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We provide an It6 formula for stochastic dynamical equation on general time scales. Based on this It6’s formula we give a closed-
form expression for stochastic exponential on general time scales. We then demonstrate Girsanov’s change of measure formula in
the case of general time scales. Our result is being applied to a Brownian motion on the quantum time scale (g-time scale).

1. Introduction

The theory of dynamical equation on time scales ([1]) has
attracted many researches recently. In particular, attempts of
extension to stochastic dynamical equations and stochastic
analysis on general time scales have been made in several
previous works ([2-6]). In the work [3] the authors mainly
work with a discrete time scale; in [2] the authors introduce
an extension of a function and define the stochastic as well as
deterministic integrals as the usual integrals for the extended
function; in [4] the authors make use of their results on
the quadratic variation of a Brownian motion ([7]) on time
scales and, based on this, they define the stochastic integral
via a generalized version of the It6 isometry; in [6] the
authors introduce the so-called V-stochastic integral via the
backward jump operator and they also derive an Ité formula
based on this definition of the stochastic integral. We notice
that different previous works adopt different notions of the
stochastic integral and there lacks a uniform and coherent
theory of a stochastic calculus on general time scales.

The purpose of the present article is to fill in this gap. We
will be mainly working under the framework of [2], in that
we define our stochastic integral using the definition given
in [2]. We then present a general Itd’s formula for stochastic
dynamical equations under the framework of [2]. Our Itd
formula works for general time scales and thus fills the gap left
in [3], which deals with only discrete time scales. By making
use of It6’s formula we obtain a closed-form expression for the

stochastic exponential on general time scales. We will then
demonstrate a change of measure (Girsanov’s) theorem for
stochastic dynamical equation on time scales.

We would like to point out that our change of measure
formula is different from the continuous process case in that
the density function is not given by the stochastic exponential
but rather is found by the fact that the process on the time
scale can be extended to a continuous process simply by linear
extension.

It is also worth mentioning that our construction is differ-
ent from [8] in that we are working with the case that the time
parameter of the process is running on a time scale, whereas
in [8] and related works (e.g., [9-11]) the authors are working
with the case that the state space of the process is a time scale.

We note that stochastic calculus on the so-called g-
Brownian motion has been considered in [12-14]. As an
application, we will also work our Itd formula for a Brownian
motion on the quantum time scale (g-time scale) case at the
last section of the paper.

The paper is organized as follows. In Section 2 we discuss
some basic set-up for time scales calculus. In Section 3 we
will briefly review the results in [2] and define the stochastic
integral and stochastic dynamical equation on time scales.
In Section4 we present and prove our It6 formula. In
Section 5 we discuss the formula for stochastic exponential.
In Section 6 we prove the change of measure (Girsanov’s)
formula. Finally in Section7 we consider an example of
Brownian motion on a quantum time scale.
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2. Set-Up: Basics of Time Scales Calculus

A time scale T is an arbitrary nonempty closed subset of the
real numbers R, where we assume that T has the topology
that it inherits from the real numbers R with the standard

topology.
We define the forward jump operator by

o(t)=inf{se€T:s>t}

1)
Vt € T such that this set is nonempty,
and the backward jump operator by
p(t)=sup{seT:s<t}
2

Vt € T such that this set is nonempty.

Lett e T.If o(t) > t, then t is called right-scattered.
If o(t) = t, then ¢ is called right-dense. If p(t) < t, then t
is called left-scattered. If p(t) = t, then t is called left-dense.
Moreover, the sets T and T, are derived from T as follows: if
T has a left-scattered maximum, then T is the set T without
that left-scattered maximum; otherwise, T = T.If T has a
right-scattered minimum, then T, is the set T without that
right-scattered minimum; otherwise, T, = T. The graininess
function is defined by u(t) = o(t) — t for all t € T".

Notice that since T is closed, for any ¢ € T, the points o(t)
and p(t) are belonging to T.

Foraset A ¢ R we denote theset Ay = AN T.

Given a time scale T and a function f: T — R, the delta
(or Hilger) derivative f(t) of f att € T is defined as follows
([1, Definition 1.10]).

Definition 1. Assume f : T — R is a function and let ¢t €
T*. Then we define fA(t) to be the number (provided that
it exists) with the property that, given any ¢ > 0, there is a
neighborhood U of t (i.e, U = (t — §,t + §) N T for some
d > 0) such that

[fe®)-f©]-fOlo®) -5l <elo®) -s|
Vs e U.

The delta derivative is characterized by the following
theorem [1, Theorem 1.16].

Theorem 2. Assume that f : T — R is a function and let
t € T". Then one has the following:

(i) if f is differentiable at t, then f is continuous at t.

(i) if f is continuous at t and t is right-scattered, then f is
differentiable at t with
flo®)- 1)

o(t)-t @

i) =

(i) Ift is right-dense, then f is differentiable at t if and only
if the limit

s—t t—s
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exists as a finite number. In this case

£ = f (t) f () ©)
(iv) If f is differentiable at t, then
fle®)=f®)+u@) f@. (7)

3. Stochastic Integrals and Stochastic
Differential Equations on Time Scales

We will adopt the definitions introduced in [2] as our
definition of a Brownian motion and It6’s stochastic integral
on time scales. In the next section we will derive an Ito
formula corresponding to the stochastic integral defined in
such a way.

Definition 3. A Brownian motion indexed by a time scale
T c Risanadapted stochastic process {W, };cyo; on a filtered
probability space (Q, #,, P) such that

1) P(Wy =0) = 1;

(2) if s < tand s,t € T, then the increment W, — W, is
independent of # and is normally distributed with
mean 0 and variance ¢ — s;

(3) the process W, is almost surely continuous on T.

Note that property (3) is proved in the work [5].
For a random function f : [0,00)7 X QO — R we define

the extension f : [0,00) x Q — R by

f(t,w) = f (sup [0, ]y, w) (8)

forallt € [0, c0).

We shall make use of the definitions given in [2] for the
classical Lebesgue and Riemann integral. For any random
function f : [0,00) x Q — R and T' < co we define its A-
Riemann (Lebesgue) integral as

T T _
J ftw) At = J f(t,w)dt, 9)
0 0

where the integral on the right-hand side of the above
equation is interpreted as a standard Riemann (Lebesgue)
integral. In a similar way, the work [2] defines a stochastic
integral for an L*([0, T]y)-progressively measurable random
function f(t, w) as

T T~
| f(t,w>Am=j Ftw)dw, (10)
0 0

where again the right-hand side of the above equation is
interpreted as a standard It6 stochastic integral. Note that the
way (8) in which we define the extension guarantees that the
function f(t, w) is progressively measurable.

In [2] the authors then defined the solution of the A-
stochastic differential equation indicated by the notation

AX, =b(t, X) At + o (t, X) AW, (11)
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as the process {X,};¢[or}, such that
t, t
X, - X, = j b(t, Xt)At+J o(t,X,)AW,,  (12)
tl tl

with the deterministic and stochastic integrals on the right-
hand side of the above equality interpreted as was just
mentioned. Under the condition of continuity in the ¢-
variable and uniform Lipschitz continuity in the x-variable of
the functions b(t, x) and o (¢, x), together with being no worse
than linear growth in x-variable, existence and pathwise
uniqueness of strong solution to (11) are proved in [2].

4. Itd’s Formula for Stochastic Integrals on
Time Scales

We will make use of the following fact that is simple to prove.

Proposition 4. The set of all left-scattered or right-scattered
points of T is at most countable.

Proof. If x € T is a right-scattered point, then I, = (x, 0(x))
is an open interval such that I, N T = 0. Similarly, if x € T is
a left-scattered point, then I, = (p(x), x) is an open interval
such that I, N T = 0. Suppose x < y and x, y € T. We then
distinguish four different cases.

Case 1 (both x and y are right-scattered). We argue that in
this case we have I, N I, = 0. Suppose this is not the case,
then we must have o(x) > y. But we see that o(x) = inf{s >
x:s e Ttand y € T. So we must have (x) < y. We arrive at
a contradiction.

Case 2 (both x and y are left-scattered). This case is similar to
Case 1 and we conclude that I, N I, = 0.

Case 3 (x is left-scattered; y is right-scattered). In this case we
see that I, = (p(x),x) and I, = (y,0(y)), as well as x < y.
This implies that I, N I, = 0.

Case 4 (x is right-scattered; y is left-scattered). In this case
I. = (x,0(x)) and I, = (p(), ¥). If 0(x) < p(y), then I, N
I, =0 If o(x) > p(y), then we see that (x,y) = I, U I, so
that (x, ) N T = 0. That implies further that o(x) = y and
p(y) = x; thatis, I, = I,,.

Thus we see that for all points x € T being left- or
right-scattered, the set of all open intervals of the form I, are
disjoint subsets of R. Henceforth there are at most countably
many such intervals. Each such interval corresponds to one
or two endpoints in T that are either left- or right-scattered.
Thus the total number of left- or right-scattered points in T is
at most countably many. O

Let C be the (at most) countable set of all left-scattered
or right-scattered points of T. As we have already seen in the
proof of the previous proposition, the set C corresponds to
at most countably many open intervals .# = {I;, ,,...} such
that (1) for any k # I, I, N I; = 0; (2) either the left-endpoint
or right-endpoint or both endpoints of any of the I;’s are in

T and are left- or right-scattered; (3) I, N T = @ for any
k = 1,2,...; (4) any point in C is a left- or right-endpoint
of one of the Is.

We will denote I;, = (sp, s}rk). Since, for any x € T, the
points o(x) and p(x) are in T, we further infer that, for any
such interval i, we have the fact that s; and s;rk arein T, so
that s; is right-scattered and s;rk is left-scattered.

We then establish the following It6 formula.

For any two points t,,¢t, € T, t; < t,, and any open
interval I, € .7, suchthat I N[t,t,] # 0, wehave I, C (¢,t,).
This is because if that is not the case, then ¢, or t, will belong
to I, contradictory to the fact that I, N T = 0. We conclude
that

{Lee 70Nt t,) #0} ={l, e 7 : I,  (t,,1,)}. (13)

Let us consider a function f(t,x) : T xR — R.

Let fA(t, x), fAz(t, x) be the first- and second-order delta
(Hilger) derivatives of f with respect to time variable t at (¢, x)
and let (0f /0x)(t, x) and (@* f /0x?)(t, x) be the first- and
second-order partial derivatives of f with respect to space
variable x at (¢, x).

Theorem 5 (It6’s formula). Let any function f: TxR — R
be such that f2(t,x), £~ (t,x), Of 9x)(t, x), (3 £ /0x>)(t, x),
(afA/ax)(t, x), and (azfA/axz)(t, x) are continuous on T x R.
Set any t; < t,, t;,t, € [0,00)y; then we have

£ W)= (W) = [ £ W as

1

t, ty 92
+J a—f(s,‘/VS)A‘/VS+%J a—f(s,Ws)As
t t

. Ox . 0x?

)

L eI, I C(t,ty)

of / _
- % (Slk’Wszk) (Ws?k - stk)

10°f / _
3w ) ()

[f (showe )= f(siowy ) a4

Proof. We will make use of the following classical version
(Peano form) of Taylor’s theorem: for any function f : T x
R — R such that (0f/0x)(t,x) and (azf/axz)(t, Xx) are
continuous on T x R, and any s € T and x,, x, € R, we have

flox) = fsm) = L (s) ()

10°
2 ) my

+ Ré (ssx1,%3) s



where
|Ré (5§X1’x2)| < T(lxz_xlD (% _xl)z’ (16)

andr: R, — R, isan increasing function with lim,, o7 () =
0.

We will also make use of the time scale Taylor formula
(see [1, Theorem 1.113] as well as [15]) applied to f(t, x) up
to first order in ¢: for any s, > s, and s;, s, € T; we have

f(spx) = f(s1,%) = fA (s1,%) (s = 51)
(17)
+ RJ;S (x551,5,5)
where
p(s;y) 2
R Gisns)| =|[ =0 @) £ 085
51 (18)

<r(|s; = s1]) |s2 =51

with r(e) as before.
Combining (15) and (17) we see that we have

f(s1,%,)]
Sy~ 51)

F(s%5) = f (s11) = [f (52, %) =
+[f (spxy) = f(s1,x0)] = fA (s1,%) (
+ o) (=) 4 5 5 (1) (- )’
+ RJTCs (%2351,8,) + Ré (s3x1,%,) = [fA (s1x7)

2 () (- )

aZfA (19)
+2 o2 (s1>%1) (%, = xl) +R (Sl’xl’xz)] (52
10
—s5) + % (s1,%1) (3, = %) + 3 J; (s1,x1) (x,
_xl)z +RJT(5 (%23515;) +R£ (51321, %)
) 1
= f* (s1,%1) (s = 51) + é (s1,%1) (3, = x1) + 5
aZ
% J; (s1,%1) (x5 = xl)z + R (51,525 %1, %)
with
R (51,52 %1, )| < 7 (|5, = 51]) |5, = 51
(20)

+ r(|x2 - x1|) (%, = x1)2

for another function r : R,
lim,, or(u) =0

— R, increasing with
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Consider a partition ™ b, =55 <8 <--<s, =1,
such that (1) each s; € T; (2) max;(p(s;) - s;,_;) < 1/2" for
i = 1,2,...,n. Notice that by definition p(s;) = sup{s < s; :
s € T}, so that we can always find s;_; € T so that p(s;) — s;_4
is sufficiently small.

Let the sets C and .7 be defined as before. Let us fix a par-
tition 7, and consider a classification of its corresponding
intervals (s;_;,s;), i = 1,2,...,n. We will classify all intervals
(si_1»>s;) such that for all I, € .# we have I} N (s;_,s;) = 0
as class (a); and we classify all intervals (s;_;,s;) such that
there exist some I, € .7 with (s;_;,s;) N I, # 0 as class
(b). For an interval (s;_;,s;) in class (a), since for all I, € .7
we have I} N (s;_;,s;) = 0, we see that p(s;) = s;, because
otherwise (p(s;), s;) will be one of the I,’s. Thus in this case
we have s; —s;_; < 1/2". For an interval (s;_, s;) in class (b),
since both s;_; and s; are in T, we see that we have in fact
I, € (51> ;). Inthis case either I, = (s,_;, s;), or I, # (s;_;,;)-
If the latter happens, then (p(s;), s;) € 7 is one of the I s and
p(s;) — s,y < 1/2". We also see from the above analysis that
all I’ are contained in intervals (s;_;, s;) that belong to class
(b). On the other hand, either each interval (s;_;, s;) is entirely
one of the I;’s, or it contains an interval (p(s;), s;) that is one
of the I;s. For the latter case, that is, when s;_; < p(s;) <'s;,
the set of intervals of the form (s;_;, p(s;)) are disjoint open
intervals such that

i) < 2n_n (21)

(p(s) -

(si_1>8;)€(b),s;_1 <p(s;)<s;

Now we have

(W) - f (10 W,,)
_ Z [F (soW,) = £ (50 W, )]
= Z [f (5i>Ws,-) - f(si—l’Ws,-_l)]

(@)

+ 2 [f(soWy) - f
®

(22)

(s,

Sic

)] =+ an.

We apply (19) term by term in part (I) of (22), and we get

I = Z [f (Si"/vsi) - f(s,-_l,Vst__l)]

(a)

=2 | £ (s W,

(a)

v Lsaw, ) (W, -w,,)

Ox Si-1

) (si=si-1)

10°
" E a_x]: (Sifl’ ‘/v;i—l) (VVSx - VVSH )2
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+R (51,55 W, W)]

9]
+ % (Si_l’ VVSH) (VVS: - Vvsi—l)

az
+ %a_xj: (Sifl’ ‘/\/51‘—1) (Si B Siil)

+ Y R(si 1253 W, W, ) = (D), + (), + (IV)

+ (V).
(23)

We have the following four convergence results.

Convergence Result 1.1. By Lemma 6 ((35) and (36)) estab-
lished below we have

P ((HDI — fz 2 (sW,) As
1 (24)

9
+J —f(s,VVS)AWSasn—>oo>:1.
t 0x

1

Convergence Result 1.2. By Lemma 7, (43), and Lemma 6, (35),
established below we have

L 10 f
P (III)2—>J === (s, W,)As as n — o0
1, 20x (25)

=1.

Convergence Result 2. We have, with probability one, that
(V) = DR (511555 W s W, ) — 0 (26)

asn — 0.

In fact, by the Kolmogorov—-Centsov theorem proved in
Theorem 3.1 of [5] we know that for almost all trajectories
of W, on T, for each fixed trajectory W,(w), there exists an
1y = ny(w) such that for all n > ny, for a partition 7™ with
a classification of its intervals (s;_;, s;) into classes (a) and (b)
as above, sup,) W, — W, | < 8/2"" for some fixed & > 0
and y > 0. From here we can estimate

E ZR (Si—l’ Sis ‘/‘lsi—l"/\fsi)
(a)

<EZ[ si=sii1) (8= s;.1)

(a)

(W, =W ) (W -, )] o (55)
~t) 7 (o5 ) (- 1):

that is,

P (nlggo ZR (Sifl’ Sis VVSH’ VVS;) = 0> =L (28)
(a)

Convergence Result 3. Let

I +(IV)=A,=A, (@)=Y [f (W)
(b)

) - fA (Si—l’ Ws,.,l) (5i - Si—l)

(Sifl’ VVSH) (‘/Vsz - VVSH)

_f(zl’

_of
ox

aZ
- %fz( CERTARICE SH)] ’
=B, (@= Y

[f (sIk W+ )

Le 7 I C(t),t,)

= F (s ) = 1 (s, ) (=51
_I (50w ) (W -w,)

0x 51 51

10°f / _ _
2w )6 -]

(29)

We claim that we have

P(|A, (w)- B, (w)| — 0asn — o) = 1. (30)
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In fact, from the analysis that leads to estimate (17) we see that (VD); = Z [ (P (51)> W, )) (

we can write A, — B, as

R

(si-1>5)€(b),s;_ <p(s;)<s;

-f (Si—l’ "Vs,._l) - fA (Si—l’ VVsH) (si=si-1)

5}
- % (Si—l"/vsi—l) (‘/VS‘ - VVSH)
aZ
- %a_szt (Si—pWs,.,l) (si = 51‘—1)]

-y e

(5i-1,5:)€(b)s;_1<p(s;)<s;
- f (P (Si) > Wp(si))
- fA (P (Si) >Wp(s,-)) (Si -pP (Si))

‘%(P(S) Woie) (We, = Wocs))

L W, ,,<S>)(s,-—p<si>)]

2 0x?

- > [f(s?k»Wsrk)

I e7,I,.C(s;_1,p(s;)) for some (s;_y,s;)€(b)
- Af — + -
-f (51k’mfs;k) -f (Szk"’\/s;k ) (SIk - Szk)
0
f (SIk W ) (W - )
k

T ox
o - -
2 w6 - | - om v,

+(VI); + (VI), - (VII).

Here

(VI), = Y [£ (P (1) Wie))

(5i-1>5))€(b)ss;-1 <p(s;)<s;

- f (s W)

D T LA CIOR

(5;1,5)€(b),s;_1 <p(s;)<s;
-pP (Si)) - fA (Si—l’Ws,-,l) (Si - 51‘—1)]
= > [(F* (P () Wi

(si_1>5:)€(b),s;_1 <p(s;)<s;

_fA(si—l’Ws,.,l))(i Sii1) — f ( (si)s p(s))
'(P(Si)_si—l)]’

(5;-1,8;)€(b)s;-1<p(s;)<s;
= Woie) = £ (50 W, ) (W - W, )]

= > [(F* (P (51) Wiey)

(5;-1,8:)€(b)s;1 <p(s;)<s;
=S (s W) (We = W)
= (P () Woey) (Woey = Wi )]
(VI), = D (2 (P (s1) Wyey) (si

(5;_1>5;)€(b),s;_1 <p(s;)<s;

-p(s) - fA (51—1"/‘75,-,1) (si— 51'—1)]
= Z [fA (Si—1> Ws,-,l) (Si—l ~-P (Si))

(5;1,5)€(D),s;_1 <p(s;)<s;

( (() p(s)) (Si—l"/vs,-_l))(si

(31) _P(si))] >

(VIT) = Y [f(sIk W, )

L€ J,I.C(s;_1,p(s;)) for some (s;_1,s;)€(b)

- f (50w ) = £2 (s ws, ) (55 - 52)
of / _ *f
I (s Y (wy —w )20 (s )

(-4)]

(32)

From (21), the Kolmogorov-Centsov theorem proved in
Theorem 3.1 of [5], as well as the assumptions about function
f, we see that

P (|(VI),| + [(VI),| + |(VD)5| + |(VI),| + [(VID)| )

—0asn— o00)=1.

From here we immediately see the claim (30).
Note that for any interval I, = (s;k,s;'k) we have

fA(sI_k,WS;k) = (f(s}'k,Ws;k)—f(slg,Ws;k))/(si—si{);therefore
we see that

B,=B,(@= Y [f(s?k’Wszk)

L eI I C(ty,t5)

o)=L (owe ) = f (5w )]

S Wslk) (W+ —w. )

SIk Slk

W
I
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10°f / _ .
T 252 (52 W) (s7, - 51.)

-3

LI I C(t),t5)

- (o, ) (W -w

ax I s;k S’k s;k )

10%f / _
_ Ea_xj: (SIk’WSIk) (s}rk - sIk)] .

)= s (sws)

(34)

Combining the convergence results (24), (25), (28), and
(30), together with (22) and (23) and (34), we establish (14).
O

The next two lemmas are used in the above proof of Itd’s
formula, but they are also of independent interest.

Lemma 6 (convergence of A-deterministic and stochastic
integrals). Given a time scale T and t,t, € T, t; < t,; a
probability space (Q, F, P); a Brownian motion {W,},.y on the
time scale T, for any progressively measurable random function
f that is continuous on [t,t,] N T, viewed as a Lz([tl, tlr)-
progressively measurable random function f(t,w) on T, and
the families of partitions ™ : t, = s, < s, < -+~ < s, =ty
S0sS1>--+> 8, € T, max;_y, . (p(s;) —s;_1) < 1/2", one has

P (rtll»nc}o gnl:f CEROICEIE J: Js0) AS) (35)

:]’

P ('113’1010 if (521> @) (Wsi B Ws,._l)
i=1

(36)

t
= j f(s,w)AW's> =1.
tl

Proof. As we have seen in the proof of Itd’s formula, for a
given partition a™ it = Sop < § < -+ < s, = t,, such that
s;€ Tfori=0,1,...,n,and max,_;, ,(p(s;) —s;;) < 1/2%,
we can classify all intervals of the form (s;_;,s;) into two
classes (a) and (b): class (a) is those open intervals (s;_;, s;)
such that it does not contain any open intervals I, € .7; class
(b) is those open intervals (s;_;, 5;) such that it contains at least
one open interval I, € .7, the latter of which has endpoints
that are left- or right-scattered.

Let us form a family of partitions o
(n

™t =< <

. <1, =t so that the partition ¢ is the partition 77"
together with all points in T that are of the form r; = p(s;) for
some s; in the partition 7™ Note that under this construction
we have ry,7,,...,r,, € T.In fact, for any interval (s;_;, s;) in
(a), there is an identical interval (rj_l, rj) in the partition o
corresponding to it; for any interval (s;_;, s;) in (b), there are

two intervals (r;_,,7;_;) and (r;_;, r;) corresponding to it, so

thatr;_; = p(s;). And by (21) we know that

(1 = 7j2) < 2_’1 (37)

(si,l,si)e(b),(rj,z,rj,l) is corresponding to it

Note that the number m depends on »n and the partition
7 . m = mmn,a™). In particular m — oo asn — oo.
For simplicity we will suppress this dependence later in our
proof.

Let us recall the definition of deterministic and stochastic
A-integrals as defined in Section 2. Let f be the extension of

f that we have in (8): forany ¢ € T,
f(t,w) = f(sup [0,t]7,w). (38)
Note that if t € T is such that p(t) = ¢, then f(t,w) = f(t, w);

otherwise if £ € T is such that p(f) < ¢, then f (t,w) =
f(p(t), w). Thus we see that

m t2 _
P (JLI& Y F () (=) = | Fsw ds)
j=1 h

m 39
PQH&EJ(nvwﬂwi—W;J )
=1
o
- j f(s,w)dWS> -1
t
So it suffices to prove that
P <,}E§O if CENDICERY
i=1
55 -7) | =0) 1.
=1
’ (40)

P < lim
n—-00

- if (rj—l’w) (er - Wrﬂ) = 0> =1.

=1

Zﬂ»wﬂ%—%J

In fact, for any interval (s;_;, s;) in class (a), there exist an
interval (r;_,r;) identical to the interval (s;_j, s;), so that

f(sipw) (s;=s20) = f (rj—l’w) (rj - rj_l) =0,

f (Si—l’ w) (VVS, - ‘/Vsi—l) - f (rj_l’ w) (er B Vv”if1

=0.

) (41)



For any open interval (s;_;,s;) in class (b), there are two

corresponding intervals (r;_,,7;_;) and (r;_;,r;) such that

i =i, Tjg = p(s;), and r; = s;. In this case

F(si0@) (s =5i2) = f (1) (r = 7101)
~ [ (12 @) (rja = 752) = £ (si,0) (5 = 5i)
= fp(s), @) (s; = p(si))
= f (s @) (p(s;) = si21)
= (f(sicpw) = fp(si), @) (s = p(si)
@) (W -W,,) = £ (@) (W - W) gy

- f( T @ )(er_l
= f(siw) (‘/Vs,v - WSH)
= f(p(s), @) (W, = W)
-f (51 l’w) ( plsi) — Ws,-_l)
= (f (si00) = £ (p (1), @) (W, = W)
From the above calculations and the fact that we have (21)
and that f is continuous on [t,£,] N T, together with the fact

that s 1,p(s ) € T,0 < p(s; )—sJ | < 1/2", we see the claim
as follow O

B er—z)

Lemma 7 (convergence of quadratic variation of Brownian
motion on time scale). Given a time scale T and t,,t, € T,
t, < ty; a probability space (Q, F P) a Brownian motion
{W,},cq on the time scale T, let any L*([t,t,]y)-progressively
measurable random function f(t,w) on T be defined such
that Ef*(t,w) is uniformly bounded on [t,,t,]. Consider the
families of partitions 7™ : t, = s, < s, < -+ < s,
S0»S15-- 58, € T,max_ 5 (p(s;)=s; ) < 1/2". One classifies
all the intervals (s;_y,s;), i = 1,2,...,ninto two classes (a) and
(b) as before. Then one has

= t2’

g <Vlh—>ngo |:Zf (Si—l’ w) (Wsi N ‘/Vsi—l)z

(a)
(43)

_(Z):f (51, 0) (s; _si—l)] = 0) =

Proof. We notice that for all intervals (s;_;,s;) € (a) we have
p(s;) = s;_; and thus s; — s;_; < 1/2". Let us denote that

Zf (Si—l’w) (‘/VSI - ‘/Vsi—l)z

(a)

(44)

- Zf (sii> @) (s; = si21)

(a)

Abstract and Applied Analysis

Since f(t,w) is progressively measurable, we see that
f(si_1>w) is independent of W, — W, _ . Thus

EVn = E |:Zf (Si—l’w) (‘/VS, - ‘/vsifl)z

(a)

- Zf (sip> @) (s; = 51’—1)]
(a)

(45)
= zEf (sizp>@) (5; = 5i21)
(@)
- ZEf (si-1@) (5= 5i21) = 0.
(a)
Furthermore
varV, —E[Zf(sl ") (W -W, )2
(@)
- Zf (sicp @) (s; = Si—l)] = EZf (siip@
(@) (a)
f (Sj—pw) [(Ws - WSH)z - (Si - Si—l)] (46)

'[(M[Sf_wsj—l)z (5 S l)] ZEf(Sz 1)

f(s00) [(Ws - Ws,-,l)z = (s - SH)]
. [(WSJ B Wsj—l)z B (Sj - Sj_l)] ’

If i < j, then f(s;_,)f(s;p, @)W, =W, )’ - (s -
s;_1)] is independent of [(Ws,. - WSH)2 = (s; = s;-1)], so we
have Ef(s, 1) f(s; 1 @)[(W, =W, ) ~ (s~ 5;-)] - (W, -
M/;j,l)z - (sj - 5]'—1)] = 0. Similarly, for i > j we also have
Ef(s;-1, @) 511 @) (W, W, )P~(si=s; - [(W, -W,_)*-
(s]- - 5j_1)] = 0. This implies that

var Vn = ZEfZ (si—l’w) I:(M/S, - VVSH)Z

(a)

(s;—si ] (Z):Ef S;_ 1,w)E[(VVSi—WSH)2
~(s-s0)] = (Z):Efz (500 E[(W, - W, )"

-2 (Ws,. - WSH)z (si=si1) + (55— 51‘—1)2]
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2 2
= ZEfz (si>w) [3 (si=si21)” = 2(s;=s;21)
(a)

+(s; - 51‘—1)2] =2 ZEfz (siip @) (s; = 5i—1)2

(a)

< 2nlf1 ( max Ef° (s,w)) Z(Si -5.,)—0

s€(tyyt] @
(47)

as n — 00. This together with the fact that EV,, = 0 for any n
implies claim (43) of the lemma. O

The argument above leads us to an Itd6 formula for
f(t,W,). Making use of the same methods, one can derive
a more general It6 formula for the solution X, to the A-
stochastic differential equation (11). We will not repeat the
proof, but we will claim the following theorem.

Theorem 8 (general Itd’s formula). Let X, be the solution
to the A-stochastic differential equation (11). Let any function

f:TxR — R besuch that f(t,x), f* (t,x), (3f /ox)(t, x),
(% f[0x*)(t, x), (Of */9x)(t, x), and (3* f* |0x*)(t, x) are con-

tinuous on T x R. For any t; < t,, t,t, € [0,00)y one has

f (t2>th) -f (thth) = J:Z b(s X,) fA (s, X;) As

& of 1
LX) =— (s, X{)A -
o[ ol x) (o) AW, 4 3

1

t, aZf
2
L o (%) 5L (s X,) s

1

PN VR R CR R CA

LS I C(t),t)
W) % (51015, ) (W, -5,
- 102 (5;,

2 k

2
wo ) IL (s, ) (5 )

5. The Stochastic Exponential on Time Scales

Our target in this section is to establish a closed-form formula
for the stochastic exponential in the case of general time scales
T.

Definition 9. One says an adapted stochastic process A(t)
defined on the filtered probability space (Q, #,, P) is stochas-
tic regressive with respect to the Brownian motion W, on the
time scale T if and only if for any right-scattered point t € T
one has

(L+A@) W,y -W,) #0, as. VteT. (49)

The set of stochastic regressive processes will be denoted by
K%W-

The following definition of a stochastic exponential was
also introduced in [3].

Definition 10 (stochastic exponential). Lett, € T and A €
Ryy; then the unique solution of the A-stochastic differential
equation

AX, = A(t) X,AW,,
X(t)) =1, (50)
teT
is called the stochastic exponential and is denoted by
X. =&, (1)) (51)
We note that & (¢, ¢,) as a solution to (50) can be written
into an integral equation
t
Ealtty) =1+ j A(s) &4 (s,tg) AW, VEeT. (52)
)

We will be making use of the set-up we have in Section 4
about Itd’s formula. Let t, < t and t,t € T. Let the sets C and
7 be defined as in Section 4 corresponding to the interval
[t,t,] = [to.t]. Let I, € Fand I = (s;k,s;'k). We note that

sp, = p(s}’k), s}'k =0(s; ). Let

D(t,t)= ) A(ka)(ws?k_ws?k)

I €7, I C(tg,t)

X (53)
LS R
LeF I Ctt)
We define
Ut = [T [1+4(s)(wy -w. )]s
I e F, I C(tyt)
V (t.ty) (54)

- exp(J: A(s) AW, — % J: A% (s) As —D(t,t0)>.

Theorem 11 (stochastic exponential on time scales). The
stochastic exponential has the closed-form expression

Ealtity) =U (L1,) V (L.1y). (55)

Proof. Consider the process

t

Y, = L Al(s) AW, — % L A*()As=D(tt,).  (56)

Let us introduce another function «(t) such that

o _ .t
0, when t = s ort=sp,

A(t),

a(t) = (57)

otherwise.
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We see now that the process Y, is a solution to the A-
stochastic differential equation

1
AY, = a(t) AW, — =& (t) As,
2 (58)
Y, =0.

Notice that Y =Yg for any I, = (s;,s; ) € 7. Taking
this into account, as well as the fact that a(s) = 0 whenever
t=s ort= s}rk, we can apply the general It6 formula (48)
to the function V(t,t,) = exp(Y;) and we will get

exp(Y,)-1= Jt a (s)exp (Y,) AW,

to

_1 Jt o (s) exp (Y,) As

2 ),
, (59)
+ % J o’ (s) exp (Y,) As
to
t
= J- a(s)exp (Y,) AW,
)
Thus
t
V(i) =1 +j «($)V (s,15) AW, (60)
to
or in other words
AV (t,ty) = a (1) V (£, 1) AW,. (61)
Let us now consider the function &,(t,t,) =
U(t, t,)V(t, t,). We claim that
U(t,t,) V(tty) - 1
(62)

t
:j AU (5,1 V (5,£5) AW,.
to
Notice that

U(spoto) = [1+A(s,) (We W)U (spt0)
=U (s;%) (63)
+ A(sp ) U (st )(Wk —V\/S;k);

that is,

(64)

Abstract and Applied Analysis

Using this fact, the above claimed identity (62) can be written
as

U (6 t)V (6t,) 1 = Jt KU (58,)V (5 t,) AW,

to
)

A(s)U (spote) V (530 t0)
I e 7 I C(tg,t)
t (65)
(w —V\/S;k) = j a(s)U (s,t,) V (s, t5) AW,
ty

Y Vispt) (U(siot) ~U(syot0))-
I e J, I C(ty,t)

In fact, with respect to the partition 7™ : ty =5y < 8§ <
-+ < s,y < s, =t that we have been using, we have

n
U(t,te) V(t:tg) = 1= [U(sito) V (sint)
i=1

~U (siz1:t0) V (siz15 t) ]

= i [(U (S,», to) -U (Sifp to))

“(V(spto) =V (si1t9)) + U (siz1 o)
“(V(spto) =V (siiintg)) + V (sip to)

n (66)
(U (sptg) = U (sipst))] = Z (U (s1-10)
= U (si1p 1)) (V (51 t9) = V (5121 19))
# DU (s t) (V (5010) =V (s010)
+ iv (sicioto) (U (s t9) = U (5115 1)) = (D)
+ (IT) + (IIT) .

Here
(=3 (U (s0t0) ~Us0t0)
“(V(spto) =V (siirto)) s
(67)

(1) = YU (5-1010) (V (s010) — V (s1-1010))

i=1

() = iV (5:-15t0) (U (siot) = U (si-150)) -

i=1

We can apply the previous arguments and classify the
intervals (s;_;, s;) into classes (a) and (b). Notice that, on each
interval (sl_k, s}k), the function V(¢,t,) remains constant and

the function U(t, t,,) has a jump, and on each interval (s;_;, s;)
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in class (a) the function U(t, t,,) is a constant. This observation
and similar arguments (which we leave to the reader) as in the
previous section will enable us to prove that, with probability
one, as 1 — 00, we will have

(I) — 0,

(I — Jt a(s)U (s,ty) V (s, ty) AW,

to

(68)
(IT1)
— Z V(s;k,to) (U(s}rk,to)—U(s;k,to)).
L eI I C(tg,t)
So we proved (65) and thus (62). O

6. Change of Measure and
Girsanov’s Theorem on Time Scales

We demonstrate in this section a change of measure formula
(Girsanov’s formula) for Brownian motion on time scales.
Our analysis is based on the method of extension that was
introduced in Section 3 (originally from [2]).

Let us consider two processes: the standard Brownian
motion {W,},ct on (Q, F,,P) on the time scale T and the
process

B, =W, - Jt A (s) As, (69)
0

on the time scale t € T.

Let us consider an extension of the (probably random)
function A(s) asin (8). Let us define the so obtained extension
function to be A(s). Recall that (8) implies that

A(s,w) = A(sup [0, 5]y, ). (70)

Let W, be a standard Brownian motion on [0, c0). If we define
o~ —_— t —_—
B, =W, - J A(s)ds, (71)
0

then the process B, agrees with B, for any time point t € T.
Foranyt,ty € T, t > t,, let

G4 (tty) = exp (f A(s)dW, - % J;t A% (s) ds>

0

t

:exp<JtX(s)dM—%J 2(s)ds> (72)

t t
= exp<J A(s) AW, - lj Az(s)As>.
t 2 ),

It is easy to see that the function & 4(t, t,) is the standard
Girsanov’s density function for the process B, with respect
to the standard Brownian motion W,. Since B, and W, have
the same distributions as B, and W, on the time scale T, we
conclude with the following two Theorems.

1

Theorem 12 (Novikov’s condition on time scales). Iffor every
t > 0 one has

Eexp (Jt A*(s) As) < 00, (73)
0

then for every t > 0 one has
EZ, (t.ty)) = 1. (74)

Let (73) be satisfied. Let T > 0 and pick T > ¢, t,, T €
T. Consider a new measure P? on (Q, #,), defining by it
Radon-Nikodym derivative with respect to P", as
dp®
dPW = gA (T,to) (75)
Theorem 13 (Girsanov’s change of measure on time scales).

Under the measure P® the process B,, t € [0, Ty, is a standard
Brownian motion on T.

7. Application to Brownian Motion on a
Quantum Time Scale

In this section we are going to apply our result to a quantum
time scale (g-time scale, see [1, Example 1.41]). Let g > 1 and

qZ = {qk:ke Z},
o (76)
q” =q" U{o}.

The quantum time scale (g-time scale) is defined by T =

q”. Given the quantum time scale T, one can then construct
a Brownian motion W, on T according to Definition 3.
We have

m+

ot)=inf{g" :ne[m+1,00)}=q""=qq" =qt (77)

ift = g™ € T and obviously ¢(0) = 0. So we obtain

o(t) =gqt,
OEES (78)
q
VteT
and consequently
ut)y=c@t)-t=(q-1)t VteT. (79)

Here 0 is a right-dense minimum and every other point
in T is isolated. For a function f: T — R we have

fE®)-f® _ fla)-f@

A —
T (a-1)t
vt e T\ {0}, (80)
120 —limf(o)_f(s) _hmf(s) - f(0)
= s—0 0-s - S50 s

provided the limit exists.
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The open intervals I, that we have constructed in  which is a trivial telescoping identity. This justifies (14) in the
Section 4 have the form I, = (g%, ¢*"') where k € Z. For any  caseaway from 0.
two points t, < t,, t;,t, € T, if tl t, # 0, thent, = q and Let us consider now the case whent; = 0and ¢, = qk >0
t, = qkz for two integers k, < k,. In this case we can apply for some k € Z. In this case we have, according to (14), that
(14) and we get

k

q
e F(dE W) - F,00=| f*(sW,)As
F(aWe) - f (qk%qul)=qul 4 (s W) s (1) L
7 of 1 (7' f
o & 3 e CUARNIA 7 (s W) As
+qu1 %(s,m)AWSJr%Jh f( ,W,) As JO ZJ
: z [ty e
S sy
af(fvv)(w W,
_Qf(kxv ) (W = Wy) 0x e
Ox q,>Wg g+ g laZf

J W g1 '
_laz_f(qk Wk)(qkﬂ_qk) ‘ T2 ox2 (q )(q ‘1)
2or q One can justify that in this case we have

Since T \ {0} is a discrete time scale, we have

Jk F (s w)aw, qu %(S’WS)AWS
&

k-1 of
kz_la = - q],Wj Wj+1—Wj s
= Z%(q",qu)(wkl Wy), j:z_:max( #) (Vo )
K=k, ) - (86)
2 32 1 ﬂ
L S 2l e
M atf o, 0
Rl 2 X = Y -—= (¢ W) (¢ - 7).
:kzk:ia_x]:(qk’ q)(qkl—qk). = 2 Ox2
- Moreover, we have
Moreover, we have
ks q A
[}, r*mas J; e as
q1
P TER i
k-1 qk+1 W f qk,Wk . ( J ,ij)_f(q ,ij) i
= kzk: ( k+? qk( 1 ) (qk ho qk) (83) ; G —gi (q] qj) (87)
k-1
S + = W W,
-2 [F (W) - £ (4 w)]. X [f (@™ W) - £ (@ W)
Therefore (81) becomes Therefore (81) becomes
F(d W) = £ (4" Won) F(dWp) - £ (0,0
k-1 4
X CEUARIIERS) - S s ) s
- - (84) . » (88)
H[F (@ Woer) = £ (67 W) ]} H[F (@ W) - £ (a7 W) ]}
k,-1 k-1
S ) - () -5 ) - £ )

k=k, j

-0



Abstract and Applied Analysis

which is also a telescoping identity. This justifies (14) in the
case including 0.

Making use of Theorem 11, it is easy to write down the
stochastic exponential for the quantum time scale:

54049 = [T [1+4(2) Wy - W)l 9

j=—o0
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