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We obtain the sharp bounds for the spectral radius of a nonnegative matrix and then obtain some known results or new results by
applying these bounds to a graph or a digraph and revise and improve two known results.

1. Introduction

First we recall some basic definitions and notations that will
be used in this paper. Let A be an n x n real matrix and
A Ay, .., A, be the eigenvalues of A. Since A is not sym-
metric in general, the eigenvalues may be complex numbers.
Without loss of generality, we assume that [A;| > [A,] > - >
[A,l, and then the spectral radius of A is defined as p(A) =
[A,|; that is, it is the largest modulus of the eigenvalues of A.
By the Perron-Frobenius theorem, we have the following: (1)
p(A) is an eigenvalue of A if A is a nonnegative matrix; (2)
p(A) = A, is simple if A is a nonnegative irreducible matrix.

Let G = (V,E) (G = (V, E)) be a graph (digraph) with
vertex set V = V(G) (= V(G)) = {v1,v,,...,v,} and edge set
E = E(G) (arc set E = E(G)). A graph G (digraph G)is simple
if it has no loops and multiple edges (arcs). For any pairs of
vertices v;, v; € V, if there is a (directed) path from v; to v;,
the graph G (digraph G) is called (strongly) connected. In this
paper, we consider finite, simple graphs and digraphs.

Let G be a graph and diag (G) = diag(d,,d,,...,d,) be
the diagonal matrix of vertex degrees of G, where d; is the
degree of vertex v;.

Let G be a digraph; NZ(v;) = {v; € V(G) | (v;,) €
E(G)} and Né(vi) ={v, e VG | (v, v;) € E(G)} denote

j
the in-neighbors and out-neighbors of v;, respectively. Let

d; = INz(v;)| and di = INé(vi)I denote the indegree and

outdegree of the vertex v; in G, respectively, and diag (G) =
diag (d{,d;,...,d}) be the diagonal matrix of the vertex

outdegrees of G.
Let A(G) = (g j) be the (0, 1) adjacency matrix of G, where

1, ifv; and v; are adjacent;
a; = ey

0, otherwise.

Let A(G) = (a;;) denote the adjacency matrix of G, where a;j
is equal to the number of arcs (v;, v;).

Then the signless Laplacian matrix of G (G) is defined as
Q(G) = diag (G) + A (G)

(Q(G) = diag (G) + A(G)).

The spectral radii of A(G) and Q(G) (A(G) and Q(G)),
denoted by p(G) and g(G) (p(é) and q(é)), are called
the (adjacency) spectral radius of G (G) and the signless
Laplacian spectral radius of G (G), respectively.

Let G = (V,E) be a connected graph and G = (V,E)
be a strong connected digraph. For u,v € V, the distance
from u to v, denoted by d;(u, v) (dz(u, v)), is the length of the
shortest (directed) path from u to vin G (G). Foru € V, the

transmission of vertex u in G q(é) is the sum of distances from
u to all other vertices of G (G), denoted by Trg(ut) (Trg(w)).

2)
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The distance matrix of G (G) is tlie n X n matrix 2(G)
(d]) where d;; = dG(vi,vj) (2G) = (dl-j), where dl-j =
G(v,,v )). In f]act for 1 < i < n, the transmission of vertex
v, Trg(v;) (Trg(v;)), is just the ith row sum of 2(G) (D(G)).
For convenience, we also call Trg(v;) (Trg(v;)) the distance
degree (outdegree) of vertex v; in G (G), denoted by D; (D});
that is, D; = 27:1 dij = Trg(v;) (D] = Z;l:l dij = Trg(v).
Similarly, we define D; = Z;.lzl dj;.
Let Tr(G) = diag (D, D5, ..., D,) be the diagonal matrix
of vertex transmissions of G, and let Tr(G) = diag (D}, D3,
. D;) be the diagonal matrix of vertex transmissions of G.

The distance signless Laplacian matrix of G (G)is the n x n
matrix defined by Aouchiche and Hansen as [1]

6(G) =Tr(G)+ D (G)
(@(G) =T (G)+2(G)).

The spectral radii of 2(G) and Q(G) (2 (G) and 0O(G)),
denoted by p?(G) and g7 (G) (p?(G) and g7 (G)), are called
the distance spectral radius of G (G) and the distance signless
Laplacian spectral radius of G (G), respectively.

Let G be a connected graph. The reciprocal distance
matrix (also called the Harary matrix) R(G) = (r,j) of G is
the n X n matrix, where (r;;) = 1/d;; ifi # jandr; = 0 for
i = 1,...,n. Clearly, the rec1procal distance matrix R(G) is
nonnegative and symmetric.

Let G be a graph and G be a digraph; we call G (G) regular
if each vertex of G (G) has the same degree (outdegree). Other
definitions, terminology, and notations not in the article can
be found in [2-4].

In recent decades, there are many results on the bounds
of the spectral radius of a nonnegative matrix and the
various spectral radii of a graph or a digraph, including
the spectral radius, the signless Laplacian spectral radius,
the distance spectral radius, the distance signless Laplacian
spectral radius, and the spectral radius of the reciprocal
distance matrix; see [5-16] and so on.

In this paper, we obtain the sharp bounds for the spectral
radius of a nonnegative (irreducible) matrix in Section 2 and
then obtain some known results or new results by applying
these bounds to a graph in Section 3 or a digraph in Section 4;
we revise and improve two known results.

(3)

2. Main Results

In this section, we will obtain the sharp bounds for the
spectral radius of a nonnegative (irreducible) matrix and
revise and improve the result of Theorem 2.9 in [9]. The
techniques used in this section are motivated by [7, 9, 14] and
so on.

Lemma 1 (see [2]). If A is an n X n nonnegative matrix
with the spectral radius A(A) and row sums ry,1,...,1,, then
min,_;_,t; < A(A) < max,_;_,r;. Moreover, if A is irreducible,
then one of the equalities holds if and only if the row sums of A
are all equall.
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(a Jbeannxn nonnegatwe matrix with

Theorem 2. Let A =
TOW SUMS 11,15, .. .5 Ty, where 1, =1, > =1, and let S be

the smallest diagonal element, T be the smallest nondiagonal
element, and A(A) be the spectral radius of A. Take ¢, = 1,
andfor2 <l<mn,

¢

Fa 4 S=T+\(r, +T =S8 +4(=1)(ry —7,) T
= > )
Let ¢, = max, ., (¢} for some 1 < t < n. Then MA) > ¢,.
Moreover, if A is irreducible, then
1) AMA) =¢, =r, ifandonly ifry =1, =--- =71,
(2) MA) = ¢, > r, with 2 <t < nifand only if A satisfies
the following conditions:

(4)

(i) a;=Sforl<i<t-1
() a;=T>0for1<i<nl<j#i<t-1

(i) ry=ry=- =1 >r,=r,, = =1,

Proof. If T = 0, then ¢
Thus by Lemmalandr >r, > -

=¢, =r,forany2 <l <nbyr, >S.
>r,, wehave A(A) > r, =

max, ., {¢;} = ¢, and if A is irreducible, A(A) = ¢, = r,, if
andonlyifr, =r,=---=7r,.
Now we consider the case T > 0.
Firstly, we show A(A) > ¢ forall2 <[ < n.
Since A is a nonnegative matrix, thena,, > T > 0 for
1 < p# g <n Thus
-1 S+(-2)T, ifl<i<l-1;
a; > _ (5)
=1 (I-1)T, ifl<i<n.
Let
X
S—ryt @-3)T+\(r, + TS +40-1)(r —r)T (©
- 20-1T ’
It is easy to show that x > 1. Take
x, fl<j<i-1,
x; = (7)
1, ifl<j<n,

and let U = diag(xy,x,,...,x,) be a diagonal matrix of
order n. Let B = U AU, and then B and A have the same
eigenvalues, and A(B) = A(A).

Now we consider the row sums of B, say, ;,S,,. .., S,.

Case 1(1 <i <I-1). Consider

n x 1
AP ILEDX RIS
j=1 7 1—1 j=l
1 n 1 -1 1 1 -1
-;Zw(l—;)‘_ o=yt (1-3) 2
j=1 j=1 j=1
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=—(r,~—S)+S+<1——)(l—2)T
X
> L s)+5+<1—1>(1—2)T
x X ’

(8)

with equality if and only if (a) and (b) hold: (a) a; = S and
a; =Tif1<j<l-1withj#iand (b)r; =7_,.

Case 2 (I <i < n). Consider

- n
Z Z i
j=1 j=l

o
'M=
% | %

=17
n -1 9)
= Z a; + (x - I)Za,] =71+ (x - I)Za,]
>ri+x-DI-DT=>r,+(x-1)(1-1)T,
with equality if and only if (c) and (d) hold: (c) a; =T if
I<j<i-land(d)r;=r7,.
Noting that
r,+(x-1)I-1)T
L —s)+5+(1- l)(l-z)T
Tt X
2 (10)
S+1y =T+ \(r,+T=8)? +4(0—1)(r_, —1,) T
B 2
= ¢
then, by Lemma 1, we have A(A) = A(B) > min{s;,s,,...,
Sn} > ¢l.

Noting that ¢, > ¢, =1, byr, + T > S, thus M(A) > ¢,
where ¢, = max;_;_,{¢} forsome 1 <t <n.

Let A be irreducible; ¢, = max, ., {¢;} for some 1 <t <
n.

Case 1 (A(A) = ¢;). For2 <1 <nby¢, > ¢, and T > 0, we
have ¢, = ¢, © r,_; =1,,. Then
b= = ¢ =¢

On the other hand, by Lemmalandr, > r, > --- > 1,,
we have

V2<lsnesr=r=--=r,. (1)

AMA) =r, = r =r,=-=r1, (12)
By (11), (12), and ¢, = r,,, (1) holds.

Case 2 (MA) = ¢, > ¢, for some 2 <t < n). Thenr,_ | > r,
andT > 0by¢, > ¢, =71,
IfA(A) = ¢, thens, =s, =+ =5, = ¢, by the above
arguments and Lemma 1; thus (a) and (b) holdfor 1 <i < ¢t-1
and (¢) and (d) hold for t < i < n. Thusa; = Sfor1 <i <
t-l,ry=ry=--=t,_ >r,=1,,==r,anda; =T >0
forl<i<mnl<j#i<t-1 Now (i), (ii), and (iiii follow.
Conversely, if (), (ii), and (iii) hold, it is easy to show that
equality holds. O

Corollary 3. Let A = (a;;) beannxn nonnegative matrix with
TOW SUMS T1,15,...,1,, Wherer; > 1, > --- > r,, and let S be
the smallest diagonal element, T be the smallest nondiagonal
element, and A(A) be the spectral radius of A. Take ¢, = 1,

and, for2 <1< n,

¢

(13)

ratS=T+\(r,+ T =8} +4(0-1) (r_ —1,) T
- .

Let ¢, = max, ., {¢;} for some 1 < t < n. Then A(A) > ¢,.
Moreover, if A is irreducible with T = 0 or A is irreducible and
symmetric, then

A(A) = ¢t

Proof. We complete the proof by the following two cases.

ifft=1,r=r,=--=r1, (14)

Case 1(T = 0). It is obvious by the proof of Theorem 2.

Case 2 (A is symmetric and T > 0). By (i) and (ii), A is
symmetric and T is the smallest nondiagonal element. We
haver, =r, = =1, =S+ m-1DT <r, = =1,
It is a contradiction by the factr,_; > r,. O

Similar to the proof of Theorem 2 (so we omit the proof
of Theorem 4), we can show Theorem 4 which revises and
improves the result of Theorem 2.9 in [9].

Theorem 4. Let A = (a 1) be an nx n nonnegative matrix with
TOW SUMS 1,155 ..., T, where r =ty 2 21, and let M
be the largest diagonal element, N be the largest nondiagonal
element, and A(A) be the spectral radius of A. Take ¢, = r,
and, for2 <l <mn,

¢

(15)

rl+M—N+\/(rl+N—M)2+4(l—1)(r1—r,)N
- - ,

Let ¢, = min, . {¢;} for some 1 < t < n. Then AM(A) < ¢,.
Moreover, if A is irreducible, then

() MA) =¢, =r, ifand only ifr) =1y =-+- =71,

(2) MA) = ¢, <y with2 <t < nifand only if A satisfies
the following conditions:

Aa;=Mforl<i<t-1;
(11)a =N>0forl<i<nl<j#i<t-1
(111)r1—r2—

EN P = = =y

3. Various Spectral Radii of a Graph

Let G be a graph. In Section 1, the (adjacency) matrix A(G),
the signless Laplacian matrix Q(G), the distance matrix 2(G)
(if G is connected), the distance signless Laplacian matrix
@(G) (if G is connected), the reciprocal distance matrix R(G)
(if G is connected), the (adjacency) spectral radius p(G), the
signless Laplacian spectral radius q(G), the distance spectral



radius p“OZ (G), the distance signless Laplacian spectral radius
q@(G), and the spectral radius of the reciprocal distance
matrix AM(R(G)) are defined. Now, in this section, we will
apply Theorem 2, Corollary 3, and Theorem 4 to A(G), Q(G),
2(G), G(G), and R(G) and obtain some new results or known
results.

3.1. Adjacency Spectral Radius of a Graph. Let G be a graph.
By applying Corollary 3 and Theorem 4 to the (adjacency)
matrix A(G) with§=0,T=0,M =0, N = 1,and r; = d, for
any 1 < i < n, we have the following.

Corollary 5. Let G be a graph on n vertices with degree
sequence dy,d,,...,d,, whered, > d, > --- > d,. Then one
has

d,<p(G)

-1\ 1) aG-1(d -d) | (6
< min .

1<i<n 2

Moreover, if G is connected, then the left equality holds if and
only if G is a regular graph, the right equality holds if and only
if G is a regular graph, or there exists some t with2 <t < n
such that G is a bidegreed graph withd, = ---=d,_, =n—-1>
d=-=d,

Remark 6. The left inequality in Corollary 5 can be obtained
by Lemma 1 immediately, and the right inequality in Corol-
lary 5 is the result of Theorem 2.2 in [13].

3.2. Signless Laplacian Spectral Radius of a Graph. Let G be a
graph. By applying Corollary 3 and Theorem 4 to the signless
Laplacian matrix Q(G) withS =d,, T =0,M =d,, N =1,
and r; = 2d; for any 1 < i < n, we have the following.

Corollary 7. Let G be a graph on n vertices with degree
sequence dy,d,,...,d,, whered, > d, > --- > d,. Then one

has
2d, < q(G)
_ d1+2d,.—1+\/(2d,.—d1+1)2+8(i—1)(d1—d,.) (17)
= 2 '

Moreover, if G is connected, then the left equality holds if and
only if G is a regular graph, the right equality holds if and only
if G is a regular graph, or there exists some t with2 <t < n
such that G is a bidegreed graph in whichd, = --- = d,_; =

n-1>d, =-=d,
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Remark 8. 'The left inequality in Corollary 7 can be obtained
by Lemma 1 immediately, and the right inequality in Corol-
lary 7 is the result of Theorem 3.2 in [15].

3.3. Distance Spectral Radius of a Graph. Let G be a connected
graph and d be the diameter of G. Then the distance matrix
2(G) = (d;j) is nonnegative and symmetric. By applying
Corollary 3 and Theorem 4 to the distance matrix 2(G) with
§=0,T=1,M=0,N=d,andr; =D, forany 1 <i <n,we
note that d,; = --- = d,; = d implies a contradiction. Then
we have the following.

Corollary 9. Let G be a connected graph on n vertices
and d be the diameter of G, with distance degree sequence
D,,D,,...,D, suchthat D, > D, > --- > D,. Let

D, -1+ \(D,+1) +4(i-1)(D,, - D,) (18)
: .

f@=
Then one has

max {D,, f (i)} < p” (G)

2<i<n

. Di—d+\/(Di+d)2+4d(i_1)(Dl_Di) (19)
< min ’

1<i<n 2

Moreover, one of the equalities holds if and only if D, = D, =
..=D,

Remark 10. The right inequality in Corollary 9 is the result of
Corollary 1.8 in [6].

By applying Theorem 2 and Corollary 3 to the distance
matrix 2(G) withS =0,T = l,andr; = D; fori = 1,2,...,n,
we have the following.

Corollary 11 (see [16, Theorem 2]). Let G be a con-
nected graph on n vertices with distance degree sequence
D,,D,,...,D,suchthatD, > D, > D, > D; > --- > D,, for
some 2 <i < n. Then

p” (G)

D, -1+ (D, + 1) +4G- DD, -D,)

2

>

3.4. Distance Signless Laplacian Spectral Radius of a Graph.
Let G be a connected graph and d be the diameter of G. Then
the distance matrix @(G) is nonnegative and symmetric. By
applying Corollary 3 and Theorem 4 to the distance matrix
QG)withS =D,,T =1,M = D;, N = d,and r; = 2D;
fori =1,2,...,n, we note thatd,; = --- = d,; = d implies a
contradiction. Then we have the following.
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Corollary 12. Let G be a connected graph on n vertices with
distance degree sequence Dy, D,, ..., D, such that D, > D, >
--- > D, and d be the diameter of G. Let

3D, -1+ \/(Dn +1)°+8(i-1)(D,_, - D,)
f@= >

g (@) (21

>

D1+2Di—d+\/(ZDi—D1+d)2+8d(i—1)(Dl—Di)
= ; .

Then one has
max {2D,, f (i)} < g’ G) < min {g ()} (22)

Moreover, one of the equalities holds if and only if D, = D, =
..=D,,

Remark 13. The right inequality in Corollary 12 is the result
of Theorem 3.8 in [9].

By applying Theorem 2 and Corollary 3 to the distance
matrix @(G) with § = D,, T = l,and r; = 2D, fori =
1,2,...,n, we have the following.

Corollary 14. Let G be a connected graph on n vertices with
distance degree sequence D, D,, ..., D, such that D, > D, >
D, >D;>---> D, forsome2 < i < n. Then q°(G) > f(i).

3.5. Spectral Radius of the Reciprocal Distance Matrix. By
applying Corollary 3 and Theorem 4 to the reciprocal distance
matrix R(G) with§ =0,T =1/d,M =0, N = l,andr; = R,
fori = 1,...,n, we have the following.

Corollary 15. Let G be a connected graph on n vertices, d be
the diameter of G, R; = Z;’:] rij» and the row sum sequence be

R\, R,,..., R, of R(G) satisfying Ry > R, > --- > R,,. Let
1)
R, ~1/d +\[(R, +1/d)’ + (4/d) (i - 1) (R, - R,)
= 5 *(23)
Ri—1+ (R +1)+4(-1)(R - R,)
g @)= 5 :
Then

max {R,, f ()} < A(R(G)) < min {g()}.  (24)

Moreover, the left equality holds if and only if R, = R, =
-+ = R, and the right equality holds if and only if either

R, = R, = --- = R, or there exists some t with2 < t < n
such that G is a graph with t — 1 vertices of degree n— 1 and the
remaining n — t + 1 vertices have equal degree less than n — 1.

Remark 16. The right inequality in Corollary 15 is the result
(i) of Theorem 4 in [16].

4. Various Spectral Radii of a Digraph

Let G be a strong connected digraph. In Section 1, the
adjacency matrix A(G), the signless Laplacian matrix Q(G),
the distance matrix 2(G) (if CE is corlnected), the distance
signless Laplacian matrix @Q(G) (if G is connected), the
adjacency spectral radius p(G), the signless Laplacian spectral
radius q(é), the distance spectral radius pg(é), and the
distance signless Laplacian spectral radius g” (G) are defined.
Now, in this section, we will apply Theorem 2, Corollary 3,
and Theorem 4 to A(G), Q(G), Z(G), and @(G), obtain some
new results or known results, and revise and improve the
result of Theorem 2.5 in [11].

4.1. Adjacency Spectral Radius of a Digraph. Let G be a
digraph. By applying Corollary 3 and Theorem 4 to the

(adjacency) matrix A(é) withS§ =0,T=0,M =0,N =1,
and r; = d fori =1,...,n, we have the following.

Corollary 17. Let G be a digraph on n vertices with outdegree

sequence dy,d;,...,d, such thatd] > d, > --- > d;. Then
one has
d, < p(G)
. {d:u \/(di*+1)2+4(i— ) (df-d)| (25
= 2 '

Moreover, if G is a strong connected digraph, then the left
equality holds if and only if G is a regular digraph, the right
equality holds if and only if G is a regular digraph, or there
exists some t with 2 < t < n such that G is a bidegreed digraph
withd] = -+ =d | > df = = d and the indegrees
dj=-=d_ =n-1

4.2. Signless Laplacian Spectral Radius of a Digraph. Let G
be a digraph. By applying Corollary 3 and Theorem 4 to the
signless Laplacian matrix Q(G) with S = d;,T =0, M =
d;,N = 1l,andr; = 2d] fori = 1,...,n, we have the following.

Corollary 18. Let G be a digraph on n vertices with outdegree
sequence dy,d;,...,d; such thatd] > d; > --- > d;. Then
one has
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df+2d7 —1+(2dr —dt +1) +8(i— 1) (df —df)

2d! < q(é) < min

1<i<n

Moreover, if G is a strong connected digraph, then the left
equality holds if and only if G is a regular digraph, the right
equality holds if and only if G is a regular digraph, or there

exists some t with 2 < t < n such that G is a bidegreed digraph
withd] = --- =d | > df =--- = d and the indegrees
d; = e =dt_—1 :n—l.

2

Remark 19. Theleft inequality in Corollary 18 can be obtained
by Lemma 1 immediately, and the right inequality in Corol-
lary 18 revises and improves Proposition 20.

Proposition 20 (see [11, Theorem 2.5]). Let Gbea strong
connected digraph on n vertices with outdegree sequence
dy,d;,....d} suchthatd] >d; >--- > d. Then one has

df +2df = 1+(2d; —df +1) +8( - 1) (df —d)

q (é) < min

1<i<n

Moreover, ifi = 1, the equality holds if and only if G is a regular
digraph. If 2 < i < n, the equality holds if and only if G is a
regular digraph or a bidegreed digraph in which d] = d; =
ce=dl =n-landd =---=d} =45".

The following example shows that the result of Proposi-
tion 20 is incorrect.

5 (27)

Example 21. Letn > 5 and D, is shown in Figure 1. For D,
the outdegree sequenceis3 =d; >d; =d; =---=d =2
and the indegree d; = n—1. We have q(D;) = 3+ /3 by direct
computation. It is clear that

df+2d7 —1+(2dr —dt +1) +8(i— 1) (df - df)

q(D;) =3+ V3 = min

1<i<n

4.3. Distance Spectral Radius of a Digraph. Let G be a strong
connected digraph and d be the diameter of G. By applying

Theorems 2 and 4 to the distance matrix 2(G) with S = 0, T =
1,M =0,N =d,andr; = D] fori = 1,...,n, we note that
d,, = -+ =d, = dimplies a contradiction. Then we have
the following.

Corollary 22. Let G be a strong connected digraph on n
vertices with distance outdegree sequence D}, D, ..., D} such

that D} > D} > --- > D}, and let d be the diameter of G. Let

f@

D} —1+(Df +1)* +4(i-1) (D}, - D})
N 2

>

(29)
g (i)

D} —d+ (D} +d)’ +4d (i— 1) (D} - D)
- .

5 (28)

Then one has

max {D;, f ()} < p” (G) < min {g ()} (30)

2<i<n

Moreover, the left equality holds if and only if D = --- = D,
or there exists some t with 2 < t < n such that D] = --- =
D/, >D/=---=D}and D =--- = D,_| = n—1and the
right equality holds if and only if D] = --- = D}..

4.4. Distance Signless Laplacian Spectral Radius of a Digraph.
Let G be a strong connected digraph and d be the diameter
of G. By applying Theorems 2 and 4 to the distance signless
Laplacian matrix O(G) with § = D!, T=1,M =D|,N =d,
andr; = 2D; fori = 1,...,n, we note two facts: the first fact is
that (i) and (iii) of (2) in Theorem 2 cannot hold at the same
time by a; = D] = ¥, d;; and r; = 2D], and the second
factis thatd,, = --- = d,;; = d implies a contradiction. Then
we have the following.
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FIGURE 1: The digraphs D, .

Corollary 23. Let G be a strong connected digraph on n
vertices with distance outdegree sequence D}, D;, ..., D} such

that D} > D} > --- > D}, and let d be the diameter of G. Let

3D}~ 1+\(D; +1) +8( - 1) (D}, - D)
1= .

g() (31)

>

D} +2D} —d+1/(2D} - D} +d)* +8d (i~ 1) (D} - D)
- ; :

Then one has

max{D,, f ()} <q” (G) s min {g()}.  (32)
Moreover, one of the equalities holds if and only if D] = --- =
D;.
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