(Tx,Ty)) =e <e = @

Pt)=0e=¢ @) =10t =¢c=1et=0. (71)

It follows from (70) that, for all x, y € X with d(Tx, Ty) >
0)

0(d(xy) _ 6(d(xy))
GEEE) ~ §(0(d (x, 9)))

By Corollary 8, T has a unique fixed point. O

0(d (Tx, Ty)) < (72)

By taking 6(t) = 2 — (2/m)arctan(1/t"), where o €
(0,1),¢ > 01in Corollary 8, we obtain the following result.

Corollary 10. Let (X,d) be a complete generalized metric
space, and let T : X — X be a mapping such that for all
x,y € Xwithd(Tx,Ty) >0
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2 — (2/m) arctan (1/ [d (x, y)]a)

2 (
2 — —arctan
T

where « € (0,1) and ¢ : [1,00) — [1, 00) is nondecreasing

and lower semicontinuous such that ¢ ({1}) = 1.
Then T has a unique fixed point.
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