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The existence of uncountably many positive solutions and Mann iterative approximations for a nonlinear three-dimensional
difference system are proved by using the Banach fixed point theorem. Four illustrative examples are also provided.

1. Introduction

In recent years, the oscillation, nonoscillation, asymptotic
behavior, existence and multiplicity of solutions, bounded
solutions, unbounded solutions, positive solutions, and
nonoscillatory solutions for some two- and three-dimension-
al difference systems have been studied by many authors and
a significant number of important results have been found;
see [1-12] and the references therein.

In order to solve the problem that the Picard iteration fails
to converge under some conditions, Mann [13] introduced
a modified iteration, which is now called Mann iterative
scheme. It is well known that the Mann iterative schemes are
often used in the fields of nonlinear differential equations,
nonlinear equations, nonlinear mappings, optimization, vari-
ational inequalities, nonlinear analysis, and so forth.

Note that the difference systems in [1-12] are as follows:

Ax, =b,g (y,), n=np,
Ay, =-a,f (x,), n=n,
Ax, =a,f (y,), n2ny,
Ay, =b,g(x,), n=ny
Ax, =b,g (y,), n=ny,
Ay, s =-a,f(x,), nzng

n > ny,

Ax, =b,9 (y,)
Ayn = _anf (xn) + 7

n = ny,

)

where n; € Ny, f,g € C(R,R), {a,},n, and {b,},n are
gy ng
nonnegative sequences, and {r,},. is a real sequence with
no

(o]
Zi:no |1’1~| < oo

Axn = bng (yn) > nz N>

2)

DYy = =0 f (%) + 10 n 21y,

wheren, € Ny, f,g € C(R,R), {an}neNnn and {rn}neNno arereal

sequences with Zf’fno |r;| < co,and {b,},en, isanonnegative
0
sequence:

A (xn + plnxn—rl) + fl (”’ xam’ xa;m’ ybln’ yb,m) = Qi

nzng,
©)
A (yn + pZnyn—Tz) + f2 (T’l, xcl,,’xch,,’ ydln’ yd,m) = Qon>

nzny,
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where h, 7;, k, 1 € N, {pin}neNno’ {qin}neNnU CR, f; € C(N, x

R R), (hdnen > {fintnen,. € Nfori € Ay, and {a,}
no no

{bln}neNno’ {Cln}neNn()’ {dln}nENnO C Z with

neN, >

lim g, = lim b, = lim ¢, = lim d;, = +00
1 00 In n—»oobl” n—>ool” 00 In >

leAy
Ax, = a,f (yp), nzn, (4)
Ay, =b,g (2, ), nznp
Az, =8c,h(x, (), n=ny.

However, to the best of our knowledge, there exists no result
in the literature dealing with the following nonlinear three-
dimensional difference system:

A2 (xln + blnxl(n—‘rl))

+ fl (1’1, xl”un’ Tt xlrlkn, x2511n’ T x251kn’

Xap, »ee ,x3t1kn) = nEN,,

Az (‘x2n + bZn‘XZ(n—Tz))

+ f, (n, Xipyoeeor Xipy > Xog) 5evrXog s (5)

x-”tzln’ e x3t2kn) =Gn NE Nno’

Az (x?m + b3nx3(n—‘r3))

* f3 (I’l, xlraln’ Tt xlrskn’ xzssln’ T x253kn’

Xap, oo ,x3t3kn) =G, NnEN,,

which is abbreviated as, for convenience,
A (x, +b x
an an”a(n—7,)

+ 1, (n, Xip oerorXip, s Xog oo Xog, s (6)

x3ta1n,...,x3tukn) =G (ma) €N, xXAj,

where ny € Ny, 7,,k € N, {ban}neNnU, {Can}nENno cR, f, €
C(N,, x R*,R), and {ry» Sups tapn = 1 € N, sl € Ay} € N
with

Jim rag, = Jim s = Jim to, = +0o,

(la) e A x As.
7)

The main purpose of this paper is to study solvability and
convergence of the Mann iterative schemes for the system (6).
Sufficient conditions for the existence of uncountably many
positive solutions of the system (6) and convergence of the
Mann iterative schemes relative to these positive solutions are
provided by utilizing the Banach fixed point theorem. Four
illustrative examples are given.
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2. Preliminaries

Throughout this paper, we assume that A is the forward
difference operator defined by Ax, = x,,, — x,, A’x, =
A(Ax,), R = (=00, +00), R* = [0,+00), R_ = (-00,0],
and Z, N, and N, stand for the sets of all integers, positive
integers, and nonnegative integers, respectively, as

A, =112, ),
N, =1{n:neNgwith n>ng}, nyeN,,
B = min {no - 7,,inf {ruln,saln,ta,n tneN, ., le Ak} :
ace A3} e N,

Py, = max {7 S tapn 1 1 € Ay, (ma) €N, x A

(8)

Let lgo denote the Banach space of all sequences in Ny with
norm

x| = sup nl ¢ yoo for each x = {xn}neNﬁ € lgo 9)
nENﬁ
and put
d= {nd},en, € I for each d € R,
A(@0) - - e - <0} 0

for each (D,J) e (R\ {0}) x l;o.

It is easy to see that for each (D,, D,, D5, d,,dy,d;) € (R*\
{0})3 X (120)3, Hz}:IQ(dw, D,,) is a nonempty closed convex
subset of the Banach space (lgo)3 with norm |(x, y,2)Il; =
max{||lx|, |yl lzll} for each (x, y,z) € (l§°)3-

By a solution of the system (6), we mean a three-
dimensional sequence {(x;,,, X,,,» x3n)}neNﬁ € (120)3 with a
positive integer T' > 1 + ny + 1, + 1, + T, + 75 + 3 such that (6)
holds foralln > T.

Let K be a nonempty convex subset of a Banach space X

andlet S : K — K be a mapping. For any given x, € K, the
sequence {x,,},,,n, defined by

X+l = (1 - (Xm) Xy T amsxrw

m € N, (11)

where {a,, },,en, is @ sequence in [0, 1] with certain condition,
is called the Mann iterative scheme.
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Lemmal. Let{p,},n be a nonnegative sequence andn, v € N.
Q) If Y2 tp, < +00, then

Y (t-n+1)p < Ytp,.
t=n t=n

18
18

D, (12)

“
1]
N
~
1l

S

(i) IF Y2, 2P < +00, then

Z (13)

]
—

Mg
M8
Tng

T

i=1 s=n+it

Proof. 1t is easy to see that

D Pt Y Pt

s=n n t=n+1

Y opi+

t=n+2

Mg
Mg

b=

T
-
i

S

(14)
=Y (L+t-n)p, < Ytp,
t=n t=n

which yields (12). Note that

[ ol ee] [ee] (] [ee)
¥¥50-5(Sne 5 e 3 opee)
i=ls=n+it t=$ i=1 \t=n+it t=n+1+iT t=n+2+iT
o0 (o]
=ZZ(l+t— Ztht
i=1 t=n+it i=1 t=n+it
[oe) (o) [oe)
= Y tp+ Y tp+ Y tp+
t=n+t t=n+21 t=n+31
5 (e[
t=n+t T
< i <1+t_n_T>tpt§ i LY
t=n+t T t=n+t
[oe)
< Y £p,
t=n+t1

(15)

where [(t —n — 7)/7] denotes the largest integral number not
exceeding (t — n — 7)/7. Hence (13) holds. This completes the
proof. 0

Mg

(1-a,)xl +ay, nLa+OZO:'§ [fu<], Xryyo

[
I
v
i
3
T
=
g"{
~.
T

m+l _
an
00 00 00

(1-a,)xr +a,4nL, +¥Z z z [fa(

q=1i=T+qr,

3
3. Uncountably Many Positive Solutions and
Mann Iterative Schemes
Our main results are as follows.
Theorem 2. Assume that there exist constants n; € N, ,

d,,D, € R"\ {0} and nonnegative sequences {
{U, }nEN satisfying

Fan}neNno and

d,>D, by, =-1, (na)eN, xAs; (16)

a

1 Ot

a>

Ui Vi e e os Vi W5 -+, W)

—fa (n,ﬁl,...,ﬁk,vl,...,Vk,wl,...,wk”
< Ugymax{luy =], v =9, [w -] : T € Ay},
(n,w, 1w, vy, Vi wp, @;) €N, XTI, [d, = Dy, d,, + D,l’,

(l,a) € AkXA3;

17)
|fo (muy, . uo v, Ve wys . wi)| € Fops
(”’ul’vl’wl) € Nno x Hi}:l [dw - Dw’ dw +Dw] > (18)
(l,a) € Ak X A3;
nlL“gonZ Z Zmax{ “J" | wPai}t =0,
q=1i=n+qz, j=i (19)
acAh;.
Then one has the following.
(a) For any (Ly,L,L;) € 1IL,_/(d, — D,.d, +
D,), there exist 6 € (0,1) and T > 1 + ny, +
n o+ T, +7, + T3 + B such that, for each (x%,x),x3) =

{(x(l)n,xgn, xgn)}neNB € HiZIQ(c?w, D,,), the Mann iterative

sequence {(x{" x5 X3 Mmen, = (X X5 X5 )bnen Imen, €

Hi=lQ(Jw, D,,) generated by the scheme

XX X X Lxn ) -c¢
>l 20150 " T2y T Bty T T Bt gy aj >
n>T, (m,a)€NyxAs,
XX X0 X X )-c
al] T lrakj’ 2St/llj’ e Zsak]) 3tu1] e 3tukj aj >

B<n<T, (ma)eNyxA,

(20)



converges to a positive solution (z,,z,,2;) {(z1,0 23>
Zn)bnen, € I _, Q(d,, D,) of the system (6) with lim,, _, .
(z4u/n) = L, for each a € A5 and has the following error

estimate:
" m+1l _m+l
, X

2 ’X?H) - (21’22)23)“1

< e IO, (21)

0.0 .0
(xl,xz,x3) - (21’22)23)"1’

m e Ny,

where {a,,},en, is an arbitrary sequence in [0, 1] such that

Mg

[04

' = +00.

(22)
0

3
I

(b) The system (6) has uncountably many positive solutions
in I _ Q(d,, D).

S IDID A (2

alj’..
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Proof. Firstly, we prove that (a) holds. Put (L;,L,,L;) €
I} _ (d, — Dy,d, + D,). It follows from (19) that there exist
0e(0,1)andT > 1+ ny+n, + 1, + 7, + 75 + f3 satistying

0 = max {6,

ta €A}, (23)

where

a] u]’ ace A3; (24)

>\]l
HM8

2D

Ms
HMS

>

i=T+qt1, j

~| -
M8

I
—_

(Fyj + |eai]) < Da = Lo — o]
i (25)

q

ac€i;.

Define mappings A; ,A; , Ay : e _,Qd,, D,) — I3’ and

e_,Qd,, D,) — (I13)* by

) el

SLI,LZ,L3 :

Xy Xy o Xag o Xag e

Ap, (%10 X X3) = A n>T, acAl; (26)
n
fALa (1 %o x37), Ps<n<T achs,
SLI,LZ,L3 (xl’xZ’x3) = (AL1 (xl’x2>x3) ’ALZ (xl’xZ’xS) ’AL3 (xl’xZ’x3)) > (27)
fDOr )eaCh (e x5 %3) = {(x1n>x2n’x3n)}ﬂ€’\‘/s € Hi’:lmg‘“’ =sup|L,—-d,
w)- n>T
Now we assert that
1 (o] o0 o0
+ ;z Z Z [fa (J’xl’au s X Xg e
~ ~ q=1i=n+qt, j=i
40, (T,0(0,D,) € Q(3,D,). achs @)
St (M.,9(d,, D)) €1, Q(dy, D). (29) xzsakj,xst.,lj,...,xstakl,) —Cuj]

Using (18), (25), and (26), we get that, for any (x;, x,,x3) =
{(xln’ x2n’ x3n)}nENﬂ € Hizlg(dw’ Dw) and ach 3>

||ALu (%1, %5, X3) = Ja“

ALa (xln’x2n’ x3n) - ndu

= sup
nENﬁ n
AL‘z (xln’ Xons xSn)
= max { sup -d,|,
n>T n
n AL (xlT’ Xor> xST)
sup . —-d,
B<n<T T n

cop(i-ai 15 5 S,

)

qlzn+q‘r]z
18 &2 x
S|La—da|+fz Y Y (E, +' |
q=1i=T+qrt, j=i

<|L,-d,|+D,-|L,-d,| =D,

(30)
which implies (28). Thus (29) follows from (27) and (28).
Next we claim that
"ALH (%1, %5, 3) = Ap, (§1’§2’E3)"

(1)
ol w e As),

< 0, max {||x,, ae€Ahs,,
||SL1,L2,L3 (31, %, %3) = SLiLoLs (?1,@,?3)”1
(32)

< 9||(x1,x2,x3) - (EI’EZ’}?))"P
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for all (x;,x,,x5), (X],%,,X;3) € Hz}:lQ(Jw,Dw). In view
of (17), (23), (26), and (27), we deduce that, for any

||ALa (%1, %2, %3) = Ap, (EI’EZ’E_%)"

ALu (xln’xZn’ xSn) - ALH (zln’§2n’%3n)

(xl,xz,x3) = {(xln’xzn’xSn)}neNﬁ’ (}1,§2)§3) = {(Eln,yzn,
— 3 T
xsn)}neN‘g eI, ,Q(d,,D,),and a € A3,

= sup
neNg n
Ap, (%10 X X3) = Ap, (X1 X X3) n Ar, (%17 %> %37) = A, (X171 X7 X37)
= max 4 sup , —
n=T n Bsn<T T n
(o) (o) o0
= Slig Z Z Z [f“ ( Klrgpee xl’akj’ xzsalj’ T xzsakj’ x3ta1j’ > x3tukj)
n.

q=li=n+qrt,

_fa (]’ xl'ralj’ ce ’xlfakj’ x25a1j’ Tt ’x25akj’ x3ta1j’ T ,x3takj)] 1

© o0
Z Z (U“j max {|x1fa1j = Xiry,

1 _ _
< sup— Z , ’szulj = X5, |x3talj - x3taljl :le Ak})
”>an li=n+qr, j=i (33)
L XX ’xlra- - E1ra. 'xzsu- - z25,1- |x3ta x3ta
D) 3 (v max e, B B Rl
q=1i=T+qt, j=i ralj Sulj talj
< 0, max ||xw Xyl 1w e A}
= 0a||(x1’x2’x3) - (21)@33)”1’
||SL1,L2,L3 (21, X5, X3) = SLI,LZ,L3(x1> z2’53)"1
= "(ALI (31, %0, %3) , AL, (x1,%0,%3) , A (xl,xz,x3)) - (ALl (30 %0 %), A, (X%, %3) A (EI’E2’§3))”1
= max{"ALa (%1520, %3) = Ay, (21,52,53)" rae€ A3}
< max {6a||(x1,x2,x3) - (§1’§2)§3)||1 ra €A}
= ell(xl) X5 -x3) - (§1>x2)y3)"1:
which yield (31) and (32). Clearly, (29) and (32) ensure that which guarantee that
SL,.L,L, is @ contraction mapping in I’ _ Q(d,,D,) and it A2 (Z . )
has a unique ﬁxed pOil’lt (Zl’ZZ’ z3) = {(Zln’ Z2n’z3n)}neNl3 € o A=)
H3 Q((/:i D ) that is = _f“ (1’1, RIUNMEREE Zl”akn’ Zzsal e Zzsakn’ ZStaln’ T Z3takn)
e o (10) €Npp o XA,
Z,y =1L, (35)
+ i Z Z [f (] 2 iz oz N which together with (16) means that (z;,2z,,2;) =
S5 a\/»"lra Lok =250 {(z1,5 Zop> z3n)}n€Nﬂ is a positive solution of the system
(6) in Hizlﬂ((jw, D,,). Observe that (18) and (19) give that,
225> Pty ’Z3tak;) - Caj] > foreacha € A5,
(n,a) €e Np X A5, @—L
n a
zu(n 7,)

- Ta)

Z5s o 23%_) - caj] ,

(n,a) € Np,p X Aj,
(34)

> 23t

akj al; :

0O 00 00
Z Z Z [f“ (]’ Brrgyr e By Bas 2o
q li=n+qr,

as n — 090,

1=

C,

225 aj

]

akj ’ ZStalj :

I/\

-ZZZ

q 1i=n+qr,
(36)



which implies that

z
lim = =L,
n— 00 n

ael;. (37)

By means of (20), (26), and (31), we infer that

m+1
|xan B Ztm'

n

X" -z
(l_am) ann ﬁl’l+

o0 (o] [ee]
m m
X nLu+Z Z Z[fa( alj""’xlrakj’xZSalj""’

m m m
X5 F3tgy 00 Mty

_Caj] - Zan)

1 m m m
+ &y, Z |14L,Z (xln’ x2n’x3n) - ALu (erl’ Zom> Z3n)

< (1-a,) 2 -z

< (1-a,) 2 - 2

+a,, "ALa (x5, x5') = Ap (21,2 z3)||

<(1-(1-6,)a,) ¥ —z,]|, n>T, (ma)eNyxAs,
|xZ:1+1 _Zan'
n
X -z o
1_ an an _m
(1- ) S,

m m
><<nL + Z Z Z[ (] Xy ee 2 Xy Xag, oo

q11T+q]1

X0 X x )
250 3ta 2 Xty

- Caj] - Zan)

n

«
<(1-ay,) |20 - z,) + 7’"

(o) (&)
PADIDN AP EREEE
J’xlrm""’xlrakj’xZSal, o

q=1i=T+qr, j=i

|

XX X )
28ak” 73t a1y’ 3takj

- Caj] —Ap, (211 2o1> Z37)
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< (1= ) ) - 2]
#0 |, (6 X ) = Ay, (2irs2ar 27)|
< (1) | - 2]
"AL X Xy ) - Ay (zl,zz,z3)||
<(1-(1-6,)a,) | - 2]

B<n<T, (ma)eNyxAs,

(38)
which imply that

m+l _m+l _m+l
“(xl Xy 5 X3 )_(ZI’ZZ’Z3)||1

m+l
=max{sup o :a€A3]>
neN/; n
m+l m+l
= max 1 su . su an "liaeA
{nzg n ﬁgnET n 3}
< max{(l - (1 - ea)‘xm) "x;” - za” tae A3}

< (1-1-0)a,) (7,55, 67 = (21,25, 73)|
< e 0% (1, X5 = (21520 23))

< 1O,

m € N;
(39)

(xo x3, x3) (21,25 zs)”

that is, (21) holds. It follows from (21) and (22) that
hmm—»oo"(an) xg’l’ x?) - (Zl) Zz, 23)”1 = 0

Secondly, we show that (b) holds. Let (Ly;,L,;,Ls;),
(L1y Ly, Lyy) € I (dy, = Dy, d,, + D) with max{|L,;
Ll :a € Az} > 0. As in the proof of (a), we infer similarly
that, for each I € A, there exist constants ¢, 6',05,0, €
0,1, T; > 1 +ny +n, + 1, +7, + 73 + § and mappings
ALll’ALzl’ALaz Hi:lQ(dW’Dw) - ZEO and SLII)LZI)LSI
Hi;lQ(dw,Dw) — (lg")3 satisfying (23)~(32), where 0,
0,, 6, 65 T, Ly, Ly, Ly, Ay, A, A, and Sp ;- are
replaced by @', 911, 912, 913, T;, Ly, Ly Ly, App Ap» A,»and

SL,,L,.L,> TeSPectively, and the contraction mapping S, ; ;.

1 1 1
= {(Zln’ zZn’ z3n)}n€N‘; €

Hi:lQ(Jw, D,,), which is a positive solution of the system (6);
that is,

. . 1l
has a unique fixed point (z;, 25, z3)

Zan = nLul
(o) [oe) (o) l
+Z Z Z[fu<],zlrﬂl ...,zl% Loy
q=li=n+qr, j=i

I I I
2> 3ty ’Z3tak]~) - Caj] >

(n,l,a) € NT1 XAy xAs.
(40)
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On account of (17), (23), and (40), we conclude that
Z;n_zin . L2 z Z z 1 1 1 1
” = Lo —La Jali alj""’zlrak]’ZZSulJ B0 B3t 00 Pty
q 1i=n+qr, j=i
. 2 2 2 2 2 2
_fa (]’ erulj’ EERE] erakj Z25a1] s ’ZZSakJ Z3ta1] ’Z3takj>] |
2 1 2 1 2
> |L,-L z Z z (U maX‘HZnU Z1ry; ’|Z2$alj ~ 225y ’|Z3talj - Z3tul]-| e Ak})
q 1 i=n+qt,
1
> |L;y—-Ly|l—————
| al tl2| maX{T ,Tz}
1 2 1 2 1 2
00 00 0 ‘Z - z -z z -z
1rg; 1rg; 25alj Zsulj ’ 3talj 3tulj
XZ z Z U,jP,j max - , ; , " le Ay
q=1 i=max{T},T,}+qr, j=i alj alj alj
1.2
2 |~ Lal -\ oo e 9 WD YD WU RVSS| S e N R N R |
q Li=max{T},T,}+qt, j=i
1 2 1.1 1 2.2 2
> |L, - Lg,| - max {9 ,0 } ||(z1,z2,z3) - (zl,zz,zs) p o (ma) € Npoyr,my X A,
(41)
which means that that is, (z}, 2}, z}) # (2%, 22, 2%). Hence the system (6) posse-
%2 %3 %223 Y P
sses uncountably many positive solutions in IT. _, Q(d,,, D,,).
This completes the proof.
(21,22, 25) Zl’zz’zs)" P P
A, Theorem 3. Assume that there exist constants n; € N, , d,,
- max :;‘1,\53 ac D, € R" \ {0} and nonnegative sequences {et,,},,en, € [0, 1],
5 {Fan}neN”U, and {UM}%N”O satisfying (17), (18), and (22) as
-z
> max{ Zan Tanl. e A } follows:
neNmax{Tl o} n
ax{|L,; — L,,| — max {61 02}
d,>D,, b, =1 (ma)eN, xAj, (44)
x “(zl,zz,z3) - (:/:1,2:2,23)“1 ta€ ;)
=max{|Ly — Lyl :a€As}
lim — max R ,U P 0, aeA; (45
sy, e S Eelklal0 s

(42)
which gives that
max {|L, —Ly|:acA
|t ehoeh) - ) 2 2L {?)ll 0} !
> 05
(43)

Then one has the following.

(a) For any (L,L, L;) € TII_(d, — D,.d,
D,), there exist 0 € (0,1) and T > 1 + n8 + n
T, + T, + 1, + B such that, for each (x°,x;,x7)
{(x?n,xgn, xgn)}nENﬁ € Hi}:IQ(Jw, D,,), the Mann iterative
sequence {(x", x5 x5 men, = XY, X5 X5 bnen, men, €

Hi}:lQ(Jw, D,,) generated by the scheme

I+ +



oo n+t2qr,-1 oo

9=1 i=n+(2g-1)7, J=i

n oo T+297,-1 o

S YD FA TS

(1-a,)xl +a, {nL, — =
q=1 i=T+(2q—1)Tu Jj=i

converges to a positive solution (z,,z,,z;) {(z1, 23>
z3n)}neNﬁ € Hi,:lQ(Jw,D ) of the system (6) with
lim, , (z,,/n) = L, for each a € A5 and has the error esti-
mate (21).

(b) The system (6) has uncountably many positive solutions

in I _ Q(d,, D).

w

Proof. Firstly, we prove that (a) holds. Set (L,,L,,L;) €
Hz3u=1 (d,-D,,d,+D,).It follows from (45) that there exist
0e€(0,1)and T > 1+ny+n; + 1, + T, + 753 + 3 satisfying

0 =max{6,:a¢€A,}, (47)

0 n+2q‘ra -1 00

nLa—Z Z Z[fa(j’xlrul,-""

q=1 i:n+(2q—1)‘ra Jj=i
ALH (xln’ x2n’x3n) =

n
TALa (%17 %o X37) »

€

for each (x;,x5,x5) = {(x1,» % x3n)}neNB Hi}:l
Q(dAw, D). It follows from (18), (49), and (50) that, for any
(%122 %3) = {(%10 X X3) e, € 1150, Q(d,, D) and

achs,

"ALa (%15 %, %3) = dAa"

ALH (xln’ Xon> x3n) - nda

= sup
neNl;

= max{

n

Ap, (%1 X X3)

n

-d

sup
n=>T

al»>

n Ay, (X175 %1, %37)

n

-d

a

|

(1-a,)xl +a, nLa—Z Z Z[fa(j,xﬁalj,..
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m
X314

m m m m _
X Xy Xy Xt il fs

akj

R
alj

n>T, (m,a)eNyxAs,
m m m m m m _
Tr 2> Xy Xag oo o> Xag o Xagy e Xag Gl >

B<n<T, (ma)eNyxA,
(46)
where
1 o0 (o)
0,= T Z ZUajPaj, acls,, (48)
i=Tr, j=i
1 [ee) (o]
7 2 X (Fytley]) <Da-lLa-ddl, aens @)
=T+, j=i

Define mappings A; ,A; , A I, Q(d,, D,) — Iz’ and
Sttty Moy Q(d,, D) — (IF)° by (27) and

s Xy Xag,y oo Xagy o Xag oo x3takj) - cuj] R

(50)

n>T, acAs;,

B<n<T,acls

=sup|L,—d,
n=>T
oo n+2qt,~1 oo

_%Z Z Z[f“ (j’xlra1,>""xlrakj’

q=1i=n+(2g-1)1, j=i

x25 v x25akj’

X))

a1j’ "

— Caj

]

Xa,y

<sup|( |L,-d,|
n>T
1 oo nt2qr,~1 oo
-2 2 2(Fy+la)
q=1 1'=n+(2q—1)1"z J=t
1 (o] o0
<lLa=di+ 2 X X (Fy+|ey])
i=T+t, j=i

= |La _dal +D, - |La _dal =D,
(51)
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which means (28). It is easy to see that (27) and (28)
yield (29). By virtue of (17), (47), and (50), we know that

"ALa (x1, %3, %3) = Ap, (EI,YZ,E3)||

ALa (xln’xZH’ x3n) - ALu (Eln’yh’xﬁ)

for any (x;,x,,%x;) = {(xln’xZn’xSn)}neNﬁ’(EI’EZ’E.%) =

{(yln’}2n’§3n)}n€f\lﬁ € Hz):IQ(‘;[w’Dw)’ anda € A3>

= sup
neNg n
Ap, (%10 X X3) = Ap, (X1 X X3) n Ar, (%17 %7 X37) = Ap, (X171 %> X37)
= max { sup , sup | -
n=T n B<n<T T n
n+2qt,—
= Supn Z Z Z [f“ ( 2 xlrakj’ x25a1, T xzsakj’ x3ta1j’ > x3takj)
n2T 7 g=14- n+(2q l)‘r Jj=i
~fa (]’ Ko e Xl X200 Xosgy x3ta11 ’ x3tﬂk1‘)]
00 n+2qr,—1 0
< sug Z Z Z (U max {|xlrz Xir, ,|x2$ulj ~ X, | 'x%j — X, | le Ak})
n= q=1i= n+(2q 1)1’ j=i
lxl’alj - xlralj 'xZSan - xZSa,j ’x,’:tu,j - x3ta1]-
s— Z Z U,,;P,; max , , le A,
1 T+1, j=i Talj Salj tulj

<0, max {||x, - %, | : we A}

= 9u||(x1,x2,x3) - (EI’EZ’ES)"P

||SL1,L2,L3 (%1, 2, %3) = SLLyL, (5152)}3)“1

= “(AL1 (%1520, %3) s A, (%1, 29, %3) s Ap (prz,xs)) - (AL1 (1, %5, %), A, (X1, %5, %5), Ap (Epzz’is))nl

= maX{HALu (%15 %5, 23) = Ay (EI,E2,§3)“ ace A3}

< 9||(x1,x2,x3) - (%1,52,53)“1,

which yield (31) and (32). Thus (29) and (32) guarantee that
St,.L,L, is @ contraction mapping in I’ _,Q(d,,D,) and it
has a unique fixed point (z;, z,,2;) = {(zln,z2n,z3n)}n€,\,ﬁ €

I _, Q(d,, D), that is,

Z,, =nL,
oo nt2qr,~-1 oo
- Z Z Z[fa (]’erulj "’erukj’ZZSulj i)
q=1 i=n+(2q-1)7, j=i
225> P3tyy 20t 0o Z3takj) - Caj] >
(n,a) € Np X As,
Zu(n—‘ra)

=(n-1,)L,
oo n+(2g-1)7,~1 co

) Z[fa(J,zl,m

q=1 = n+2(q 1)1 j=i

> erak]

) el

(n,a) € Np,, X As,
(53)

> ZZsalj

zzsak] > Z3ta1] >

(52)
which mean that
A (Zan + Za(n—‘ra))
o)
=2L,+ Z [fa (], Zirpy e oo Birgg Zas e oo Zasp
=" (54)
z3tal] T z3takj) - C“J:I ’
(n) a) € NT+‘[1+T2+T3 X A3’
which implies that
2
A (Zun + Zu(n—‘ra))
= _fa (n’ eraln’ T erakn’ Z25aln’ R Zzsakn) Z3tuln’ T Z3takn)
+6Cy  (ma) € NT+11+12+13 X As,
(55)
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which together with (44) ensures that (z;,z,,z;) =
{(z1, 2o z3n)}neNﬁ is a positive solution of the system (6) in

I _,Q(d,, D). Obviously, (18) and (45) yield that

Zan _

a

oo n+2qr,~1 oo

Z Z Z [fa (.]’eral ""erakJ’ZZSalj *o

q=1 i=n+(2q-1)7, j=i

Z2501> B3ty Z3takj> - Cﬂj]

n+2qr,—1

NI ACAA)

9=1i=n+(2q-1)z, j=i

1 (o) (o]
S—Z (Fuj+caj)—>0 as n — 00,
Nicrr, j=i
(56)
which means that
lim 2" - acA (57)
n—00 n @’ 3

In light of (31), (46), and (50), we get that

m+1
|xan ~ Zan

oo n+2qr,~1 oo
. m m
x| nL, + Z Z Z [fu (]’xlrulj’ ceo Xy

9=li=n+(2g-1)7,J=i

S O ] EAREA

+ % |AL, (5 X xn) = AL (210 2200 23|
< (1-a,) x5 = 2o

o AL, (XX - A (2020, 23)|
<(1-(1-0,)a,) % -z,

n>T, (m,a)eNyxAs,
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oo T+2qt,-1 o
><<nL + = Z Z Z[fa(],xlr1 ..,xq"rak]_,

q Li= T+(2q l)r j=i

&, n
Za"+7m'_

<(1-a,,) < - T

TL

x a

oo T+2qr,-1 o

SN S G

‘1=1i=T+(2q—1)‘rﬁ Jj=i

x ..
ZSMJ

m m
X3 e x3takj) - caj]

-Ap, (211> Zo1 Z37)

< (1-a,) % -zl
1

O |ALa (o0 X5 Xap) = Ap (ZIT’ZZT’ZsT)|
< (1-a) 57" - 2]

ra, AL, (252 - AL (2120, 5))|
< (1= (1-8) ) [ -2l

B<sn<T, (ma)eNyxAs,
(58)

which yield that

m+1 m+1 m+1
» Xy »X — (21,22, 23) 1

m+l
= max { sup |- “liae A,
neNg n
m+l xm+1 _
= max {sup |-—|, sup |-~ “liae A,
n=>T n Bsn<T n

<max{(1-(1-6,)
<(1-(1-0)ay,)

am) ”x;” - za“ rac AS}

“(x;n’ A xgn) ~ (21,25, Z3)“1

< & 0 (o, X — (21,2325
<O, (x(l),xg,)%) (21722’23)“ m € N;
(59)
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that is, (21) holds. It follows from (21) and (22) that
lim,, , (x7", x5, x5") = (21,25, 23)[, = 0.

Secondly, we show that (b) holds. Put (L,;,L,;,L3;),
(L1y, Ly, Lyy) € I (dy, — Dy, d,, + D,) with max{|L,
Lyl : a € As} > 0. Similar to the proof of (a), we
conclude that, for each I € A, there exist constants ', 6,
612, Bé € (0,1), T} = 1+ny+tn; + 1, + 7, + 73 + 3 and
mappings Ay , A ,A;, Hz}:lQ(dw,Dw
StoLply H?U:IQ((jw,Dw) — (ZEO)3 satisfying (27)~(32)
and (47)~(50), where 6, 6,, 0,, 0;, T, Ly, L,, L3, A,
Ap,, Ap,,and S, ; ; are replaced by 0, 911, 612, 013, T;, Ly,
Ly, Ly, Ay, A, Ap, and §; ;. respectively, and
the contraction mapping SLLaLy has a unique fixed point

) —

EO and

1

1l 1ol 3 7 1
(21, 23, 23) = {(21,0 23 Z3) e, € Tyoy (A, D), Which is
a positive solution of the system (6); that is,

!

Zan = nLal

oo n+2qr,~1 oo

1
—Z Z Z[fa (]’zlr.m ""zlrak,’z2su1j""’
q=1i=n+(2g-1)1, j=i
1 1 1
ZZsﬂkj’ Z3ta1j’ T Z3takj) - Caj] >
(n,l,a) € NTI XA, XA
(60)

Using (17), (47), and (60), we infer that, for each n >
max{T},T,} anda € A,

Zl _Zz oo n+2qr,~1 oo
an an| _ 1 1
e b 1~ L, ——Z Z Z [fa (J’erul "’zlrakj’ZZSalj""’ZZsak,-’z3ta1,~""’Z3takj)
‘1 li= n+(2q l)r j=i
2 2 2 2
~fa (J’ Zlrg > Pl Fasy 2 ""ZZSakj’Z3talj""’ZStakj>]
00 n+2q‘r -1 o
1 1 2 1 2
-l 53 S (o men e, -t 2 e )
> |L, lizn+(2q-1) Ugjmax |2y, =21, |5 |25, = Zo,.|> [Zat,, ~ Zat,, |+ € Mk
‘1 i=n+(2g-1)7,J=i
(61)
2ot -1 12 12 12
o M X P ' Iry; ~ Zlry, ‘ 250 P25 | [F3tay T F3tay deA
> Z Z ZUaJa]max - > < . the Ay
‘1 Li= n+(2q 1)1 j=i alj alj alj
1 o0 (]
e D D 2] L o R R
max
D2t max{Tl T2}+‘r j=i
1 g2 11 1 2 2 2
> |Ly - Lgy| - max{6',6°} ||(z1,z2,z3) - (zl,zz,z3)”1,
which implies that which gives that
11 1 2 2 2
Z1,25,23) — (21,25, 2 “ .
"( 122> 3) ( 1°%2> 3) 1 11 1 2 2 2 max{|Lu1 La2| .aGA:;,}
1 2 (21,22,23)—(21,22,23) 1= 1 02
an_zan 1+max{9 ,0}
=max ysup |————|:a €A,
neNg n > 0;
1 2
. Zon = Zon | (63)
> max sup ra €,
1N 1) " 1.1 1 2 2 2
{|L L|- {91 02} (62)  that is, (z),2;,23)#(2],2;,2;). Hence the system (6)
max .\ . .
ossesses uncountably many positive solutions in IT2_
w=1
X " 21,22,23) - (21,22,23)”1 Q(d,,, D,,). This completes the proof. O
ae,}
- max{|Lu1 — La2| cae sl Theorem 4. Assume that there exist constants ny € N, , d,,

61 62 1 1 _1 2 2 2
— max s 21,22,23 - ZI’ZZ’ZS 1,

D,,b, € R"\{0} and nonnegative sequences {(xm}me,\,0 c [0,1],
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{U,m}neNno, and {F,m}neNnO satisfying (17), (18), and (22) as (a) For any (L,,L,,L;) € H?U:l(bw(dw +D,) +d, -
follows: D,,d, + D,), there exist 0 € (0,1) and T > 1+ ny +
d, - b, no+ T + 1, + 13 + B such that, for each (x),x3,x]) =
1< D, < b 0<b,<b, <1, (ma)eN, xA;, (60 xgn)}neNﬁ ¢ I2_,0(d,,D,), the Mann iterative
(64)  sequence {(x7", x5, X3 Wmen, = U X000 X5 bnen, hmen, ©
nangOnZ Zmax{ aj> |Caj UajPaj} =0, ach; (65 IT_Q(d,, D,) generated by the scheme
i=n j=i
Then one has the following.
x;r:rl
(1-a,)x +ay, <|nL anxu(n )~ Z Z [fa (J’xlmj ..,xﬁakj,x;';alj,...,szukj,x;';alj,...,x;';ukj) - ca]-]
i= ﬂ] =i
_ n>T, (m,a)eNyxA;, (66)
(l_ocm)x;r;_'— ‘xm{nLa T aT‘xa(T—Tu - ZTZ[fu (]’ lral e lrukj’x2$a11 ..)xzakj,ngtlalj)'“)x;lakj)_ Cuj]}’
i=T j=i
B<sn<T, (ma)eN;xA,
converges to a positive solution (z,,z,,2;) {(z1,,25,, ~ Where
z3n)}neNﬁ € I, _,Q(d,, D,) of the system (6) with lim,,_,
(Zan + banZanr,))/1 = L, for each a € A and has the error 0, = b, + = Z Z UaiPojy @€ As, (68)
estimate (21). TZ T j=i
(b) The system (6) has uncountably many positive solutions
in I _ Q(d,, D). _Z Z (Fy + )
1 T j=i
Proof. Firstly, we show that (a) holds. Let (L,,L,,L;) €
< d,+D,-L,,L,-b,(d,+D,)-(d,-D,)},
Hfuzl(bw(dw +D,)+d, - D,,d, + D,). Observe that (65) min {d, + Dy = Lo, Lo = by (d + Do) = (da 2}
implies that there exist @ € (0,1)and T > 1 +ny +n; + 7, + ach,.
T, + 73 + f3 satisfying (69)

Define mappings A; , A , A :
SLI’LZ)LZ' M Hi)

0 = max{0,:a € A;}, (67)

b nXa(n-t,) ii [fa (]’ X1r,

e X 7
alj > >l
i—nj—i

akj
Ap, (X1 X0 X3) =

n
ALa (xlT’sz’ x3T) > ﬁ <n<T,ace A3,

T
for each (x;,x,,x3) = {(xln,xZn,xM)}neNﬁ € H?U:IQ(dAw,

D,). It follows from (18), (69), and (70) that, for any
(xl’xz’x3) = {(xln’ xZn’XSn)}neNﬁ € Hi}:lﬂ(dw’Dw)’

IN

1

> Xos

M8

Il
~

<L,+min{d

e _,Qd,, D,) — 15 and
0, D,) = (7)’ by (27) and

> x3takj) N C“f] >

n>T,

o Xy o Xay e
70
ac€l;, (70)

M8

- La’Lu

j

+Da _ba(du+Du)_(du_Da)}

a

<d,+D,, (na)eNpxAj,
1
;ALa (xln’xZn’x3n) lA ( ) 1 nA ( )
—Ap \ X Xow X3) = — 0 2 AL\ X1 Xor> X317
_ banxa(n—-ra) n @ m2m 3n n T @ ’ 3
? e ol 1
1 ) —Ap (X7 Xy X37) < d, + Dy,
Yoy fa I Xargpo e oo Xargr Xasy o - o Xasyy2 T
l:ﬂ]:l
B<n<T, aecl;,
Xap 5eeesXz, ) —Cyj
alj akj aj
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1
;ALa (xln’ x2n>x3n)
_ Lu _ banx:n—‘ra)
- lii [fa (.]’ xlral >ee '>x1rukj’x2$ulj" "’x2sakj’
N =
Xagypeees x3t“k,> - caj]
00 00
>L,-b,(d, +D,) Z i+ e])
T1=T
Lu _ba (da +Da)
_min{da +Da_Lu’La_ba (du+Da)_(da_Du)}
>d,-D,, (na)eNpxAj,

1

1 n
;ALa (xln’ x2n’x3n) = P fALu (xlT’ Xor> x3T)

1
= fALa (X175 Xo1> X37) > dg = Dy
B<n<T, ael,

(71)

which mean (28). Consequently, (29) follows from (27)
and (28). By virtue of (17), (67), and (70), we infer that,
for any (x;,x,,x3) = {(xln’x2n>x3n)}n€Nﬁ’ (%1, %5, X3) =

{F 1 Xoms T3 hueny, € s Q. D), and @ € A,

”ALa (x1, %3, %3) = Ap, (przﬁ_%)“

= sup ALa (xln’ x2n>x3n) - ALE (x1n>x2n’ x3n)
neNg n
ALu (xln’ xln’xSn) - ALa (xln’xZn’xSn )
= max { sup ,
n>T n
n
sup
Bsn<T
Ap, (%17 X1 X37) = Ap, (%17 X575 X37)
n
Ll
Sup | — [Oan ('xa(n T,) a(n Ta))
neNg n
00
ZZ[fa( lr a1j’ ’xlrukj’xZSulj""’x25ukj>

Xagyy o0 Koty

- fa (]’ xlrﬂlj’ EEEE] xlrakj’ Xos 0>

alj

X255 x3ta1] . ’x3takj)] I)

13
<b,|lx, - x|
1 [ el e)
+ fz Z (Uaj max {l'xlra,j - xlrulj > |x25ul] x2sa,]
i=T j=i
|x3tulj - E?’talj H l € Ak})
<b,|lx, - x|
N li i U P max ‘ 17 17 , | 2545 2545 ,
T,:T j=i rulj Sal]
' Sty 3% len,
talj
<0, max {||x, - X, | : we A}
= 9a||(x1,x2,x3) - (EI’EZ’E3)"1’
”SLI,LZ,L3('X1> X5 X3) = ~9L1,L2,L3 @152&3)“1
= ||(AL1 (x15%0,%3), A, (X1, %5, %3) , Ap (xl’xZ’x3))
- (ALl (%1, %5, X3) AL (%1, %5, X3) AL (Eljz>§3))"1
= max{"ALa (%1 X5, 23) = Ay (EI,E2,§3)|| tae A3}
< ell(x]) X9» x3) - (EI)EZ)}:;)HI)
(72)

which yield (31) and (32). Thus (29) and (32) ensure that
St,,L,.L, is @ contraction mapping in HLIQ(dw, D,) and it
has a unique fixed point (z,,z,,2;) = {(zln’zln’z?m)}neNﬁ c
8 _,Q(d,,D,), that s,

Zgm=nL,-b,z

a(n-1,)
00 00
- ZZ [fa (]’ eralj . )erak], ZZsalj L] ZZsakj’
i=n j=i (73)
(n,a) € Np X As,
which yields that
A (Zan + banza(n—‘ra))
0
= La + Z [fa (j’zlr -""’er ~’ZZS »>""225 2

j=n alj akj alj akj (74)

231, "’Z3takj) - Caj] >

(1’1, a) € NT+T1+T2+T3 x A3’



14

which implies that

A2 (zan + banzu(n—‘ra))
=—f, (n, Zyp e

+ Can’ (I’l, a) € NT+‘[1+T2+T3 X A3’

> erakn, Zzsaln’ T zzsakn’ Z3ta1n’ e Z3takn)

(75)

which together with (64) means that (z,,z,,23) =
{(z1,5 2o z3n)}neNﬁ is a positive solution of the system
(6) in H?U:IQ(dAw, D,,). Note that (18) and (65) give that, for
eacha € A,

Zon t banza(n—ra)

1 [eelNce)
= ; ZZ [f“ (J’zlfalj""’erakj’zzsalj""’zzsakj’

i=n j=i
(76)
LSS (R L)
< - F,. + — 0 asn-— o0
—_ J b
nich =i
which means that
z. +b z . _
lim &%~ on7arn) L, acA;. (77)
n— 00 n

Making use of (31), (66), and (70), we get that

m+1
Xan  ~ Zan

04
+ 77?! <nLu - bcm'xa(n—‘ra)

_ZZ |:fa (’]’ lral] R lrakj)xzsal] T

i=n j=i

Xasary> X3ty xStukj)

< (1 - (Xm) ||x21 - Zu"

1
T &y, ; 'ALa (x;’:«z’xg;’ x;’:’l) - AL,Z (Zln>22n’z3n)|
< (1-a,) |25 -z

+ 0ty “ALa () xy) = Ap (zl,zz,z3)“

Abstract and Applied Analysis

<(1-(1-6,)a,) <0 -z,

m+1
Xan  ~ Zan

n>T, (mya) € Ny X As,

o Xpp s X e

i=T j=i
Xasarg? X3t x3t“kj>
- Ca]] Zan)
(- ay) [z
+ 067"1 . % TLa - baTxa(T_Ta)

MS
™18

m m
fa J’ 1r1 ’xlrakj > Xos T

al]

o,) =6l
>3t akj aj

W
H
T

m
X x
25017 T 3tarj’ "

-Ap (217> 2o Z37)

< (1-a0,) [ = 2]

ta, - % AL, (X, xm) = Ay (20 Zap 237)|
< (1= a,) [ = 2]

+a, JAr, () - A (212023)|
<(1-(1-8))a,) |7 - 2|

B<n<T, (ma)eNyxAs,

(78)
which yield that

1 1 1
|Gt s ) = (21, 2525)

m+l
= max { sup “liae A,
neNg n
m+l m+l
= max { sup 21, sup |- ca€h,
n>T n B<n<T n

< max{(l - (1 - ea)‘xm) "x;ﬂ - Zu” rac A3}

<(1-(1-0)a,) "(an’x;n’xgn) - (ZI>Z2’Z3)"1
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< - oz 2

< 1O,

(x?,xg,xg) - (zl,zz,z3)"1, m € Ny;
(79)

that is, (21) holds. It follows from (21) and (22) that
hmm—»oo”(x;n> xg”; x_:,n) - (Z]’ 22) Z3)"1 = 0

Secondly, we show that (b) holds. Let (L,;,L,;,Ls;),
(L1p» Ly L3y) € IL,_ (b,(d, + D) +d, — Dy,d, + D,)
with max{|L,; — L,,| : a € A3} > 0. Similarly we infer
that, for each | € A,, there exist constants 91,011,912,9[3 €
0,1, T, > 1 +ny+mn, +1, +7, + 73 +  and mappings
A AppAL, o L,,0d,D,) — 1P and S ;o0
M, Qd,,D,) — ()’ satisfying (27)~(32) and (67)~
(70), where 0, 6,, 6,, 05, T, L, L,, L3, Ay, A;, Ap, and
St,.L,.L, are replaced by o, 611, 92, 913, T, Ly Ly Ly, A
A, Ap,,and S ; , respectively, and the contraction
mapping Sy ; ;. has a unique fixed point (zll,zlz,zé)
{2, 25, zén)}nENﬁ e I_,Q(d,, D,), which is a positive
solution of the system (6); that is,

Zan = nLal - banzu(n—‘ra)

[celNve]
_ Z Z P 1 1 1
falis g Bargy Fasy 0 Pasyy

i=n j=i (80)

I I
Py Zon, )~ Cag ]

(n,l,a) € N, x Ay x As.

Using (17), (67), (70), and (80), we know that, for each (1, a) €
Nimax(z; 1,3 X A 35

1 1 2
Loy —Lg - ;bun (Za(n—-ra) - Za(n—ru))

182
__ZZ .1 1 1 1
n fa J’eralj"'"erakj’ZZSalj"'"ZZSakj’

i=n j=i
1 1
Z3g, 00 23%)

.2 2 2 2
_fa (J’erulj""’zlrakj’ZZs ey

alj akj’
2 2
Zaty e Doy,

1 2
2 |La1 _Lu2| _bu 2, "%,
00 00
—EZZ(U max{z1 -2 -2
n aj Ly Lra; | | 72845 28q |

i=n j=i

:leAk})

Zl - Z2
3ta 3t

15
2
2 |La1 - La2| ba Zq = zu”
1 2 1 2
1S |eralj Tl | 2505 Zzsalj
= =2 )| Uajajmax , )
i = Talj Salj
1 2
|Z3ta1j ~ 23ty e A
talj
1 0 00
>Ly,-Ly,l-| b+ —m Z ZU P
| al a2| a max {Tl’ Tz} aj aj

z:max{Tl,Tz} j=i
x { 1.2 1.2 1_ .2 }
maxz; — Z¢|» |2, — 2, > |[%3 — %3

1 2 1 1 _1 2 2 2
> |L, - L,,| - max {6 ,0 } ||(z1,z2,z3) - (zl,z2,23)|'1,

(81)
which implies that
(= 22.2) - (= 2. 2)],
1
=max<[sup Zan~ Zan :a€A3]>
neNg n
1 2
Zmax{ sup M:aeA3}
nENmax(Tl,Tz} n
> max {|L, — L,| - max{6',6%}
X “(zi,z;,z;) - (zf,zi,zi)"l tac€ A3}
= max{lLal _Lu2| rac A3}
- max (0,6} | (=1, 22,25) - (123 5))
(82)

which gives that

Y

max {|L; - L] :a € A}
I(@.20.2) - (.. 4], 2 1|f1max?§|1,92} 3

> 0
(83)

that is, (z},zé,zé)#(zf,zg,zg). Hence the system (6)
possesses uncountably many positive solutions in IT)_,

Q(d,, D,,). This completes the proof. O
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Theorem 5. Assume that there exist constants n; € N, ,
d,,D, € R"\ {0}, b, € R_\ {0} and nonnegative sequences
{(x }meN C [0, 1], {Uzpbnen, . and {F, }neN satisfying (17),
(18), (22), (65), and

b +2
1< 2% <& , -1<b,<b,, <0,

an —

(n,a) e N, X Aj.
(84)

Then one has the following.

(a) For any (L, L,,L;) € IT. _ (d,, — D, (1 +b,)(d,, +
D,)), there exist 6 € (0,1) and T > 1 + ny +
n o+ 1 + 1, + 13 + B such that, for each (x},x3,x3) =
{(x?n,xgn,xgn)}neNﬁ € Hfule(dw,Dw), the Mann iterative
sequence {(x;n>xgl>x?)}mer\10 = {( x%xg;)}neNno Ymen, €
Hizlﬁ(dAw,Dw) generated by (66) converges to a positive
solution (z,2,,25) = {(zln,zz,,,z%)}neNﬂ € HiZIQ(dw,Dw)
of the system (6) with lim,, _, (2, + buZa(n-r))/n = L, for
each a € A5 and has the error estimate (21).

(b) The system (6) has uncountably many positive solutions

in I _,Q(d,, D).

Proof. Let (L, L,,L3) € I, _ (d,, — Dy, (1 + b,)(d,, + D,)).
It follows from (65) that there exist@ € (0, 1) and T > 1 +n, +
ny + T, + T, + T3 + P satisfying (67) and

DYACTS)

1T]1

(85)

<min{(1+84,)(d,+D,)-L,L,-(d,-D,)},

acAh;.

LetAp , A, A ,and S, ; | be defined by (27) and (70),
respectively. It follows from (18), (70), and (85) that, for any

('xl’x2’x3) = {(xln’ x2n’x3n)}n€N5 € H?U:IQ(Jw’Dw)’

1
ZAL,Z (xlw Xon> x3n)

1
- =b,.x
n

a(n-1,)

12 ®
- ;ZZ [fa (J’xlrulj""’xlrakJ’XZSaU ’x2$akj’

i=n j=i

X3p,, 5 ...,x3takj) - caj]
i

> Lu—min{(l +bg) (da+Da) -L

1
2L, - o)

M2
™18

(F+

“J

Il
~

i

La - (du - Da)}

>d,-D,, (ma)eNpxAs,
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1 1 n
;AL (X100 X0 X3,) = e ?ALa (%17 Xo7 X37)
1
?AL (%11 %15 %37) > dg = D,
B<n<T, aecl;,
1
_ALa (xlw Xon> xSn)
n
1
= La - ;banxa(n—ra)
1R ®
- ;Z Z [fa (j’xlruljﬂ s xlrakj’ xZSalj’ cee ’x2sﬂkj>
=n J:l
3ta;° > x3takj) Ca]]
1R X
<L,-b,(d,+D,)+ fZZ(FaJ‘”L Gj )
i=T j=i
< Lu _ba (da +Du)
+ min {(1 + ba) (da + Da) - La’La - (da - Da)}

<d,+D,, (na)eNpxAs,

_AL (xlrvxZn’ x3n) = ALa (xlT’ sz:x3T)

>*]IS

Ap, (X175 %o, X37) < dg + D,

~| = :l»—

B<n<T, acl;,

(86)

which lead to (28). The rest of the proof is similar to that of
Theorem 4 and is omitted. This completes the proof. O

Similar to the proofs of Theorems 2~5, we have the
following results and omit their proofs.

Theorem 6. Assume that there exist constants n; € N, ,
dys Dy, by € R\ {0} and nonnegative sequences {0} en, C
[0,1], {F, }pen. > and {U,,},en  for each a € A satisfying
ng ng

(17), (18), and (22) as follows:

dy 2-b
d,>D,, 1<—=<="—=23,

Ds b, (87)

0<b, <b <1,

d, > Dy,

bln =-1, b2n =1,

Jim 2S5 S maxryle ] vyn}-o
g=1i=n+qr, j=i

1 o0 (o]

lim . Z ZmaX{sz, |02j|’U2jP2j} =0,

i= n+-rzj i
Jim 2SS ma {F e Uyp} <o
niz =n j=i (88)

Then one has the following.
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(a) Forany(L,,L,,L;) € (d,-D,,d,+D,)x(d,—D,,d,+
D,) X (by(ds + D3) + ds — D5, d5 + Ds), there exist 0 € (0, 1)

andT > 1+ny+n, + T, + 7, + 75 + 8 such that, for each (x?, xg,

m+1
Xin
00 00 00
m
(1-a,)xf, +a, nL1+Z Z Z[fl( 1rll
g=1i=n+qr, j=i
n& * «
m
(l_am)xln+“m I’IL1+?Z Z Z[fl( lr11
q=1i=T+qr, j=i
m+1
x2n
n+2qry—1

z Z [fz (J)xu21

n+(2q 1)‘[2] i

(1-e,,)xp +ay, <|nL —i

n oo T+2gry-1
D)
T

9=1i=T+(2q-1)1, J=i

(1—o¢m)x;';+cxm<|

m+1

b3n‘x3(n ) Z Z [f3

i=n j=i

(]’ xlrﬂj

(l—ocm)x;’;+ocm<[

n,
(1-ay,)xy +am{nL3 by A1
" T 13) Tl =T j=i

{(zln’ ZZn’

converges to a positive solution (z,,z,,25)
Z3n)}n€N/; e I _, Q(d,, D,) of the system (6) with

= Ll’

Z3, t+ b3n23(n—1'3) _ L3 (92)

n

and has the error estimate (21).
(b) The system (6) has uncountably many positive solutions

in I _ Q(d,, D,).

11 (1

- Z Z[fa (]’xlr311

17

xg) ={(x(1),,, xgn, xgn)}neNﬁE H?U:l Q(Jw, D), the Mann iterative
sequence {(x]", x5, x5}

{{(xﬁ’x;nrwxgl)}ner\lﬂ}mer\lo c

,D,,) generated by the scheme

meN, =

o,

m m m _
s Xy Xasy oo Xag 0 Xap oo X3 ) = G|
nx>T, meN,,
m m m m m _
Xy Xy, Xasy Ko oo Xar ) = G|
B<n<T, meN,,
(89)
m m m m m _
c Xy Xasy oo Xagy o Xany o0 Xagy CHEE
90
n>T, meN,, (90)
m m m m m
’xlfzkj’ x2521j’ e ’xzszkj’x3t21j’ e x3f2kj ~ G
B<n<T, meN,
m m m m m
n>T, meN,, 91)
m m m m m _
X X e g s Xy e Xy Gil s
Bsn<T, meN,
Theorem 7. Assume that there exist constants n; € N, ,

d,,D, € R"\ {0}, b; € R_\ {0} and nonnegative sequences
{0 bmen, € [0,1], {Fabnen 0 and {Up,}pen, for eacha € A,
satisfying (17), (18), (22), (88), and

dy  by+2
d,>D,, d,>D,, 1<-=2<27,
D; b (93)
b,=-1 b,=1 -1<b<b, <0, neN,.

Then one has the following.
(a) Forany(L,,L,,L;) € (d,-D,,d,+D,) x(d,-D,,d,+
D,) x (d; — D5, (1 + by)(d5 + D)), there exist 0 € (0, 1) and
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T > 1+ny+n, +7,+ T, +7;+ B such that, for each (x}, x5, x3) =
{(x(l)n, xgn,xgn)}neNﬁ € Hf’U:lQ(cfw,Dw), the Mann iterative
sequence (], X530 meny = LG X000 KT e ey
HL]Q(JM,D,‘,) generated by the scheme (89)~(91) converges
to a positive solution (z,,25,23) = (21 Zap Z3w)hnen, €

HiZIQ(JW,Dw) of the system (6) with

z
lim 2% =1, lim 2 = L,,
n— o0 n n— o0 n
(94)
- Z3, +b3nz3(n—‘r3) _ L3

and has the error estimate (21).
(b) The system (6) has uncountably many positive solutions

in T _ Q(d,, D,).

Theorem 8. Assume that there exist constants n; € N, ,
d,, D, by € R"\ {0}, b, € R_\ {0} and nonnegative sequences

m+1

Mg
Mg

(1 - (xm) xg:vl + K {an - ban;yEnf‘rz) -

n

.
T

i=T j=i

converges to a positive solution (z,,2,,23) = {(21, Zops
Z3n)}neN,3 e I, _, Q(d,, D,) of the system (6) with
z + by, 25,
lim 2 =1, lim 2 22w g
n—oo n n— oo n
(98)
lim 23y + b3nz3(nf‘r3) _ L3
n— o0 n

and has the error estimate (21).
(b) The system (6) has uncountably many positive solutions

in I _ Q(d,, D,).

Theorem 9. Assume that there exist constants ny € N, , d,,
D, by, € R"\ {0}, b, € R_\ {0} and nonnegative sequences

f XX Xoe X B
2 1r21] X2 Xasyy o Xasy 0 Xaty oo Xany | T G|

Abstract and Applied Analysis

{0 bmen, € [0,1], {Fan}neNno, and {U,m}neNn0 foreacha € A,

satisfying (17), (18), and (22) as follows:

4, b+2 d, 2-b
d>D, 1<z 22 1.5 275
DZ _bZ D3 b3
b, =—1, —1<b <b, <0, 95)

0<b,<b;<1, neN

ﬂl’

oo 00 o0

nlinéo Z Z Zmax 1j> |CU| UyP 11 0,

q li=n+qr, j=i

lim —~ ZZmaX{FZJ’l%l UZJPZJ’F3J"C3J' UyjPyjh = 0.

n—oopn

l n] i
(96)
Then one has the following.
(a) For any (L,,L,,L;) € (d, - D,,d, + D;) x

(dy, — Dy, (1 + b)(d, + D,)) x (by(ds + D;) + d,
D;,ds + Ds), there exist 0 € (0,1) and T > 1 + n,
n + 1, + 1, + 73 + 3 such that, for each (x(l’,xg,xg)
{0, x), xgn)}neNﬂ € Hizlﬂ((jw, D,,), the Mann iterative
sequence {(xY', x3', X3V hmen, = He X0 X5 ) neny; men, ©

HfU:lQ(Jw, D,,) generated by the scheme (89), (91), and

I+

(97)

n>T, meN,,

[eelNee]
n n
m . m m m m m m
(1-a,) Xon T %y ‘I”’Lz T 2Tx2(T ) fz Z [fz (J’xlrnj"“’xlrzkj’xZSZIj"‘"XZSij’x3t21j""’x3t2k]~) - cz]‘] ]’ >

B<n<T, meN,

{(Xm}mENo < [0’ 1]’ {Fan}neNno’ and {Uun}
satisfying (17), (18), and (22) as follows:

dy b+2 | _dy _2-b

neN,, foreacha € A,

d>D;, 1<—=«< , <= ,
D2 _bz D3 b3
b,=1, -1<b<by,<0,
0<by, <by<1, neN,,
1 o0 o
Jim =37 Y max{Fy; [, UyPyyt =0,
ni:n+q‘rlj:i

nhl%onzzmax{sz ez UniPojs Fajo ey Uiy} = 0
i=n j=i

(99)

Then one has the following.
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(a) For any (L,,L,,L;) € (d, — D,,d, + D;) x
(d, — D,,(1 + b)(d, + Dy)) x (b(d; + D;) + d,
Ds,dsy + Dy), there exist 0 € (0,1) and T > 1 + ”o +
n o+ T, + T, + 1 + B such that, for each (x),x),x

m+1
xln

oo nt2qr -1

m
(1 - (Xm) Xin t %y
q=1 = n+(2q 1)111 i

oo T+2gqt -1

(1-a,)x], +a, 1L, ——Z Z Z[fl( 1,“

‘1 Li=T+(2g-1)7, j=i

converges to a positive solution (z,,z,,23) = (21,5 2o
z3n)}neNﬁ e I _ Q(d,, D) of the system (6) with
z Zon + Y5250
lim 2 =1, lim 2 22T L,,
n— 00 n n—0o0 n
(101) b
Z3, + by, z In
. 3n 3n<3(n—13)
lim ———— = L3
n— 00 n

and has the error estimate (21).
(b) The system (6) has uncountably many positive solutions

in I _ Q(d,, D,).
4. Examples

Now we suggest four examples to explain the main results in
Section 3.

Example 1. Consider the nonlinear three-dimensional differ-
ence system

4nx? - X2 +2x3
(n-2)
AZ X = Xup + 1(2n+6) 2(n+1)
( 1n 1(n ‘rl)) 1’16 +1
n=3n+1
= =0 nz 8,
n +n*+1

2 2 3
(n+3) X{3m10) + 1 Xg(1) + X321y

2
A (XZn - XZ(n—Tz)) + B+ Inn

2n+(-1)"Inn

= n>38
nS+3m2+5n+1 ’

. 2( 2 3.3
sin (”l Xom-2) — 1 x3(n—7))

n+2)°%+n |x1(2n_1)|

AZ (x3n - x3(n713)) +

n—sinn

= n>38
m+3n+2n+5 ’

(102)

3
) 1—Iwzl

SO Z[fl( Xy o X,
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= {(x?n,xgn, xgn)}neNﬁ € HfU:lQ(dw,Dw), the Mann iterative
sequence {(x7", x3', x5}

meNy = {{(xﬁ’x;r;’xgl)}neNﬁ}meNo C

QO(d,, D,) generated by the scheme (91), (96), and

m m m m _
X X2+ Xas Xty o Ko, ) = G| o
n= T, m e N0>
m m m _
s X sy > Xasy Koty oo Xan, ) G| [

B<n<T, meN,

(100)

where ny, = 8 and 7, 7,,7; € Nare fixed. Letn; = 3,k =1,
d =6D, =2d,=10,D, = 6,d; = 14,D, = 10, 8 =
min{8 - 7,,8 - 7,,8 — 75,1} € N, and

=b, =b;, =-1, Ti1n = 20+ 6, Sjp=n+1,
tyy,=n—2 1y, = 3n—10 S, =nt—1
11n — > 21ln — > 21ln — >
tyy, =4n* — 1 =2n-1 =n-2
21n = 4N > 31, = 24— L, 31 =N =4

¢ 7 n-3n+1

=n-—- 5 C ==,
3in 7t 41
2n+ (-1)"Inn n-sinn

= C = —
" S+ 3 +5n+ 1 M8 432 +2n+ 5

4 — v + 2w

n, U, v, w) =
A ) n®+1

>

n+3)u +n*v+w’

U, v, w) =
fa (12 w) n® +1Inn

f ( | sin’ (nzv - n3w)
s(mu,v,w)= ————
B m+2)°+nlul

800 40 3
Uln 1’15 > U2n = %’ U3n = ﬁ’
2500 15000 1
m= 5 m= 5 F, = 5
P,=2n+6, P, ,=4n*-1, P, =2n-1,

(nu,v,w) €N, x R
(103)
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It is clear that (16)~(18) are satisfied. Note that Lemma 1
implies that

100 o0 o0
23 S,

q=1 i=n+q min{‘ra:aEA}} j=i

,UyiP,

aj aj:a€A3}

Caj

1 x® & 2500 15000 1 2 3
S;Z Z Zmax{ T T g B s
q=1 i:n+qmin{‘ra:a€A3} j=t J J >
1 800
7 .2 3j’
7P
1300 3
— - 4f’, = -21'}
] J
15000 & — \ L
T oon Z . Z 21_4
q=1i=n+qmin{r,:a€A;} j=i
15000 - 7 1
B n j=n+min{t,:a€A s} j4
15000 © 1
< 2= D - —0 asn— oo,

J

j=n+min{r, €A ;}

(104)

which yield that (19) holds. Thus Theorem 2 implies that the
system (102) possesses uncountably many positive solutions
in 1 _,Q(d,, D,).

Example 2. Consider the nonlinear three-dimensional differ-
ence system

2
n xz(n+1) + X3(n273) lnn

2
A (xln + xl(n—fl)) * nd + |x1(2n—1)|

(-1)"vn-5
= i1 240

X1e-1) + (1) %30041)

5 2
n + xz(n—l)

A? (xZn + xz(n_rz)) +

(105)
3 .

n —sin(n—1
= —(), n> 4(),

n'2 + 312 + 11

2 3
N X1(n-30) T MX20n-2) T X33n+1)
n +sin(n® + 1)

A? (x3n + x3(n,r3)) +

1.CoS (n3 - 211)
= —F, n=40,
n +2md+1

where 1, = 40 and 7, 7,, 73 € N are fixed. Let n; = 40, k = 1,
d =3D, =1,d, =4D, =2,d, =5D, =3, =
min{40 — 7,40 — 7,,40 — 75,10} € N, and
T, =2n-1,

bln: o = 3n:1’ Slln=n+l’

2 2
ti,=n -3, Ty =1 — 1, Syyp=n-1,

Abstract and Applied Analysis

t21n =2n+ 1) Y31, = n-— 30, S31n =2n- 2,
(-1)"vVn-5
t =3n+ 1, G, = —/—/—,
o "9 4 3n-1

3

n’ —sin(n—1) _ ncos (n3 - Zn)

Gn =

n2 +3n+11° T e omd + 1
2
nv+wlnn
nu,nw) = ————
A ) 18 + |ul
u+(-1)"w
fZ(n)u)v)w):W)
2 3
nu+nv+w
nLu,v,w) = ——————,
S5 ) n +sin(n® + 1)
24 3 400
Uln: 5’ U2n: ﬁ’ 3n = F’
7 12 600
Fy, = 5 b, = Pt =5
2 2
P,=n -3, P,=n -1, P, =3n+1,

(n,u, v,w) € N, X R

(106)

Obviously, (17) and (18) are satisfied. Note that Lemma 1 yields
that

,UiP,

aj aj:aeA3}

1 o0 (oe)
" > > max {Fy;, |6

i:n+min{ra:a€A3} j=i

IA
| =
M

% ]'2 i 2 @ 4]}
j6 ’jS > 45
600 © v 1
D
i:n+min{‘ra:a€A3} J=t
600 o o1
<X i
j=n+min{z,:a€A 5} J
600 N 1
= — Z - —0 asn-— oo
j:n+min{1’a:a€A3} J
(107)

which implies that (45) holds. Thus Theorem 3 implies
that the system (105) possesses uncountably many positive

solutions in Hfu:lQ(cTw, D,).
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Example 3. Consider the nonlinear three-dimensional differ-
ence system

A? (xln +

+ (\/ﬁxl(nhnxz(ws) +sin (xl(n—Z)xZ(n+7))

3ncos’n
xl(n—‘r )
5n+3 !

-1
+€08 (X30241) X320-1)) (”15 +1In ”)

(_l)nn3
T+l "=

3. 4
2 3n’sin'n
A <x2n + xZ(n—‘rz))

6m + 1
+ (xl(n+2)x2(3n+1) + NX1(0112)X3(3n+5)

2 2 6 2 -1
+ Vn— 2x2(nz_2)x3(4n+1)) (n +n + 1)

1" (n* - 1)
e 'Y

4!
2
A (x3" " 512! + lnnx3(”_r3))

N X1m+3)X2(n+1) T x2(n+4)x3(n2—2) T X102n+3)X3(12-3)
n® + nx?

X2
1(n+3) 3(n2_2)

nsinn
=—-, nx=5,
n’ +1
(108)

where n, = 5 and 7, 7,,7; € N are fixed. Letn; = 8, k = 2,
d =2,D, =1,d, =4D, =2,d, =5D, =4, =

min{5-1,,5-1,,5-15,3} € N, b =3/5,b, =1/2,by = 4/5,
and
B 3ncos’n B 3n’sin*n b = 4n*
" sp43” e +1] 52l 4 nn’
G B -1)" (”2 - 1) _ nmsinn
T T I T "+ 1]
Tl = -1, Ty =N —2,
Siip =h+5, Siop =h+7,
ti,=2n+1, t, =2n-1,
Ty, =N+ 2, Ty = 21+ 2,
Sy, =3n+1, Soop = n -2,
ty1, =3n+5, tyy, = 4n+1,
T3, =n+3, T3, = 21+ 3,

21
Sy, =n+1, Sy, =n+4,
_ 2 _ 2
t31, =1 —2, t3, =1 =3,
Ji (mug, uy, vy, vy wi, w,)
Vnuy vy + sin (uyv,) + cos (wyw,)
- 15+1Inn ’
fo (1 0y, 15, vy, vy, w1, wy)
_ WV LW, + v 2v3wd
ne+n?+1 ’
Wvy + W, + U,Ww,
1, Uy, Uy, V1, Vy, Wy, W) =
fa (g, 1, v1, v3, w3, 03) n® + nut + wi
40 1700 5000
ln:m’ 2 = e 3n = P
20 3000 100
1n=n14’ 2n = n5 > 3n = n6’
2 2 2
P,=n" -1, P,,=n" -2, Py, =n" -2,
6
(1, 0y, ty, vy, v wy, w,) €N, X R
(109)

It is easy to see that (17), (18), and (64) are satisfied. Note that
Lemma 1 yields that

—ZZmax{ a],| ',U Pa]:aEA3}
zn]z
155 ma .
ln]l 14, ]5 ’ ]6 ,J4’]6’.]8’j14 '
1700 j2 5000 ,2}
FT
5000 <
< 20FHL
i=n j=i
5000 >, 1
<05
=
5000 & 1
=—)—=—0 asn— 00,
n &2
]—n

(110)

which implies that (65) holds. Thus Theorem 4 implies
that the system (108) possesses uncountably many positive
solutions in I _ Q(d,,, D).
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Example 4. Consider the nonlinear three-dimensional differ-

ence system
4’ +2
5% 30

2
A (xln -

2
N N = X1(n-1)X2(n2-1) T X2012-1)X3(13-2)
n +1

- (_l)nnZ

M+ 43+ 5

6(.2
K <x2n B 3ncos (n l)

n=4,

X2(n-1,) >

3/2
17X (y3) + X2 -3)X3(3n-1) I 71

5n+1

n®+1
sin (n2 - 1)

= — n=4
w+1 ’

) 2n’sin? (nz + 3)
A X3y — —x3(n—‘r3) +

4n*> +3
(_1)n+1\/ﬁ
T +nt+nt 4l

NXyn-3) T X3(4n-3)
6. 2
no+ X1

n>4,

(111)

where 1y, = 4 and 71,,7,, 7; € N are fixed. Let n; = 10, k = 1,
d =4D, =3d,=2D,=1,d, =5D, =40 =

min{4 - 7,4 - 17,,4 — 13,1} € N, b = -4/5,b, = -3/5,
b, =-1/2,and
b an® +2 3ncos® (n2 - 1)
s 43 M sntd
2n’sin’ (nz + 3)
ne 4n? +3
(1) - 1 sin (n* - 1)
"8 4nd 4+ 5 " WS+l
(—l)nﬂ\/ﬁ
"o nttn+ 1
My =n-1 Siin = -1, b = n -2,
T =1 +3 Syn =1 =3, b, =3n-1,
310 = n’ -2, S35, =N =3, t3, = 4n -3,

W —uv +vw
n’ +1

w0 + vwlnn

nu,v,w) = —)
fa ) n®+1

fLmu,v,w) =

>

nv+w

fz(mu,v,w) = S

Abstract and Applied Analysis

22 26 300
Un = ?’ Upn = %’ 3n = ?’
47 10 6
Fln:E’ FZnZ;’ 3n:E>
P,=n"-2, P,=n*-3, P, =n"-4,

(n,u, v,w) € N, R
112)

Clearly, (17), (18), and (84) hold. Observe that Lemma 1 means
that

_szax ﬂJ" | ajFaj : “€A3}

zn]z

nich =i JJJ]JJJ
26 ]2 300 ]2}
I
3002 (113)
<
i=n j=i
300 1
S/ 3
nos
300 1
= — 0 asn— 00;
=5

that is, (65) holds. Thus Theorem 5 implies that the sys-
tem (111) possesses uncountably many positive solutions in

’_,Qd,,D,).
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