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We are concerned with both regular and degenerate first-order identification problems related to systems of differential equations
of weakly parabolic type in Banach spaces. Several applications to partial differential equations and systems will be given in a

subsequent paper to show the fullness of our abstract results.

1. Introduction

The basic aim of this paper consists in extending the results in
[1] and in solving some identification problems in a product
space X x X, where X is a Banach space X, endowed with
a norm |||, related to systems of two possibly degenerate
first-order differential equations in time. More precisely, we
will consider the differential problem: determine a pair of
functions y = (y;, y,) : [0,7] - X x Xand f:[0,7] - R,
T € R,, such that

(M1,1y1)’ (t)+ (Ml,z)’z), ) +Ly,y (B)
+ Loy, () = f ()2,
(Mp130) () + (Map3,) () + Loy 3, (8)
+ Ly, (1) = f () 2,
M1 31 (0) + M5y, (0) = My y10+ Mi3Y20
My 31 (0) + Mypy, (0) = My, y1 0+ My, ¥,

Y [Myy, (8) + M,y (1)]

+¥, [My, ) () + My, y, ()] = g (1),

0<t<T,

0<t<r,

)

0<t<.

In particular, the regular choice corresponds to the case where

M, =M,, =1, M,, =M,, =0. (2)
The starting point for this paper is provided by [1] (cf. also
[2]) where the identification degenerate problem

DMy (t)+Ly(t)= f(t)z, 0<t<T,

(My) (0) = Myj, (3)
Oy =g,

is studied in the Banach space X under assumptions of weak
parabolicity (cf. [3]) on the linear closed linear operators L
and M.

Existence of solutions to evolution equations with
matrix-valued operator coefficients has been considered very
recently by Engel [4] where no degeneration is involved.

Abstract systems of parabolic equations of relevant
importance in applications are described in the monograph
by Yagi [5].

Here we study both the regular and the degenerate cases
using the basic results in [1] and the different methods intro-
duced therein. This will allow us to handle, in particular,
systems of elliptic-parabolic equations and systems of degen-
erate parabolic equations in different functional spaces.

We indicate now the plan of the paper.

0<t<T,
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In Section 2, we will consider an identification problem
for first-order regular systems of differential equations.

In Section 3, we will deal with identification problems for
first-order in time systems of PDE’, treating in particular
some nonstandard boundary conditions.

Section 4 contains the main contributions to the degen-
erate case. The first two results—Theorems 14 and 18 —can be
easily extended to matrix-valued operators of the form

23]

where operators A and C map from X to X and Y, respec-
tively, while operators B and D map from Y to X and Y,
respectively, and Y being a suitable Banach space.

Different levels of degeneration for operator matrices
not entering the time derivative will be considered and
corresponding conditions for the solvability of the related
identification problems will be given.

Section 5 contains some extensions of the basic results in
[1], which will play a key role for the present paper.

Section 6 contains a number of applications to systems
of PDE’s enlightening the concrete applications and the strict
conditions to be satisfied by the single equations to guarantee
both existence, uniqueness, and the regularity of solutions.

The Appendix section describes a general approach to
inverse problems using a perturbation theory of generators.
In such a way, the inverse problem under consideration is
reduced to a direct problem with a new generator.

A number of specific examples illustrate the extension
and the strength of this method.

2. Identification Problems for
First-Order Regular Differential
Systems in Banach Spaces

Let X be a complex Banach space with norm |-]| and let

S, ={A€C:Red>—(1+|ImA)}, ¢>0. (5

The space X x X is endowed with the product norm.

LetA : D(A) ¢ X - X,B: IB) ¢ X - X,
C:9(C)cX — X,D:22(D) c X — X be four closed
linear operators satistying the following properties, where
p(L) denotes the resolvent set of a linear closed operator L :
Z(B) c X x X:

(H1) @(A) ¢ D(C) and Z(D) ¢ D(B);
(H2) [A + A) Mg < CrA+IAD P forall A € 2y
(H3) [A + D) Mg < Co(1+ A forall A € 3,5
(H4) [CA + A) Mg < C5(1+ A forall A € 2,
(H5) IBA + D) llgx) < Co(1+ 1A forall A € 35
(H6) B; € (0,1],0; € R, j=1,2,01 + 0, € R;

(H7) @; € X", j=1,2.
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We consider here the problem consisting in recovering the
unknown scalar function f : [0,T] — R in the following dif-
ferential system in X x X:

o 8]+ [2 2l o 2] osven

subject to the initial conditions
x(0)=xp  y(0) =y @)

and to the additional information
O, [xO]+ D, [y(O] =g (), O<t<t. (8

First we consider the following resolvent system in X x X,
where A € ¥ andw,z € X:

(A+A)x+By=z,
9)
Cx+(A+D)y=w

that we rewrite in the vector form:
A+A B x z
ISR ees | i P RS

Note that according to our assumption (H3) we get
y=-(A+D)"'Cx+(A+D) " w,
[[-BA+D)'CA+A)"'|(A+A)x=2z-BA+D)" w.

(11)
Observe now that

||B A+D)'C(A+ A)‘1|| o0

s “B (A+ D)_lny(X) ”C(A + A)_IHQ(X) (12)

<SCC,(1+A) % < %

if
> (2C,C,) "~ 1. (13)
Then forallA € X, N B(O—,ro)c =: S(a, 1) the linear operator

I -B(A+D)'C(A + A" admits an inverse R(1) in Z(X)
satisfying the estimate

||[1 _BA+D)'C(A+ A)“]’1||3(X) <2 (14)

Hence the solution to system (9) is given by
x=(A+A) T 'RAWD)z-A+A)'RA)BA+D) " w,
y=-A+D)'CA+A) 'Rz

+(A+D) [I+CA+A) ' RAVBA+D)|w.
(15)
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Therefore, for all A € S(a, 1), we deduce the estimates
Il < Cs (1 + D izl + Co (14 AN ],
Iyl < C; @+ AP el (16)
+Ce(1+ AP {1+ @+ %} wll .
Since 0, + 0, > 0, we conclude that the operator matrix

A B

‘Qf:[CD

], D)= DA xD (D), 17)

satisfies the following bound in the product space X x X:

A+ 2y <Gy AP, AeS(ar), (18)

Do =

where

B =min{B,, B, B; + 0,5, B, + 0} (19)

Remark 1. If operators B and C are bounded, then o; = j3;,
j =1,2; thus, 0, + 0, > 0 is trivially verified.

Remark 2. 1If D(B) = (D), theno, = 5, -1 < 0. Indeed, for
any A, € —p(D) it follows

"(AO +D)(A+ D)_1||3(X)

< "AO A+D) ' +T-A(A+ D)_1||3(X) (0

<Cy ol L+ AN+ 14+C, M (1 + AP

<Cpp(1+ADF

Moreover, the closed graph theorem implies B(A, + D)™ €
Z(X). This and the previous estimate imply

B+ D) Cr 1+ AD' . (21)

oo =
2(x%)
The relation o, < 0, along with H9, implies 0, > -0, = 1 -
B, = 0. Consequently, the set relations 2(C) = P(A) and
D(B) = (D) cannot occur simultaneously.

Taking the results in [1] into account (reported and
improved a bit in Section5), we deduce the following
Theorem 3.

Theorem 3. Let —A and —D be the generators of two differen-
tiable (not necessarily densely defined) semigroups of parabolic
type in the complex Banach space X satisfying (HI1)-(H3). Let
B and C be two linear closed operators satisfying properties
(H4)-(H6) and let ®;,j=12 be two linear functionals with
properties (H7). Let (e, 3,0) be a triplet of real numbers such
that (cf. (19))

oc+[3>%, roa-B<O<a+tf-1.  (22)

Let the data (g, z,, z,) satisfy the properties

geC”e([O,T];***C***), z, € D(A),

(23)

*

z, € D (D), x % %D [z,] + D, [2,] # 0, % %
(Augy + Bvy, Cuy + Dvy) € D (A) x D (D),
(24)

g(0) = % % %@ [up] + @, [] . # #x

Then the identification problem

U (t)=-Au(t)-Bv(t)+ f(t)z, 0<t<rt,

Vi(t)=-Cu(t)-Dv(t)+ f(t)z,, O0<t<r, (25)

u (0) = u())

@, [u(@®)]+ @, [v()] =g (),

v(0) = v,
0<t<rt
admits a unique global solution (u,v, f) € [C™([0,7]; X) n

C?([0,7], 2(A))] x [C™* ([0,7];X) n C%([0,7], D(D))] x
c?([0,7]; ©).

Remark 4. If C = kA for some k € R, and B € £(X), then
o, =p-1,0, =, Thus o, + 0, = B; + 5, — 1 > 0 implies
B+, > 1. Inthis case, owing to (19), we have f = 5, + 3,1,
so that we need to require & + 3, + f3, > 5/2.

In most applications, & = 1, so that this relation reduces
to 3, + 5, > 3/2.

3. Identification Problems for Regular
First-Order in Time Systems of PDE’s

In this section, we will deal with some identification problems
related to systems of PDE’s.

Problem 5. Let Q) be a bounded domain in R" with a C*°-
boundary 0Q.

We want to recover the scalar function f: [0,7] — Rin
the initial-boundary value problem:

Dyu (t,x) + A(x,D,) u(t, x)
+B(x,D,)v(t,x) = f(t)z; (x), (t,x)€ (0,7)xQ,

Dyv(t,x) +C(x,D,)u(t, x)
+D(x,D,)v(t,x) = f ()2, (x), (t,x)€ (0,7) X,

u(x,0) =uy(x), v(x0) =v(x), x€Q,
a(x) Dyu (t, %) + o (x) - V(%) + b (x) 4 (£, x) = 0,

(t,x) € (0,7) x 09,
c(x) Dy (t,x) + B(x) - Vv (t,x) +d (x) u(t,x) = 0,

(t, x) € (0,T) x 0Q),
(26)



under the additional information

[, @0 +m v ol =g, telol.
(27)

Here

-A(x,D,) = Z a,; (x) D, D, + Zai (%) Dy, +aq (x),

ij=1 i=1

n n
-D(x,D,) = ) @;(x) Dy,D, + )@ (x) Dy, + @ (x)
i,j=1 i=1

(28)

are two second-order linear elliptic differential operators with
real-valued C*-coefficients on Q such that

a,;(x) =a;;(x), Z a,; (x)§&; > ¢ |£|2,

i,j=1

(x,8) e QxR",
(29)

a;(x)=a,;x), ;&>

i,j=1
(x,8) e QxR",
¢, being a positive constant.

Assume for the time being that B(x, D,.) and C(x, D,) are
multiplication operators defined, respectively, by two C*(Q)-
functions r and s. In this case we have o; = ..

Concerning the linear boundary differential operators

defined by
Zu:aDyu+oc-Vu+bu, ﬁu:&Dyu+&-Vu+Eu,
(30)

assume that a, @, b, b and «, & are real-valued C* functions
and vector fields on 9Q such that Tu = a-Vu.and T v = & Vv
are real C*-tangential operators on 0Q), D, and D; standing
for the conormal derivatives associated with the matrices
(a;, j(x)) and (&; j(x)), respectively; that is,

-1
D, = ( Y a; (x)n (x)n; (x)) Y a,; (x)n; (x) D,

ij=1 ij=1

-1
D; = < > a,; (x)n; (x)n; <x)> > a,; (x)n; (x) D,
i,j=1 i

i,j=1
(31)

n(x) denoting the unit outward normal vector to dQ at x.
Assume further (cf. page 515 in [6]) that the vector field o
(resp., &) does not vanish on I}, = {x € 9Q : a(x) = 0} (resp.,
I, = {x € 0Q : a(x) = 0}) and the function t — a(x(t, x,))
(resp., t — a(x(t,x,))) has zeros of even order not greater
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than 2x, (resp., 2x,) along the integral curve x(t, x,) of «
(resp., &) passing through x, € T, (resp., x, € I) att = 0.
In other words, the so-called (H);-condition holds with § =
6, =1/(1+2x,)and § = §, = 1/(1 + 2k,), respectively.

It is shown on page 516 in [6] that the operator L, and L,
defined by

D(L,)= {uel* (@ : A(x,D,)ucl*(Q),Au=0},
Liu=-A(xD)u, ueP(L,),

P (L,) = {veL*(Q):D(x,D,)veL*(Q),Dv =0},

Lyv= -D(x,D,)u, veD(L,),
(32)
satisfy in L2(Q) the resolvent estimates
“(A * Ll)_luy(Lz(Q)) SCIATe,
33
"(’\ + L2)71|'3(L2(Q)) S CIATe” -

for all complex A in a sector |argA| < ¢, with ¢ € (7/2,7)
and |A| suitable large.
We are in the subelliptic case:

1+8, 146,

p=min (B o} = min {1250 L2025 1

Choose now 0 € (1 - 3, ) and make the following assump-
tions:

z; (L), nel’(Q, j=12

uy € 2(Ly), vy€D(L,),

AGDug+r()vyg € D(Ly),
s()ug+D (D) vy € D(L,),

(35)
geC*(0,7;R),

g(0) = jﬂ (11 ()t (x) + 7, () v ()] dlx # 0,

JQ [ () 2, (x) + 1, (x) 2, (x)] dx # 0.

Then our identification problem admits a unique global
solution (1, v, f) € [C™*0([0, 7]; L2(Q))nCP([0, 7], D(L )]
[C([0, 7] LX) n C°([0, 7], Z(L,)] x C°([0, 7] R).

We consider now the more general case where C(x, D,.) =
kA(x,D,), k € R,, and B is the multiplication operator by
s € C®(Q).

From Remark 4 we get f = 3, + 3, — 1, so thata+ 3 > 3/2
reduces to 3, + 3, > 3/2, that is, to §, + &, > 1. Since

1 1

6, +6, = +
1+2Kx;, 1+ 2k,

<1, ifx,x, € N\{0},
(36)
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we are compelled to require that either of §; or §, must
coincide with 1.

Note that, if §, = 1, then the corresponding boundary
value problem is elliptic and this holds if and only if a(x) # 0
for all x € 0Q (cf. [7], on page 515). In this case § = 5, =
(1+96,)/2>1/2s0othatl - =(1-6,)/2.

Choose now 6 € ((1 —8,)/2,(1 + §,)/2) and make the
same assumptions as in the previous case, except for (u, v;).
The related condition has to be changed to the following:

A(GD)uyg+s()vy € D(L,),

(37)
kA(,D)(-)ug+D(~D)vy € D(L,).
Then the given identification problem admits a unique
global solution (u,v, f) € [C'*([0,7]; L*(Q)) n C°([0, 7],
D(L )] x [C0([0,7]; (@) n C°([0, 7], D(L,))] x C*(([0,
; R).
A corresponding result holds when 6§, = 1.

Problem 6. We note that in Problem 5 the domain of
the operator-matrix is a product of domains. However,
Corollary 31 allows to handle also decoupled domains. For
this purpose, we will consider a problem related to a reaction
diffusion model describing a man-environment epidemic
system investigated in [8]. Such a model consists in a
parabolic equation coupled with an ordinary differential
equation via a boundary feedback operator (cf. also [7]).

In order to obtain stability results the authors linearize
the model and arrive at the following evolution system, where
u(t, x) and v(t, x) stand, respectively, for the concentration of
the infection agent and the density of the infective population
at time ¢ and point x:

Do (t,x) =Au(t,x) —a(x)u(t,x) + f (t) z;,
(t,x) € (0,+00) x Q,
Dyw(t,x)=c)u(t,x)-dx)v(t,x)+ f )z,
(t,x) € (0,7) X Q,
x € Q,

(38)
u (0, x) = u,y (x),

Dyu(t,x)+ B (x)u(t,x) = J;) k(x,y)v(t,y)dy,
(t, x) € (0, +00) x 09,

v(0,x) = v, (x),

where Q is a bounded domain in R” with a smooth boundary
0Q, A is the Laplacian, a,c,d € c(Q), B e C(OQ), k €
L®(0Q x Q) are nonnegative functions, and D, denoted the
outward normal derivative on 0€).

We define E = C(Q), X = E x E and denote by M,, the
multiplication operator induced by the function h. Moreover,
we introduce the operator matrix

Az[A—Ma 0 ]

M, -My (39)

D(A) = (w,v)eX:ueH (Q),

Dyu(x) + B (x)u(x) = J;) k(x,y)v(y)dy on 0Q. (40)

Au € E,

It can be proved (cf. [7, page 126]) that A generates an
analytic semigroup on X.

Consider then the identification problem consisting in
finding a triplet (1, v, f), f being a scalar function satisfying
the direct Problem (38) as well as the additional condition:

ou(t,X)+uv (LX) =g ), te(0,7), (41)
where z,,2,, Uy, v, € c(Q), g € C([0,7];R), X, X are fixed
pointsin Q, (0, ) € R*\{0}. As a consequence of [2, Theorem
3.2] we get

Proposition 7. Let 6 € (0,1), g € c*9([0, 7]; R), (ug, vy) €
D_,(1 + 6,00), (21,2,) € D_4(6,,00), ouy(x) + pvy(X) =
9(0), 0z,(x) + uz,(X) # 0. Then the identification Problem
(38), (41) admits a unique global strict solution ((u,v), f) €
[C™([0,7]; X) N C%([0, 7] D (A))] x C°([0, T} R).

Notice that the interpolation spaces Z_4 (6, co) are well
characterized both in an abstract form and for many bound-
ary conditions (cf. [4, 9]), but in this concrete case it seems
to be difficult to translate them as on page 321 in [4].
Therefore, one can use the more restrictive assumptions
(U9, vo)» (21, 2,) € D(A) that can be easily checked.

Problem 8. We solve here an identification problem in Holder
spaces.

Let O be a bounded domain in R" with a smooth
boundary 0Q. Then C**“(Q), v € N\ {0}, and w € (0,1)
denote the Banach space of all functions in C"(Q) whose
derivatives of order » are all Holder continuous with expo-
nent w. Such a space will be endowed with the natural norm

(3 o
We introduce now some notation and assumption. As

usual, @ = («y,...,q,) € N" denotes a multi-index and we
associate with it the monomial differential operator D% =
H;-lle?j) D; = i_la/axj. Finally, for any (fixed) m € N and

w € (0,1/3) let the functions @ : @ — C, |&| < 2m, satisfy,
for some positive constant M > 1, the relations:

az € cte (E;C) , & < 2m,
a; (x) € R, Vx € Q,

M7E < Y ag (0 & < M[ET,

|&|=2m

|| € {0,2m},
(42)

VxeQ, &EecR".

Introduce now the linear operator Ain X = C () defined
by

D(A) ={ueC(Q): D'u=0
on aQ,|&|Sm—1}, (43)

Au(x)= Y az(x)D'u(x), x€Q, ueP(A).

|&|<2m



A remarkable result by von Wahl (cf. [10] on page 241) estab-
lishes the resolvent bound
|z + a7 |, < Cla™ ey,
B (44)
VueC"(Q), zeZ \B(O,R),

for a large R > 0, where ¥, = {z € C : Re z > —q(1 +
[Imz|)}, ¢, > 0.

For our application is not restrictive to assume that such
a condition is satisfied for all z € X,. In this case the resolvent
estimate
sca+ip™,

A+ a) Lex,  (45)

oo
holds with 8, = 1 — (1 + w)/(2m).

Let now D be another linear differential operator of order
2r, with properties similar to those of A, defined by

2 (D) = {veC™™(Q):D*v=0 on 30, |& < r -1},
Dv(x) = Z da(x)D&v(x), xeQ, ve 2 (D),
e (46)
where w € (0,1/3).
Likewise as above, the spectral estimate
A+ D)y SCA+IANTL Aez,  (47)
holds with 8, =1 - (1 + w)/(2r).

Notice that §; > 1/2and 8, > 1/2 implym > 2and r > 2.
Let now B and C be linear differential operators, with
smooth coefficients (e.g., in C *@(0))), defined by

o) (B) - Cp+1+w (5) , o) (C) — Cq+1+w (5) ,

B= Y b()D, C=Y gD, (48)
IBl<p I71<q

where 0 < p <2rand 0 < g < 2m.
In view of Satz II on page 239 in [10] we have

||B(z + D)““g(cw@ <SC(+1z)™, zeX, |z| large,
[CE+ A e, SCA+INT, zey, lef large,
(49)
where
g+l+w ptltw
o=1-1"2 4 = (50)
2m 2r
We introduce now the operator matrix
A B
D(d)=2(A)xD2(D), d=|- pl| (51)
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We can now apply Theorem 3 with X = C'*“(Q), « = 1 and

we(O,%), rg+mp+ (1 +w)(r+m)<4mr, (52)

1
ﬁ:min{l— 1+w’1_ 1+w,2_ l+w p+ +w,
2m 2r 2m 2r
2_1+w_q+1+w}>1.
2r 2m 2
(53)
Under such hypotheses the identification problem
Dy (t,x) + Au(t,x) + Bv(t,x) = f (t) z; (x),
(¢, x) € (0,7) X Q,
Dy (t,x)+Cu(t,x) + Dv(t,x) = f (t) z, (x),
(t,x) € (0,7) x Q,
u(0,x) =uy(x), vO0,x)=v,(x), x€Q, (54)
D*u(t,x)=0, |&<m-1, DSV (t,x) =0,
'§| <r-1, (t,x) € (0,7)x0Q,

ou(t,x)+uv(t,x)=g(t), te(0,1),

x and X being two fixed elements in ), admits a unique
solution ((u,v), f) € [C"0([0,7];C***(Q) x C*(@Q)) n
CB([O, 7]; D (A) x D (D))] x Ce([O, 7]; R) provided that the
following conditions are satisfied:

(H1) uy € D(A), vy € D(D), Auy + By, € D(A), Cu, +
Dv, € D(D);

(H2) z, € D(A), z, € D(D), 0z,(x) + pz,(X) # 0;

(H3) g € C'*([0,7];R), 1 - B < 8 < B, g(0) = ouy(X) +
Uvo(X).

Notice that, if p < 2r—2and q < 2m-2, then § = min{f,, f3,}
and condition rg + mp + (1 + w)(r + m) < 4mr is satisfied.

Problem 9. Here we solve an identification problem related
to the Ornstein-Uhlenbeck operator in R”, n > 1. For this
purpose, we refer to the monograph [11]. Such an operator
is the prototype of an elliptic operator with unbounded
coeficients and is defined on smooth functions ¢ by

Ao (x) = %Tr (QDz(p) (x) + (Bx,Dp), xe€R", (55)

where Do and D¢ denote, respectively, the gradient and
the Hessian matrix of ¢, while Q and B # O are n x n
constant matrices, Q being strictly positive definite and the
spectrum o(B) of B being contained in the left complex half-
plane Re z < 0.
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It is well known that the realization & » of & in the
weighted space L% (R"), where

_ =l
(2m) ™ (det Q) V2 Qa2 g

+00 B B‘
J " Qe™ ds,

0

p (dx)
(56)

Qoo
generates an analytic semigroup with domain W:’P (R™),
where

k,
WP (R") = {u e Lb (R") : D*u € LY, (R"), Ja| < k} (57)

and is endowed with the norm ||u||wj,p(R,,)

Y jagrc 1D ull g gy where || fll s oy = (Jo 1 F(0)IP du(x))'"”.
Moreover, the spectrum of £, is the discrete set

G(EZP): <|/\: i{”j/\j:”j eNu{0}, j= 1,._.,,’},
=
(58)

Ay, ..., A, denoting the (distinct) eigenvalues of B.
We note also that (cf. [11, Theorem 9.3.4])

1/2

LE(R™)?

1/2 B
L®) SKPu u

V2l ey < C Nl

ue W:’P (R"),

2,
x| uIILﬁ(RW) <C, IIuIIWI},p(R,.) , uEW, P (R"), (59)

. 1/2
_ 2
|x| = <ij> .
=1

Whence, since the operator &, —1 is continuously invertible,
we easily deduce the estimates

Il 2l

1/2
LE(R™)

< Co | Iuligan + €y Wl |12

1/2
- ”"Li(R")]

1/2 1/2
< Co| ol |2 (60)

1/2

1/2
+ Cy lull}) o

LE(R™)

3 u”

1/2
L u-— L®n’

1/2
= Cy [lull¥, .

LE(R™)

u“ ue W:’p (R").

Likewise we get the estimates

> .

i,j=1

LE(R™)

< G193t + [P ) o

<Cs “8 u- u” uce W:’P (R™).

LL(R™)’

Finally, recall that the dual space to LII:(R”) can be identified
with L‘L(IR”), 1/p+1/g=1.
Consider now the linear differential operator B defined by

Bu = Zaj (x) Dy ju + ij (xX)xu, uce WHI’P (R™), (62)
=1 ot

wherea s bj are uniformly continuous and bounded functions
in R".
The previous estimates yield

if’z(w Ly = ”Hl/z

”Bu"LP(R” < Gy Jull p TACON

Ae p(S,”P).
(63)

Consider then the linear operator

n
1
Biu= .Zlai’j (x)x;Dyu, ueW, P(R™),  (64)
i,j=

where a; ;
in R".

Reasoning as above, we conclude that B, satisfies the
estimate

”Bl(gp - A)_IfHLﬁ(Rn) < C8 ||f||L‘Z([R") > /\ € p (:ZP) :

are uniformly continuous and bounded functions

(65)
Consider now the identification problem:
D,u (t,x) = (3 - AO) u(t,x) + iaj (x) ijv (t, x)
=1
L 66
+ Y b (x)xv (%) + f (B 2 (), (66)
=1
(t,x) € (0,7] x R",
v(t,x) = iﬁj (x) iju (t,x) + il;] (x) xju(t, X)
=1 =1
(67)
+(Z, = L) v(tx)+ f ()2, (),
(t,x) € (0,7] x R",
u(0,x) =uy(x), v(0,x)=v(x), xeR" (68)
[ 0 @ +m v Dbdie = g0,
R (69)
t e0,1],
where 1,1, € LYR™, 1/p+1/q = 1, g € C*?([0,7};R),
0 €(0,1),and

g(0) = JW {0 (%) 1y (x) + 15 () v ()} p (dx) . (70)

Theorem 3 applies with X = Lﬁ(IR"), p € (1,+00). Here o =

LB =B, =10 =0, = 1/2,s0 that B = 1. Assume



further that z,,z,, uy, v, € W:’p (R™) possess the additional
properties:

(Z,—Ao)up + Zaj (x) Dy, v
+ b (%) xjvoj e WP (R"),
J
;@uﬂ%%+;@umﬂo
+(Zp = ho) vo € WP (RY),

[ b2 00+ 02 @) 0 te o],
@

Then the identification Problems (66)-(321) admit a unique
strict global solution (u,v, f) with w,v € C"([0,7];
LE®R™) 0 ([0, T WP (R™), f € C°([0, 7] R),

We note that a corresponding result still holds if either
of the lower order operators is replaced with Bju =
szzl a,-,j(x)xliju.

Since R" is an unbounded domain of cone type, the real
interpolation spaces (Lz([R”), W;’P(R"))g,p,e € (0,1) are well
characterized. Exactly we have (cf. [9, Theorem 3.3.1]):

(18 (R, W2 (R), = B, (R5m). (2)

Assume now that our data (1, vy, 2, 2,) possess the following
properties:

geC™(0,7];R), 0<0<6,<]1,

Uy, vy € WHZ’P (R"),

(S’p - AO) uy + Zaj (x) D, v,
=1

n
+ ij (x) x;v € Bffoo (R" ),
=

n n_ (73)
Zﬁj (x) ijuo + ij (x) x juy
=1 =1

+(Z, = Ao) v € By, (R 1),

,00

90 = {1 @2 @ 1, 2 0} du ) 0
t el0,1],

z,2, € B?fgo (R u).
Therefore, we can apply Theorem 3 or Proposition 5.1 in [1]
and deduce the same conclusion as above.
We can analogously deal with the case when either
of the lower order operators is replaced with Bju =
2ij a; j(x)x;D, u.
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Problem 10. In [12] the following remarkable result is proved.
Let X be a Hilbert space, let o : 2(&/) be a densely defined,
strictly positive self-adjoint operator, and let M = [m; j]z j=1

be a constant complex-valued matrix. Then the operator A,
defined by

My Ay .. omy, o
M Ay omy |
(74)

DA =D (A", A=dM=

generates a strongly continuous analytical semigroup in H =
X" if and only if (cf. [12, page 311]) the eigenvalues A; of the
matrix M satisfy (i) Re A; < 0if A, is complex and (ii) A; < 0
if A; is real.

This result allows to deal with a lot of very important
problems related to evolution PDE’s. We confine ourselves
to describe an identification problem related to one of such
models.

Suppose that A = o/ M generates an analytical semigroup
in H = X". Then owing to [1, Theorem 2.1, page 45] (as
improved in a following paper for Al Horani and Favini) the
identification problem

Y () -Ay(t) = f()z, 0<t<rt,
y(0) = yo, (75)
Oyt =g@®), 0<t<t,

admits a unique global solution (y, f) € [CP([0,7]; 2(A)) N
C"([0, 7]; X)] x C?([0, 7]; R), provided that

Yo € D(A), Ay, € D, (0,00) =D, (0,00),

ge C1+6([O,T];R), q)[yo] :g(()) zZ € 9A(9,OO).

(76)

Let us apply this result to the following thermoelastic PDE
problem with simplified “hinged” homogeneous boundary
conditions and Dirichlet thermal boundary conditions (cf.
[12, page 317]), where the reference bounded domain Q has
a smooth boundary 0Q: determine a triplet of functions w, v :
0,7)xQ — Rand f:[0,7] — R such that

D}w (t, x) + Aw (t, x) + ahv (£, x) = f (t) z, (x),

(t,x) € Q
D,v(t,x) —yAv (t,x) —aAD,w (t,x) = f (t) z, (x),
(t,x) € Q
w(0,x) =wy (x), Dw(0,x) =w, (x), v(0,x)=v,(x),
x €Q,
w(t,x)=0, Aw(t,x)=0, v(t,x)=0,
(t,x) € (0,7) X 0Q),
(npw(t,)) + J;) 1 (X)v(t,x) dx =g (1),
te(0,1),
(P)
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where Q := (0,7) x Q and (:,-) denotes the duality pairing
between H*(Q) N Hé (Q) and its dual space.

Introduce now the positive self-adjoint operator o/
defined by

D) =H (QNH, (Q) cX=L"(Q), o=-A (77)
This definition implies

D (ﬂz) - {h c H* (Q) : ulyg = Aulyg = 0}  d = A

(78)
The previous differential equations read now
Diw (t,x) + & *w (t, x) — adlv (t,x) = f (t) 7, (x),
(t,x) € Q:=(0,7) x Q,
(%)

Dy (t, x) + nalv (t, x) + ad/ Dyw (t, x)
=f()z,(x), (t,x)eQ

Introduce then the Banach space Y, the new variable u, the
vector y, and the operator A; defined by

Y =D (A)x L (Q)xL*(Q), u=Dw,
y=(w,u,V)T,
D(A,) =D (d*)x D () x D (), (79)
o I O
A,=|-o* O ad |.
O -ad -nd

Then system () can be rewritten as the single equation:

Yt -dyt)=f(t)z

In [12, page 318] it is shown that operator A, generates an
analytic semigroup on Y if and only if the operator

0<t<T. (80)

O o O
A=|-d O od (81)
O -adf —nd

generates a strongly continuous analytic semigroup in the
space H = LZ(Q)3.

Indeed, in this case we have A = o/ M, where the constant
matrix M is defined by

0 1 0
M=|-1 0 «a]. (82)
0 -a -

Consider then the eigenvalue equation m(A) =: det(AI-M) =
A+ A% + (@® + 1)A + 7 = 0 and observe that (i) since
m(-n) = —(xzr] < 0 and m(0) = n > 0, the matrix M admits
a real negative eigenvalue A; = —a(a,#) € (—#,0); (ii) all the
real eigenvalues of M are strictly negative; (iii) all the nonreal
eigenvalues A have negative real parts Re A = [a(a, 1) —#]/2,

since the sum of is —#. Consequently, all the eigenvalues of
M have negative real parts so that A generates an analytic
semigroup in H (resp., Y).

Let us consider first our identification problem in Y. Since

z=10, zl,zz]T,
O = | @y @m0y @ldn @)
Mty € L (Q)
we must require
D[z] = L 1, (x) 2, (x) dx # 0. (84)
Moreover, we assume
g C™((0,71:R),

g (0) = L [1; () wy (%) + 17, (x) vy (x)] dx,  (85)

(wp, wy, vp) €Y,

O I O wy
[—gﬂ O ad wl]
O —ad -nd || v
w,
= | —wy +addv, | € (; 2 (Al))e,oo
—adw, —ndv,

= (2 (o) x L* () x L’ (Q);

D (A*)x D () x D ()

6,00

=(2@@);2 (%)), x(L*(Q);2 (o))
6,00

0,00

x (L*(Q); 2 (o))

bl
0,00

(0.21,2,) € (2(); 2 (7)),

x (L (Q);2 (), x(L*(Q); D (o))

60;00 90,00

= z,,7, € (L*(Q);2(A))

6,00 :

(86)

Note that the previous spaces are well characterised as Besov
spaces (cf. [9]). More precisely, since </ is a positive operator
we have (cf. [9, page 105])

(2();2 (dz))em = (L (Q);2(2))

(1+6) /2,00 ° (87)

On the other hand, if A ) ¢ X - Xisa
positive operator, from [9, Theorem 1.14.3(b)] it follows that
(X,@(AZ))U)OO, o € (1/2,1), coincides with {x € D () :
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"t2071[A(A + 1)_1]Ax”L:‘)Q(X)} < 00 = {x € 9(1\) : Ax €
(X, D(A)) 251,00} Therefore,
2 2
(L (Q) ’9 (‘Q{ ))(1+6)/2,00 (88)
~ue () aue(2@,2@), ]
Using now the notation in [9, page 321],
D(dl)=Hyp, Bu=uly, (89)

we deduce the following characterization in terms of Besov
spaces:

(L2 (Q),2 ()

0,00

. 1
=B 5 (Q), if6+ e
. 1
= {f € By (O :Bif = flag,€ BYoy ()}, if0=,
(90)
cf. [9, Definition 4.3.2, page 317].

Therefore, we assume that our data satisfy the following
properties:

(wowy, ) € D () x D () x D (),
dwy, —dzwo + adv,, —adw,

—nelvy € (L* (Q), 2 (o))

0,00

= A wy, dw,, dv, € (I’ (Q), D ()

bl
6,00

212 € (I (Q), 2 () 0<0<0,<1, OV

b
6,00

L 1 (%) 2, (x) dx # 0,
geC([0,7]5R),

g (0) = J-Q [ () wy (%) + 17, (x) v (x)] dx.

Under these assumptions the identification Problem (P)
admits a unique solution (w, v, f) such that w € [C**9([0, 7];
L*(Q) x C7(0,71;2(f)) x C([0,7; D(F)], v €
[C™([0,7); L*() x C°([0,7}; ()] and f € C([o,
7; R).

Remark 11. Since & is a strictly positive and self-adjoint
operator in the Hilbert space X, we could treat in the same
way the case when X = Li(IRN ), as in Problem 9. Indeed, the
realization is that of of -, + I, with BQ = QB*, B = -Q_ is
strictly positive and self-adjoint [11, Proposition 9.3.10, page
251].

Remark 12. If we consider the identification Problem (P) with
the additional information

J n; (x)Dw (t,x)dx =g (), tel0,7], (92)
Q
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then, setting

o= (0.[ m@pwdxo), o

under the assumptions

L 13 (x) z; (x) dx # 0,

(21,2,) € (L* (Q), D (A )

bl
0,00

geC*(0,7];R), g(0) = L 15 () wy (x) dx,

7, € L* (Q),

A wy, dw,, vy € (L (Q), D (o))

6,00 "

(94)

Problem (P), admits a unique solution (w, v, f).

4. First-Order Systems of Singular
Differential Equations in Banach Spaces
and Identification Problems

Here we face identification problems for systems of singular
first-order differential equations in the Banach space X x X,
both applying the general results described in Section 5
and developing ad hoc methods in order to improve the
corresponding consequences in some cases. For this purpose,
we need some preliminary lemmas on the resolvent estimates.

Theorem 13. Suppose that the closed linear operators L, L,,
L,, M, M,, M, in X satisfy the conditions:
<C(+leh™,

|M,(zM, +L,) vz €X,, (95)

1||$(X)

My zM, + L)

—Ps
o0 < C(l+lz))™, VzeXZ, (96)

IMyx| < CMx|’ 110, 0<6<1, xeD(M,),

(97)
D (Ly) €D (L,) continuously. (98)
Then the matrix operators A and B defined by
_ L1 Ly _ | M M,
Sl A B B

with D(A) = D(L,)xD(L,), D(B) = D(M,)xD(M,), satisfy
the estimate

||B (zB+ A)™* <C+|z)P,

||3(X><X) (100)

VzeZ,NB O,R), for large enough R,

where =3, + B, +6 — 2.
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Proof. First of all, we need to verify that A and B are closed
linear operators.

Let x, € D(M,), y, € D(M,), x, — % ¥, — )
Mx, + Myy, — & M,y, — nasn — +oo. We
immediately deduce that y € D(M,) ad M,y = #. Moreover,

||178

(101)

”MZyn - szm” <C ||M4ym - M4ym||8 “yn ~Vm

implies that M,y, — o asn — +oo for some ¢ € X.
Since M, is closed § = M,y. But M, is closed too, so that
x € D(M,) and M;x + M,y = & Analogously, if x, €
D(L,), vy, € DLy, x, — X, 9, — yasn — +09,

B(zB+A) ' = 0

Notice that if z # 0, then

~M, (zM, +L,) " (zM, + L,) (zM, + L)'
+M,(zM, +L,)”"
1

= [1-L,(zM, +L,)""]

x (zM, + L,) (zM, +L,) " + M, (zM, + L,)"

=—[1-Ly (M, + L)) [ My (eM, + L)
_ é [1-L,(zM, + L)L, (eM, +L,) "
+ M, (zM, +L,)”"
=L, (zM, +L,)" M, (zM, +L,)"
—z [I-Ly (zM, + L)) | Ly (eMy + L)
(105)

Therefore, from (97)

“MZ (ZM4 + L4)71 "y(x)

S
Z(X

1-0

-1
< C||M, (zM, + L,) 70 (106)

) “(ZM4 +L,)"

<SC(L+2)) PO (1 + |z P00

<C>+]zl) P70,

1

Lix,+L,y, = &Ly, — n,theny e D(L,)and L,y = 1.
Since D(L,) € D(L,)
"yn - ymn + “LZyn - LZymn

(102)
<C ["yn - ym" + ||L4yn - L4ym||]

and thus L, y, hasalimito asn — +o0. It follows that L, y,
tends to 0 = L, y so that we can conclude as the above.
We easily see that

(zB + A)_1

(eM, +L,)" —(zM, +L,)" (M, + L,) (zM, + L4)_1]
0 (eM, +L,)"

(103)
so that
-1 -1 -1 -1
M, (zM, + L) -M;(zM, +L,)  (zM, + L,) (zM4+L14) + M, (zM, + L,) ' (104)
M, (ZM4 + L4)_
we deduce the bound
|-M, (zM, + L))" (2M, + L,) (zM, + L,) "
-1

+M, (zM, + Ly) | 00 w0

< (L+[2) PPl g (14 o)) Pfet

<c(l+ |z|)27”5ﬁﬁ“78.

Since f3; + 8, + 6 — 2 < min{f;, 3,}, this completes the proof.
O

We can now apply Proposition 29 to the identification
problem:

al e

Ao elel-rol2] vieom,

(Myx + My y) (0) = Myxq + M, Y,
(M,y) (0) = My,
D [Myx () + Myy ()] + @, [Myy ()] = g (1),
Vvt € [0,1].

(108)

Suppose that assumptions (95)-(98) are satisfied, with o+ 3, +
Bs+6>7/2andletd—a—B,-,-0 <0 <a+p;+P,+6-3.
Further, assume
[zl] B [Mlzf + Mzz;‘]
21 Mz, )
(109)
[leo + Lz)’o] B |:M1x(’)k + szg]
Lyyo M,y;
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with
z; € D(Ly), z, € D(Ly),
. i (110)
X € D(Ly), Yo €2 (Ly).
We have the following.

Theorem 14. Under assumptions (95)-(98), ifo+ 31+ B4 +0 >
7/2,0 e (4—a—P, - By -0 a+ i+ Py +06-3), (109) and
(110) hold together with g € C**°([0,7]; R), ®,, D, € X*,

Abstract and Applied Analysis

then the identification Problem (108) admits a unique global
solution (x, y, f) € C°([0,7]; D(L,)) x CO([0,7]; D(L,)) x
([0, 7];R), Myx + M,y € C*([0,7]; X), M,y € C"*([0,
7]; X).

Remark 15. When M, = 0, we can take § = 1 in (97).

Particular attention deserves the case whena = 8, = 3, =
0 = 1, X being a reflexive Banach space. Then

|B (zB + A)*1||$(Xxx) <C+z))", Vzeky+3,.
D[] + @, [z,] #0, (111) (113)
Dy [Myxg + Myyo| + @, [Myy,] = g(0), (112) Let T = B(k,B + A)™'; that is,
_ o -1
M, (koM +Ly) 1 Ly (koM; +Ly) M, (koM +Ly)
T= ~ky' [I =Ly (koM + Ll)_l] Ly (koM +Ly) " |- (114)

Then X x X = N(T) & R(T). Denote by P the projection
operator onto N(T) along R(T) and suppose 0 < 6 < 0, <
1, g € C™(0,7;R), ®,,®, € X*, (112) holds, if (I -
P)[z;, Zz]T = [Epzz]T,

D, [z,] + D, [z,] # 0, (115)

sup? | (¢T+ D) (T-P)

t>0

[koM1 +L, koM, +L2] [xo]
X

< 400,
0 k0M4 + L4 Yo W
(116)
sup T+ [El] < +00. (117)
50 22 iz

After applying Proposition 32, we get the following result.

Proposition 16. Let X be a reflexive Banach space, suppose
(95)-(98) hold with « = B, = B, = & = 1, T, P being
as above, g € C'9([0,7];R), 0 < 0 < 6, < 1, (xp, ) €
D(L,)) x D(L,), ©,,D, € X*. If (112)-(117) hold, then the

-1
M, (koMy + L)

identification Problem (108) admits a unique global solution
(x, . ) € C°[0, 71 D(L,)) x C°([0,7]; D(L,)) x C°([0, 7;
R), such that M,x + M,y € c9([0, 7]; X), M,y € c*([o,
7]; X). Moreover, if T has a closed range, then (116)-(117) can
be dropped out.

Next we extend Theorem 13 to nontriangular operator
matrices. Precisely, we consider the system (A, B) where

_ L Ly _ | My M,
Sl 0 B v
We have the following.

Lemma 17. Assume (95)-(98) hold and 2(M,) < D(L,),
with

ILsx] < CMyx|™ 1%, xeD(M,), 0<6, <1.
(119)

If By + By +8+8, > 3, then |BzB + A) Ml px < C1 +
lz|) P, Vz € 2, |z| large, when B = B, + B4 + & — 2.
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Proof. We proceed by a perturbation argument. Write

zM, +L; zM, + L,
L, zM, + L,

10 0 N zM, +L;, zM, + L,
T |L; O 0 zZMy+ L,

_([r o], [0 o], (eM,+ L))"
“\|0 I Ly 0 0
zM1+L1 zM, + L,
0 zMy+ L,

=<[é Ly

zM,+L, zM, +L,
0 zMy + Ly |"

In view of (119), we get first

|Ls (e, +Ly) <C(1+|z) A,

s

(cf. Lemma 17)

|(zM; + L,) (zM, + L4)_1”$(X)

< lel | M, (zM, + L) + Ly (M, + L)

206

<ClA+1) P+ (1 + |2))' ]

<C(1+]zl)>Pi®
(121)

and then

|Ls (eM, + L)) (2M, + Ly) (2My + L)
(122)
< C(1+ |z Prpdo

Notice now that 1 — 3,
the linear operator

[0 7]

0
+[L3 (zM, + Ll)_l

-6, <3-, — B,—06-6, implies that

0
"(eM, + L,) (eM, + L)'
(123)

L (zM, + L)

has a bounded inverse for |z| large and its inverse can be
estimated in the norm of Z(X x X) by 1/2, for example. It
follows that B(zB + A) " has precisely the same bound as in
Lemma 17. ]

—(zM; + Ll)_1

~L;y(zM; + L))

13

(zM, + L,) (zM, + L4)_1] )
(M, + L4)_1
(120)

B (21812 +L,)(zM, + L))" D

Theorem 18. Under assumptions (95)-(98) and (119), if « +
B +PB+8>7/2and By + B, +0+8,>3,0c(d—a-p -
Bi—8, a0+ B+ By +6-3),

z)| _ [Mz] + M,z

2] =[]
(124)

[leo + Lz)’o] _ [Mlx; + Mz)’g]

Lixo+ Ly, My,

forsomez|,x, € D(L,),z5,y, € D(L,), g € c*([0, 7]; R),
O, 0, € X" and (111)-(112) hold, then the identification
problem

£ ) 1 2 rofz)
vt € [0, 7],

(M x + M, y) (0) = M, x, + M, yp,

(M4J’) (0) = Myy,,
O, [Mx(t) + Myy (8)] + @, [Myy ()] = g (1),

vt € [0, 1],
(125)

admits a unique global solution (x, y, f) € C°([0,7]; D(L,)) x
ch([0,71; D(L,)) x C¥([0,7];R), such that Myx + M,y €
C%([0,7; X), Myy € ([0, 7] X).

Remark 19. When M, = 0, we can choose § = 1; thus, the
first two conditions in the statement of Theorem 18 involving
&, By, Bs> B> O reduce toa+ 3, + s > 5/2and B, + B, +6 > 2.
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Remark 20. We could easily establish a result at all analogous
to the one in Proposition 16, concerning this more general
case.

We are now in a position to face the general identification
problem:

d [M Mz] [x(t)]

g M. M
3 JLly@®) .
' [Ll LZ] [x(t)] =f@® [Zl] vt € [0,7]
Ly Lyfly(®) z, > Tl
M, M, x(0)] _[M; M,][x,
M, MJ [y(O)] - [M3 MJ [yo]’ (127)

D, [Myx () + Myy ()] + @, [Max (t) + Myy ()] = g (1),

Vvt € [0,1].
(128)
To this end, we will assume that
M, M; have bounded inverses,
(129)

with @ (M,) € 9 (Ms).

Multiply the second equation in the system by M; M;" and
substract the obtained equation from the first one. We obtain
the following system equivalent to (126):

d M, M, [x(t)]
at| 0o M,-MM;'M,|[y@®

L, L, x(t)
+ B . (130)
Ly - M,M;'Ly L,-MM;'L,| |y

Z)

. , Vtelo,T],
zy - M| M; z,

=f(t)[
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together with

M, M, [x(O)]
0 M,-MM;'M,||y(0)

M, M, [xo]
Lo M -MMM, | Ly,

(131

and the additional information

¥ [Myx () + Myy (1)]
w0 [(My - MM M) y (0] =g, (132)

Vvt € [0,1],

where ¥V = (¥,,,) is related to ® = (®,, D,) by

1 0
Y=o . NE (133)
MM, —M;M;

so that

¥ [ M,x (8) + Myy (£), (M, - M,M;'M,) y (t)]

=¥, [Myx (1) + Myy (t)] + ¥, [(M2 - MIM;1M4) y (t)]

! 0
=9 MM MM
L 3 1 3 1

=0

(M x(t) + M,y (t)]
| Msx (t) + Myy (t)

M, x () + M,y (t) ]
(M, - MyM;'M,) y (1)

(134)

M, x (t) + Myy (f) ]
| MM M x () + MM M,y (t) = MM M,y (£) + M,y (t)

= @) [Myx (1) + Myy (£)] + @, [M;x () + Myy (£)].
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Notice that the operator M, — M;M;'M, may have no
bounded inverse. Our next step is to translate to this case the
conditions established in Theorem 14. Assume, in addition to
(95),

" (Mz - M1M3_1M4)
X (z (M2 - MIM;1M4) +L, - M1M;1L4)_1"3(X)
<C(l+ |z|)7l34 , VzeZ,

(135)
[Myx] < € |(My - MM ) x| 10, 0 <8<,

x € D(M, - MM;'M,),
(136)
L, - MlM;lL3 has a bounded extension to X,  (137)

and thus 6; = 1. Compute now
21
¥ [Zl - M1M3_122]

S (TR | oY
MM MM | [z - MiM; 'z, (138)

> i
MM 'z, - MyM; 'z, +z,
=0, (7] + D, [z],

as desired.
Therefore, we are in a position to establish the following
result.

Theorem 21. Suppose that operators L;, M; satisfy (95), (135),
(136), and (137) and that M|, M; € £(X) have bounded
inverses, B, + B4 +0 > 2, and a + B, + B, + 6 > 7/2,
Ocd-a-B,-B,—8a+p+p,+5-3),

zi| _ [Myzy + Myz;
zy| | Mszy + Myz; |

el G- B sl G

Ly Ly] o My M| [y, ]’

where z{,x, € D(Ly), 25, ¥y € D(L,), g € c*([0, 7]; R),
and (111) holds together with the compatibility relation

(139)

O, [M,x + Myy,] + @y [Msxy + Myy,] = g (0). (140)

Then the identification Problems (126)-(128) admit a unique
strict global solution (x, y, f) € Ce([O, T, D(L,)) % Ce([O, 7];
D(L,)) x C°([0,7; R), with M,x + M,y € C'*%([0,7]; X),
M,x + M,y € C"*%([0,7]; X).

Proof. It is a simple rewriting of the result in Theorem 18
as applied to Problems (130)-(132), taking into account the
relation to the starting Problems (126)-(128). O
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Of course, the preceding results apply to the abstract
strongly degenerate elliptic-parabolic system

APt 181 s £

(141)
—f® [zl] . veelo,
2,
(M;x + M,y)(0) = M, x, + M, y,, (142)
O[Mx({t)+My®t)]=g@), Vtelo1]. (143)

However, in view of this generality, the corresponding
assumptions would yield the restrictions z, = 0 and M, = 0.
To overcome this difficulty we will make suitable assumptions
on the operators involved.

Clearly, ifz, = 0 and L, has abounded inverse, the second
equation in (141) gives y(t) = —L;1L3x(t), so that (141)-(143)
reduces to the identification problem:

% (M, = MyLy'Ly) x () + (Ly = L,Ly L) x (8)

(144)
(M1 - MzlelLs) x(0) = Myxo + M, y,,

®[(M, - M,L'Ly)x ()] =g(t), 0<t<t.

Observe that the compatibility relation y, = L,'L;x, must
hold. On the other hand, all the results in Propositions 29 and
32 apply provided that operators A = L, — L2L;1L ;and B =
M, — M,L;'L, satisfy the assumptions described there.

If z, # 0, so that y,(t) = f(t)L,'z, — L' L;x(t), we arrive
at the following identification problem:

d _ _
= (Myx () - MyL Lyx (1) + f () MyLy'z,)

+(Ly = LLy'Ly) x (1)
=f® [z -L,L}'z], o0s<t<r,
[(M, - ML Ly) x + f (1) MyLy' 2, (0) = Myx, + My,
@ [(M, - MyL,'Ly) x (8) + £ (1) MyLy 'z, |

=g(), 0<t<T

(145)

Notice the extra difficulty arising from the fact that the
unknown term f(t) is not supposed to be differentiable.
However, if M; — M,L,'L; has a bounded inverse, we can
introduce the new unknown:

(M, - ML Ly) x () + f (1)) MyLy'zy = E(t),  (146)
so that
x(0) = (M, - M,L3'Ly) €@
(147)

_ -1 _
— &) (M, - MyLY'Ly) M,Ly'z,.
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Then (145) reads equivalently
d _ _ -1
Ef(t) +(L1 —L2L41L3) (Ml —M2L41L3) &)

=fz

0<t<r, (148)

£(0) = Myxq + M, v,

QEM] =9,

0<t<rm,

z=|z- Loz

#(Ly - LLIL) (M - ML L) ML 2, |

(149)

This is a regular identification problem if, for example, (L, —
L2L;1L3)(M1 - M2L2}1L3)_1 is a bounded operator. Indeed,
we have the following.

Corollary 22. Let M, - M,L,'L; have a bounded inverse and
let (L, — L,L'Ly)(M; — M,L;'Ls)™" be bounded. Let the
compatibility relation ®[M,x, + M, y,] = g(0) hold together
with ®[z] # 0. Then Problems (141)-(143) admit a unique strict
solution (x, y, f) € C°([0,7]; D(L,)) x C([0,7]; D(L,)) x
C’([0,7];R), 0< 6 < 1.

Corollary 22 can, in fact, be refined weakening the
assumption on (L, — L,L;'Ly)(M; — M,L;'L;)™". For this
purpose consider the system

M,x+ M,y =§,
(150)
Lix+L,y=f(t)z,.
If operator M; — M,L,'L; := S has an inverse, then
x=8"E-STM, L 2, f (1),
(151)

y=-Ly' LS &+ f (1) [Ly' + L LS MLy ] 2,
Therefore, the pair (&, f) satisfies the problem
EM+(Ly-LLLy)S et = f()z, 0<t<rT,
§(0) = M x, + My y,,

QEM]=g@),

0<t<r,
(152)

where

®[z] #0,
(153)
Z=z,-LL)'z + (L, - L,L'Ly) S ' M, L, 2.

That is, (&, f) satisfies (148), as desired.
Let A = (L, — L,L;'L;)S". Then, from Theorem 2.1 in
[1] we deduce the following.
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Theorem 23. Let —A be the generator of an analytic semigroup
of negative type in X, 0 < 0 < 0, < 1, & = M;x, +
M,yy € Da(0 +1,4+00), z € Dy(0),+00), D[z] # 0, g €
C([0,7;R), ®[E] = g(0). Then Problems (141)-(143)
admit a unique strict global solution (x, y, f) € c%([o,7);
D(L,)) x C([0,7]; D(L,)) x C°([0, 7]; R), such that M,x +
M,y € C*([0,7]; X).

Applying Corollary 31, we also obtain the following.

Corollary 24. If

|z +A) <C+lz)*, Vvzexz, (154)

1 “Sf(X)

where 3 € (1/2,1),z € D(A), Pz] + 0, & = Mx, +
M,y, € D(A%), D[] = g(0), g € C*([0,7];R), 1 - B <
0 < B, then Problems (141)-(143) admit a unique strict global
solution (x, y, f) € C°([0,7]; D(L,)) x C([0,7]; D(L,)) x
([0, 7]; R), with M,x + M,y € C**%([0, 7]; X).

Example 25. Consider the identification problem:

£le - b 2050
= f(t) [2] , Vtelo,1],

(x + ,'V) (0) = go,

O[(x+y)®)]=g@®), Vtelo1], O[&]=9(0),
(155)

where L is a closed linear operator in the Banach space X and
a, B,y,6 € C.

To apply Theorem 23 we set S = ((§ — y)/8)I and we
note that L, — L,L;'Ly; = ((ad - By)/S)L, so that (L, —
L2L711L3)S’1 = ((ad — By)/(8 — y))L. Moreover,

(5_Y)Zl+(‘x_/3)zz.

5=y (156)

E:

It follows that if ((«d — By)/(=8 + y))L generates an analytic
semigroup of negative type and (6 — y)z; + (0« — Bz, €
Dy (6, +00), ®[(§ —y)z; + (= B)z,] # 0, g € c*(o, 7); R),
0 <0 <6, <1,& € D6+ 1,00), then the identifi-
cation Problem (155) admits a unique global strict solution
(x,, ) € C°([0, 7] D(1)) x C([0, 7] Z(1)) x C*([0, 7]; R),
x+y € C*([0,7]; X).
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We stress that we have been able to determine a triplet of
functions uy,u, : [0,7] x Q — Rand f: [0,7] — Rin the
following parabolic-elliptic identification problem:

D, [uy (x,8) +uy (x,1)]

+aL(x,D,)u; (x,t) + BL(x, D) uy (x,t)  (157)
=f)z (x), tel0,1], x€Q,

yL(x,D,)u, (x,t) + 8L (x,D,) u, (x,t)

(158)
=f()z,(x), tel0,7], xe€Q,
uy (x,t) + u, (x,t)

(159)

=110 (X) + Uy (x), te€[0,7], x €0Q,
uy (x,t) =uy (x,t) =0, x€0Q, (160)

J Y (%) [uy (o, 8) +uy (x, )] dt = g(t), te[0,7]. (161)
Q
Here operator L(x, D, ) is defined by

D (L) =W Q) nW,?(Q), pe(l,+c0),

Lu(x) = - Zn: D, [“i,j (x) ij]

i1 (162)

n
+ Zai (X)D, +ay(x), x€Q,

i=1
where (a8 — By)(y — )" < 0 and the coefficients a; j> aj Gy

satisfy the following assumptions:

a;j» D, a;j,a;, Dy a;,ay € C(Q) ,

i 4a; (x) = aji (%),

xe€eQ, i,j=1,...,n
Ya(EE e xeQ EeR,
ij=1
1¢ —
ay (x) - ;ZDxiai (x)=¢, xeQ.
i=1
(163)

The same argument applies when L(x, D) is the opposite of
the realization in X = L‘Z(R"), p € (1,+00), of the Ornstein-
Uhlenbeck operator £, precisely

+ kI,
(164)
keR,

2 (L) =W;’P([R{”), pe(l,+00), L=-2,

(for the properties in L‘Z, p € (1, +00), cf. Problem 9).
In this case (161) changes to

J, ¥ [ e+, (D@0 = g0, £ el0.7].
(165)
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Example 26. Consider the identification problem:
d [1 1] [x(t)] . [ocL /5’L] [x(t)]
de I I]|y@®) yL SL| |y (t)
=f () [2] Vi e (0.7,
(x+y)(0) =&, (166)

D, [(x+y) O] + D, [(x + y) ()]
= (0, +0,) [(x+y) )] =g ),
Vvt € [0, 1],

with (@, + ©,)(&,) = g(0).

Such a problem is easily reduced to an equivalent problem
related to the integral differential equation:

il o) 0]+l Se 6562 H0)

=f(t)[zlz_lzz], Vi € [0,7].

67)

Consequently, we have come back to Example 25 with y, 6, z,
being replaced by & — y, - 8, z; — z,, respectively.

Taking this into account, the same conclusions as
Example 25 can be obtained, provided that ad — Sy # O,
ax—B-yp+8#0,—(ad - By)ax— B~y +08) 'L generates
a holomorphic semigroup in X, (y — 8)z; — (« — Bz, €
Dy (6y, +00), (@1 + @)[(y — Oz, — (a — Plz,] # 0, &, €
D, (0+1,+00). Then the identification problem above admits
a unique global strict solution (x, y, f) € Ce([O, T]; D(L)) X
C%([0, 71, 2(L)) x C°([0, 7];R), x + y € C**O([0, 7]; X).

Consider now the identification problem:

b o o) 2 2ID0)-ro )
vt € [0, 7],

(M3x) (0) = M3x,,

O [Msx ()] =g(t), Vtel0,7], ®[M;xy] =g(0).

(168)

Under the assumption that L, have a bounded inverse we get
y = f(t)L;'z, — L;'L,x. Therefore we obtain the following
differential equation for the single unknown x:

% (Myx) (1) + (Ly = LLy'Ly)) x = f (t) [z, - LyL3' 7| -

(169)

Now it suffices to suppose that the pair (M, Ly — L,L;'L,)
satisfies the properties described in [1] or in Section 5 in order
to obtain existence and uniqueness for the given identifica-
tion problem.
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If M has an inverse M; ', introduce function £ defined by
M;x =&, so that
E )+ LME@®) + Ly () = f (1) 2,
Assuming that L, has a bounded inverse, we have
y(O) = f(t)Ly'z, - LyE () - L LM E(r).  (17)

Substituting in the first equation of the system, we get

(170)

L M;'E(t)
= L,L'E (t) - L,L LM E (1)
=f () [zl - LzLilzz] .

That is, we have obtained the following differential identifica-
tion problem for &:

(172)

LoLE (8) + [L,Ly Ly — Ly | M3E (1)
= f(t) [Lszllz2 - zl], 0<t<r,
£ (0) = M;x,,
OEM]=9g@), 0<t<T.
This identification problem might be treated similarly under
the obvious hypothesis L,L;" to have a bounded inverse. But
if L, is invertible we come back to the first case.

The assumption requiring L, to be invertible seems really
essential in some sense. As an example, take

Lok o o)+ 6 2 Bo] -7 [2)

Vvt € [0,1],

(173)

(M;x) (0) = &,
O [Myx(B)] =g (), Vte[o1], D[E]=g(0),
(174)

where L, and L, admit bounded inverses. Then x(t) =
f()L}'z, implies ®[M,x(t)] = O[f(OM;L}'z] = g(1).
Hence, if ®[M,L;'z,] # 0, then we necessarily have

__9® _ 90
J 0= S O[]
(175)

x(t) =

Moreover, the second equation furnishes uniquely y(t). This
shows the importance of the invertibility of M5, as expected.
Notice too that no assumption like semigroup generation is
required to operators L; and L,.

Example 27. Let A, B be two bounded linear operators in X.
Observe first that the identification problem

alasl ol [ nl5o]
= f@) [2] vt € [0,7],

(Ax + By) (0) = &,,
®[Ax () +By ()] =g(t), Vtelo],

(176)
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is equivalent to the problem

e P RN [

=1 [ZIZ_IZZ]’ vt € [0,7], (177)

(Ax + By) (0) = &,,

O[Ax(t)+By(H)] =g (), Vtel0,1].

Thus we can apply both Theorem 23 and Corollary 22. Oper-
ator A is now given by (L, — L,(L, - L4)_1(L1 - Ly))A -
B(L,~L,) (L, ~L,))"", whileZisgivenbyz = z, = L,(L, -
L) Nz, - 2z,) + AB(L, - L) '(z, - 2,).

Example 28. Let A, B be two bounded linear operators in X,
with 0 € p(B), 0 € p(A + kB) for some k # 0.

Consider the identification problem:

d A Al[x(t) Ly Ly [x(@®)
dt [B B] [)’(t)] i [Ls L4] [y(t)]
=f () [il] vt € [0, 7],
! (178)
A(x+y)(0)= A&,  B(x+y)(0)=Bny,
O, [A(x+y) ()] + D, [B(x +y) (1)]
=g(t), Vtelo,1],

with a compatibility relation g(0) = @,[A&,] + D,[By,],

A&y = An.
Note that, under our assumptions on A and B, such a
problem is equivalent to the following:

il 1l[30]
dae | I I|[y(®)
[(A +kB) " (L, +kL;) (A+kB)" (L, +kL,)
* B'L, BL,

B (A+kB) (z, + kz,)
=f(t) [ B*lzzl 271, VYtelo,1],
(x+ ) (0) = (A + kB)"" [A&, + kB#,] = 7o,
Y [xO)+y®O] + ¥ [x (O +y®)] =g ), Vtelo1],
(179)

where ¥, = ®,A, ¥, = O,B.
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Since, in turn, this identification problem is equivalent to
o ol )
dt [0 0] [y(®)
[ (A+kB)™" (L, +kL;)

(A+kB)™ (2, + kz,)

=f® [(A +kB) " (2, + kz,) - B 'z, ]’

(F +) [(x+y) ] =g @),

Theorem 23 and Corollary 24 run as well.

As an example, let X = LP(Q), 1 < p < +00, Q being a
domain in R" of class C%. Let L = —A be the laplacian in X
endowed with Dirichlet boundary conditions, L, = «L, and
let L, =BL, Ly =yL, L, =0L, &, f3,9,0 € C. Let mand n be
two real-valued continuous functions on Q, n(x) > ¢ > 0, m
being possibly negative. Let k € R be such that m(x)+kn(x) >
0 for all x € Q. Given z,,z, € LP(Q), our identification
problem consists in finding a triplet (i, v, f) such that
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(A+kB)™" (L, +kL,) ] [x (t)]
(A+kB)" (L, +kL;) - B 'L, (A+kB)™" (L,+kL,)-B'L,][y(®)
(180)
vt € [0,1],
(x+)(0) = (A+KkB)™" [A&) + kBry] = 1o,
vVt € [0,7].
Since
Z(x) = z, (x) + kz, (x) _ b (x) [Zl (%) + kz, (x) 2 (x)
v (x) d(x) v (x) n(x)
ad — be <ﬁ+k8 B >‘1
d-c r(x) n(x)
" [zl (x) +kzy (x) 7, (x)]
v (x) n(x) |’
(183)

D, (m (x) (u(x,t) + v (x,1))) — aAu (x,t) — BAv (x,t)
= f(t) z; (%),
D, (n(x) (u(x,t) +v(x,1))) — yAu (x,t) — SAv (x,1)

tel0,1], x€Q,

=f(t)z,(x), tel0,1], xeQ,
u(x,t)=v(xt)=0, tel0,1], x€dQ,

m(x) [u(x,0) +v(x,0)] =m(x) § (x), x€,
n(x) [u(x,0) +v(x,0)] =n(x)n (x), xeQ,

IQ [ () m (x) + 17, (X) n(x)] [ (x,8) + v (x,1)] dt

=g(t), tel0,7],

(181)

11> 1, being given functions in L1(Q), 1/p + 1/q = 1, with

JQ[ﬂl(X)m(x) + 1, (0n(x)]g(x) dx = g(0), m(x)[§y(x) -
1o(x)] = 0. If v(x) := m(x) + kn(x), let

k kb
a@=Toh bw- fes
(182)
c(x):OH-ky— y ) d(x)—ﬁ+k8— y

v(x) n(x)

ThenS™' = L7'(d/(d - ¢))L,L, - L,L;'Ly = ((ad - bc)/d)L,
so that —A = —((ad —bc)/ (d — ¢))L = ((ad —bc)/ (d — ¢))A is
assumed to generate an analytic semigroup in L”(Q).

our previous abstract assumptions read as

z € D (6, 00) = Dy (6, 00) ,
J, b Gom )+ n @l ) dx= g0 gy

[ b Gm e+ I n ]2 @dx 0

Suppose a, 3, 9,6 € R. Trivial computations show that
ad — bc
d-c

= ((a+ky) (B +k8)n(x) — (a+ ky) 8v (x)

—(a+ky)n(x)v(x) +y»* (x))

x () n(x) [B-a+k(E-p)]+v(x) (y-0))"

=w(x).
(185)

Weneed w(x) > ¢ > Oforall x € Q. Therefore, all the required
elements are determined.
Clearly, if —A generates an infinitely differentiable semi-

group

<C(1+1z)7",

"(z +A)! 200 S

VzeX, fe (%1>
(186)

we are compelled to require z € 2 (A), as in Corollary 24, (cf.
(10, 13, 14]).
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5. Some Improvements of Known Results

For the reader’s convenience, we report here the main results
in [1] with some minor improvements.

Proposition29. Let0 < f<a<l,a+f>3/2,2-a-fB<
0 < a+ - 1. Let X be a Banach space, let © € X* and
A: DA cX - XandB : D(B) ¢ X — X be two
closed linear operators such that (i) D(A) < 9(B)j; (ii) A is

invertible; (iii) | BAB+A) M g < cA+IANF forall A € £,
where

>, ={A€C:Re A= (1+|A)}, ¢ >0. (187)
Let g € C"*°([0,7]; R) and z € X satisfy the following proper-

ties for some z* ,v* € D(A):

®[z] #0, O@[Buy]=g(0), z=Bz", Au,=Bv".
(188)
Then the identification problem
(Bu)' (t) + Au(t)= f()z, 0<t<t,
(Bu) (0) = Buy, (189)

OBu()]=g(t), O0<t<rt,

admits a unique global solution:

(u, ) € [C°([0,7];2 (4))] x C° ([0,7]; R),
(190)
Bu e C"([0,7];X).

Remark 30. Assumptions (ii) and (iii) can be weakened to

(iibis) k,B + A is invertible for some k, € R;
(iiiibis) BB + A) ' llgx) < c(1 + IA) P forall A € kg + 2,

Indeed, let us introduce the new unknown v(t) =
e_k"tu(t). Then Problem (189) is equivalent to the following:

(Bv) () +(A+kB)v(t)=e ™ f()z, 0<t<rt,

(Bv) (0) = Buy, (191)

O[Bu(t)] =e™g(t), 0<t<t.

Proposition 29 applies immediately provided we replace the
triplet (A, f,g) by ((A + kyB),e ™ f,e™'g). Once v and
f,(t) = e f(t) have been determined so are u and f, with
the same regularity.

As a consequence, we have the following result relative to
the generators —A of infinitely differentiable semigroups of
parabolic type with nonnecessarily dense domains, satisfying

Ja+ 7, ccarAF, Aek+Z,. (92
Corollary31. LetO< f<a <L a+f>3/2,and2—-a-f3 <
0 <a+ -1 Let ¥ € X" and the closed linear operator A
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satisfy (192) in X. Let g € C*2([0,7];R), ® € X*, z € D(A),
D[z] +0, w, € D(A?), ®lw,y] = g(0). Then the identification
problem

w ) +Aw(t)= f(t)z, 0<t<rT,
w(0) = wy, (193)
Y{wt)]=gt), 0<t<r,

has a unique global solution (w, f) € [C*9([0, 7]; X) n C%([o,
7], 2(A)] x C°([0, 7]; R).

In particular, but very important case, where « = § = 1,
and X is reflexive, it is possible to weaken the assumptions
on the initial data and z. Notice that in the statement of
Proposition 29 z must belong to the range of BA™ (or of
B(A + kyB)™") and @[z] # 0.

The following extension to Theorem 2.2 in [1] holds.

Proposition 32. Let A : D(A) ¢ X — Xand B: D(B) C
X — X be two closed linear operators in the reflexive Banach
space X, with D(A) € D(B), ® € X* and g € C**°([0,7];R),
0 € (0, 1). Suppose

@ [Buy] = g(0),
(194)
c(L+IAD7",

||B (AB + A)~ Aeky+3,.

Do <

Let T = B(k,B + A)™" and let P be the projection of X on the
null space N(T') along R(T'). Suppose 6, € (6, 1) and

D[(I-P)z] #0, (195)

sup ” (A +koB) [(t + ko) B+ A] ™"

t>0 (196)
x (I - P) (A + k,B) uo||m < +00,

sup (% |(A+koB) [(t+Ky) B+ Al (1-P) 2y < +oo.
t>

(197)

Then the identification Problem (189) admits a unique global
solution

(u, f) € [C"([0,7]; 2 (4))] xC° ([0, 7];R),
(198)
Bu e C"([0,7];X).

Remark 33. If T has a closed range, conditions (196)-(197) can
be dropped out. Indeed, it suffices to apply Theorem 2.2 in [1]
to (191) and to observe that (D(T!), D(T‘l))e,OO reduces to
D(T™Y) = R(T) = R(T), T denoting the restriction of T to
R(T) = R(T).

Remark 34. Very recently in [8, Theorem 3.1] the above
results have been improved to the casex = B = 1and B= 1.

Proposition 35. Let A be the generator of an analytic semi-
group in the complex Banach space X, let ® € X%, y, €
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D(A), Ayy € (X, D(A))g,oo for some 6 € (0,1), and let g €
C'"([0,7;C), z € (X, D(A))g00r Plz] # 0, DLy, = g(0).
Then the inverse problem

Yyt =AyO+f(t)z 0stst,
y(0) = ¥, (199)
Oly®)]=g®), 0<t<m,
admits a unique solution (y, f) such that
t e C'([0,7]; X) n C? ([0,7]; D (A)),
(200)

fec’(0,7];R).

As for Problem (199), also the hyperbolic case, corresponding to
the case where A generates a C,-semigroup, has been dealt with
in [8, Corollary 2.1].

Proposition 36. Let A be the generator of a C,-semigroup in
the complex Banach space X, and let ® € X", z € D(A),
®[z] # 0, y, € D(A), g € C'([0,7];C), D[y,] = g(0). Then
the inverse Problem (199) admits a unique solution (y, f) €
[C'([0, 7]; X) N C([0, T]; D(A))] x C([0, 7]; R).

In the next section, we are giving specific applications of
the results listed in this section.

6. Applications

In this section, we will give several concrete applications of
our previous abstract results.

Problem 37. First, we recall some previous results from [15-
17]. Let L and M be two linear differential operators with
domains in L(Q), p € (1,+00), Q € R" being a bounded
region with a boundary 9Q of class C*. M—a multiplication
operator by a nonnegative function m € L*°(Q)—is defined

by

IGM) =1 (Q), Mux)=m@x)u(x), xecQ. (201
Operator L is defined either by
D (L) = WP (Q)n W, P (Q),
Lu(x) = Lu(x)
==Y D . D
iélﬁh”w)“uwﬂ (202)

+ iaj (x) iju (%) +ay (x)u(x),
=1

x€Q, ueP(),
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or by
2 (L)

ij=1

- {u e WP (Q): iai,j () 7; (%) Dy u (%)
(203)

+b(x)u(x)=0 on BQ},

Lu(x) = Zu(x),

We assume that the coefficients g; ;, a;, 4, enjoy the following
properties:

xe€Q, ueP(L).

@,j» D@, a;, D a;, ag € C(ﬁ)

i, j> i,j=1,...,n,

a,;(x)=a;(x), x€Q,
Yoa,;(0EE2qlif, xe, EeR,
1 (204)
1¢ 5
ay (x) — EZDxiai (x)=2¢, x€Q,

i=1

b(x)+ liai (x)7;(x) =0, xe€0Q,

i=1

¢ and ¢, being two positive constants.

Then it is shown in Theorem 2.1 in [17] that the pair (L, M)
satisfies in the sector

Y()={zeC:Rez>c(l+|z])}, ceR, (205)

the following estimate with 8 = 1/p:

|M(zm + 1) <Cc@+zh)P. (206)

oo

Let us consider the following identification parabolic-elliptic
problem:

D, [’”1 (x) km, (x)b] [u(t,x)]

0 m, (x)* | | v(t,x)

o[FrlgP e D[]

= f ) [2] V(tx) € [0,7] x Q,

0 e

=WMWWmewm

0 m, (x)* | | vo (%)

,[Q {’11 (x) [ml (%) u (£, x) + kmz (x)b v (t, x)]

+11, () my (x)* v (t,x) fdx = g (1), Vte[0,1],
(207)
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where the linear operators L;(x, D,.),i = 1,2,4,and 2(L,)
2(L,) enjoy the same properties as L(x, D) with f = 1/p,
my,my € L(Q) withm, > 0andm, > 0ae. inQ, k +# 0
(if k = 0 we can apply Remark 19),0 < a < b, zy, 25, Uy, v €
LP(Q), 1,1, € LY(Q), 1/p+1/g =1, g € C([0,T]; R).

We know that the pairs (L, (x, D,), M,), (L,(x,D,), M,),
where M,u(x) = m,(x)"u(x), satisfy (206) in L?(Q).

In view of the moment inequality (cfr. [18, page 115]),
assumption (97) holds with § = b/a. Therefore, Theorem 14
applies provided that (2/p) + (b/a) > 5/2; that is, p <
((5a — 2b)/4a)™". So, we must necessarily have b < a < 2b
and 1 < p < 4/3 respectively.

Let 0 € (3 - (2/p) — (b/a),(2/p) + (b/a) - 2),1 < p <
4a/(5a — 2b),

[zl] _ [mlzf +kml2’z;‘]

z) myz;
(208)
[Ll (»Dy)ug+L, (- Dy) Vo] _ [WH”S + kmgvf;]
L4 ("Dx) Yo mgV; ’
where z}',uy € D(L)), z5,v; € D(L,),
[, Iz )+, ()2, (0] dx 40,
(209)

{111 (x) [ml (x) ugy (x) + km, (x)’ v (x)]
Q

+11, (x) m, (%) vy (x) | dx = g (0).

Then Problem (207) admits a unique global solution (u, v,
f) € C0.1hD(L,) x C[0,7]; D(Ly) x C°([0,7]s R),
myu + kmgv, myv € c*0([0, 7]; LP ().

Using the same scheme, one could handle the more gen-
eral problem:

D, [’”1 (x) km, (x)b] [u (t, x)]

0 m, (x)* | | v(t,x)

. [Ll (x,D,) L, (x, Dx)] [u(f»x)] (210)

kym, (%) Ly (x’ Dx) v(t x)
-f0]2]. vewenaxe
2

where ¢ € (0, 1], k, is constant, provided that (2/p) + (b/a) +
¢ > 3 (cf. Theorem 14).
As a particular case, we can also treat the problem

Dtrm<m mzuf][uqu

0 my(x)"]|v(tx)

%guﬁgmuqrﬁﬂ] (211)

kmy (x)° n, (x)]| | v(t,x)
0|2, vewennxa
%)

where n,n, € C((;R), n,(x) 2¢>0,ce(0,1],k e R.
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Problem 37bis. We show here how some more regularity of
functions m, and m, allow to choose a larger exponent p in
the reference space Lf(Q).

We recall that a function m € C'(Q), m(x) > 0, x € Q,
is said to be p-regular for some p € (0,1] [3, 15, 16] if there
exists a positive constant C such that

|Vm (x)| < Cm (x)P, xe€Q. (212)
If m, € c'(Q), my(x) = 0, x € Q,and k > 1, then m(x) =
my(x)* is p-regular with p = (k — 1)/k.

If m is p-regular and

Zn:ai (x)D,m(x) <0, x¢ Q,
o (213)
b(x)+ %m (" Ya (0% ()20, xeq,
i=1

then (cfr. Theorem 3.3 in [17]) the pair (L, M) satisfies (206)
witha = 1, B = 2[p(2 - p)]"". Note that 8 > 1/2 if and only
if pe[2,42-p)h).

Let nowm, be p,-regular, so that (L, (x, D, ), M) satisfies
(206) with B, = 2[p(2 - pl)]_1 according to [15]. Moreover,
let m, € cl(Q), my(x) =20, x € Q,a > 1. Then, By =2[p(1+
(1/a))]"*. Thus, we must have

2 1 a b 5 b 1
— + + - >, -> - (214)
p\2-p 1l+a a 2 a 2
to find
2<p< ta < ! + a>
=P 50-2b\2-p, l+a
(215)

2a < 1 a )
50-2b\2-p, l+a

Letb = va, 1/2 < v < 1. Then the right-hand side in (215)
changes to

1 b 5
+ .
2-p

(216)

In particular, the last property is achieved if p, tends to 1 and
a is large enough.

Therefore, Theorem 14 applies in the reference space
LP(Q) with b = va and

4 1 a
2<p< < + ) (217)
5-2v\2-p 1l+a
whenever the following inequalities hold:
! + a +v>5 1<v<1 218
2-p, l+a 27 2 ' (218)



Abstract and Applied Analysis

Problem 38. We are concerned with the initial and boundary
value problem:

b ([m1 (x) m, (x)] [u(t,x)])
! my (x) my (x)] [ v(tx)
[cxl (x) Ly (x,D,) a,(x)L,(x, Dx)] [u(t, x)
o5 (x) Ly (x,D,) ay(x)L,(x,D,)]| [v(t x)

= f ) [2] V(t,x) € [0,7] x Q,

[ml (x) m, (x)] [u(O, x)]

my (x) my (%) ] | v(0,x)

i} [ml (x) m, (x)} [uo ()

] , x€Q,
my (x) my (x)] | vy (x)

[, 00 by e+, () (0.0

+ 1, (x) [my (x) u(t, x) + my (x) v (£, x)]} dx

=g®), 0<t<T,
(219)
where for the sake of simplicity, we have set
L;i(x,D,)=-A+a;(x), j=123 (220

and have endowed such operators with either the Dirichlet or
the Robin boundary condition.

We will assume that m; € L®(Q), j = 1,...,4, are real-

valued, while a; € C(ﬁ),j = 1,...,4,and g; € Cc(Q),

m, (x)

23
j = 1,2,3, are scalar functions, the g;’s being nonnegative,
satisfying the following properties:

-C (ml—(x)m4 (x) —m, (x)) < m, (x)

m; (x) (221)
< ™ (x)m4 (x), x€eQ,
m; (x)
o >¢c>0, ocz(x)—ZIEi;oc4(x)S—E<O,
. ’ (222)
_omy(x
a; (x) = m, (x)(xl (x), xeQ.

We observe that properties (221) hold if m,(x) < 0 and
my(x) > 0 for all x € Q. This choice implies C = 1 and
6 = 11in (97). Moreover, the last condition in (222) implies
(137) and 6, = 1.

Assume now that the matrix operator

o (x) Ly (X’ Dx) o, (x)L, (x, Dx)

223
o5 (x) Ly (x,D,) ay(x)L,(x,D,) (223)

is invertible in L?(Q) x LP(Q), p € (1, +00). For this purpose,
it is enough to assume

|oc1 (x) oty (x) = &ty (%) 3 (x)| >C, >0,
oy (x) ay (x) ay (x) — o, (%) a3 (x) g, (%) (224)

491 (x) oy (x) - (29} (x) 2%} (x)

= U

for all x € Q. Further, z,, z,, 1, 1, are given functions on Q.

Relying on the proof of Theorem 18 we are led to the
following equation:

u (t, x)

D, _m (x)
ms (x)

i o, (x)L, (x,D,)

+ _m (x)

L m;y (x)

[u(t, x)
_v(t,x)]

z; (x)

my (x) +m, (x) [V (t, x)

oy (x) Ly (x,D,) + o (x)L, (x,D,) (cxz (x) -

o, (x) L, (x,D,)

my (x)

m; (x)

xy (x)) L, (x, Dx)
(225)

=f® [zl () M) (x)] , V(tx) € [0,7]xQ.

m (x)
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Under our assumptions (221)-(224) Theorem 18 applies with
a=38=p =1 =1/p > 1/2, thatis, p € (1,2),
it the following additional properties are satisfied when
Zhul € D(Ly), Z5,v, € D(L,), g € C*O([0,7];R), with

6 (1/p',1/p), mn, € L¥ (Q):
[21 (x)] _ [ml (%) zy (x) +m, (x) 25 (X)] ’

zy (x) ] [ms (%) 2] (x) +my (x) 2, (x)

[ocl (x) L, (x,D,) ug (x) + &y (x) L, (x, D) v (x)]
o (x) Ly (%, D) ug (x) + oy (x) L, (x, D) v ()

_ [ml (%) g () +m, (x) vy (X)]
ms (x) ug (x) +my (x) vy (x) |’

JQ {m ()2, (x) + 1, (x) 2, (%)} dx # 0,

J 11 66 D G5ty ()4, (), )

+ 17, (x) [m5 () uy (x) + my (x) vy (x)]} dx = g (0).
(226)

Then the identification Problems (221)-(224) admit a unique
global strict solution (u,v, f) € C%([0,7]; D(L,)) x C([o,
T, 9(L,)) X c%([0,7];R) such that Mygjth + My,v €
C"*([0,7]; LP(Q)), j = 0,1 and p € (1,2).

We observe that ifmj,w, j=1,...,4,and g, i =1,2,3,

j
are more regular, the previous result can be extended to the

case where p € [2,+00) and 3, is larger. For this purpose, we
assume that m := m;m, — m,m; > 0 is p-regular; that is,

meC' (Q), [Vmx)|<m(x)’, xeQ, pe(0,1].
(227)

Since n(x) = a,(x)(m, (x) /my (x)) — ay(x) = ¢ > 0 for all
x € Q, we get

ij ( m (x) )‘ =n(x)"? ’n (x) ijm (x) —m(x) ijn (x)'

n(x)

mx)’  mx) Py ) ,<m(x) )P,

n(x) n(x) n(x) n(x)

x € Q.
(228)

([0 s3]

o (x)L(x,D,)

* [(al (x) - (x) o, (x)> L(x,D,) <a2 (x) -

my (x)

z (x)
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Therefore, owing to Theorem 3.3 in [15], we can choose 3, =
2[p(2 - p)]_l, p € [2,+00). This choice implies 5, > 1/2 and
pel2,42- p)fl), so that in this case 0 runs in the interval
(1-2[p2-p] 7 2[p2-p] ™).

In the case when p € (1,2) and m is p-regular with p €
(2 - p, 1), then, owing to Theorem 4.2 in [15], we can choose

B, =[p2-p)] ' sothatf e (1-p)2-p) " 2-p) .

Problem 38bis. We could handle also the case where the
determinant m, (x)m,(x) —m,(x)m;(x) vanishes everywhere
in Q. However, in this case, Theorem 18 forces us to assume
m,(x) = 0 for all x € Q.

In view of assumptions (222) the second equation in
system (225) becomes

[ m (x)

oy (%) - <x)] L, (x,D)v(t )
m; (x)

my (x)

= f (t) [ 2, (x) - Z; (x)] (229)

my (x)

_ [ml (x)
msy (x)

o (x) az (x) — oy (x) ay (x)] u(t,x).

Thus all is reduced to a regular identification problem.

However, using Theorem 23, in some cases we can handle
the situation when m, # 0. For the sake of simplicity we
choose L, = L, = L; = L and assume /a3 = &, /) = v =
const., so that

(230)

for some constant v # 0. Therefore our differential equation
becomes

o, (x)L(x,D,)

m (%) oy (x)) L(x,D,)

u (t, x)
s () [ v (t, x) ] (231)

=f(t) [21 x) - ™ (x)z (x)} , Yt x)e[0,7] x Q.

m; (x) ?
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Referring to the notation in Theorem 23, we get

§=M,~ML'Ly = (m —v"'m,) L,
-1 -1
Ly - LLy'Ly = (o = v"'ey) L(- D), (232)

-1

A= (oc1 - v_locz)L(-,D) (m1 - v_lmz) .
Consequently, the linear closed operator —A generates an
analytic semigroup of linear bounded operators provided

o (x) - v"locz(x) > 0and m,(x) - v_lmz(x) >0forall x € Q.
In this case the resolvent of —A admits the representation:

A+A)" = (m1 - v_lmZ)
X [/\ (m1 - v_lmz) (oc1 - 1/_1042)71 + A]il

x (o) = va)) "
(233)

The element z in Theorem 23 can be easily described.
Example 39. Let Q = B(0,1) = {x € R" : |x| < 1} and

let operator L(x, D) = —A + a(x) be endowed with either
Dirichlet or Robin boundary conditions.

Consider then the following identification problem,
where r and s are real positive numbers:

b 1 _(1_||x||2)r |:u(t,x):|
A\ (=) [ Ly e
N [061 (x)L(x,D,) o (X)L(x’Dx):| [u(t,x)]
o, (x)L(x,D,) ag(x)L(x,D,)] vt x)
(%)
x

(x)
1 - (1= xl?) [u(O,x)]
1 (1-)x)?) | Lv(0x)

_ 1—(1—||x||22r [uom]) ceo,
1 (1= ]xl?) Vo (%)

J, 60 [0 - (1= 18) w6 )

=f () [? ], Y (t,x) € [0,7] X Q,
2

w11, () [u ) + (1= %) v (6,20 dxc = g (1),

0<t<r.
(234)
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If we suppose that

wepe C@)NC@, aw2c>0

o, (x) —ay (x) <0, xeQ,

all our conditions in the last lines in Problem 37 are verified
for B, = 1/p, p € (1,2). Moreover, if r,s € (1,+00], then
m(x) = (1 ||x]*)" + (1 - |x||*)* belongs to C*(Q) and from
the inequality V(1 - [|x[*)" < C[(1 - ||x|? Y1V we deduce

1V 1= 9 [ (= lR) -+ (1 - 1P ]|
e A (CE ™ N .

=C {[(1 - ||X||2)r + (1 - ||x||2)5](’*1)/’

e [+ ()1

(min(r,s)—1)/ min(r,s) xeQ

<m(x) R
(236)

That is, m is p-regular with p = (min(r, s) — 1)/ min(r, s), and
the arguments in the treatment of Problem 38 apply as well.

Example 40. Consider the identification problem:

O "] [163])
o, (x)L(x,D,) o (x)L(x,D,)] [u(t, x)
[063 (x)L(x,D,) oy (x)L(x,Dx)] [v(t, x)]

=f@® [2 Eg] , Y(tx)€[0,7] xQ,

[ m (x)?

m(x)n(x)

m(x)n(x)] [u(O,x)]

n (x)2 v (0, x)

_ [ m (x)°

S lm)n(x)

m(X)n(x)] [uo (x)]’

n(x)* Vo (%)

JQ 7 (x) [m (x)2 u(t,x)+m(x)n(x)v(t, x)] dx=g(t),

0<t<T,
(237)

where m(x) > ¢ > 0 and n(x) > ¢ > 0 for all x € Q. Observe
that the determinant of the matrix inside the time derivative
vanishes identically in Q.
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As in the proof of Theorem 18 we obtain the equivalent
problem:
b <[m(x)2 m(x)n(x)] [u(t, x)])
t 0 0 v(t,x)
o, (x)L(x,D,) o, (x) L(x,D,)
i m () m () Ll
<oc1 (x) - ) ——a, (x)> (x,D,) (cxz (x) - (D oy (x)) L(x,D,) | Lv(x) (238)
z; (x)
=f(t) 2, (%) - ((x)) 2, () Y (t,x) € [0,7] x Q,
m(x)* m(x)n(x)] [u(0,x) _|m (x)? m(x)n(x)] [y, (x)
[ 0 0 va,x)]—[ 0 va(x)]’ e, (239)
J 1) [m@) ut,x)+m@)n(x)vtx)|de=g@1), 0<t<t. (240)
Q
If Assume now that the data satisfy
mo; —noy " 5 B
m—v-cons - (241) muy +mnvy € Dy (0+1,00), Z€ Dy (0,,00),
0<0<0,<1,

then A in Theorem 23 specifies to

A= (a, —v,))L(D)ym ™" (m—wn)~" (242)
We observe that assumptions on A are satisfied if o;(x) —
V0, (x) = ¢ > 0and m(x) — vn(x) > ¢ > 0 forall x € Q.

We compute now z:

(x)

-1
200 =2, (x) - (x)[ (- e, (x)]
m(x
n(x

)) zZ, (x)] [ (x) — vy (x)]

X —zl (x) -

X L(x,D)[m(x)—wn (x)]_ n(x)L(x, D)_1

m (x) m (x)
n(x) n(x) o (x )]
(243)

o (x)]_1 |20 -

X |, (x) -

Finally, observe that in this case we have

S=m(m-wn)l,
L, _LzLZILa = (ay = vay) L(~ D),

- 244
L2L41 =, ((xz— %%) I, (244)

M,L; = mnL(, D)™ ((xz - Ta4>.
n

J n(x)z(x)dx #0,
Q
geC™(0,7];R),

g(0) = J;) 1 (x) [m (%)% g () + m (x) n(x) v, (x)] dx
(245)

Then Problem (237) admits a unique strict global solution
(v, f) € (0,7} 2(L) x C°([0, 7; D(L)) x C°([0,T; R)
such that m?u + mnv € C%([0,7]; LP(Q)), p € (1, +00).

We now face the general case where the additional
information is

J;) {111 (x) [m (%) u(t,x) +m(x)n(x)v (L x)]
+1, (x [m(x)n(x Yul(t, x)+n(x)’v(t, x)]}
=g(), 0<t<T
(246)

Taking advantage of the identity

m (x)n(x)u(t,x) +n(x)*v(t x)

e (247)

m(x)

[m (%) u(t,x) +m(x)n(x)v (L x)] ,
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condition (246) takes the form

L <m (x) + Z((i)) 1, (x))

X [m ) ult,x) +mx)n(x) vt x)] dx (248)

=g(), 0<t<T.

Moreover, solving (238) for v, we get the following equation
for all (¢, x) € [0, 7] x Q:

v (t, x)

= (t,x)+ f ()L (x,D,)"

-1
x (0‘2 (x) - % 4(x>) [zl (x) - ':((;‘))zz (x()z]@)

so that

m (x)2 u(t,x) +m(x)n(x)v(t x)

= [m (x)2 -m(x)n (x)] u (t, x)
- m(x) -
+f(t)m(x)n(x)L(x,Dx) a, (x) - pre ay (x)

<(x)) a(x )]

o (x) L(x,D,)u(t,x) +a, (x) L(x,

X [zl (x) -

D,) vt x)
= [a; (x) = vaxy (x)] L (x, D) u(t, x)

-1

f F By ) (ocz () - ((x)) o <x))

m (x)
n(x)

X [zl (x) — z, (x)] .

(250)

Consequently, our identification problem is reduced to the
previous one with # being replaced by #, + nn, /m.

Problem 41. Let Q be a bounded region in R” with a smooth
boundary 0Q). We are concerned with recovering function f
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in the following problem related to a degenerate parabolic
weakly coupled linear system:

Dau(t,x)=Alax)ut,x)] +b(x)v(t,x)+ f (t)z, (x),
(t,x) € (0,7] x Q,

Dy (t,x)=c(x)u(t,x) +Aldx) vt x)] + f )z, (%),
(t,x) € (0,7] x Q,

u(0,x) =uy(x), v(O0,x)=vy(x), x€Q,

dx)v(t,x)=0,

a(x)u(t,x) =0,

(t,x) € (0, 7] x 0Q),

L I D utx) +m, () vt dx=gt), tel0r.
(251)

We assume that functions a,b,¢,d € C(Q; R) and a(x) > 0,
d(x) > 0 for a.e. x € Q, while z),2,, 7,1, € L*(Q) =
UpVy € HS(Q) N H2(Q), and g € C([0, 7]; R). Finally, we
assume that the consistency condition

[t @+ m @ lde=g© ()
is fulfilled.
Recall now that if 1/a € L"" (1), where
r(l) =2, r(2)>2 r(n)=n, ifn>3, (253)
then [3, page 83] operator K defined by
D (K) = {u € L*(Q) : au € Hy () N H* ()},
Ku = -A(au), (254)
ue K,
satisfies the resolvent bound:
([ o N7 ik (255)

for all A’s in a sector containing the closed half complex plane
Re A > 0. This implies « = 1 and 3 = (2r — n)/(2r).

Suppose now that 1/a € L"™(Q) and 1/d € L™ (Q), so
that the corresponding differential operators A and D defined

by
P (A) ={uel’(Q):aueHy(Q)nH (Q)},
Au = —-A(au),
ueDA,
(256)
2 (D) = {veL*(Q):dv e Hy (Q) n H* ()},
=-A(dv),
ve (D),
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satisfy (HI) and (H3) in Theorem 3, with B, =B, = I, = 1,
By = [2r(n) = nl/[2r,(n)], By = [2r4(n) — n]/[2r,(n)].

Let B and C be the multiplication operators by b(x) and
c(x) in L*(Q), respectively.

Theorem 3 runs provided

. { n n } 1
min{l — 1 - > —
2ry (n) 2r, (n) 2

& min{r, (n),r, (M)} >n,

(257)

when 6, =: n[2 min{r, (n),r,(n)}] ™"

Whence it follows that if 8 € (6,,1 — 6,), 2z, € D(A),
z4 € D(D), Alauy) + bvy € D(L,), Abvy) + cuy € D(L,),
g€ C™((0, 7 R)

[t @2 0+ m 0z @) dx £
(258)
[, 1 0 0+ v (0} = 9 0,

then Problem (251) admits a unique strict global solution
(v, ) € C°([0, 7 DL))*C’([0, 7] D(Ly)XC’([0, 7 R)
such that u, v € C'*°([0, 7]; L*(Q0)).

More generally, consider the degenerate parabolic identi-
fication problem:

D, [m(x)u(t,x)]
=Ala@u(t,x)]+b(x)v(tx) + f (1) 2z (x),
(t,x) € (0,7] x Q,
Dy [n(x)v(t,x)]
=c(x)v(tx) +Ald(x)v(Ex)] + f (1) 2, (%),
(t,x) € (0,7] x Q,

tlir&m () u(t,x) =m(x)uy(x),

tl_i)r&n (x)v(t,x) =n(x)vy(x),

x €Q),
d(x)v(t,x) =0,
(t, x) € (0, 7] x 00,

a(x)u(t,x) =0,

JQ m@m@ut,x)+n,(x)nx)vE,x)}dx =g,

€ [0,1],
(259)

where m,n € C(Q;R) and satisty m(x) > 0, n(x) > 0 for all
x € Q.

Abstract and Applied Analysis

The change of unknown functions mu = u; and nv = v,
leads to the following (equivalent) identification problem:

D,u, (t, x)

=4 [ a(<x))

b(x)

uy (t,x) | + m (x)

Vl (ta X) + f (t) Zl (X) >

(t,x) € (0, 7] x Q,

c(x)

(%)
d(x

[n( ;vl (t, x)] + f(t)z, (x),

D,y (t,x) = (t, x)

(t,x) € (0, 7] x Q,
uy (0, x) = m(x) ug (x)»
v, (0,x) =n(x)v, (x),
x € Q),

a(x) _ d (x)
) u, (t,x) =0, ")

(t, x) € (0, 7] x 0Q),

v (t,x) =0,

J;; {m () uy (tx) +1, (x) v, (6, %)} dx = g (@),

tel0,7].
(260)

Suppose that a/m,d/n,b/m,c/n € C(Q;R)—so that b and
¢ must vanish on 0Q if m and n do. Moreover, we assume
mja € L""(Q)n/d € L (Q), r,(n) and r,(n) being defined
as above and satisfy min{r, (n), r,(n)} > n, as well as

D (2,) = {uEL Q) <m>ueH Q) n H? (Q)}

sa=-a((2)2),

ue (<),

9(3’4)_{veL Q) : <d>veH Q) nH (Q)}

coe((2))

veD (L),
A(auy) +bvy € D (<), A(dvy) +cuy € D (&),

geC*(0,7];R), O€(6,1-6,),

L {m (%) z, (x) + 1, (x) 2, (x)} dx # 0,

jo iy (2 m (x) g () + 17 () () v, ()} dx = g (0).
(261)



Abstract and Applied Analysis

Then Problem (259) admits a unique strict global solution
(v, f) € C°([0, 7} D(A)) x C°([0,7]; D(D)) x C°([0, 7]; R)
such that mu, nv € C**2([0, 7]; L*(Q)).

Problem 42. Consider the following one-dimensional para-
bolic identification problem of Sobolev type:

D, [u (t,x) + Diu (t, x)] - Diu (t,x) + a(x) Div (t,x)

+b(x)D,v(t,x)+c(x)v(t,x)

=f()z (x), (tx)e€(0,7]xQ,
D, [v(t,x) + D2v(t,x)] - D2v (1, x) + dv (¢, x)
=f()z,(x), (tx)e(0,7]xQ,

(1+D2)u(0,x) = (1+D2)uy (x),
(1+D2)v(0,x) = (1+D2) vy (x),

x € Q,
u(t,0)=u(t,m)=0,  D,v(t0)=D(tm) =0,

te(0,7],

J {;11 (x) (1 + Di)u(t,x) + 1, (x) (1 + Di) v(t,x)}dx
Q

=g(t), telo,].

(262)

Here a, b, c € C([0,7]; R) and d is a positive constant.

Introduce now the linear operators L;,i = 1,2, 4, and M,
j=1,2,3,4, defined by

P (L) = Hy (0,m) NH* ((0,7)),  Lyu=-Diu,
ue(L,),
2(L,) = H* ((0,7)), L,v=aD2v+bD,v +cv,
veD(L,),
D (Ly) ={v e H ((0,m)) : D (0) = D,v (m) = 0},
L= —Div+dv,
veD(L,),
2 (M1+3j) =9 (L1+3j) s Mysu= (1 + Di)u,
ue€ 9(L1+3j)’ j=01,

M, = M, = O.
(263)

Note that the pairs (M;,L,) and (M,, L,) satisty our spec-
tral assumptions with « = f; = S, = 1 so that we can
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apply Theorem 14 with § = 1 provided we make the follow-
ing assumptions:

zj=(1+Di)z;, z;EQZ(L1+3j), ji=0,1,

- Dluy = (1+D2)uy — aD2v, — bD, vy — cv,,
uy € 7(L,),

~D2vy +dvy = (1 + Di) Vo, Vo €D(Ly),

geC*(0,7];R), 6¢€(0,1), N1, € L2 ((0,7)),

[, o @2 )+ 0z @) dx o

JQ {111 (x) (1 + Di) Uy (x) + 17, (x) (1 + Di) v (x)} dx

=g(0).
(264)

Then Problems (262)-(265) admit a unique strict global
solution (u,v, f) € C%([0,7]; D(L,)) x C([0,7]; D(L,)) x
C%([0,7];R) such that (1 + D2)u, (1 + D*)v e C™(o,
T}, L*((0,7))).

Problem 43. We want to point out a different approach for
solving the identification problem described in Example 28.
For the sake of simplicity, we confine ourselves to the
problem:

o5 A0

(6 2] 6)-ro )
vVt € [0, 1],
7 Ble=[7 AR
@, [M(x+y) O]+ @, [(x+y) )] =g (),
Vvt € [0,1],

(265)

with a compatibility relation g(0) = @, [M(xy+ y,)]+D,[x,+
Yol-

Here M is a bounded linear operator in X, L 'E D(L j) C
X — X, j = 1,2 are two densely defined linear operators in
X such that L,, M+L,L;",and z2(M +L,L;")+L,,Re z > 0,
are invertible with inverses in #(X) and

||[z (M+L,13')+ Ll]’1||g(x) <C(zl+1)", Rez>0,
(266)

L, being a sectorial operator with Z(L,) ¢ D(L,).
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From the matrix equation in (265) we obtain the following
equation for the new unknown u = x + y:

F Oz, = DMu(t) + Lu(t) - Ly (1)

=D,Mu(t)+ Lyu(t) - L,L;' [f ()2, - Du(t)].
(267)

Introduce now the linear functional defined by

¥ [w) =, [M(M+L,L3") w]+, [(M+L,1Y) ).

(268)
Then the pair (u, f) solves the identification problem:
D, [M+L,Ly' Ju(t)+ Lyu()
=f® [z +L,L}'z], telor],
(269)

(M +L,L3 ) u(0) = (M +LyL3") (xo + %) »
Y[(M+L, LY u®)]=g@), telo1].

Finally, set

E) = [M+L L u® e u@) = [M+L, L] @),

tel0,1].
(270)

It is immediate to check that function & solves the nondegen-
erate identification problem:

DEM+L, (M+L,L3") €@ = £ [z +L,L5'2],
t e0,1],
E0) = (M+L,Ly") (x0+ 3) »

Y[ED]=g@), teloT].

(271)

We can now apply [1, Theorem 2.1] if the following conditions
are satisfied:

0<0<6,<1, geC*(0,7];R);

sup ¢ L, [£(M+ 1,13 ) + 1] Ly (g + 30)| < +o0
t>0

& L, (xy+y,) € Dy, er, iy (0,00);

sup ¢ |1, [e(M+1,1,") + 1] (= +L1L;1Z2)" < oo
t>0

-1
&= z;+L L, 2, € Dy er, 15 (65, 00)5

D, [M (x0 + y5)] + @, [x0 + y5] = g (0)5

¥z, +L,L;'z,] #0.
(272)
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Since

[e1+ (M + 1,151 Ll]_l

“ (M3 + L] (M4 LY -

= (M+L,L) [+ L (ML)
x(M+L,Ly'),

it follows that (M + L,L;")™"L, is sectorial, too. Moreover,
from

L (M+L,Ly) " [T+ L, (M LIL;)*I]_1

0L [t(M+ L, L)+ L]

-1

=L, [T+ (M+ L1 Ll]il (M+1,L3")

(M4 L L) (M+ L)
XLy [t+(M+ L) Ll]il (M+L,L3)) ",
(274)

we deduce that & € 9L1(M+L1L;1)-1 (0, 00) if and only if (M +
LiL)'E € Dipgip 11y, (6, 00).

Since —(M + LILEI)’IL1 is sectorial and has domain
D(L,), from [19] (cf. also [20]), it follows QZ(M+L1LEI)4L1(0,
00) = QZLl(@, 00). Therefore & € QZLI(MJFLIL;l)fl(B, 00) if and
only if (M + L,L;")'& € @, (6, 00).

Consequently, our condition on the data read equiva-
lently

(M+L,L3") " Ly (x0 + 3) € Dy, (6,00),
1 (275)
(M+L,L3') (2, +L,L3'z,) € D, (65,00).

Then Problem (265) admits a unique solution (&, f) €
[C™*([0, 71 X) N C2([0, 7} DL, (M + L, L;1) )] x C*([o,
7];R). Consequently, since u(t) = [M + LILEI]_lf(t) and
£ e C"([0,7]; X) n CP([0,7]; D(IM + L,L;']™")), then the
solution (u, f) to Problem (269) has the properties (M +
LY 'u e (0,7 X), (u, f) € C¥([0,7; D(L))) x
cf([0,7]; R).

Finally, from the latter differential equation in (265) we
easily deduce the following representation formula for the
pair (x, y):

y(t) = -L'u(®)+ f(t) L'z,
x()=u®)—y@t)=u)+L'ult) - f(t) L'z, (276)
telo0,1].

We can conclude by stating that Problem (269) admits a
unique solution (x, y, f) € CG([O,T];Q(LI)) x C%([0, 7];
D(L,)) x C([0,7]; R) such that x + y € C**([0, 7]; X).
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Remark 44. If f is not differentiable with respect to time,
functions x and y need not to be differentiable, even though
their sum is. This fact exhibits the degeneracy of our Problem
(265).

Remark 45. Consider the identification problem:

o7 TI0)+[6 T 0) = rolz]

vt € [0,1],

7 7be=[7 75
—O [(x+y) O]+, [(x+y) )] =9 (1),

vVt € [0,1],
(277)

with a compatibility relation g(0) = (9, — D,)[x, + ¥,]-

Here L : D(L) ¢ X — X is a densely defined invertible
linear operator in X such that L' € Z(X), while x,, y,,
z,,2, € Xand g € c'([0, 7], R).

First we note that our assumptions are not satisfied, since
z(M+I)+L = Lforall z € C. However, a trivial computation
yields

(x+y)(t)= f()L " (2, +2,), Vte[0,7]. (278)
Therefore, if
D, [L7 (2 +2)| # D, [L7 (2, + )] (279)

f is uniquely determined by

FO=(@-0)[L7(z+2)] g@®), Vielor].

(280)
Since
Lx(t)= f()z, + f ()L (2, +2,), Vtel[0,1],
Ly®)=fM)z,— f )L (z,+2,), Vtelo,1],
(281)
then the assumptions on our data imply
x+yeC'([0,7],X), feC'([0,7],R), (282)

without any resolvent estimate involving L, but 0 € p(L).

Application 1. Let X = LP(Q), p € (1,+00), Q being a domain
in R" with a boundary 9Q of class C*. Let a,; € C(R)
with g, ; = aj; i,j = 1,...,n, be given function satisfying
the ellipticity condition:

Na, (&>, (RO eOXR.  (283)

ij=1
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Define then the linear differential second-order operator by
D (L) = W (Q) nW, P (Q),
(284)

n
Lu= ) a;D,D, - agu,
ij=1

where a, € C(Q;R,).

Introduce also two functions m,a; € C(Q;R) such that
a,(x) > 0andm(x)+a, () > ¢, > Oforall x € Qand denote
by M the multiplication operator in L?(Q) corresponding to
m.

Following the same steps as in [3, pages 79-80], we can
readily derive the resolvent estimate

”[z (M +a;'1) —L]_IH L SCA+I)™, if Rezz0.

(285)

Z(

Consider then the identification problem:

o, [" "6 0] 6w [vied)

= f (1) [zl (x)], vt € [0,7]

z, (x)

[M(x) m(x)] [u(O,x)]

( (] 109 [m(x) m(x)] [uo (x)]

1 1 vo (%) |”

JQ [ () m () + 1, (0] [ () + v (1,0 dx = g (1),

vVt € [0,1].
(286)

We assume that our data satisfy
Uy, vy € LF (Q),
2,p Lp
Uy + vy € W2 (Q) n Wy (Q),
(m + a;l)_1 L(uy+vy) € Dy (0,00),

(m + a;1)71 (z1 + al_lzz) € D, (6,, ),

! 1
111+r]26LP(Q), +17:1,

geC™([0,7];R),

<

g(0) = JQ [11; () m (x) + 17, ()] [1g (x) + v ()] dx,

[ tn@m @+ ) e+ 0]
X [zl (%) +a (x)7! z, (x)] dx # 0.
(287)

We note that the spaces 9, (0, 00) are well characterised in
[9, page 321].
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By virtue of the previous result we deduce that our degen-
erate parabolic identification problem admits a unique global

strict solution (u, v, f) € P10, 7); D(L)) xC([0, 7]; D (L)) x
%[0, 7]; R) such that u + v € C*9([0, 7); LP(Q)) and m(u +
v) € C([0, 7]; LP(Q)).

Application 2. According to [21] the projection operator P
onto N(T) relative to the direct sum representation N(T) &
R(T') is well characterised. Now we show how the correspond-
ing projection in product space X x X can be characterised
as well.

For the sake of simplicity we confine ourselves to a bit
less general case than the one discussed in Proposition 16,
choosing here M, = O. Hence the corresponding differential
system becomes

ol allo][o Lol rolz)
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Suppose that L, and L, admit bounded inverses satisfying

D(Ly) cD(Ly), D(L;)cD(M;), j=14

<c¢, if Rez20, j=1,4.
(289)

“ZMi (2M; + Li)il"@(X)

From our assumption we deduce the following formula:

-1 - - -
[Ll Lz] - [Lll _L11L2L41]. (290)

O L, o) L,
Setting T; = M,-L;l, i=1,4, we get

T [Ml o} ] [L11 —L11L2L41] _ [Tl —TleLj].

O M,||oO L} o T,
291
Vvt € [0,1]. (29)
(288) Hence
-1 -1 -1 -1 -1 -1
zT, +1 L,L, (zT,+1) —(zT,+1) L,L, (zT,+1
rapyt | E D Ll G - Cn 0 L Cne ] -
) (2T, +1)
Whence it follows Once we have characterised P, we obtain the basic formula
) ) R(T) = (I-P)(X x X). Consequently, we have at our disposal
"(ZT D gy G if Rez20. (293) " all the elements required in Proposition 16.

Note now that if X is a reflexive Banach space, we have the
decomposition:

X x X =N(T)®R(T). (294)
Observe then that

(xy)) eNM e T,y=0, T, (x-LL}'y)=0.

(295)
Introduce finally the linear bounded operator:
_ [P -PL,L}' + L,L,'P,
P = [ o P, , (296)

where P, and P, are the projections on N(T) and N(T,),
respectively.
It is easily checked that P* = P and

_ -1 -1
p [x] _ [Plx PL,L)'y+L,L, sz] eN(), (297)
y Py
since T, P,y = 0 and

T, (Plx - Plethly + LzLZLle)’) - TleL?Pz)’

(298)
-1 -1
=T\L,L, Py-T\L,L, P,y =0.

As an application, we can handle the identification prob-
lem:

b [MIO(x) m40(x)] [3& 33 ]
6" BBl
4 > >
=f() [2 g;] vt € [0,7],
my(x) 0 1 (0, x) (299)
[ 0 m4(X)] [V(O,x)]

1 el 3]

0 my (x) ] | vy (x)
(myu, )H’I(Q)XH(}(Q)

+ (myv, nZ)H*‘(Q)xH&(Q) =gt), Vtelo1].

Assume now that m;,m, are nonnegative functions in
L®(Q), z,,2, € HY(Q), Uy, Voo N1y € HS(Q), while L, (x,
D), L,(x, D), and L,(x, D) are second-order linear operators
such that the first two are isomorphisms from HS(Q) into
H™(Q), while the third one is bounded from HS(Q) into
H(Q).
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Under such conditions, the conditions in Proposition 16
ensuring the solvability of the identification Problem (299)
are fulfilled. Such conditions, related to the projection P, are
expressed by means of the projections P, and P,.

Application 3. We generalize here to a system Problem 9
related to the scalar Ornstein-Uhlenbeck equation and use
the same notation.

Let 7 be a uniformly continuous and bounded function
on R such that

Mi(x)2¢ >0, xeRY (300)

Consider first, forall A € C, = {z € C : Re z > 0} and
fe Li(IRN ), the resolvent equation:

AMiu+ (-L, +u=f, (301)

where

BQ=QB*, B=-Q. (302)

Then -, is self-adjoint in Li(RN ) and [19] (cf. [20, Section
9.3.2, page 251]):

J g-Z>fdu=- j , (QDf, Dg) du. (303)
R" R

Thus, taking the real and imaginary parts in the equality:

A J . 7 Jul? du + J . (QDu, Du) du
! ! (304)

+ J lul* du = J fuduy,
RN RN
we get the relations as follows:
Re A J i |u)? du + J (QDu, Duydu
RN RN

+ J |ul? du = ReJ fuduy, (305)
RN RN

ImAJ i |ul” dy = Imj fudu.
RY RN
They, in turn, imply
[Re A + [Im [ J i lul? d
RN

+ j (QDu, Du) dy + J |ul* du (306)
RN RN

<2 ”f”Li(RN) leell 2 gy -

Since Re A + | Im A| > 0, we deduce

— 2
|, @DuDa) dyt | d < 21y Iy oy
(307)
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implying
col)tlj |u|2dysl)tlj i lul? du
RN RN
s[ReA+|ImA|]j i |ul* du
RN

2
<4 "f"Li(RN)

=4|Amu+ (-, + I)u"ii(RN) , AeC,.
(308)

Since (Al +(—Z,+1)]* = Ainil +(-Z, +1I), we can conclude
that Al + (-, + I) has a bounded inverse and

|Amr + (-2, + 1 <4 T

Hil"y(f_fl(RN)) - Ae C+'

(309)
Let us now consider the following degenerate identification
problem related to a matrix-valued Ornstein-Uhlenbeck

operator: look for a triplet of functions u,v : RY — R and
f:10,T] — R such that

m(x) m(x)| |u(t,x)
Dt[ I I ][v(t,x)]

1% az-n) ey

= f@) [zl (x)], vt e [0,7], x € RY,

z; (x)
m(x) m(x)] [u(0,x) (310)
[ I I ] [V(O, x)]
m(x) m(x)||uy(x)
[ ) e
[ b @m0 5] )+ 600
=g(t), Vtel0,7],
where
Ug Vo, 1> 1 € LZ# (IRN)- (311)

We now assume that functions m and a; are uniformly
continuous, bounded, and strictly positive in R™. Moreover,
we assume that function m + (1/4,) has the same properties
and satisfies m(x) + (1/a,(x)) = ¢, > 0 for all x € R™. Then
condition (309) is satisfied with #71 = m + (1/a,). Further, the
interpolation space is characterised by

(23 (RY). Wi (RY)),

. . =B (RNu), 6€(01).

co 2,00
(312)
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Assume now that our data enjoy the following properties:
U, Vg € Li (IRN) , Uyt V€ W:’z (IRN) ,

[ﬁ] (L5 = 1) (uy +vo) € By, (R 1),

(a2, +2,) c g2 (RN; y),

2 (N
zZnz €L, (R )’ (ma; + 1) Zoo

0, €(6,1),

g€C*([0,7;R),
g(0) = JRN [, () m (x) + 11, (x)] [t (%) + v (x)] dpa.
[, I m @) 4 @]

] [a,2; (x) + 2, (x)] dx # 0.
(313)

y [—1
m(x)a; (x)+1

Consequently, our degenerate parabolic identification prob-
lem possesses a unique global strict solution (u,v, f) €
C([0, 7 WA (RMN)) x ([0, 7 WA (RM)) x ([0, 7L R)
such that u + v, m(u + v) € C**([0, T];LZM(RN)).

Application 4. We are here concerned with hyperbolic sys-
tems.

Let o/ = (a} Jpiei» j = Lo, Non € R\ {0}, bea
N x N Hermitian matrix, that is, a,ik = a}ih, and let a;;’k €
CEI,(R”; C), the space of all bounded functions along with all
first-order derivatives. Let 8 = (bh)k),i\fk=1 be a N x N matrix
with b, € C}(R"; C).

Set X = L*(R™YN and for all u,v € L*(R™N define the
inner product:

N N
€)= D (U V5) gy = 2 JW u; (x)V; (x)dx, (314)
j=1

i=1

where u = (u,... ,VN)> so that lul?® =
N 2
Zj:l ”uf"Lz([R")N'
IfT € ' (R"), D, Tis the temperate distribution defined
by (D, T,¢) = ~(T,D, ¢) forall ¢ € SR™.If f € L*(R")

and a € CH(R"; C) one defines

,uy)and v = (vy,...

an]-f = Dx]- (af) - fija' (315)

Of course, f € L*(R") is identified with the temperate
distribution (f, ¢) = IRn F(x)p(x)dx, p € S(R").
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Therefore the components of Z;’zl o (x)iju + B(x)u
are given by

n N N
Za,il (x) Dy + Zbk)l (x)u;(x), k=1,...,N,
j=11=1 1=1
(316)

where D, u; is meant in the sense of distributions.
]

We can now introduce the linear first-order differential
operator & defined by

du =Y o’ (x) D, u+3%B(x)uc S'"(R"), ueX, (317)
j=1

DA ={ueX:dueX}, Au=du, uecD(A).

(318)

It is well known (cf. [22]) that A generates a C-semigroup in
X. Consequently, our abstract identification problem reduces
to the following: find a pair (u, f) such that

n N N
D,y = Z Za]il (x) ijul + Zbkl (x)uy (x) + f () 2
j=11=1 =1
(t,x) € [0,7T] xR", k=1,...,N,
(319)
U (0,x) = ugy (x), xeR", k=1,...,N, (320)
{nut,)))y=g@), telo,7], (321)

where z = (z,,...,25), Uy = (U5 ..
C'([0, 7]; R) are given.

Theorem 13 allows to conclude that if z,u, € D(A)
(in particular they belong to HYR"), ((n,uy)) = g(0) and
({#,z)) # 0) the problems (319)-(321) admit a unique solu-
tion (u, f) € [C'([0,7]; X) N C([0,7]; D(A))] x C([0, 7]; R).

As an example, consider the following identification
problem related to Maxwell equations:

sUpn)> 1€ Xand g €

DE=—-crot H+ f(t)z, (tx)€[0,7]xR>,  (322)
D,H = —crot E, (t,x) € [0,7] x R®, (323)
E(0,x) = E,(x),  H(0,x)=Hy(x), xeR> (324)

(" E@))) + (' Ht))) =g@), telo,1],
(325)

where ¢ € R,,z, EO,HO,nl,r]Z € LZ(IR3)3, divE, = 0,
divH, = 0 and divz = 0 in R?, and g € C'([0,7);R) are
given.

We note that div E, = 0, div H, = 0, and divz = 0 in R’
imply div E(t,-) = 0 and div H(t,-) = 0 in R, via (322) and
(323).

We notice that our assumption concerning z and E,
ensure that no electric charges occur in R’.
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Introduce now the vectoru = (E, H) € L*(R%)°. Recalling
that

rot K = (D, K, - D, K,, D, K,
(326)
_Dle_’)’DleZ - szKl) >

we observe that (322) and (323) can be rewritten in the unified
form:

z

D,u = Q[lelu + dszzu + M3Dx3u +f(@) [0

] © (327)
(t,x) € [0,7] x R,

where all the elements in o/ = (a;l k)g 1 vanish but the
following:
11 11 2 2
D6 = G6p = 6 35 = 053 = =6 O34 = 043 =6
2 _ 2 3 _ 3 _ 3 _ 03 _
e =61 = 6 A5 =057 =6 Qg = Ayp = —C.
(328)
Define now
X = {uer*(R?): div( )
=1u s div (v, uy, uy
= div (uy, us, ug) = 0 in IR3} ,
(329)

Y = {u el’ (R3)6 s rot (1, Uy, uy)
= rot (1, us, ug) = 0 in R’}

We observe that it is easy to check that X is a closed
subspace in L}(R?)S orthogonal to Y.

We observe now that, according to our assumptions, the
initial value

uy = (Eo, H,) (330)
belongs to X, while the additional condition can be expressed
as

{nput,))=g@®), telo,1], (331)
where 7 = (;11,112) € LX(R%)°.

Since operator A is defined by (318), with N = 6, it gener-
ates a C,-semigroup in X. Moreover, 2(A) = LZ(IR3 ;rot) X
L*(R% rot), where L*(R%rot) = {k € L*(R%)?® : rotk «
LH(R3)%}. Consequently, Corollary 2.1in [8] applies provided
z,n' € L*(R%rot), ((n,uy)) = g(0), and ((n',2)) # 0.
Then the identification Problems (322)-(325) admit a unique
solution (E,H) € [C'([0,7];X) n C([0,7]; L*(R*rot) x
L*(R%; rot))] x C([0, 7]; R).

Remark 46. Likewise we could treat identification problems
for the Dirac equation in nonrelativistic Quantum Mechanics
(cf. [22, page 54]), making use of the function space LA(R3)*.
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Application 5. Let A be the linear operator defined in X =
L*(R"), n € N\ {0} by
P (A) = H* (R"), Au(x) = idu (x) = V (x) u(x),
uePA)),
(332)

where the potential V belongs to L?(R";R) for some p >
n/2 and p > 2. Then it is well known (cf. [23]) that A
generates a group of unitary operators on L*(R"). Therefore,
Proposition 35 yields the following result.

Corollary 47. Let z,u, € H*(R"), n € L*(R"), (,z) # 0,
g € CY([0,7];C), (g up) = g(0), V € LP(R";R) for some
p > n/2 and p > 2. Then the identification problem

Dy (t,x) =iAu(t,x) -V (x)u(t,x) + f (t)z (x),

(t, x) € [0, 7] x R",

(333)

u(0,x) =uy(x), xeR",

J nx)u(t,x)dx=g(t), tel0,1],
R

admits a unique solution (u, f) € [CY([0, 7]; LA (R™)) n C([0,
] HA(R™)] x C([0, 7]; R).

Application 6. In a very recent paper [24] Taira exhibits a
functional approach to the existence of Markov processes
endowed with both Dirichlet and oblique derivative and the
so-called first-order Wentzell boundary conditions for second-
order uniformly elliptic differential equations with discon-
tinuous coeflicients. More exactly, the related differential
operator is assumed to be of the form

N N
du = Zal’JDxliju + Zb'Dxiu +c(x)u
i,j i,j

(334)

on a bounded domain Q ¢ RN, N > 3, with boundary 9Q) of
class C.

The discontinuous real-valued coeflicients are assumed to
satisty the following properties:

(i) a* € VMO(Q) N L®(Q), a"/(x) = a¥(x) for a.e. x €
Qand M7'E)P? < ZII\; a"(x)§&; < AE)? forae. x € Q,

all& € RN and some A € [1, +00);
(i) b' € L®(Q);
(iii) ¢ € L*(Q) and c¢(x) < 0 for a.e. x € Q.

The differential operator & is a diffusion operator describing
a strong Markov process with continuous paths in Q2 such as
Brownian motions.
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Consider also a boundary operator of the form
Lu (x) = p(x) D,u (x) + B (x) - Vu(x)

+y(x)u(x) -8 (x) (Fu)yg (335)

x € 0Q),

where V, denotes the tangential component of the gradient
along 0Q).

The following assumptions on the coeflicients of L are
made:

(iv) u is Lipschitz continuous on 0Q2 and p(x) > 0 for all
x € 0Q);

(v) 8 is a Lipschitz continuous vector field on 0

(vi) y is a Lipschitz continuous on 0Q) and y(x) < 1 for all

x € 0

(vii) & is a Lipschitz continuous on 0Q) and §(x) > 0 for all
x € 0

(viii) n(x) = (ny(x),...,ny(x)) is the unit interior normal
at x to 0Q.

The terms uD,u, 3 - V,u, yu, §(/u),q correspond, respec-
tively, to the following phenomena: reflection, drift along the
boundary, absorption, and sticking (or viscosity).

Let C(Q) be the Banach space of real-valued functions
continuous on Q endowed with the sup-norm.

Associated with the formal differential operator &/ we
introduce the realization A defined by

9(A)={u€C(§):&iu€C(5),Lu=0 on BQ}.
(336)

Functions in 2D (A) are said to satisfy Wentzell conditions of
the first order.
Finally, recall that a strongly continuous semigroup

{T ()}, on C(Q) is called a Feller semigroup if it satisfies

fec(Q), osf=l,
(337)

x € O implies 0 < (T (t) f) (x) <1, x€ Q.

This implies that {T (¢)},., is nonnegative and contracting on
C(Q). B

Assume now that p € (N, +00)and A : D(A) c C(Q) —
C(Q) is defined by

D(A) ={ue W™ (Q): dueC(Q),Lu=0 on 30},
Au = Au,

ueD(A).
(338)

Then Theorem 1.1in [24, page 717] establishes that A generates
a Feller semigroup on C(Q). Therefore, Theorem 13 applies.
Recall now that the dual C(Q)* consists of real measure v with
finite variation coinciding with ||g|| c@-
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Finally, consider the identification problem:

Dau(t,x) =du(t,x)+ f (t)z(x), (t,x)€[0,7] xQ,

u(0,x) =uy(x), xeR",

Lu(t,x) =0, (t,x)€[0,7] x0Q,

J u(t,x)v(dx)=g(t), tel0,1].
Q
(339)

If z,uy € D(A), g € C'([0,7];R), fQ uy(x)v(dx) = g(0),
jQ z(x)v(dx) +# 0, then the previous Problems admit a
unique solution (1, f) € [C'([0, 7]; C(Q))NC([0, T]; D(A))]x
C([0,T; R).

Application 7. We are here again concerned with the Ornstein-
Uhlenbeck operator, but in LP(R"). For this purpose denote

by :?71,, p € (1,+00), the realization of the the Ornstein-
Uhlenbeck operator /. Consider now the identification
problem:

Du(t,x) = gpu tx)+ fM)z(x), (tx) e€[0,7] xR,

u(0,x) =uy(x), xeR",
Ju(t,x)dx:g(t), tel0,7],
Q

(340)

In view of [11, Proposition 9.4.2, page 280] operator Z defined
by

D(Z,)={ueW*?(Q): oue L’ (R")},

@Pu = du, (341)

uGQZ(:‘?P),

generates a strongly continuous semigroup {T’,(#)};59, which
is not analytic.
In this case, we can apply Theorem 13. Indeed, if z,u, €

2P, 1 € PRY, (1p) + (1/p)) = 1 g € C((0.7);
R), JQ n(x)uy(x)dx = g(0), _[Q n(x)z(x)dx # 0, then the
previous Problems admit a unique solution (i, f) € [CY([o,
] LP(R™) N C([0,7]; 2(Z,))] x C([0, 7]; R).

Appendices

A. Perturbing Generators:
An Interpolation Approach

Let X be a complex Banach space with norm |-|.

We make the following assumptions, where p(L) denotes
the resolvent set of a linear closed operator L : 9(L) ¢ X —
X:

(H1) A : 9(A) ¢ X — X is a (possibly multivalued)
linear closed operator, whose resolvent p(A) contains
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thesetZ, ={A € C:Re A = —¢,(1+|Im A|)*}, ¢, > O,
0<p<ac<g];

(H2) [(A=A) "o < Co1+IANF,Cy > 0,and B € (0, 1],
forallA € Z;

(H3) B € Z(D(A); X5) for some 6 € (1 - B, 1),

where the space Xi, introduced in [3], is defined by X% =
{ue X :sup,  t°| At — A)7"| < +oo}.

We want to show that the linear closed operator A = A+B
generates a C™-semigroup if € (0,1) (resp., an analytical
semigroup, if 8 = 1) {e"},., of linear bounded operators in
Z(X). For this purpose, we extend two perturbation results
listed in [20].

Forall f € Xand A € A, + X, consider the spectral
equation:

AMi—Au—-Bu=f, ueP(A). (A1)
Applying operator (A — A)™" to both sides in (A.1), we deduce

the following equation:

[I-A-A)7T"Blu=A-4)7"f ue2). (A2
Recall now (cf. [3, page 49]) that
lad - a7 x| <P Ixlxe
! (A3)

Aedy+2,, xeX%

Consider now the following resolvent identity:

A (A=A = AN - A

~A-ADA-AT A=A, (A
LM € p(A).

Ifx e Xi, we get the estimate

|[a - 4" 4|

< [c@+ D +2C M+ AP @+ 1AD ] lxlxe

<Z(1+ AN Ixllx, A€z xe XS

o>

(A.5)

Since x — || Ax] is an equivalent norm on P (A), indeed 0 €
p(A), we conclude that

[ -4 JSTa+I' L pe(1-B1).

(A.6)

1 "y(xj;@(A)

Since Be & (XZ; P(A)), we deduce the estimate
-1
"(/\ - 4) B||§f(9(A))
-1
= ”(/\ - 4) "3(}(3;@(14)) 1Bl 22narx4) (A7)

-p-6
<C A+ AN PP Bl A€,
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This implies
. 1
|A -7 Bl gy < 50 A€ Zape  (AB)
where, recall that, owing to (H3), B+ 0 > 1,
Tapo = 1A € Za s L+ AP > CL Bl gy}
(A9)

Then, according to (A.8), we deduce that I + (A - A)'B
is invertible in P(A) and, for all A € Z, gy, its inverse is
estimated by

|| [T+ -4 B]_l|| <2, AeZ.g0 (A0)

L(D(A))

Hence (A.2) admits, forall A € X, 59 and f € X, the unique
solution:

u=[1-A-4"B M- fez@A) (A
satistying the estimate

Il < 2[AA-A)7" f| <Cca+ ' Pf]. (A12)
Therefore, for all A € X, 54 the operator A — A — B has a
E(s);lllgded inverse from X into 2(A), and, hence, from X into

We now estimate ¢ in X. From the equation Au = Au +
Bu+ f=Au+BA ' Au+ f,forall A € Z,,p6> We get

A < (1+ [BA™, ) Il + | £]

= (1 + “BAA”“?(X)) lellgeay + || £]

< (6043 0 )

(A.13)

<C' @+
Asa consequence, from (A.13) we deduce the desired estimate

lul <C@+ADFf],  AeZypp (A.14)

B. A General Approach to
the Identification Problem

Let X, %, and Z be three complex Banach spaces with norms
I, 115 I respectively.

We make the following assumptions, where p(L) denotes
the resolvent set of a linear closed operator L : 9(L) ¢ X —
X:

(H1) A : 9(A) ¢ X — X is a linear closed operator,
whose resolvent p(A) contains the set X, = {A € C :
Red = —¢(1 + [Im A|)*}, ¢ > 0, and « € (0, 1];

(H2) (A = A7 g < CoU+IANF Gy > 0,and B €
(0,a],forall A € X ;
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H3) M € B(F x Z;X), B(F x Z;X) standing for
the Banach space of all linear bounded sesquilinear
operators from # x Z to X;

(H4) ® € Z(X; F);

(H5) for each fixed Z € Z and for all H € & the equation
®O[M(F,Z)] = H is uniquely solvable in & and its
solution can be represented by F = W[H, Z], where
the (nonlinear) operator ¥ : 9(¥) ¢ F xZ —
F is linear continuous as a function of H; that is
¥ [H, Z]|lg# < C, (Z) |H| g, forall H € F

(H6) there exist Banach spaces X4 and Z% in X and Z,
respectively, with 6 > 1 — 3, such that

(F,Z)e Fx Z°.
(B.1)

IM (F, Z2)llxs < CO)IFlg 1Z]lze

We consider now the following problem: determine a pair of
functionsu : [0,7] — X and F:[0,7] — & such that

u () - Au(t)=M(F(t),Z)+g(t), 0<t<rt,
u (0) = u,, (B.2)
Ou()]=H(), 0<t<t,

where u;, € 2(A), g € C([0,7]; X), H € cl(o,7]; %).

Apply now operator @ to both sides of our differential
equation. Using assumptions (H4), we obtain the following
equation:

H' (t) - @ [Au (t)] -
B.3
=O[M(F(1),2)]+®[g)], 0<t<rt

From assumptions (H3) and (H5) we deduce

F(t) [g®)],.Z]

=¥[H (t),z]-¥[® —VY[D[Au(®)],Z],

0<t<.
(B.4)

Inserting this expression into the differential equation (B.2),

we conclude that the identification Problem (B.2) is equiva-
lent to the unusual following Cauchy problem:

U () -Au@)+ MY [D[Au®)],Z],2)

=M(Y[H' (t),2],2)

[9®].2].2) + g ),
u (0) = u,.

(B.5)

-M (¥ [® 0<t<r,

Introduce now the linear operator B defined by

D(B)=D(A), Bu=-M¥[D[Au],Z],2),
(B.6)

ue(B).
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From assumptions (H5) and (H6) we deduce the bounds as
follows:

IBullxe < C(O0) ¥ [P [Au], Z]|5 [|Z]| 70
<CO)C (D) D [Aulllg 1 Z]l o
(B.7)
< CO) CL (D) PN zx.r) I1Aullx 1 Z] 2o
<CO) C (D NPl x,r) 12170 Nullga) -
Consequently, the linear operator A + B, with (A + B) =
D(A), generates a C*-semigroup in X if § € (0,1) (resp.,
an analytical semigroup, if f = 1) {etA}t . of linear bounded
>

operators in X with

||(A ~-A-B)*!

s SCA+ AP, Aex, Alarge.

(B.8)

Remark 48. Note that no compactness is required to operator
M(¥Y[®[Au], Z],Z) in order that the perturbed operator
generates a C®-(or an analytical) semigroup.

Application 8. In the case of Application 8 B is given by

Bu=-M(¥Y[®[Au],Z], Z
Jik=1

ik (2) O [Au] z;

(B.9)
In this case one has

X% < x5, .. (B.10)

Proof. Suppose f € X andu = (t+ A+ B)™' f. Then (t +
A)u = f — Bu. Hence,

Au=A(t+A)" f-A(t+A) " Bu
N
=At+A) f+ Y V(D) D [Au] At + A) z;.

jhe=1
(B.11)

Therefore,
|Aull

s||kA (t+ A" f||X

+Z Wfk(

k=1

Z

o Al A+ a7 2]

|

x4l 2] o

N
<lac+ a7 fl 470 |Fix2)
j,k=1
J (B.12)
This implies
<L*QZ| MDM%MWﬂQ)mwh
k=1 ! (B.13)

<|A+a)™ f||X
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Hence, if t is sufficiently large,
[ace+ a7 1],
=0 L [V D[ 10l 2],

On the other hand,

[Aullx < (B.14)

IBully < Z 17,4 )] |l - 1Aulx |25

SN [Tk @[ 10l - 2]
-0 [T @) [

(B.15)

X* Zj"XZ
x|ae+ a7 £,
Consequently,

||(A+B) (t+A+B)" f||X

1+ Z;\,}kzl |q7j,k (Z)| |0 x- "ZJ'"X
1= 17050 [Fi ()]
|ae+a) £,

=[(A+B)ulx <

X*

2|
Jilx

(B.16)

Therefore, one concludes that there exists a constant ¢ > 0
such that

s;? t? "A t+A)" f”x < 0o

0 ~ (B.17)
= supt ||(A+B)(t+A+B) lf”X < 00.
t>c

O
We consider the problem

W @) -Au@®) + MY [D[Au®)],Z],2)

=M(Y[H' 1),2],2)-M¥[®[g(1)],2],2) + g(t),

0<t<r,
u(0) = u,.
(B.18)
Suppose that Au, € X,3-a-f-af <0< 1,and
M(¥[H'(),2].2)
-M(¥[®[g0)].Z2].2) (B.19)

+g€C([0,7]:X)nB([0,7]; X5).

Since R(B) C X7, one has (A+B)u, € Xi. In view of (B.9)
one observes

(A+B)uy € X0, 5 (B.20)
M(¥Y[H' (),2].2)
-M(Y[®[g()].Z].2) (B.21)

+gcC C([O,T];X)ﬂB([O)T];XiJrB)'
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By virtue of Corollary 3.3 of [25] problem (B.18) one admits
a unique solution such that

(6-3+2a+p)/a

u' € C([0,7];X) N B([0,7]5 X, )

c C([0,7];X) N B([0,7]; X §rerpraple)

(B.22)

9 3+2a+)/a

(A+B)ueCO2 P[0, 7], X) n B([0,7]; X}y, 5 )

cCO32hle (10 7], X)NB ([O,T] ;Xff_3+“+ﬁ+“ﬁ)/“) .
(B.23)

Let k > 0 be so large that A + B + k has a bounded inverse.
Since by virtue of (B.22) and (B.23)

(A+B+k)ue P3P (10, 7];X), (B.24)
one obtains

Au=A(A+B+k) YA+ B+k)ueC?32Pl0 11;X).
(B.25)

It follows from

S |AGs+A4)" Bu ®)

Z k(D) O [Au ()] A(s + A) 2
jik=1

X

N

< Y [T D] [0ull- MAuOl A s+ 47 2,
j,k=1
J (B.26)

that

N
1Bu®ls, < Y. [T @] [0l 1Aut®x |z -

k=1
(B.27)
Hence, with the aid of (B.25), one obtains
Bu € B([0,7]; XY%). (B.28)
Since 0 < 2 — 8 — «af3, one has
0(l-a)<l-a<3-a-B-af. (B.29)
This implies
0-3 +aoc<+9ﬁ + oc[i) (B.30)
Hence, in view of (B.28), one has
Bu € B([0,7]; X§ *terfrelle), (B.31)
From this and (B.23) it follows that
Au € B([0,7]; X rerfraplley (B.32)
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Thus, the unique solution to problem (B.18) satisfies

u' € C([0,7]; X) n B([0,7]; X rerradie)

Au e COZPPI ([0, 115 X) n B([0, 7]; X el
(B.33)

B([0, 7];

It is also possible to show that u €
(9—3+(x+ﬁ+0¢/3)/0c)

Xy
Application 9. Let F = B(R), Z = *(X), Z° = X(X%), F =
{f]]l EZZ(R)Z—{Z}W?EZQ (FZ)_Z 1 fizje
Let @ = {O}7 € P(X") such that ¥ 112, |d[2 J]|2 < L
Therefore, equation ®[M(F, Z)] = H,with H € *(R), means

o($m)-(Enoulel)
j=1 j=1 keN\{0}

Suppose that the infinite matrix (®y[z; ]);201 defines an

invertible operator in Z(I*(R)), the inverse of which is
denoted by ¥(Z), so that F = ¥(2)H = ¥(H, Z).
One also has

(B.34)

+00

M (¥ [®[Au], 2], 2) = ) (F(2) ®[Au)) z
j=1
J (B.35)
= Z ik (2) @y [Au] z;.
Jik=1
Moreover,
1M (F, Z)llxe,
+00 +00 1/2
2
Slrllel <ten (Slelly ) @20
J= J=

= |Flpgy 12170, (FZ) e l”(R)x Z°.

Therefore, all assumptions (H1)-(H6) are verified. Con-
sequently, we conclude that the linear operator Au =
—Au + Z;:i’(‘?(Z))j,k(Dk [Aulz;, u € D(A), generates a C*-
semigroup if § € (0,1) and 6 € (1 - 3, 1) (resp., an analytical
semigroup, if = 1and 0 € (0, 1)).

Reasoning as in Application 8, we conclude that if
a+2+af > 3, a+ B > 3/2,4-0a-28 -
aff < 6 < 1, then the identification Problem (B.40),
with N = +00, admits a unique solution (u,{f;};en0})
such that u € C'([0,7]; X) n B([0, 7]; X 1072 Plley
AueCl2C-aPle (o, 1), X)nB([0, 7); X |02l
f; € ClO2C P[0, 7], P(R)), j e N\ o,

Application 10. We consider here the following identification

problem: determine n(1 + N) functions uj [0,7] — X,
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j=L..,mand f; : [0,7] > R,j=1,...,mk=1...,N
such that
u;(t)—AJuj(t)—Bj(ul t),...,u, (t))
N
=ij,l(t)zl+gj(t), 0<t<rT, j=1,...,n
I=1
uj(O):uO)j, j=1L...,n
O [u; (0)]=hj (1), 0<t<t, j=1,...,m k=1,..,N.
(B.37)

Before stating precise properties involving operators,
functionals and functions in (B.37) we apply (formally)
functional @, to both sides in the differential equation in
(B.37). We obtain the following equations for all t € [0, 7],
j=1...,nmk=1,...,N:

Wy (8) = O [Aju; (8)] = @ [B; (uy ()., u, ()]

N (B.38)
- D [gj (f)] = ij,z () O [z] .
=1

Suppose that (®,, [Zl])zliﬂ is an invertible matrix and
denote by ¥(Z) = (¥;(2))p,, its inverse.

Then we can solve system (B.38) for (f; l(t))] 1,1=1- Forall
tel0,7],j=1,...,n,1=1,...,N we obtain
J !
fiu@®) = Z {hj,k (t) - @ [Aj”j (t)]
k=1
(B.39)

— @ [B; (1 (1), ()]
— 0 [9, 0]} ¥ (2).

Consequently, our identification problem is equivalent to
the following direct problem

iq)k [AJ

k=1

uy (t) = Aju () + u; (0] %, (2) 2

_ B (B.40)
=B (u, t),...,u, (1) +3; (1),
0<t<t, j=L...,n, u;(0) =uy, j=1...,m,
where
B (uy,...ou,) = B (thys -, 1)
N —
B Z Dy [Bj (”‘1"-"”:1)] Y (2) 2,
Lk=1
j=1...,n,
gj ()
N B
= L0 -0 [g; 0} P @2+ 6,0,
=1
0<t<t j=1,...,n
(B.41)
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We list now our assumptions. Let Aj: 9(Aj) cX - X,
j = L...,n, and assume that each A; satisfy properties
(HI) and (H2). Bjisa bounded multilinear operator from

[T 2(40) to XA » % € ﬂ] IXA » Ug; € D(A;) and
Ajug; € XAj, (0 <)3 2a-f<0<1,g;¢€ C([O’T];Xij))

hj)k eC([0,7;R),j=1,....,mk=1,...,N.
As is easily seen there exists a constant C, such that

B oidlyg <C:XMAundy, B2
g;<c(10,71;x5 ). (B.43)

Problem (B.40) is solved by transforming it to the follow-
ing system of integral equations

A,
u; t)=e Tu,j

h Lt iq)k [AJ

k=1

u; (s)] By (2) " zds

| (B.44)
. J B, (uy (5),.... 1, (5)) ds
0

t
+ J e(t_S)A’ﬁj (s)ds.
0
Applying A ; to both sides one deduces

Aju; (t)

tA
= . J .
j AJe Uy,

[ Zed

u; ()] Uy (2) A 1"z ds
0 k=1

-

+J A e(t S)AJB (ty(8),...ou,(s))ds

(=}

“+

t
J- A; e S)Afg (s) ds.
0

(B.45)

Hence one is led to the following system of integral
equations for new unknown finctions v]-(t) = A juj(t), j=
1,...,n:

vj t) =

tA;
. J .
Aje uy

t N
j Y D [v; (9] Ty (2) A izds
k=1

t
+ L Aje(tfs)Aij (AIIV1 (8)s...s A;Ivn (s)) ds

t
+ L Aje(t_S)Af"g’j (s) ds.
(B.46)
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Let
tA ! (t-5)A
) “9)A; ~
Vio(t) = Ae™ug ; + JO Aje 7g;(s) ds,
Vj,v+1 (t)

=V (t) - J Z D, [v”(s)] Y (2)A; iz ds
k=1

J A e(t AR, (A_lvlv(s) A, M(s))ds,
0

v=0,1,2,....
(B.47)

In view of (B.43) and [25, Corollary 3.3] one observes

(0-3+2a+p)/a 9 3+2a+)/a
vie€C ([0, 7] ; X)ﬂB([o " )

(B.48)
From
Viper () = v, (1)
S PATRE
ki=1

“Viv-1 (s)] ¥ (2) Ajef(tfs)Aleds
t
A = [ 1
+ L Aje = ]Bj (Al vy, ()
- A Vl v—1 (S)

n nv 1(5))

n nv(s)

(B.49)

and (B.42) it follows that

[Visa @ =v;, 0]

<G, Z |k - |‘{’kz (Z)' ”Zl"X"
Pt

x Lt [vi(®) = Vs )] (£ = 9)F 2% ds (B50)

t
+ clczj (t —5) 21008
0

X Z [V (5)
k=1

Since (8 — 2 + 0)/a > -1, one can easily show that
the sequence {(v;,,...,v,,)} converges to a set of functions
(v ..., v,) uniformly in X" and (v,,...,v,) is a solution to
the system (B.46) of integral equations. It is obvious that a
set of functions defined by (u,(t),...,u,(t)) = (Ailvl(t),

. A;lvn(t)) is a solution to the system (B.44). Again in view

~Viy1 (s)||X ds.
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of [25, Corollary 3.3] one concludes that (1, (¢), ...
unique solution to (B.40) satisfying

,u,(t)) isa

! . .y (0-3+2a+p)/«
u].eC([O,T],X)ﬂB([O,T],XAJ_ )
(6-3+2a+p)/a . . (0-3+2a+p)/a
Au;eC ([O,T],X)ﬂB<[O,T],XA/_ )

j=1...,n
(B.51)
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