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We perturb the differential system %, = —x,(1 + x,), X, = x,(1 + x,), and %, = 0 for k = 3,...,d inside the class of all polynomial
differential systems of degree  in R, and we prove that at most n°~* limit cycles can be obtained for the perturbed system using

the first-order averaging theory.

1. Introduction

One of the main problems in the theory of differential systems
is the study of their periodic orbits, their existence, their
number, and their stability. As usual, a limit cycle of a
differential system is a periodic orbit isolated in the set of all
periodic orbits of the differential system.

In [1], the authors studied the differential system

x=-y+e(ax+P(x,y)),
(1)
y=x+e(ay+Q(x,y)),

where P(x, y) and Q(x, y) are arbitrary polynomials of degree
n starting with terms of degree 2, a is a real parameter, and e is
small parameter. They proved that for ¢ # 0 sufficiently small,
the maximum number of limit cycles bifurcating from the
periodic orbits of the linear center X = -y, j = x, obtained
using the averaging theory of first order, is (n — 1)/2 if n is
odd and (n — 2)/2 if n is even. In the same paper, the authors
studied the limit cycles of the differential system

x=-y+e(ax+P(x, 92)),

y=x+e(ay+Q(x,1.2)), 2)
z=¢e(bz+R(x, y,2)),

where P(x, y,2), Q(x, y, z), and R(x, y, z) are arbitrary poly-
nomials of degree n starting with terms of degree 2 and a,b €
R. Then, there exists g, > 0 sufficiently small such that for
le] < ¢, there are systems (2) having at least n(n — 1)/2
limit cycles bifurcating from the periodic orbits of the system
X=-y,y=xandz =0.

In [2], the authors studied the number of limit cycles of
the differential system

5c=—y(1+x)+s(ax+P(x,y,Z)),

y=x(1+x)+e(ay+Q(x,9,2)), 3)
z=¢(bz+R(x,,2)),

where F(x, y, z), G(x, y, z), and R(x, y, z) are polynomials of
degree n starting from terms of degree 2. Then, there exists
g > 0 sufficiently small such that for |e] < ¢, there are
systems (3) having at least #* limit cycles bifurcating from the
periodic orbits of the system x = —y(1 +x), ¥ = x(1 +x), and
z=0.

In general, to obtain analytically periodic solutions of a
differential system is a very difficult work, usually impossible.
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Here, using the averaging theory of first order, we will study
the number of limit cycles of the differential system

’xd))’

s X4))s 4)
k=3,...,d,

%= =%, (1+x) +e(ax; + Py (xp,...
i, =x, (L+x;)+e(ax, + Py (x),...
1%4)) s

in R?, where P (x,,...,x,) for k = 1,...,d is a polynomial
of degree n starting with terms of degree 2, a,b, € R, and € is
a small parameter.

The problem of studying the limit cycles of system (4)
is reduced using the averaging theory of first order to find
the zeros of a nonlinear system of d — 2 equations with
d — 2 unknowns. It is known that in general the averaging
theory for finding periodic solutions does not provide all
the periodic solutions of the system; this is due to two main
reasons. First, the averaging theory for studying the periodic
solutions of a differential system is based on the so-called
displacement function, whose zeros provide periodic solu-
tions of the differential system. This displacement function
in general is not global and consequently it cannot control
all the periodic solutions of the differential system, only the
ones which are in its domain of definition and are hyperbolic.
Second, the displacement function is expanded in power
series of a small parameter ¢, and the averaging theory only
controls the zeros of the dominant term of this displacement
function. When the dominant term is &, we talk about
the averaging theory of order k. For more details, see, for
instance, [3] and the references quoted there. The averaging
theory of first order necessary for the results of this paper is
summarized in Section 2.

Our main result on the limit cycles of the differential
system (4) is as follows.

szs(bkxk+Pk(x1,...

Theorem 1. By applying the first-order averaging theory to the
polynomial differential system (4), for € #+ 0 sufficiently small
at most i~ limit cycles bifurcate from the periodic orbits of the
differential system x, = —x,(1 + x,), %, = x;(1 + x7), X3 = 0,
andx, =0,...,%; =0.

Theorem 1 is proved in Section 3.

2. Limit Cycles via Averaging Theory

Roughly speaking, we can say that the averaging theory gives
a quantitative relation between periodic solutions of a nonau-
tonomous periodic differential system and the solutions of
its averaged differential system, which is autonomous. The
next result provides a first-order approximation in ¢ for the
limit cycles of a periodic differential system; for a proof, see
Theorem 2.6.1 of [4] and Theorem 11.5 of [5].

Theorem 2. One considers the following two initial-value
problems:

x=¢f (t,x) + £2g (t,x,€), x(0)=x,, (5)

y=efo(y), y(0)=xp, (6)
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where x, y, x, € D, and D is an open subset of R", t € [0, 00),
le|] < g, t € [0,00), |e| < &, f and g are periodic of period T
in the variable t, and f(y) is the averaged function of f(t, x)
with respect to t; that is,

T

Hh =7 [ sy o)

Assume that

(i) f, its Jacobian Of |Ox, its Hessian 0 f /0x?, g, and its
Jacobian 0g/ox are defined, continuous, and bounded
by a constant independent of € in [0, 00) X D and |¢| <
£0;

(ii) T is a constant independent of |e|;

(iil) y(t) belongs to D on the time interval [0, 1/e]].
Then, the following statements hold:

(a) On the time scale 1/|e|, we have that x(t) - y(t) = O(e)
ase — 0.

(b) If p is a singular point of the averaged system (6) such
that the determinant of the Jacobian matrix dfy/oy| -,
is not zero, then there exists a limit cycle ¢(t, €) of period
T for system (5) such that ¢(0,¢) — pase — 0.

(c) The stability or instability of the limit cycle ¢(t,€) is
given by the stability or instability of the singular point
p of the averaged system (6) when p is a hyperbolic
singular point.

To prove Theorem 1, we need the following three lemmas
which are proved in [6].

Before doing the proof of Theorem 1, we recall the Bézout
theorem which will be used later on; for a proof of this result,
see [7].

Theorem 3 (Bézout theorem). Let q; be polynomials in
the variables (x,,...,x,) of degree dj for j = 1,....d.
Consider the following polynomial system: q,(x;,...,x;) =
0,...,94(x15...,x4) = 0, where (x,,...,x4) € R?, If the
number of solutions of this system is finite, then it is bounded
byd,---d,.

Lemma 4. Fori, j € N, one defines
1 r" cosiesiande 8)

Mom )y l4cos®

Then, I; ; = 0 if and only if j is even. For i, j € N with j even,
one has

NSNS

j
L= (-7 Lyso- 9)
s=0

s even
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Lemma 5. The following equalities hold. For k € N, one has

1 (" 0 if kis odd,
E, = — J cos*0d = 2
27 Jo Ck/ 275 if kis even;
(10)
1 (> 1 1
Iyp = — J d6 = .
“ 2wy 1+rcosB 1-12
Lemma 6. Fori € N, one has
I 1 r” cos'6
W07 on o l+rcosf
i—1 (11)
(-1) 1-1 i -
=——= 4+ (-1 2 M
rivl —r? l; -0
I=i(mod 2) 2

3. Proof of Theorem 1

Doing the change to polar coordinates x; = rcos0, x,
rsin 0, system (4) becomes

r—s(ar+z >

i=2 iy +eetig=i

11+lz 13

,1 i +1 P 1,2 i PNt
xd (a’ . ;cos"Osin?0 +a;, . cos"BOsin® 9))
4 T15ip iy

......

O=1+rcosh+- <Z Z "Hzx'3

i=2 iy +etig=i

(12)

i (02 iy i1
x4 (af% cos"MOsin0-a,
Dlgreenlg

i iyt
o cos'@sin"?* 6)
11500 d

iy 0 i i
'zx;---x;cos"@

k_s<bkxk+z Z 1112 ..... iy

i=2 i +eetig=
-sin'20>,

where k = 3,...,d. Taking 0 as the new independent variable
instead of t, this differential system can be written as
dr 2
T =¢F (0,1, x3,...,xd)+O(s ),
(13)
ﬁ =e(Gr(0,7,%5,...,x5)) + O(sz),
do
fork = 3,...,d, where
F(0,r,%5,...,x4) = arDgq + Z Z Pl o
i=2 iy +eetig=i
' 1 i2
. X:; (alll iy5eens dD11+1 iy + a;,iz ,,,,, idDil,i2+l) > (14)

G (0,7,%5,...,x4)

i +i i
+Z Y a rtExl XD,
’1’2 wig vl

i=2 iy +tig=i

= bkde0,0

with
3 cos" 0 sin20 (15)
2 1 4 rcos@

Now, using the notation introduced in Lemma 4 and applying
the first-order averaging method, we must find the zeros of
the system

f(r.xs...,x5) =0,

(16)
i (r.x3,...,x5) =0, fork=3,...,d,
where
1 2m
f(rxg....,x;)=— J F(0,7r,x5,...,x,)d0
21 Jo
=arly, + Z Z R
i=2 i+ tig=i
i1 i2
Xy (a;,iz ..... il v, t azl,iz,...,idlil,i2+1)> (17)
1 2m
i (rox3,...,x4) = . J G, (0,7, x5,...,x,)d0
T Jo
- bkkuOO + Z Z azl sgseenlg 11+12xl33 : x:idIll )iy
i=2 iy +eetig=i
fork =3,...,d,and
1 (> 1 (2 19 sin™20
L= | Dydo=5- [ St 09
o o v 2 Jo  1+cosf
Theorem 7. Lett = V1 —r? and k = 3,...,d. The function
tgi(t, x5, ..., x,) is a polynomial of degree n in the variables t

and x;, while rtf (t, x5,...,x,) is a polynomial of degree n + 1.
Moreover, rtf(t, xs,...,x4) = (t = 1)Q(t, x5,...,x,), where
Q is a polynomial in the variables t and x5, x,, ..., x, of the
degree at most n.

Proof. The function gy is a linear combination of x; I, and
iy i3 . iq

ey e x g

Lemma 4 claims that

Mo = (D" (V1= 2) 4 X, 0, (19)

where X, is an even polynomial of the degree m—1 if m is odd

and of degree m -2 otherwise. Using the variable t = V1 —r2,
we conclude that

,where2 <i; +i, +---+i; < n

R G2 O]

o = ; (20)

where X, (t) is an odd polynomial of degree morm—1. Since
"1, vanishes at r = 0, the functions r Iko fork=2,...,m
span the space of functions of the form [A+ X))/t vanishing
att = 1 with deg X(t) = m or m — 1, respectively. Lemma 4
implies that any function r'*/ I ; is of the form

Y, (6) + X, (1)

N (21)
i,j t >



where Y; ;(f) is an even polynomial in ¢ of the degree j (j is
necessarily even by Lemma 4) and X, j(t) is a polynomial
in t of the degree i + j or i + j — 1. We conclude that the
functions r’I“ZIl i where 2 — (i + -+ +dy) < i)+ <
n—(iy+---+iy), generate the space offunctions Z(t)/t, where
degZ < n - (i3 + -+ + iy) (and, in addition, Z(1) = 0).
Therefore, {P.(t, x5,...,%,)/t, degP, <mn},k=3,...,d.

In a similar way, f is a linear combination of r and terms

i+ i3 i +i i3 .
g d111+11 and r""2x3 - d111+1,where2£zl+
iy+---+i; < n. We conclude that the functions r'1+ZI, 41,5, and

’1+’ZI, e Where 2— (i3 +- - +iy) < iy +iy <n—(iy+- - +iy),

generate the space of functions Z(¢)/rt, where degZ <n+
1— (i3 +--- +iy). We have f(0,x5,...,x,) = 0 which implies
Z(1) = 0. Therefore, {(t — 1)Q(t, x5,...,x4)/rt, degQ < n}.
So the polynomials Q(t, x3,...,x,) and tg,(t, x5,...,x4) in
the variables t, x5, ..., x; have at most degree n. Hence, by
the Bézout theorem, the maximum number of solutions of
tg(t, x5, ..., x4) =0fork =3,...,dand Q(t,x5,...,x4) =0
isat mostn? ! for0 <t < 1. O

Thus, from Theorems 2 and 3, it follows that the maxi-
mum number of limit cycles bifurcating from the differential

system (4) is n ! obtained using the averaging theory of first
order. This completes the proof of Theorem 1.

4. An Application of Theorem 1

In system (4), we consider the case n even and

P (xp,...,x5) = Zaoo ,,xd+a10 01%X1%>
P, (xy,...,x4) =0,
(22)
c ik ik i
P (xp5.00x4) = Z (“zo ox1+%z oxz)
i=2,i even

for k=3,...,d.

Computing the averaged functions and taking t = V1 -2,
we have

rNL =12 f (1, x5 Xgo .- -5 Xg)

2
=ar

n
2,1 i1 i ~/ 2
+ (“1,0,...,0,1xd - a0,0,...,ixd> (1 ~Vl-r )

par (23)

n
0
=(1-1) <a (1+1)+ al 0 oa%a— a(’),o,_”)ix;>
i=2

=(1-0)(a+1-Q(xy)),
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where Q(x,) is an arbitrary polynomial in x, of degree n
such that Q(0) = 0. At the same time, the averaged function
corresponding to P(x,, ..., x,) satisfies

V1 =12 (1, x5, Xgp .., Xg)
=bx + V1 -1? Z (1’00 OI,0+a(’)]:0 0101)

i even

(24)

for k = 3,...,d. It is easy to obtain the following relations:
*cos*o 3 (—l)k 1
1+7rcosf 1+rcos@

k
+ Z (-1)* cos*"orF,

v=1
L . k (25)
rsin“ 0 _ Z (_1)5/2 2
1+rcosf s=0's even

k—s

N
r -1 s—vp k—v
(—l)k ——+ ) (=1)"" cos"'Or
1+7rcosf ;

Looking at the second term of the first relation and at the first
term of the second relation, we obtain that r'I; , and r'I,; for
even 2 < i < nare independent. In particular, using Lemmas
4,5, and 6, we obtain

V1 =12 (1, x5, %45+ - . X )

=bexy + gux (1) + gop (1)

(26)
for k=3,...,d,

where

n

ik
0,0,..0

i=2

i even

m
mz Zalo 0’”<T>, (27)

m=0 i=m+1
meven " jeven 2

91k

n n—-1
Gok = Z A"+ V1 =1? Z Bt

m even m even

where

n
_ i,k
Ak = ), a5:0,.09
i=0

i even

i—m,i>

n

ik
Bm,k = ao i,0,.. Odi—m,i Z ei—m,l’
i=0 >0

i even 1 even
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i
Aimi = (-1t 2 )

(i~ m)
2
A i-m-—1
€y = (127G

2
(28)

Writing t = V1 — r2, the polynomials g, (r) = P, () satisfy
the conditions g,;(0) = P,;(1) = Ofors = 1,2 and k =
3,...,d. Then, we can define a polynomial of degree n in t:

Pe(®)=P () +Py(t)=(t-1)P. (). (29

Due to the independence of riIi)O and r"IO’,- and the arbitrari-
ness of the coefficients “z?,’(’)c,o,..‘,o and a(i)’,lf,o,.“,o’ the polynomial
P, (t) is an arbitrary polynomial such that P(1) = 0.In fact, it
is obvious that g, ; and g, ; have n/2 parameters, respectively,
where /2 coefficients af)’,’f,o’__qo allow choosing the first term of
gy arbitrarily except for the term with m = 0, implying that
the even terms of ITk(t) are arbitrary except for the constant
term, while the other /2 coeflicients a:,’g,o,u.,o allow choosing
the second term in g, arbitrarily, implying that the odd
terms of P, (t) are arbitrary. Therefore, the polynomial P, (t)
of the degree n satisfies Fk(l) = 0 and has n arbitrary
coeflicients. The number of solutions of f(r, x5, x4, ..., %x,) =
0, gi(r,x3,%4,...,x4) = 0, for k = 3,...,d, is equal to the
number of the intersection points of the curves

L:a(l+t)-Q(x,) =0.

Zk_llbkxk'Fﬁk(t):O, fork:3,...,d.

(30)

Hence, by the Bézout theorem, the maximum number of the
common solutions of system (30) is at most n“for0<t<1.
We can find n% ! intersection points on f(r, X, ...,x;) = 0
with g (r,x5,...,x4) = 0fork = 3,...,d,r € (r,,1),0 <
ro < 1, which (using the averaging theory; see Theorem 2)
give rise to n* ! limit cycles bifurcating from periodic orbits
of the system X; = —x,(1 + x,), X, = x;(1 + x;), X3 = 0, and
X,=0,...,%;=0.
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