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We propound the economic idea in terms of fractional derivatives, which involves the modified Caputo’s fractional derivative
operator. The suggested economic interpretation is based on a generalization of average count and marginal value of economic
indicators. We use the concepts of T' — indicators which analyses the economic performance with the presence of memory. The
reaction of economic agents due to recurrence identical alteration is minimized by using the modified Caputo’s derivative operator
of order A instead of integer order derivative n. The two sides of Caputo’s derivative are expressed by a brief time-line. The degree
of attenuation is further depressed by involving the modified Caputo’s operator.

1. Introduction

Fractional calculus is the field of Mathematical study that
grows out of the traditional definition of calculus integral and
derivative operators as the same way of fractional exponents
is an outgrowth of exponents of integer value. The birth
of fractional calculus occurred in a letter from G. E. A. de
L'Hospital to G. W Leibniz in 1695 posing a possible question
“what if the order of derivative (d" f/dt") such that n =
1/27, in his reply he wrote “it will lead to a paradox, from
which one day useful consequences will be drawn”; for more
details, refer to a book by M. Sen [1, p. 1] and an article by
Machado [2]. The quoted conversation of the two famous
mathematicians evoked interest among the researchers and
the theory of noninteger orders was further developed, gen-
eralized, and formulated by famous mathematicians such as
Riemann, Liouville, L Euler, Letnikov, Grunwald, Marchuad,
Weyl, Riesz, Caputo, Abel, and others; see, for example, [3-
6]. Fractional derivatives and fractional integrals have vast
applications in the field of physics, mechanics, engineering,
and biology [7, 8]. In recent progress the fractional derivatives
and fractional integrals are applied to narrate the financial

process [9-11] and economic process with memory [12].
Fractional derivatives and fractional integration have been
interpreted in many ways such as geometric interpretation
[13-16], informatic interpretation [17], and economic inter-
pretation [18]. Some of the modern definitions of fractional
derivative and fractional integrals are enlisted in the next
section.

2. Modern Definitions of Fractional Calculus

Definition 1. Riemann defined the fractional integral of order
a>0as

I () = ﬁ || =0 fran M

Definition 2. Riemann-Liouville defined the fractional

derivative of ordern — 1 < « < n(n € N) as

A" e f(x)

dx" ¢

L4 r (x—t)" %" f(t)dt.

- I'(n-a)dx" ),

Dof (%) =
)
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FIGURE 1: Four balls slide down a cycloid curve from different positions, but they arrive at the bottom at the same time, taken from [19].

Definition 3 (see [20]). Abel’s integral equation of order « is
given by

I°F (x) = ﬁ I (x =8 y (x) dx. 3)

Remark 4. It is notable that Abel was the first one to use
fractional calculus for « = 1/2 and solved the famous
tautochrone problem [20, 21]. For more details about the

solution of problem and animated cycloid curve [19] see
Figure 1. The total time of fall for (f(y) = (2/+/2g)(ds/dy)) is

Yo ~1/2
=[O F D)y, @

0

which is in fact the application of fractional integral of
order «, where the equation of cycloid is ds/dy =

T(\2g/m)(1/ /7).

3. Economic Meaning of Derivatives

Before elaborating the economic meaning of fractional
derivatives, we put up the economic concept of the standard
derivative of the first order. In terms of economy the first-
order derivatives show the rapidness in alteration of eco-
nomic indicators with respect to the investigated factor by
assuming that other factors remain constant. The first-order
derivative of the function of an indicator defines the marginal
value of this indicator. The marginal value is the incremental
value through the corresponding indicator per unit increase
of the determining factor. In economic study, the principal
marginal values of indicators are marginal product, margin
utility, marginal profit, marginal cost, marginal revenue,
marginal tendency to save and consume, marginal tax rate,
marginal demand, and some others.

Marginal Value = Cost of Incremental Output
©)
— Cost of Incremental Input.

The economic processes is carried out by calculation of
marginal and average value of indicators which are con-
sidered as a function of finding factors. According to the

standard definition of average values and marginal values of
indicators, a single value function as is supposed to be

Y=Y (X), (6)

where Y is the dependence economic indicator Y by a factor
X. The average value AY of the indicator Y is given by

AYy = —— 7)

The economic definition of marginal value MYy of this
indicator is given by the first derivative of (6) and is supposed
to be a single-valued function.

MYy = , (8)

where Y is the dependence economic indicator Y by a factor
X.

Mathematically if the dependence Y = Y(X) is directly
proportional to (Y(X) = C.X) then marginal and average
values are identical such that MYy = AYy.

Remark 5. Graphical analysis from a sample graph given
in Figure 2 chosen from [22] shows the relation between
marginal cost and average cost; also see [23].

(1) When the average curve is rising, then MYy > AYy
so product should decrease.

(2) When the average curve is at its minimum, then
MYy =AYy, showing the peak of the average
product.

(3) When the average curve is falling, then MYy < AYy
so product should increase.

In [18], Tarasova and Tarasov have stated the condition
for the applicability of (8) that it defines the marginal value
of an indicator under assumption that an indicator Y must
be expressed as a single valued function. In general this
assumption is not valid [18]. Below are the two pair of
examples in [18] of multivalued dependency of an indicator
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FIGURE 2: Three cost curves (average total cost, marginal cost, and marginal revenue) overlap.
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FIGURE 3: The graph in figure defined by equations (9), (10) shows the dependencies of an indicator Y on a factor X.

Y on a factor X, while involving the third variable the time
(t) and the indicator and factor are the function of t.

X (t) = (0.001) £* — (0.2) t + 70, )
Y (t) = (0.01) > — (3.0) £ + 1400 (10)
and second example

X(t)=(82x107)t" - (1.5x107°) ¢
(11)
+(5.4x107°) £ - (0.58) ¢ + 70,

Y(t) = (7.5x107°) " = (3.5x107°) £ + (0.51) £
(12)
~ (24.0)t +1700.

Note that the above expressions are the simplest appropriate

polynomial approximation related to the “real change in the
dollar — ruble exchange rate” [24].

Remark 6. Graph in Figure 3 clearly shows that the value of
X corresponds to more than one value of Y in many cases,
which violates the uniqueness of the function.

So, the formulas enlisted in (7) and (8) are not applicable
to determine the average and marginal values of an indicator,

as the dependence Y on the factor X is not one to one. So,
for this type of economic analysis we need to consider the
indicators and factors as a single valued function of time. And
hence the indicator Y = Y(¢) on a factor X = X(t), then
applying to (7) and (8), we obtain

AV ()= L0 (13)
MYy (t) = g Eg (14)

Let the average value and marginal value for time t = T, so
we have

T
AYx (D)= £, 15)
LAY 1
MYy (1) = ( d() X () jdi >,_T o

_dY (T) 1
~ d(T) dX(T)/dT

provided X(T') # 0 and dX(T)/dT # 0.
The expressions (8) and (16) are equivalent and obey the
chain rule if the dependence of Y () on X () can be expressed
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FIGURE 4: Action of derivative on three stages of functions.

as a single valued differentiable function ¥ = Y(X). It is
possible only if the function X = X(¢) is reversible, and hence
(7) and (15) must be equivalent.

In the study of differential calculus, (16) can be considered
as a generalized form of parametric derivative of indicator
Y =Y (¢) byafactor X = X(t) attimet = T, it dX(T)/dT # 0.
It is important to note that (16) is the standard definition of
the parametric derivative of first order if the function X =
X(t) has an inverse in neighborhood of + = T and first
order derivative exists of the functions X = X(t), Y = Y(¢).
Consequently, expressions (7) and (15) fail to be used for
these dependencies; however, (15) and (16) can be used for
parametric dependencies given by (9), (10) and/or (11), (12).
So, we can say that (16) is associated with marginal indicator
which concedes the first-order derivative as a growth of
indicator Y per unit increase of the factor X at the given time
pointt =T.

It is worth mentioning that the violation of single valued
property of the indicator function Y (X) is due to the presence
of memory in economic process in past [12, 18, 25]. Memory
of economic agents influences the marginal indicators at the
timet = T and can depend on the changes of Y (t) and X(t) on
finite time interval (0, T'). Average values and marginal values
of indicators in (16) depend only on the given time t = T
and its diminutive neighborhood. Due to notable repeated
similar alteration of the indicator Y (t) and the factor X(t)
the economic agents can react on these identical changes. It is
avoidable and can be applied only when the economic agents
are in state of repression, and hence this approach cannot be
always in practice for economic analysis. Mathematically this
approach is because of applying integer order derivatives for
economic analysis. So, the motivation is to involve a smaller
degree to derive modified marginal values of an indicator
function Y (X) to put the past memory in a state of repression;
see [18] for comparative modeling.

4. Involvement of Modified Caputo’s
Derivatives Operator in Economy

The Caputo’s fractional derivative is one of the most used def-
initions of a fractional derivative along with other fractional
calculus such as (R — L), (G. Letnikov) [26] and Caputo-type
modification of the Erdély-Kober fractional derivatives. Here
it is necessary to mention the Caputo-type modification of
the Erdély-Kober fractional derivatives proposed by Luchko
and Trujillo in 2007; see [27, 28] defined as follows.

Definition 7 (see[27]). Letn — 1 < & < n,n € N and
m-1 < a < mm € N. The operators (*Pg’“f)(x) and

(*D};"S f)(x) are, respectively, called the left-hand and right-

hand sided Caputo-type modification of the Erdély-Kober
fractional derivatives of orders o and &, respectively:

(WPFf) (%)
5 m—1 1 d (17)
— ]T+Dé,m (% : —t— ( )
(ﬁ j=0<T+] ﬁdt>f>x
(.05 f)
o n-1 1 d (18)
= <Il};} S 5Q<l+y+k+ﬁta>f>(X)

where ]E’“ and IE"S of order a and 9, respectively, called

the left-hand and right-hand sided Erdély-Kober fractional
integrals defined in [27].

The Caputo approach appears often while modeling
applied problems by means of integrodifferential equations.
Hence subsequent to our discussion in previous sections,
the economic agents can react against identical changes in
economic analysis and this is due to the use of integer order
derivative. In continuation to this, the concept of noninteger
derivative order [3, 6, 29] is used in natural sciences to
describe the process with memory. Recently, fractional order
derivatives have been used to outline the financial processes
[12,18, 25]. However in this article we investigate the involve-
ment of the modified Caputo’s fractional operator [30, 31] for
our results. We would like to highlight the two sides of the
Caputo’s time-fractional derivative by a brief time-line (see
Figure 4). We use the concept of left-hand side of Caputo’s
derivative for our results, concept taken from [1, p. 5].

Definition 8 (see[32]). “The left-hand side Caputo’s fractional
derivative of order «” is defined as follows:

Dy f ()
L ("o
= l;lgln—oc)J'o (t_T)a—n+1dT> n-l<a<nes (19)
ﬁf(t)’ a=neN

Caputo’s derivative of order & > 0 of the power functions:

Csztﬁ _ F(ﬁ+ 1) t/.;—oc,
T T Tr(B+1-a) (20)
(B>n-1,a>n-1,t>0, feR)
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Definition 9 (see [31]). Let f € A be analytic and normalized
function. Then the modified Caputo’s derivative operator of
f is defined by

Aoy o LQ@Hn=A) hy (F_QTF Q)
IO = =5 J e G
wherey € #,(n—-1) <A <y <2and
Q@) =T - "DLf @)
TQ-pTm+D),, (22)

r (n -n+ 1)
Remark 10. Note that ]gf(t) = f(T) and ]llf(t) = Tf'(T).

Definition 11 (see [31]). “Special Case of modified Caputo’s

derivative operator” is defined as follows: let # = 0 in
Definition 2; we obtain
A F(Z—A)/\r f(@
t) = t dr, -1<A<0. (23
Jof ® I'(-1) o (t—1)M! 23)

Denoting the modified Caputos fractional derivative
operator by § ],’1\ f(t) and omitting the constant term (I'(y —
M/TQ2 +1n - INETA from (21) by using (22) together with
the relation of f—function and y—function [33], we obtain the
power functions of modified Caputo’s fractional derivative
operator of order A > 0 (same as in (20)); in the following
form, see for details about below operator [30].

e+ D’TR=mI(1=2A) sy

T(ntn-A+1)T(n-n+1) - 2

G f (1) =

where (-1<A<y<2,neR, t>0).

Remark 12. Note that the above power form of modified
Caputo’s fractional derivative corresponds to power function
studied by Rubin & Wenzel (1996); see [34], “that is accuracy

in a memory task at time ¢ is given by f(t) = at™* : a,b € R”.
For f(t) = t, (24) becomes
T1=A-1)
RCRRICEYED)

Considering the effects of memory in economic process
the generalized concept of marginal and average values of
indicator in terms of Caputo’s Left-hand side derivative with
(t € [t;T]) is given by

oIt (25)

SDLY (t)

MYy (a,T) = ,
X CDX (t)

(26)

where Y = Y(t) is economic indicator and X = X(t) is
determining factor. The above equation shows the economic
T—indicator at time t = T, which confines the economic
process with memory, where (D} is the left-hand side
derivative of order & > 0 given in Definition 8. The parameter

a > 0 demarcates the degree of depression in the memory
about the changes of the indicator and factor on the interval
[0,T].

Economic research studies show that memory effect leads
to abnormality in economic growth. The memory effect with
declining order 0 < & < 1 results in slower growth of output
compared with the standard model without memory; on the
other hand the descending order of 0 < « < 2 can give faster
growth output, for more details on economic growth model
see [35].

For instance to count on changes in results of marginal
values, we introduce the modified Caputo’s fractional deriva-
tive of order A:

STyrY (t)
ST X () (27)

(17—1<)L<r]<2,1769?,t>0),

MYy (A n,T) =

where § ]:1\’ r is given by Definition 9 or (24).

Remark 13. Note for # = 0 expression (27) coincides with
the fractional order marginal value of (26) and for # = 1 it
coincides with marginal value of integer order as in (16).

It is also usable to replace (X(t) = t) for economic
indicator. So, using (27) the above expression becomes

CrA
JAY (8
MYy (L5, T) = %A()
0 ]ty,Tt
(n-A)(n-A+1) (28)
= 1-0-n) (OCI r);TY (t))

= (=) (- A+ )T Gy ),

where (A — #) characterizes the degree of depression of the
memory about the changes of indicators and factor on the
interval [0, T'].

For the sake of numerical analysis of marginal values we
apply the integer order derivative, Caputo’s fractional order
derivative, and modified Caputo’s fractional order derivative,
respectively, shown in forthcoming equations and tabulation.
Manipulating (9), (10), and (16), we obtain the marginal value
through integer order:

0.02t -3

MY, (1 :(—
x (M) 0.002f — 0.2

) = 15.0505 (29)
t=1

Using (9), (10), and (20), we get the marginal value through
Caputos fractional order:

1
MY (—,1)
X\ 2

(0.0150451t3/2 —(6/m)t"* + 1400/\/Ex/?> (30)
0.00150451¢%/2 — 0.225676t1/2 + 70/ /et /,_,

=20.0284



TABLE 1: Marginal values for 7 € (1/2, 1] U {0}.

Depressive value Marginal Value
: (L)
0 20.0284
33/64 20.0288
17/32 20.0292
9/16 20.0305
5/8 20.0336
11/16 20.0382
3/4 20.0455
13/16 20.0579
7/8 20.0832
15/16 20.1616
31/32 20.3265
63/64 20.6906
127/128 21.5932
255/256 24.6707
1 15.0403

Making use of (9), (10), and (27), we get the marginal value
through modified Caputo’s operator of order #:

Cyl/2
T, Y (1)
wi(3m)= v
0],7,1 () (31)
(;1—1<%<11<2, neR, t:1>0),
where
C1/2 (t) = [(2-#)T(n-05) LS
07l (25)T(n+25)T(3-#)
BT (1-05) 05
I'(n+1.5)
, (00T 2-1) o5
T(n+05)T(1-7) ’
(32)
r2-n)Tr(n-05 .
OC],%ZX (t) = (2-n)T(n ) n+1.5

(250)T (7 +2.5)T(3-7)

B ['(n-0.5) (105
(5)T (n+1.5)
(TOTQ2-n) 05
T(n+0.5)T(1-7) ’
Now for different choices of 7 : (-1 < 1/2 < 5 < 2) the

marginal values by using the modified Caputos operator in
expression (31) are given in Table 1.

Remark 14. The sharpening behavior of the fractional values
can be seen from (Table1) as# = 1—€ : € > 0 (the infinitesimal
neighborhood before 1) results in maximum marginal value
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and on the other hand as 7 = 1/2+¢€ : € > 0 (the infinitesimal
neighborhood after 1/2) results in minimum marginal value.
Note that two integer values of 7 = {0, 1} where {0} (is out of
the interval) show anomalous character.

Some of the key notes are as follows:

(1) Equation (15) is the average values of indicator only
for the values of the indicator and factor at times 0
and T.

(2) Equation (16) is the marginal values of indicator only
for the values of the indicator and factoratt = T.

(3) The proposed economic indicator in (27) allows us to
describe the dependence of economic process from all
state of changes in a finite time interval [0, T'].

(4) The supplementary parameter # € & lowers the rate
of the past memory about the changes of indicator and
factor on the interval [0, T].

5. Conclusion

We used a modified Caputos fractional operator towards
the rectification of the indicator function Y (X) by involving
smaller degree (A — ) of forgetting memory. The influences
of economic agents have been controlled comparative to the
Caputo’s fractional derivative of order o > 0.
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