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We investigate the existence of solutions for a class of impulsive fractional evolution equations with nonlocal conditions in Banach
space by using some fixed point theorems combined with the technique of measure of noncompactness. Our results improve and
generalize some known results corresponding to those obtained by others. Finally, two applications are given to illustrate that our

results are valuable.

1. Introduction

Fractional differential equations arise in many engineering
and scientific disciplines as the mathematical modelling of
systems and processes in the fields of physics, chemistry,
aerodynamics, electrodynamics of complex medium, and
polymer rheology and have been emerging as an important
area of investigation in the last few decades; see [1-4]. How-
ever, the theory of impulsive fractional evolution equations
was still in the initial stages and many aspects of this theory
need to be explored.

The theory of impulsive differential equations is a new
and important branch of differential equation theory, which
has an extensive physical, population dynamics, ecology,
chemical, biological systems, and engineering background.
Therefore, it has been an object of intensive investigation
in recent years; some basic results on impulsive differential
equations have been obtained and applications to different
areas have been considered by many authors; see [4-8].

The study of nonlocal Cauchy problem for abstract evolu-
tion differential equations has been initiated by Byszewski [9].
The existence of solutions for fractional abstract differential
equations with nonlocal initial condition was recently inves-
tigated by N'Guérékata [10] and Balachandran and Park [11].
In [12], Balachandran et al. were concerned with the existence

of solutions of first-order nonlinear impulsive fractional
integrodifferential equations in Banach spaces:

‘Dyu(t) = Au(t)

+ f(t,u(t),Jth(t,s,u(s))ds> ,
0
refo,r],
Auly =L (u(ty)), k=1,....m,
u(0) + g (u) = ugy;

the results are obtained by using fixed point principles.

Shu and Wang [4] studied the existence of mild solutions
for fractional differential equation with nonlocal conditions
in a Banach space E:

‘Diu(t) =Au(t) + f (tu(t))

+ [ at-9g6uas
0
tefo,T], (2

u(0) + m(u) = u, € E,

u' (0) +n(u) =u, € E.
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By using the contraction mapping principle and Krasnosel-
skii’s fixed point theorem, they obtained the existence of
solutions for the equation.

In [13], Gou and Li investigated local and global exis-
tence of mild solution for an impulsive fractional functional
integrodifferential equation with noncompact semigroup in
Banach spaces E:

‘Dyu(t) +Au(t) = f (t,u(t)

t
+J qt—s)g(su(s))ds,
0
t20, t#1, &
Aul,, =1 (u(ty), k=1,...,m,
u(0) =u, € E,

and they establish a general framework to find the mild
solutions for impulsive fractional integrodifferential equa-
tions, which will provide an effective way to deal with such
problems.

Motivated by this consideration, we investigate the exis-
tence of solutions for a class of impulsive fractional evolution
equations with nonlocal conditions in Banach space E:

‘Dyu(t) + Au(t) = f (Lu(t), (Fu) (), (Gu) (1),

te]a t#tk)

- (4)
Aulpey =L (u(ty)), k=12,....m,

u(0) = g (u) + uy,

by using some fixed point theorems combined with the
technique of measure of noncompactness, where Dy is the
Caputo fractional derivative of order « € (1,2], A : D(A) ¢
E — E is a closed linear operator, and —A generates a C-
semigroup T'(t) (t > 0)inE; f: JXEXEXE — E, ] = [0,a],
wherea > Oisaconstant,0 = f, <t; <t, <---<t, <t,,, =
a; I, : E — E is an impulsive function, and k = 1,2,...,m;
and x, € E, p;, p, is an E-valued function to be given later
and

(Fu) (t) = Jt k(t,s)p, (s,su(s))ds, keC(D,R"),
y (5)
(Gu) (1) = JO h(ts) p, (ssu(s)ds, heC(DyRY),

D:{(t,s)ERZ:OSSStSa},DO:{(t,s)ERZ:OS
t,s < a}, p; € C(JXE,E),i =1,2,and Aul,y, denotes the
jump of u(t) at t = t;; thatis, Aul,_, = u(ty) — u(ty), u(ty)
and u(t; ) represent the right and left limits of u(t) at t = ¢,
respectively.

The paper is organized as follows. In Section 2, we recall
some concepts and facts about the Kuratowski measure of
noncompactness and some fixed point theorems. In Sec-
tion 3, we obtain the existence solutions of problem (4). In
Section 4, we give two examples to illustrate our results.
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2. Preliminaries

In this section, we briefly recall some definitions and the fixed
point theorems which will be used in the sequel. Throughout
this paper, let E be a Banach space; we assume that A :
D(A) ¢ E — E is a closed linear operator and —A
generates a uniformly bounded C,,-semigroup T'(t) (t > 0) on
a Banach space (E, |- [[) and M = sup;c(q 00 IT (1)l g()» where
B(E) stands for the Banach space of all linear and bounded
operators in E.

C(J, E) denote the Banach space of all continuous E-value
functions on interval J and PC(J,E) = {u : ] — E :
u € C((t_> ], E), k = 1,2,...,m, and there exist u(t; ) and
u(t,:),k =1,2,...,m with u(t;) = u(t,)}. Obviously, PC(J, E)
is a Banach space with the supnorm [|u|| = sup,,llu(t)].

Definition 1. 'The fractional integral of order « > 0 with the
lower limit zero for a function u is defined as

Iut) = ﬁ Lt t-9" u(s)ds, t>0, (6

where I'(+) is the Gamma function.

Definition 2. 'The Caputo fractional derivative of order a > 0
with the lower limit zero for a function u is defined as

C & _ 1 ! _ a1l (n)
D,u(t) = Tea - L (t-ys) u'’ (s)ds, -

t>0,0<n—-1<a<mn,

where the function u(¢) has absolutely continuous derivatives
up to order n — 1.

Remark 3. If u is an abstract function with values in E, then

the integrals which appear in Definitions 1 and 2 are taken in

Bochner’s sense.

Definition 4. By a mild solution of the initial value problem
‘Diu(t) + Au(t) = f(tu(t), t=0,

(8)
u (0) = uy,

on [0,00), we mean that a continuous function u defined
from [0, co) into E satisfying

u(t)=9, 1) u,

N Jt (=91 S, (t—3) f (suls)ds, )
0

t € [0,00),
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where

To(t) = LOO 6, (5) T (%) ds,

S, ) =a LOO s6, (s) T (t"s)ds,
(10)

S 4 T
0, (s) = n—l(xnzl (—s)"! % sin (na),

s € (0,00)

are the functions of Wright type defined on (0, c0) which
satisfies

J 0,(s)ds=1, 6,(s)=0, se(0,00),
0

(11)
JOO T(1+v)

Y0, (s)ds = ————
0 $0u () ds I'(l+av)

The following lemma can be found in [14, 15].

, velo,1].

Lemma 5. The operators 7 ,(t) and S, (t) (t > 0) have the
following properties:

(i) For any fixed t > 0,T ,(t) and S (t) are linear and
bounded operators; that is, for any u € E,

7o ® u| < Mul,

aM M (12)

S, B u| < ul| = ull .

IS &) u Tt el r@ [l

(ii) For everyu € E, t —» T, (t)uandt — S, (t)u are
continuous functions from [0, 00) into E.

(iii) The operators T ,(t) (t = 0) and S, (t) (t > 0) are
strongly continuous, which means that, for Vu € E and
0<t <t" <a,onehas

|70 (") u- 70 (¢)u] — o,

. ()=, ()] o )
ast" —t' —o0.

(iv) If the semigroup T(t) is continuous by operator norm
for everyt > 0, then T ,(t) and S, (t) are continuous
in (0, +00) by the operator norm.

Let 3(-) denote the Kuratowski measure of noncompact-
ness of the bounded set. For the details of the definition and
properties of the measure of noncompactness, see [6].

The following lemmas are to be used in proving our main
results.

Lemma 6 (see [16]). Let E be a Banach space, and let
D ¢ C(], E) be equicontinuous and bounded; then B(D(t)) is
continuous on ], and B(D) = max,;B(D(¢)).

Lemma 7 (see [7]). Let D C E be bounded. Then there exists
a countable set D C D, such that f(D) < 23(D,).

Lemma 8 (see [17]). Let E be a Banach space, and let D =
{u,} ¢ C(I, X) be a bounded and countable set. Then f(D(t))
is the Lebesgue integral on X, and

/3(“1 w, (t)dt | n e N}) <2 L/;(D O)de.  (14)

In the following, we introduce the definition of (y, v, p)-
contractive mapping.

Definition 9 (see [18]). Let (E,d) be a metric space with w
distance p and f : E — E a given mapping. We say that f is
an (y, y, p)-contractive mapping if there exist two functions
y: ExXE — [0,00) and y € ¥ such that

y(xy) p(fx fy) <w(p(xy)) (15)

forall x, y € E.

We will show some fixed point theorems about condens-
ing operator and (y, y, p)-contractive mapping, which play a
key role in the proof of our main results.

Lemma 10 (see [19]). Let E be a Banach space. Assume that
D c E is a bounded closed and convex set on E,Q : D — D is
condensing. Then Q has at least one fixed point in D.

Lemma 11 (see [18]). Let p be a w distance on a complete
metric space (E,d) and let f : E — E be an (y,y, p)-
contractive mapping. Suppose that the following conditions
hold:

(i) f is an y-admissible mapping;
(ii) there exists a point x, € E such that y(x,, fx,) = 1;

(iil) either f is continuous or, for any sequence {x,} in E,
if y(x,,%,.1) = 1foralln € Nand x, — x € E as
n — oo, then y(x,,x) > 1 for alln € N. Then there
exists a point u € E such that fu = u. Moreover, if
y(u,u) > 1, then p(u,u) = 0.

3. Main Results

In this section, we will establish the existence theorems of
solutions for the nonlocal problem (4). For convenience, we
give some notations.

For B ¢ C(J,E), let B(t) = {u(t) : u € B} and denote
B ={u € E : |ull < R}. Let k, = max{k(t,s) : (t,s) € D},
hy = max{h(t,s) : (t,s) € D,}. First of all, let us start by
defining what we mean by a solution of problem (4).

Definition 12. A function u € PC(J, E) is said to be a mild
solution of problem (4) if u satisfies the equation

W)= To O (g) +up)+ Y Ik (te - )"

0<t<t Yik-1

8o (t=5) f(s,u(s), (Fu)(s),(Gu) (s)) ds



+ r (t—9s) " S, (t=3) f (s,uls), (Fu)(s), (Gu)

(s)ds+ Y To(t-1) I (u(t)).

0<t, <t

(16)

To prove our main results, we state the following basic
assumptions of this paper.

(H1) There exists a positive constant K;, (i = 1,2,3) such
that

If (£ @), (Fu) (t), (Gu) (1))
- f &y (@), (Fv) (®),(Gv) )] < Ky llu— v (17)
+ K, |[Fu - Fv| + K, |Gu - Gv|

and for p; € C(J X E,E), t € J,u,v € By, there exists
a constant b;, ¢; > 0 such that

lp: () = p; (£, V)| < b lu =,
lp: (6 w)] < ¢ llul, 18)
i=1,2.

(H2) For any R > 0, there exist a Lebesgue-integrable
function My I — R' and nondecreasing
continuous function Q : [0, c0) — (0, c0) such that

If (t. %, y.2)|| < Mg () Q(R) 19)

forallt € I, (x, y,z) € By X By X Bg.

(H3) g : E — E is a continuous and compact mapping;
furthermore, there exists positive number N;, N,
such that [|g(u) — g()|l < Ny and |lg(w)|l < N, for
any u, v € Bp.

(H4) The functions I, : E — E are continuous and there
exists a constant ¢ > 0 and p > 0 such that

||Ik (t,u) - I (t, v)|| <pllu=v,
|7 @) < pllul, (20)
Yu,v € Bg, k=1,2,...,m.
(H5) There exist constants L; > 0,(i = 1,2,3) such

that for any bounded and equicontinuous sets D; C
C(J,E),(i=1,2,3)andt € ],

B(f(t.Dy,D,,D;)) < ZLi/j (Dy),

(21)
B (k(ts) py (s, Dy)) < Ly (Dy),

B(h(t,5) py (s, Ds)) < LsB(Ds).
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Lemma 13 (see [13]). Let f,g : ] x E — E be a continuous
function and let —A be the generator of a C,-semigroup
(T(t)) (t =2 0). Ifu € PC(J,E) is a mild solution of (4) in the
sense of Definition 12, then for any t € (t,_,t; ,k=1,...,m,

23
u(t) =T, (gW) +ug)+ Y J (te— )"
0<ty<t *tk-1
S8, (t =) f(s,u(s), (Fu)(s),(Gu)(s))ds
t (22)
. J (t—"" S, (t—3) f(suls), (Fu)(s), (Gu)

s)ds+ Y To(t—1) I (u(t)

0<t<t

is a solution of (4). In other words u(t) is a mild solution of (4).

Theorem 14. Let E be a Banach space, let A : D(A) CE — E
be a closed linear operator, and — A generates an equicontinuous
C,-semigroup T(t) (t = 0) of uniformly bounded operators in
E. Suppose that the conditions (H1)-(H5) are satisfied. Then for
every uy € PC(], E) there exists a T, = 7,(1,), 0 < 1, < a such
that problem (4) has a solution u € PC([0, 1,], E).

Proof. Since we are interested here only in local solutions, we
may assume thata < 0o. By using our assumption (H1)-(H4),
lett > 0,R = M2[lull + 1) > 0 be such that Bg(u,) = {u :
l—uyll < R}, for0 <t <t'andu € Bg(u,), and let us choose

T, = min {t’,a,
[ [ (a+ 1) ([xf +1-N, —mp)) ]1/“ (23)
(m+ 1) [M QM 2o +1)) |

I'(w+1) e
2M (m+ 1) (L, + akyL,L, + ahyL;Ls) '

Set Q = {u € PC([0,7;],E) : [lu®®)|l < R, t € [0,7;]}; then
Q is a closed ball in PC([0, 7,], E) with center 8 and radius R.
Consider the operator Q : QO — PC([0, 7,], E) defined by

(Qu) (6 = T () (g ) + ) + Y J (t - )"
0<t, <t “tk-1
LS (t=5) f (s,u(s), (Fu) (s), (Gu) (s)) ds
, (24)
N j (=" Sy (t—5) f (suls), (Fu) (s), (Gu)

k

sNds+ Y T (t—t) I (u(t)).

0<tj<t

It is easy to see that the fixed points of Q are the solutions of
the nonlocal problem (4); we shall prove that Q has a fixed
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point by using Lemma 10. For any u € Q and t € [0,7,], by
Lemma 5(i), we have

I(Fu) ()]l = L k(t,s) py (s,u(s))ds

(25)
<k, Jo 1 (s,u(5))| ds < Reyky < R,

where ¢, = (k,)™". So Tx € Q. Similarly, we prove Gu € Q.
And by (19), we have

l@Qu) @
< [7u () (g ) + o)

M | M| Q(R) Z rk (t, _5)0671 ds

I'(a) 0<ty<t Vik-1

M | M| Q(R) (* ol
M L“‘” ds (26)

MY L (u(t)

0<t <t

M |Mg| @ (R) (m + 1) 7
T(a+1)

< M(N, + [luo]) +
+ Mmp < R.

Therefore, Qu € €. Now we show that Q is continuous
from Q into Q. To show this, we first observe that since f
is continuous in [0, a] x E, it follows that for any € > 0 and
for a fixed u € Bg(u,) there exists &, (1), 8,(11) > 0 such that
for any v € Bp(u,) and let §(u) = min{§, (1), §,(u)}. Then for
any v € Q, |lu — v|| < 6(u) and choose

(M (m+1) (K, + Kyakyb, + Kzahyb,) 1}

I'(x+1) @

€
+M(m‘u+N1)) < M
Then we have

1Qu) (t) = (Qv) 1) < T o (1) [[(g () = g ()]

+zj“

0<ti<t Jtr-1

(te= )" | Sut =9
S (su(s), (Fu) (s), (Gu) (s))
t
- f(s,v(s),(Fv)(s),(Gv) (s))|| ds + L (t

=) S, =9
N (ssu(s), (Fu) (), (Gu) (s))

5
= f(sv(9), (Fv) (5),(GV) (5))]| ds
+ 2 T a =t (e () - L (v (£)]
0<te<t

(M (m + 1) (K, + Kyakyb, + Kzahyb,) ¢
B ( [(ax+1)
+ M (my + Nl)) lu—v| <e.

(28)

Thus, we proved that Q : O — Q is a continuous operator.

Now, we demonstrate that the operator Q : O — Q is
equicontinuous. Foranyu € Qand 0 < t; < t, < 1}, we get
that

”(Q”) (t,) - (Qu) (tl)" =T o (t,) (g (1) + 1)

- T (t1) (g W) +uy)

D RURE S EN R RN

0<t<t Vi1

t,
x f(s,u(s), (Fu)(s),(Gu)(s))ds + L (t2

8, (1,-9)
f(s,u(s), (Fu)(s),(Gu) (s))ds

S N(CED R CED R EXCEE

(29)

b
- f(s,u(s),(Fu)(s),(Gu)(s))ds + J; (,
=) (Se (t = 5) = Sy (ty - 5))
f(s,u(s), (Fu)(s),(Gu) (s))ds

+ Z (‘7a (t2 - tk) - ga (tl - tk)) x Ik (Lt (tI;))

0<t <t

=L+L++1,+ 15+
where

I =T, (t,) (g ) +uy) = T, (t,) (g () + uy) s
te 3
L= Y | 697 (Sulta-9) - St~ 9)
0<tp<t Ylx-1
x f(s,u(s), (Fu) (s), (Gu) (s)) ds,
b
I = L (t, =)' 8, (t,—s) f (s,u(s), (Fu)(s), (Gu)

-(s))ds,



S N (CEDREICERS ENCED
- f (s, u(s), (Fu)(s), (Gu) (s)) ds,
NG RCNCERERNCER)
- f (s, u(s), (Fu)(s), (Gu) (s)) ds,
= ¥ (Talt) = Ta (0~ 0) XL ().
k (30)

Here we calculate

Q) -@o@l=3 .

Therefore, we inspect that ||I;]| tend to 0, when t, — ¢, — 0,
i=12,...,6.

For I,, by Lemma 5(iii), |I,| — Oast, —t; — 0.

For I,, by Lemma 5(iii), we have

I|

IN

S [ -9 809 - s -9l @)

0<t<t 7tk
MR Q(R)ds — 0, t,—t, — O.
M| 2t

For I;, by Lemma 5(i), we have

MMy QR) (* o
||I3|| < “ rlz(li) ( ) Jtl (t2 - S) 1d$
M | Mg| Q(R) N (33)
S Tasn (7t —0

t,—t; — 0.
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g M |Mg| € (R)
IF'(x+1)

(1= 1) = (e = 1,)°

+(te—1,)") — 0, t,—t; — 0.

(34)
For I, by Lemma 5(iii), we have
ty o
Il < [ =9 ISt 9) = St - 9)]
f (35)
Ml QR)ds — 0, t, -t — 0.
For I, by Lemma 5(iii), we have
Ml < mp |7 (6 = 1) = T o (ty = )| — 0,
(36)

t,—t; — 0.
In conclusion, [[(Qu)(t,) — (Qu)(t,)| tendsto O ast, —¢t; — 0,
which implies that Q(Q) is equicontinuous.

Let B = coQ((). Then it is easy to verify that Q maps B
into itselfand B ¢ PC(J, E) is equicontinuous. Now, we prove
that Q : B — B is a condensing operator. For any D C B, by
Lemma 7, there exists a countable set D, = {u,} ¢ D, such
that

B(Q(D)) <2B(Q(Dy)). (37)

By the equicontinuity of B, we know that D, < B is also
equicontinuous.
By the fact that

ru(s)dseaﬁ{u(s)lse]}, ueC(J,E), (38)
0
we have

ﬂ({j:k(t,s)pl (su(s)ds | ueBt e 1})

<akyL,S(fu(t) |ueB,te]}),

For I,, by Lemma 5(i), we have (39)
M | Mg Q (R B h(t,s)Pz(s,u(S))dsIueB,te}}
IL] < W <“o >
| <ahyL;B{u(t) lueB,te]}).
a—1 a-1
' Lk ((t2 SRARCED) )ds Thus, by (H1), (H2), (39), and Lemma 13, we have
BQ(D) @) = ( {9} D) v+ T [ 809 (5,60, (Fe) 9, (Gu,) () ds
0<ti<t tk-1
t a1 o _ 2M (m+1) (!
+ Lk (t =9 Sut =3 f (51, (5), (Fu,) (s),(Gu,) (5)) ds + O;k(;/ o (t= 1) I (u, (%))]’) ST T@w JO (t (40)

= (S (t = 9) f (5:14,(5), (Fu,) (5), (Gu,) (5))) ds <

2M (m + 1) (L, + akyL,L, + ahyL;Ls) 7y

I'(x+1) p D).
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Since Q(D,) ¢ B is bounded and equicontinuous, we know
from Lemma 6 that

B(Q(Dy)) = maxB (Q (Do) (1)) (41)
Therefore, from (37), (40), and (41), we know that

BQ (D))

2M(m+1)(L +akyL,L, + ahyLsLs) T}
IF'(w+1)

-B(D) < B(D).

(42)

Thus, Q : B — B is a condensing operator. It follows from
Lemma 10 that Q has at least one fixed point u(t,) € B, which
is just a solution of problem (4) on the interval [0, 7;]. This
completes the proof. O

Corollary 15. Let E be a Banach space. A : D(A) C E — E be
a closed linear operator and —A generates an equicontinuous
C,-semigroup T(t) (t > 0) of uniformly bounded operators in
E. Suppose that the conditions (H1)-(H5) are satisfied. Then for
every uy € PC(], E) there exists a T, = 7,(u;),0 < 1, < a such
that the nonlocal problem

CD‘:u ) +Au(t) = f(tu(t),(Fu) (@), (Gu) @),
te], t#t,

Auly =T (u(ty)), k=1,2,...,m, (43)

u(0) = uy + ic,-u ()
i1

has a solution u € PC([0, 1,], E).

Proof. Let the function g(u) = Y| u(t;); by the similar way
one can easily verify the conditions (H1)-(H5) by properly
choosing ¢;.. Hence, by Theorem 14, problem (43) has a
solution. O

Theorem 16. Let& : Ex E — R be a given function. Assume
that the following conditions hold:

(A) there exists y € Y such that

If (5,1 (s), (Fu) (s), (Gu) (s))

T'(ax+1)

— F(s,v(s), (F¥) (s),(Gv) (s))] < Mmi ) a

“y (lu—=vlD), (44)

lg @) -gm)| < %Mw (=),

17 (u () = L (v (£)]) <

forallt € ] and for all a,b € E with &(a, b) > 0;

(B) there exists u, € PC(], E) such that E(uy(t), Quy(t)) >
0 for allt € ], where a mapping Q : PC(J,E) —
PC(], E) is defined by

28
-7 0w )+ Y |

0<t<t ”tk-1

Qu (t) (te — s)“i1

Sy (t=3) f(su(s), (Fu)(s),(Gu) (s)) ds

t (45)
+ J (t —s)* Syt =3) f(s,u(s), (Fu)(s),(Gu)

H()ds+ Y

0<t, <t

T o (8= ti) T (u ()

(C) for each t € ], and u,v € PC(],E),&(u(t), v(t)) = 0
implies that £E(Qu(t), Qv(t)) = 0;

(D) for each t € ], if {u,} is a sequence in PC(], E) such
that u,, — u in PC(J, E) and &(u,,(t), u,,,,(t)) = 0 for
alln € N, then

& (u, (1), u(t)) 20 (46)
foralln e N.

Proof. First ofall, let E = PC(J, E). It is easy to see that u € E
is a solution of (4) if and only if u € E is a solution of the
integral equation

bk

u(t) =T, @) (gWw)+uy) + Z j (t— )"

0<tp<t Ytk-1
S, (t—=3) f(s,u(s),(Fu)(s),(Gu)(s))ds
t (47)
+ J (t-9" S, (t—s) f(su(s),(Fu)(s),(Gu)

(s)ds+ Y

0<ty <t

To(t =) I (u(ty)).

Then problem (4) is equivalent to finding u* € E which is a
fixed point of Q.

Now, let u, v € E such that E(u(t), v(t)) > O forallt € J.
By condition (A), we have

IQu®) - Qv = | T o () (g () +up)

2%

(te—9) "' S, (t-s)

+zj

0<ty<t *tk-1

t

F(su(s), (Fu) (s ),(Gu)(s))ds+J (t

bk

=) S (t=9) f (s, u(s), (Fu) (5), (Gu) (s) ds

+ Z o (1) I () = T o (8) (g (V) + v,)
0<ty <t
-y J (=) S, (t—s)

0<t<t ¥tk



(s, v(s), (Fv)(s),(Gv)(s)) ds - L t-s)"

Syt =) f(s,v(s),(Fv)(s),(Gv) (s))ds

- Z T ot =) L (v ()] < M[|(g )
0<tp<t

M(m+1) ! a—1
K e A

Nf sou(s), (Fu) (s), (Gu) (5)) = f (s, v (s), (Fv)
(), (GY) ()] + Mm || I (u (1)) - I (v (£)|
< 3 (=) + 5 (e =D + Sy (= )
=y (lu-vl).
(48)

This implies that for each u, v € E with §(u(t), v(t)) > 0 for all
t € J, we obtain that

[Qx (#) = Qy 1) < w (llu~vI) (49)

for all u,v € E. Now, we define the functiony : Ex E —
[0, c0) by

1 ifE@),v(t)=0Vte],
y(u,v) = <| (50)

0 otherwise,

and also we define the w-distance p on E by p(u, v) = lu—v|.
From (49), we have

y(u,v) p (Qu,Qv) < v (p (u,v)) (51)

for all u, v € E. This implies that Q is an (y, y, p)-contractive
mapping. From condition (B), there exists 1, € E such that
p(uy, Quy) > 1. Next, by using condition (C), the following
assertions hold for all u, v € E:

yuv)>1=

Eu),v(®)=20=

§Qu(1),Qv(t) 20 =
y(Qu,Qv) 2 1

(52)

and hence Q is an y-admissible mapping. Finally, from
condition (D), we get that condition (iii) of Lemma 11 holds.
Therefore, by Lemma 11, we find x* € E such that x* = Qx”
and so x” is a solution of problem (4), which completes the
proof. O

4. Applications

In this section, we present two examples, which illustrate the
applicability of our main results.

International Journal of Differential Equations

Throughout this section, we let E = L2([0,7]) and
consider the operator A : D(A) € E — E defined by

2
DA =ducE: %" kL) =umm=0b
Ox 0x?
(53)
aZ
Au=-2u.
u axzu

It is well known that —A generates a uniformly bounded C,
semigroup (T'(¢)) t > 0 in E.

Example 1. We consider the following impulsive fractional
differential equation:

o0* 0?
ﬁu (x,t) - @u (x,1)
t _—(s—t)
_ 1 lu (x, )|l +1J e 4 (x.5)ds
t+5*1+lutl 5J 5
1 te—(s—t)/z
5 L u(x,5)ds, (54)

u(0,t) =u(m,t), t=0,

(=3 )])
u(x,0) = u, (x),

where t € [0,1], x € (0,7), t # 1/2, 0%/t is the Caputo
fractional-order partial derivative of order &, 0 < & < 1,1 €
L*[0,7]. Take J := [0, 1] and so a = 1.

. (1
Aul;yj, = sin <;

Let
ptu(t,x) = p, (Lut,x) =u(tx),

t e—(s—t)
Fu = J u(x,s)ds,
o 5

t ,~(s—t)/2
G = > d >
u L s u(x,s)ds (55)

1 flue (x, )]
(t +5)% 1+ [lu(x, 1)

B ) = sin (2 Ju (w01 )

then the impulsive fractional differential equation (54) can be
transformed into the abstract form of problem (4).
Next, let u, v € C(J, E), we calculate

f (t,u, Fu,Gu) = + Fu + Gu,

|Fu— Fv| =

t e—(s—t)
J u(x,s)ds
o 5

tef(sft)
—J s v(x,s)ds
0
te—(s—t)/z
J u(x,s)ds
0 5

t (02
- J v(x,s)ds
0 5

2
< =u-v|,
5II II

IGu - Gv| =

2
< - lu=vl,
5
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||f (t,u, Fu,Gu) — f (t,v, Fv, Gv)"

1 2
(MY, 2
() \Tlul ~ 141/ " 25

2 1 2
+ —=(Gu-GV)|| £ = lu—-v|+ — I[Fu - Fv|
25 25 25

2
+ — |Gu - Gv|,
25

1 flue (x, )l
(t+5)* 1+ lu(x, 1)

|.f @ u, Fu,Gu)| =

1 (te®D 1 (te D2
+—J ¢ u(x,s)ds+—J ¢ u(x,s)ds
5J) 5 5 Jo 5

1 2 2 1
< — lull + — llull + — llull = = lul,
55 lull + = Ml + == flull = = llul

I (&) = py (W) < 20w =],
lp, & w) = p, (&) < 20w -,
Iy tw) < 2 ull,

o> (8 w)|| < 2 ulls
(56)

hence the condition (H1), (H2) holds with K; = 1/25, K, =
K5 =2/25 My(t) =1/5,Q(r) =r,by =b, =2,and ¢, = ¢, =
2. Then we have

. ( 1 ) . ( 1 >
sin{ —u ) —sin| -v
7 7

1
< —|u-v, 57
7|| l (57)
n(54)
sin| —u
7

for any bounded set X, Y, Z € C(J,E),I c ], we have

|1 ) - I ()| =

17 Goll =

1
< = |lu]s
7II I

\S)

B(k(L,I)p, (LY)) < =B(Y),

N G

B(h(L,1) p, (1,2)) < ZB(2),

[9)}

(58)

—

B (XY, 2) < S0 + (V)

25
2
—B(2).

" ZSﬁ( )

Hence the condition (H4), (H5) holds with 4 = p = 1/7,

L, =1/25L, = Ly = 2/25,and L, = L = 2/5. Then, by
Theorem 14, problem (54) has a solution on [0, 1].

Example 2. Consider the following impulsive fractional dif-
ferential equation:

o~ o
ﬁu (x,t) — ﬁu (x, 1)
t ,—(s—t)
ot uGe)l R

= —u(x,s)ds
251+ lu(xt)| 5Jo 5

1 [t e (02
5 J ¢ u(x,s)ds,
0 (59)
u(0,t) =u(m,t), t=0,

Ju(x, (1/2)7)]
20 + |u(x, (1/2)7)] ’

A“|t:1/2 =

u(x,0) =uy (x) + Zqiu (x, %) )
i=1

where t € [0,1], x € [0, 7], t # 1/2, and 0%/0t" is the Caputo
fractional-order partial derivative of order &, 0 < a < 1, 1, €
L*[0,7],0 < 5, < 1, < -+~ < 1, and #; is given positive
constants with Zlmzl n; < 2/15. Take J = [0,1] and so a = 1.

Let
te—(s—t)
Fu = J u(x,s)ds,
0
te—(s—t)/2
Gu = J u(x,s)ds,
0
o Julx )l
t,u,Fu,Gu) = ——— +F Gu,
f (t,u, Fu,Gu) 3514 0] + Fu + Gu (60)
u(x, (1/2)"
Ik (u): | ( )I

20+ |u(x, (1/2)7)]
UL 1

(): i P B

9w =Y ()

then the impulsive fractional differential equation (59) can be
transformed into the abstract form of problem (43).
Next, letting u, v € C(J, E), we calculate

IFu — Fv|| =

t e—(s—t)
J u(x,s)ds
o 5

tef(sft)
—J s v(x,s)ds
0
te—(s—t)/z
J u(x,s)ds
0 5

t (02
- J v(x,s)ds
0 5

2
< =u-v|,
5II II

IGu - Gv| =

2
< - lu=vl,
5
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||f (t,u, Fu,Gu) — f (t,v, Fv, Gv)"

t 2
:||_< bl _1), 2 gy
25\1+u 1+|v]/)" 25

2
+ — (Gu-Gv)
25

1 2
< 5z lu=vi+ 52 [|Fu - Fvl
25 25

2
+ — |Gu - Gv|,
25

t o Julxt)

> ’F 4 251+ u )]
”f (t,u,Fu Gu)“ 251+ |Ju (x, t)||

1 t e—(s—t) 1 t e—(s—t)/Z
+—J u(x,s)ds+—J u(x,s)ds
5J) 5 5J) 5

1 2 2 1
< — lull + — llull + — llull = = lul,
o2 Il + =l + = = <

lp (1) = py & W) < 2 -],
s ) = py (6 )] < 20u =),
oy (8 w)|| < 21l

Ip, &) < 2 llul;
(61)

hence the condition (H1), (H2) holds with K, = 1/25, K, =
K5 =2/25, My(t) = 1/5,and Q(r) = r. Then we have

u v 1
[ @) = 1 0] = 20+u 2040 =20V
m m 2
lg @) =g ) = | X = D) < 5= =l
i=1 i=1 1 (62)
u
I, (w)] = =l
el 20+ull < 50 1M
. 2
lg @oll = Do) < <= il
i1
for any bounded set X, Y, Z € C(J, E), I c ], we have
2
Bk (L) p (1Y) < ZB(Y),
2
Bh(L1)p(1,2) < ZB(2),
. (63)

B (XY, 2) < B0 + (V)

25
2
+E/3(Z).

Hence the condition (H3), (H4) holds with 4 = p = 1/7,
L, =1/25L,=L;=2/251L, =Ly =2/5andN, =N, =
2/15. Therefore, by Corollary 15, problem (59) has a solution
on [0, 1].

International Journal of Differential Equations

5. Conclusions

In this paper, we studied the existence of solutions for
a class of impulsive fractional evolution equations with
nonlocal conditions in Banach space by using some fixed
point theorems combined with the technique of measure of
noncompactness. Our results improve and generalize some
known results corresponding to those obtained by others.
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