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This paper investigates the boundedness and convergence properties of two general iterative processes which involve sequences of
self-mappings on either complete metric or Banach spaces. The sequences of self-mappings considered in the first iterative scheme
are constructed by linear combinations of a set of self-mappings, each of them being a weighted version of a certain primary self-
mapping on the same space. The sequences of self-mappings of the second iterative scheme are powers of an iteration-dependent
scaled version of the primary self-mapping. Some applications are also given to the important problem of global stability of a class
of extended nonlinear polytopic-type parameterizations of certain dynamic systems.

1. Introduction

The problems of boundedness and convergence of sequences
of iterative schemes are very important in numerical analysis
and the numerical implementation of discrete schemes; see
[1-4] and references therein. In particular, [1] describes in
detail and with rigor the associated problems linked to the
theory of fixed points in various types of spaces like metric
spaces, complete and compact metric spaces, and Banach
spaces, while it also contains, discusses, and compares results
of anumber of relevant background references on the subject.
In other papers, related problems of fixed point theory or
stability are focused on approximations including, in some
cases, issues from a computational point of view eventually
involving modified numerical methods like, for instance,
Aitken’s delta-squared methods or Steffensen’s method [4-11].
Also, a counterpart theory has been also formulated in the
framework of common fixed points and coincidence points
for several mappings and in the framework of multivalued

functions. An important background on fixed, best prox-
imity, and proximal points concerned with nonexpansive,
contractive, weakly contractive, and strictly contractive map-
pings has been developed; see, for instance, [1-4, 8-25] and
references therein. In particular, a relevant effort has been
also focused on the formulations of extensions of the above
problems to the study of existence and uniqueness of fixed
and best proximity points in cyclic self-mappings as well
to proximal contractions [12-14, 17-20, 24, 25] and to the
characterization of approximate fixed and coincidence points
[21, 22]. Direct applications of fixed point theory to the study
of the stability of dynamic systems including the property
of ultimate boundedness for the trajectory solutions having
mixed nonexpansive and expansive properties through time
or being subject to impulsive controls have been given in
[21, 24, 25]. This paper is focused on the study of boundedness
and convergence of sequences of distances and iterated
points and the characterization of fixed points of a class of
composite self-maps in metric spaces. Such maps are built
with combinations of sets of elementary self-maps which
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can be expansive or nonexpansive and the last ones can be
contractive (including the case of strict contractions). The
composite maps are defined by switching rules which select
some self-map (the “active” self-map) on a certain interval
of definition of the running index of the sequence of iterates
being built. The above-mentioned properties concerning the
sequences of iterates being generated from given initial points
are investigated under particular constraints for the switching
rule. Note, on the other hand, that the properties of control-
lability, observability, and stability of differential or difference
equations as well as the various kinds of dynamic systems are
of a wide interest in theory and applications including the
cases of presence of disturbances and/or unmodeled dynam-
ics [23-45]; see, for instance, related problems associated with
continuous-time, discrete-time, digital, and hybrid systems
and those involving delayed dynamics [27, 30, 33, 37-39],
hybrid [34-36, 41], and switched dynamic systems [31, 32, 38—
43] and references therein. The above problems are often
studied in an integrated or combined fashion in the sense
that the presence of uncertainties of any nature (basically
unmeasurable noise or unmodeled dynamics) is incorporated
to the description of differential, difference, or hybrid systems
with eventual external delays or delayed dynamics. The
stability is studied with different tools as Lyapunov theory,
matrix inequalities, or fixed point theory. Fractional calculus
has also been widely used in the investigation of the solutions
of differential, functional-differential, and dynamic systems;
see, for instance, [44, 45] and some references therein.

This paper is firstly devoted to giving a framework for the
contractive properties of two general iterative schemes which
are constructed via combinations of elementary self-maps
in appropriate metric or Banach spaces. The sequences of
self-mappings of the first scheme are constructed by linear
combinations of a set of self-mappings, each of them being
a weighted version of a certain primary self-mapping on the
same space. Such weights are nonnegative real sequences
in general. The single parameterizations of the first iterative
scheme include polytopic-type ones, where a set of real scalar
sequences define both the sequence of self-mappings of inter-
est and the individual parameterizations as a particular case.
The second iterative scheme is a generalization of De Figue-
iredo scheme [8], where the sequences of self-mappings are
integer powers of a scaled version of a primary elementary
self-mapping. Such powers are iteration-dependent, while the
scaling weights can be iteration-dependent. A second objec-
tive is to describe an application of the developed theoretical
framework to study the stability properties of (in general)
nonlinear switched dynamic systems under appropriate sta-
bilizing switching rules. The obtained formal results can also
be useful to investigate the stability of dynamic systems under
combinations of single parameterizations.

L1. Notation. {T,} = T~ (i.e, lim sup, _, {IT,x — T"x| :
x € DomT,} = 0;Vx € DomT) and {T,} — T" (ie.,
lim, , T,x = T"x; Vx € DomT,) for T*, T, : X — X,
Vn € Z,,; denote, respectively, uniform and point-wise con-
vergencein X of T, : X — X toT" : X — X provided that

all of them have the same domain.
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B Fix(T) denotes the set of fixed points of T: X — X and
k={0,1,...,k}.

2. Iterative Scheme 1

Consider the following iterative scheme under a sequence of
self-mappings T,, : X — X, Vn € Z,,, on a vector space X:

k
Xppy = Ty, = Zalg")T’xn, Vn € Z,,, )
i=0
foranygivenx, € XwithT : X —» XandT,: X — X,Vne¢
Z,,,being defined by T, x = (Zf:o af")Ti)x for any x € X and
the nonnegative real parameterization sequences being sub-
ject to Zf:o cxf”) >0,Viek={0,1,...,k},Vn e Z,.

Theorem 1. Consider the iterative scheme (1) on a vector space
X, with 0 € X, under the following assumptions.

(1) Either (X, ||ll) is a normed space endowed with a norm
Il o7, respectively, (X, d) is a metric space endowed with
a homogeneous translation-invariant metric d : X x

X — Ry,.
(2) Z:f:o oci(”) >0and0 < ocl.(”“) =(1+ &f"))oci(”), Vieks=
{0,1,...,k}, Vn € Z,,, and infnezmmaxlggkocgn) >0,

with the nonnegative real sequences {oc}")}, Vi € k
being subject to the constraints Iéc'l.(”)l <@, <m,(d(x,,
x,,1)/d(x,,1,0)) and m,, = old(x,,,,,0)], Vi € k, Vn €
Z,,, where the relative one-step increment param-
eferization sequences are &E") = (oci("“) - (xl.("))/oc}”),
Vi ek, Vn € Z,,.

(3) T: X — X possesses the (nonnecessarily contractive)
condition d(Tx, Ty) < Kd(x, ), Vx, y € X, for some
K eR,.

@) 1 +m)(Yr,a"K) < p<1,VneZy,.
Then, the following properties hold.

(i) There exists the limit lim, _, d(x,,x,.,) = 0 for any
given initial point x, € X of the iterative scheme (1)
and the sequence {x,} is bounded.

(ii) If, in addition, {T,} = T" for some limit T* : X — X
and if either (X, ||||) is a Banach space or (X, d) is com-
plete, then {x,} is a Cauchy sequence and thus conver-
gent to some z in X which is the unique fixed point of
T* : X — X and thus independent of the initial point
X, € X of the iterative scheme (1). All the self-mappings
of the sequence {T,,} as wellas T* : X — X are strict
contractions.

(iii) If either (X, |[l|) is a Banach space or (X, d) is complete
and {oci(”)} — & asn — oo, Vi € k, for some self-
mapping T* on X, then there is a unique z* € Fix(T™)
in X such that z* = z for any given initial point x, € X
of the iterative scheme (1). Also, T* : X — X is astrict
contraction and thus a strict Picard self-mapping with a
unique fixed pointz* (=z) € X suchthat T*"x, — z*,
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T,x, — z"asn — oo for any given initial point x,, €
X, whereT, : Z,, x X — X is the composite mapping
T,=T,T, Ty VneZ,.

(iv) The “a priori” and ‘a posteriori” error estimates and the
convergence rate are, respectively, given by the subse-
quent relations:

1

d(%02) < {d (v 3), @
d(x,,2) < Lpd(xn 1 X)) 3)
d(x,,2) < p'd (x,,2). @

Proof. Define the (k + 1) error sequences {621.(")} by 621.(") =
" —a Vi€ k = {0,1,...,k}, Vn € Zy,. I (X, ) is
a normed space, then there is always a metric-induced norm
d(x,y) = lx - yl, Vx, y € X. On the other hand, if (X, d)
is a metric space endowed with a homogeneous translation-
invariant metricd : X x X — R, then there is a metric-
induced norm |x|| = d(x,0), Vx, y € X. Both spaces (X, [l[I)
and (X, d) are formally identical and they can both deal with a
metric-induced norm by using the standard metric properties
and its homogeneous and translation-invariance properties.
Thus, one gets via recursive calculations that

k
d (xn+2’ xn+1) =d (Z ( H)T Xpe1 T ‘X(H)T xn+1) >

i=0

k .
Zcxi(")T’xn>
i=0
(n) (n)
< d( ! n+1’a0n xn)

+d a"Tx,, ol Tx)

Kk
<Z ()i an,Z(x(”)T X >

i=2 i=2

+d( (n) Xn+1> ) ( n)Txn+1’ ) (5)
k
+d<z Wiy X1 )
i=2
k . .
< Z d ((xl.(”)T’xn+1,oc§”)Tlxn)

i=0

k
+ Zd(~(")T Xp1s )

i=0
k .
< (1 + mn) (Z “5")K1> d ('xn’xnﬂ) >
i=0

Vn € Zy,.

3
Thus,
d (xn+1’xn)
< <ﬁ[(l+m)(Za(J)K>]>d(T0xO,xO) (6)
j=0

< Pd (xn’ xnfl) < Pnd (xl’ xO) > Vﬂ € Z+’

so that lim,, _, . d(x,, x,,;) = 0 for any given x, € X. It fol-
lows from (6) that, for any given initial x,, € X,

A (%) < z (xjo05) <

x9) < d (x1, % <Zp>

< d (Toxo, %) <
l-p

_—pd(ToxO,xo) < +00,

limsupd (x,,

n— 00

+00,
)

since p < 1 so that {x,} is bounded for any given x, € X and
{d(x,,1>x,)} — 0from (6). All the self-mappings T, : X —
X, Vn € Z,,, are strict contractions by construction from
assumption 4. On the other hand, note that, since {T,} = T™,
one gets

d(T"x,T"y) = lim d(T,x,T,y)
=d( lim (T,)x lim (T,)x)  ®

<pd(x,y); Vx,yeX,

sothat T* : X — X is a strict contraction. Since T}, : X —
X, Vn € Z,,, are all strict p-contractions, {T,,} = T~,
Fix(T*) = {z}, and Fix(T,) = {z,}, Vn € Z,,, so that
d(T,x, T"x) < (1 — p), Vx € X, so that

d(z,,z)=d(T,z,T z)
<d(T,z,, T z,)+d(T"z,, T"z) 9)

<e(l-p)+pd(z,2),

and then d(z,,z) < & Vn > ny, so that {z,} — z. Also,
{d(T,x,,x,)} — 0 from (6) implies {d(T, x,,z,)} — 0and
{T,z,} — {T,z} (since {T,x,} — z,and{z,} — z with
Fix(T,) = {z,,}, Vn € Z,,),{d(T,x,,2)} — 0,{T,x,} — z
(since {z,} — z),and {T,x,} — {T"x,} (since {T,,} = T").
Thus, it follows that {T*x,} — T*z (=z) which implies that
{x,} — =z.Also, {x,} is a Cauchy sequence convergent to
z € X if (X, ||ll) is a Banach space and if (X, d) is a complete
metric space, respectively.

On the other hand, x,,,, = T,x, = T,x, — z (€X) as
n — 00,Vx, € X,where T, : Z,, x X — X is the com-
posite mapping T, = T,T,_, --- Ty, Vn € Z,,. From (6), the
self-mappings T,, : X — X, Vn € Z,, are all strict contrac-
tions. Now, we prove that the limit point z is independent of



the initial condition x,, and thus unique. Assume two distinct
initial values xp,y, € X such that T,x, — z(=z(x,)),
Tnyo — w(=w(y,)) asn — oo for some z, w(#z) € X. Note
from (6) that, since p € (0, 1) is independent of the sequences

{T, x,} and {T, y,}, one gets
d (TnxO’ TnyO) < Pnd (xO’ yO) >

nanéod (TnxO,Tnyo) =0

VneZ,;
(10)

Since w # z, one has the following from the triangle inequal-
ity:
0<d(wz)< d( T,y T, xo) d(w,TnyO)

+d (Tnxo,fnyo) +d (Tnxo,z); VnelZ,,

(11)

and then one gets the contradiction below to the assumption
w+#z:

0 < lim, [d(T,0) +d(Fyio Tye) + (T 2)] =0
(12)

sothatw = zand T,x, — zasn — oo with z being inde-
pendent of the initial point x, of the iterative scheme (1).
Hence, properties (i)-(ii) have been proven.

To prove property (iii), note that the assumption of uni-
form convergence {T,,} = T" in X is weakened to point-wise
convergence {T,} — T" in X since {aE")
{"'("} — 0;Vi € kand T* : X — X isa p-con-
traction from assumption 4. Thus, {d(x,,,1,x,,)} — 0implies
{d(T,x,,2)} — 0and{x,} — zimplies{T,x,} — T z(=).
Since (X, d) is complete and T,, : X — X is a strict con-
traction then T™ is also a strict contraction and thus a strict
Picard self-mapping on X and there is a unique z* € Fix(T™)
in X. Assume that T,x, — zasn — oo for any given x, €
X and z* #z. Take the sequence {T,x,} = {T,x,}. Define
8T, = T,-T*"" by (8T,)x = (T,~T*"")x for x € X. Then,

} — «; and then

note that
T sn+m+l s
d (Tm+nxn+1> T z )
_ d (me"+1) T*m+lz*)

(13)

=d ([T + 6T, %0, T 27)

n+1>

< d(T*m+1xn+1,T*m+1z*)+ 168T;,,) s[>

*M _x

and since {x,} is bounded T z" =2",0T, > Oasm —
00,x, — 2z T"x, - z,and T*"z — z" asm — oo
then the following contradiction holds if z* # z:

lim d<T*m+1x T*m+lz*)

bl
n,m — 00 n+l

Tm) xn+1“ =0

n+m+1
T" z*)

+ im0

(14)
> lim d(

b
91— 00 mnXn+l

n,m — 00

= d( lim Tm+nxn+1,z*> =d(z,z") >0,
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and then z* = z. Asaresult, T" : X — X is a strict con-
traction and thus a strict Picard self-mapping with a unique
fixed point z* € X such that T*"x, — z*andT,x, — z" as
n — oo for any given initial point x, € X, where T, : Z,, x
X — X is the composite mapping Tn =TT, Ty Vn €
Z,.,.

Property (iv) is well known for Picard iterations. ]

Remark 2. Note that the parameterization sequences 0 <

M < 1,Vi € k=1{0,1,...,k}, Vn € Z,,, are not necessarily
constant in Theorem 1 and oci") can be zero for some n € Z,
and the positiveamount ) . l(”) is not necessarily identically
equal to one. Furthermore, the constant K can be equal to or
greater than unity in assumption 3 of Theorem 1. Thus, the
iterative scheme generalizes that proposed and analyzed by
Cho et al. [1].

Remark 3. Note also that if {T,,} — T~ (or if the stronger
condition {T,,} = T* holds) then T*"x, — z*(€Fix(T") =
{z*}) and Tnxo — z"asn — oo irrespective of the given
x, € X. However, if the property (T,, - T*) — Oasn — o
does not hold then T, x, — z,(c Fix(T)) = {z,}) as
n — oo, Vm € Z,,, for the given x, € X since all the
self-mappings T,, on X are strict contractions but z,, can be
distinct of z*.

The following result relaxes condition (3) of strict con-
traction mappings in the sequence {T,} of Theorem1 to
weaker condition in terms of those mappings to be contrac-
tive in compact metric spaces.

Theorem 4. Consider the iterative scheme (1) on a compact
metric space (X, d) endowed with a homogeneous translation-
invariant metricd:X x X — R,,, where X is a vector space,
with 0 € X, under the following assumptions:

>0, a" > oweE_{m Lk}, Vn €
)'> 0, with the nonnega-

k
M Xioa”
Z,,, and inf,c; max1<,<koc

tive real sequences {(x } Vi € k, and {m } being subject

to the constraints ocl("ﬂ) (1+ oc(”))oc I&i(")l <@, <
M, (d(x,, X,111) /(%415 0)) and m, = old(x,,,,0)],
Vi € k, Vn € Z,,, where oc(") (a; (”“) l.("))/ocf”),

Vi ek, Vn € Z,,.

(2) T: X — X possesses the weak contractive condition
d(Tx, Ty) < d(x, y), Vx, y(#x) € X.

B) A +m )T, a™) < 1,Vn e Z,,.
Then, the following properties hold.

(i) There exists lim,, _, . d(x,,x,,1) = 0 for any given
initial point x, € X of the iterative scheme (1).

(i) If, in addition, {T,} = T for some limit T":X — X
and Fix(T,,) {z,}, Vn € Z,,, then the iterated
sequence {x,} is a Cauchy sequence and thus con-
vergent to some z in X. All the self-mappings of the
sequence {T,,} as wellas T*: X — X are contractive.
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(iii) If {T,,} — T for some point-wise limit self-mapping
T* on X, then there is a unique z* € Fix(T™") in X such
that z* = z to which any sequence {x,} of the iterative
scheme (1) converges for any given initial point x, € X.
Also, T*: X — X is a contractive and thus a Picard
self-mapping with a unique fixed point z*(=z) € X
such that T*"x, — z*, T,x, — 2" asn — co for
any given initial point x, € X, whereT,,: Zy,xX — X
is the composite mapping T, = T, T, _, --- Ty, Vn € Z,,.

Proof. Note that a metric space is compact if and only if it
is complete and totally bounded. Note also that (X, ||| is a
Banach space formally identical to the compact (and then
complete) metric space (X, d) when endowed with a homo-
geneous and translation-invariant metricd: X x X — Ry,
if ||| is the norm-induced metric. Thus, one concludes that

VneZ,
(15)

d(xn+1’xn) < d('xn’xn—l) <see< d(xpxo);

which implies that {d(x,,, , x,,)} is a convergent sequence with
lim, _, ,d(x,,x,.,) = 0 for any given x, € X. Hence, prop-
erty (i) follows. On the other hand, since the metric space
(X, d) is a compact metric space (and thus complete) then the
iterated sequence {x,}, with x,,; = T,x, and the point-wise
convergence of {T,} to T* : X — X, is a Cauchy sequence
{T,} = T and Fix(T,)) = {z,}, Vn € Z,,. Assume that
{z;} — z" is untrue. Then,

d(z,,z)=d(T,z,,T"z)

<d(T,z,, T z,)+d(T"z,,T"z)
(16)
=d(T,z, -T"z,,0)+d(T"z,,T"z)

<d(T,z, -T"z,,0)+d(z,,z)

so that the contradiction 0 = liminf, _, . d(T,z, -T"z,,0) >
0 since the metric is homogeneous and translation-invariant,
{T,} = T" sothatT,z, — T"z, asn — oosincez, € X,
and T": X — X is contractive. Hence, {z,} — z for some z
in X and any given x, € X, all the self-mappings T, : X —
X; Vn € Z,, in the sequence {T,} are contractive, and then
Picard mappings (since (X, d) is a compact metric space) so
that the composite mapping T,,: X — X isalso a Picard map-
ping. As a result, T,x, — z" asn — oo for any given initial
point x, € X and T)'xy — z, asm — 00, Vn € Z,,,Vx, €
X with Fix(T,) = {z,},Vn € Z,,forany T,,(:X — X) € {T,}.
If{T,} — T*thenT*"x, — z*,T,x, — z*asn — oo,
and Fix(T*) = {z"}. Hence, properties (ii)-(iii) have been
proven. O

Remark 5. Note that a metric space is compact if and only if it
is complete and totally bounded. Equivalently, a metric space
is compact if and only if every family of closed subsets of X
with the finite intersection property (i.e., the intersection of
any finite collection of sets in the family is nonempty) has a
nonempty intersection.

An extension of Theorem 1follows below by admitting the
failure of the contractive condition of assumption 4 of

Theorem 1 within connected subsets of finite length of Z,
which are adjacent to connected subsets where the contrac-
tive condition holds.

Theorem 6. Consider the iterative scheme (1) on a vector space
X under the assumptions (1)-(3) and (5) of Theorem 1 and,
furthermore,

ﬁ [(1 +m,) (iaﬁ”)Ki>] <p<l

n=0 i=0

<

17)

VpjeSCZy, VjeZ,

where S = {p,: k € Z,} is a strictly increasing sequence of
nonnegative integer numbers subject to p, < p* < +00 and
Pri1 = Pr S P < +00, Vk € Zy,.

(i) There exists the limit lim, _, . d(x,, x,.,) = 0 for any
given initial point x, € X of the iterative scheme (1)
and the sequence {x,} is bounded.

(ii) If, in addition, {T,} = T for some limit self-mapping
T* : X — X and if either (X, |||) is a Banach space
or (X,d) is complete, then {x,} is a Cauchy sequence
and thus convergent to some z in X which is unique
and thus independent of the initial point x, € X of the
iterative scheme (1). Also, all the self-mappings in the
sequence {T,} and T" : X — X are strict contractions.

(iii) If either (X, ||l) is a Banach space or (X, d) is complete
and {T,} — T" asn — oo for some self-mapping T*
on X, then there is a unique z* € Fix(T") in X such
that z* = z for any given initial point x, € X of the
iterative scheme (1). Also, T* : X — X is a strict con-
traction and thus a strict Picard self-mapping with a
unique fixed pointz*(=z) € X suchthat T*"x, — z*,
T,x, — 2" asn — co for any given initial point
xo € X, whereT,: Zy,xX — X isthe composite map-
pingT, =T, T, - Ty, Vn € Z,,.

(iv) The “a priori” and ‘a posteriori” error estimates and the

convergence rate are, respectively, given by the subse-
quent relations:

d(x,,2) < l‘linpd(xpn,xpl) < iVITPnd(xo,xl);
d(xp,.2) < ]I/Ii’);d(xo,xl),

A7) = 72od (35,0%,) = IN_[—de(xo,xl); )
d(x,,,z) < iVITz/;d(xo,xl),

A(20,2) = 9 (5. 2) = M (5, 2)

d (xpnﬂ-,z) < M*p"d (x4, x,),

for some M € R, and any integer j € (1, p,.1 — Pp), V1 € Zy,.



Proof. Note from (17) and (6) that since p — ocoask — oo,
one gets

d (ka+1+1’ka+1) s Pd (ka+1’ka);
d(ka+z’ka+1) s (1 tLt-t Lp_l)Pd (ka+1’ka)
< Péﬁld (xPo’xpl) >

and, provided that p € (0,1) is small enough for the given
peZ, sothatpy = p(1+L+---+LF") < Ld(x, ,x, )—
0 as k — oo for any given x, € X. Then, {d(x,_,
Xp, } is a convergent sequence with limk_,ood(xpkﬂ, Xp) =
lim, _, d(x,, ,x,) = 0 for any given x, € X. It fol-
lows from (19a), (19b), since p; < p+ p < +oo and py,; —
Pr < p < +00, that for any given initial x, € X,

Vpi €S, (19a)

(19b)

k
d(xpk,xpo) < 11__[; d(xpl,xpo) <+oo; VkeZ,, (20)
"~ &)
d
- (xp xPo) < too,

1-p

4 (%4 Xpsi1)

< +00,
(23)

for j = 0,1,..., ps1 — Pio Yk € Z, and then, since {p;} is
strictly increasing with k, p € [0,1)and p, < py + p< p +
P < +00, one gets limy _, o, d(x,, . j,x,) = 0for j=0,1,...,
Prs1— P> Vk € Z,.. Then, {d(x,,,1, x,)} — 0asn — oofrom
(23) and {x,} is bounded for any initial x, € X. However,
{x,} is not a Cauchy sequence, in general, since the constraint
d(X,00> Xp1) < d(x,.1>x,) does not necessarily hold for all
nez,,

The variation in the proof development of the concerns
derived from the assumption {T,,} = T~ of Theorem 1 (ii) is
addressed as follows. Since {T,,} = T* and Fix(T,) = {z,},
Vn € Z,,, then (17) necessarily leads to T* : X — X being
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a strict contraction, {z,} — z* with z" € Fix(T") (={z"}),
and limy _, o (Prsq — Px) = L. Therefore, the remaining proofs
of properties (i)-(iii) follow in a very close way as their coun-
terparts of Theorem 1. Also, note that

d (xpo’ xPo—l)

Po—1
= Z d (xi1,%;)
i=0

I [ 1+mn)<20c(”)K )] (x0>%1) >

and then define
j-1i-1
< [ (1 + mPk*")

i=0 n=0
k
- < aépk+n)K€>] > ,
=0

(25)

(24)

po—li

IN

(=]
1l
(=}

i= n

M = sup max
keZq, PkSP<Pri

so that property (iv) follows from (23) and Theorem 1 (iv).
O

Remark 7. Note that assumption 4 of Theorem 1 is relaxed to
the constraint (17) which holds for a set of connected finite
intervals within a strictly increasing sequence of points with
the difference between any two consecutive ones being upper-
bounded by a prescribed bound.

Remark 8. Note that Theorems1 (i), 4 (ii), and 6 (iii) hold irre-
spective of the convergence of the sequence of self-mappings
to a limit.

3. Iterative Scheme 2 and
Some Generalizations

Now, consider the iterative scheme

=Thx,, Tx=g,Tx; VnelZ,, (26)

Xn+1 =

for any given x, € X which is a further generalization of the
De Figueiredo iteration [8]. The following result holds.

Theorem 9. Let the iterative scheme (1) with the nonexpansive
self-mapping T : X — X on a vector space X, with 0 € X,
under the following additional assumptions.

(1) Either (X, ||ll) is a Banach space endowed with a norm
Il o, respectively, (X, d) is a complete metric space en-
dowed with a homogeneous translation-invariant met-
ricd: X x X — Ry,.

(2) {g,} € (0,1)NRy, is a real parameterization sequence
with0 < g, < 1,Vn € Zy,, and {f,} C Z,, is an inte-
ger sequence with f, > 0;Vn e Z,.

(3) There exist the following limits: lim, _, g, = 1,
lim, , (f,/n) = +oo, and either lim,_, (f,.;
10ggn+1/fn loggn) < lor |limnaoon(l - (fn+1
108 g1/ ful0g gu))l < +00.
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Then, the subsequent properties hold.

(i) {x,} converges to a fixed point of T: X — X.

(ii) If T : X — X is a strict contraction then {x,} con-
verges to the unique fixed point of T: X — X.

Proof. As in the proof of Theorem 1, the following considera-
tions are applicable for the proof.

(1) If (X, 1) is a normed space then there is always a
metric-induced norm d(x, y) = x — y|l; Vx, y € X.

(2) If (X, d) is a metric space endowed with a homoge-
neous translation-invariant metricd: X x X — R,
then there is a norm-induced metric ||x| = d(x,0);
Vx,y € X.

Both spaces (X, ||[l) and (X, d) are formally identical under
assumption 1 and both possess either a metric-induced norm
by using the standard metric properties and its homogeneous
and translation-invariance properties or a norm-induced
metric, respectively. Now, note from (26) that

T o] 7250
Xtk = l_[ [gnﬁ:] T nﬂxn >
i=0
Xtk = Xn+k-1

- k=2
= <1_[ [g’{zz] Tzf:_ol fm—i — H [g’{r;z] TZ:(:_()Z fn+i) xn
i= i=0

1

—

=

-1

-1 0] (TZZLJ Furi _ 2 Fni

1 Zf:z fn+i > .
+ (| 1- T==0 X,
( [diﬁi])

VkeZ,,

Il
(=]

VneZ,,,

"xn+k ~ Xpik-1 "

k-1
< \[Tlgl] (1 -1o) xlszfk:_t?fw x"
i=0
ﬁ[ f ‘](1 U |pes, )
+ gn”:” - i=l n+i xn ;
o (gle)
vf’l G Z0+’ vk E Z+,

lim sup ||xn+k ~ Xntk-1 "
n— 00

k-1 2
=2 (H [a0:] ) tim sup 1255, |

1

7
k-1 ;
(T1at)
i
. 1 yE2p
x lim sup 1- T T=0 i ) x,
nmeo (gnTk—l)
k-2
=2 (lim sup L, (k)> lim sup lsz":° Fui xn‘l < +00;
VkeZ,,
(27)

since ||I — TFnskr | < 2,Vn € Z;,,Vk € Z, because T :

X — X is nonexpansive, limn_,oogr{f]fjl = L,Vk € Z,

and [[501gl5] = Luk) < L,(co) < +o00; Vk € Z,,
Vn € Z,, because {g,} < (0,1) n Ry, and either

limnﬁ oo(fn+1 lOg gn+1/fn IOg gn) <lor |limn~> oon(1 - (fn+1
logg,../f,logg,))| < +oo. Then Hf:o[gr{f;] is conver-
gent since the corresponding logarithmic series of positive
numbers converges according to either dAlembert or Raabe
convergence criteria of series of nonnegative real numbers.
Then, the sequence {x,,,, — x,} is bounded. In the same way,

we get

lim sup |x; — x|

— 00

(28)
xl1msup<‘<l— flk TZf_“Zf">x0 >
koo (gk—il )
— (1 . Y fi
2| limsup L, (k) |limsup |T X0
k— oo k— o0

=2 (hm sup L, (k)) x" =0,

k— 00

since Alim; _, Ly(k) = Hf;ol[gi"] = Osince g, < 1,Vn €
Zo,, and lim, , _(f,/n) = +00 so that 3 lim,, || T> fr
x,l = x* (e Fix(T)). Thus, {d(x,,,, x,,)} converges to zero for

any given x;, € X and
d(xn+1’x*) < d(xn+l’xn) +d(xn’x*) (29)

so that, since d(x,,,,,x,) — 0asn — oo, lim,_, (d(x,,,,
x*) = d(x,,x")) = 0. Then, {d(x,, x")} converges and {x,}
converges as well to some point of X since (X, d) is complete
so that x, — (x" +¢g)asn — oo for some g € X and



since T: X — X is nonexpansive so that it is K-Lipschitz-
continuous (i.e., continuous with a Lipschitz constant K < 1),
one gets

nli)ngod (xn+1’xn) =d (nangox”+1’n1Lnéox”) (30)
=d(x* +q,x* +q) =0.

Since {x,,} converges and (X, d) is a metric space then {x,}
is a Cauchy sequence (and a bounded sequence) and there is
a € Ry, such that

a= limd(x,x")=d(x" +q,x")
= lim d((g,7)""x,,x") (31)

= d<n1Lnéon" (x" + q),x*) =d(y",x"),

since the metric is translation-invariant, g, — lasn — oo,
andsinceT: X — X isnonexpansive, itis K(< 1)-Lipschitz-
continuous and T/ (x* + q) — y* with y*,x* € Fix(T). If
a = 0 then y* = x* (€Fix(T)) and we have proven that {x,}
converges to the fixed point x* of T: X — X. Now, assume
that y*(#x™) € Fix(T). The result is again proven since {x,}
converges to a fixed point of T: X — X which is distinct
of x*. Finally, assume that y* ¢ Fix(T) and proceed by con-
tradiction to prove that this assertion is false. Since T': X —
X is nonexpansive, one gets d(T"y*, T"x*) < --- < d(y",
x") = asothat d(T"y",x") — a;(<a)asn — o0; then
by everywhere Lipschitz continuity of the nonexpansive self-
mapping T: X — X,

d(hmT (Ty)x)=d( <l1mTy),x)

= d(nangoT”y*,x*) =d(y,x")
a, <a,
(32)

and T"y* — y7(€Fix(T)) and T/"y* — . Since y* isa
limit point of T/"x,, @, = a and then y*(= y}) € Fix(T), a
contradiction to y* ¢ Fix(T). Thus, {T/x,} converges to a
fixed point of T : X — X. Property (i) has been proven.
Also,

d (Tr{”xn,Tf”xn) =d (Tnf"xn - Tf”xn, 0)

< “Tr{n _ 1 (33)

Vn € Zy,.

Since ||T7{" -Th|<(1 —gn”)IITf” I, Vn € Z,, with (1 —gi") —
Oasn — 00, it follows that ||T,{" ~TH| - 0asn — ocoand
since {T" "x,} converges to a fixed point of T': X — X then

{T,{" x,} also converges to the same fixed pointof T: X — X.
Hence, property (i) follows.

On the other hand, if T: X — X is a strict contraction
then Fix(T) = {x*}, since (X, d) is complete so that a = 0 and
y* = x" in (31) and, hence, property (ii) follows as well.  [J

Theorem 9 has the following derived result.
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Corollary 10. Let the iterative scheme (1) be under the non-
expansive self-mapping T : C — C, where C is a nonempty
closed and convex subset of a Hilbert space (X, |||), with 0 €
C, subject to all the assumptions of Theorem 9. Then, the sub-
sequent properties hold.

(i) {x,} converges strongly to a fixed point of T : C — C.

(ii) If T : C — C is a strict contraction then {x,} con-
verges to the unique fixed point of T : C — C.

Proof. Property (i) follows from Theorem 1 since (X, |||l) is
uniformly convex since it is a Hilbert space; T: C — Ciis
nonexpansive and contains a bounded sequence (since C is
nonempty, closed, and convex) and then it has at least a fixed
point. Property (ii) follows since such a fixed point is unique
itT:C — Cisastrict contraction. O

The iterative scheme (26) is now generalized by using
some ideas of Section 2 as follows:

— Tfn

Xn+1 =

k
w o Lx =9, (Z“iTl> X3 Vne€Z,,, (34)

i=0
for any given x,, € X.

Theorem11. Let the iterative scheme (34) generated by the self-
mapping T : X — X on a vector space X, with 0 € X, and
assumptions 1-3 of Theorem 9 hold as well as the following ad-
ditional assumptions:

o) Zl o &; > 0 for nonnegative real scalars o, Vi € k, and
max; ;..o; > 0;

2)T: X — X satisfies the condition d(Tx,Ty) <
Kd(x, y), Vx, y € X, for some K € R,;

(3) Zl WK < LVneZy,.
Then, the subsequent properties hold.

(1) {x,} converges to a fixed point of the nonexpanszve self-
mapping T : X — X defined by Tx = (Z, 0 THx,
Vx € X.

(i) IfT: X — X is a strict contraction fulfilling Z:F:o o;
K' < p < 1 then {x,} converges to the unique fixed
pointof T: X — X.

Proof. As in Theorem 1 and Theorem 9, both spaces (X, |[|I|)
and (X,d) are formally identical under assumption 1 of
Theorem 9 and both possess either a metric-induced norm by
using the standard metric properties and its homogeneous
and translation-invariance properties or a norm-induced
metric, respectively. Now, define the mapping T: X — X
by Tx = (X5, T)x, Vx € X. Thus, (27) in the proof of
Theorem 9 still holds with the replacement T — T. Note that
- Tf'”k "Il <2,VneZy,,Vk € Z,,sinceT: X — X isnon-
expansive (even if T: X — X is expansive with K > 1 in
the assumption 2), from assumptions 2-3, and K-Lipschitz-
continuous from the assumption 3 with K = Zf:o oK <1
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Note also that limnqoogfj:]f 1= LVkeZ,and Hl ol gflj:’ <
L,(k) < L,(0c0) < +00,Vk € Z,,Vn € Z;,, and then the
sequence {x,,,; — x,,} obtained from the iterative scheme (34)
is bounded for any x,, € X. In the same way, (28) holds from
assumptions 2-3 of Theorem 9, since g, < 1, Vn € Z,,, and

=
lim, _, o, (f,/n) = +00 so that 3 lim,, _, ., I T x| = X

(eFix(T)). Thus, {d(x,.1>x,)} converges to zero for any given
x, € X since (X,d) is complete. Then, it follows (as it
is deduced from (30) in the proof of Theorem 9) that {x,}
converges so that it is a Cauchy and bounded sequence. Final-
ly, it can be proven in a similar way as in Theorem 9 that
{Tf" x,,} converges to some fixed point X of the nonexpansive
self-mapping T: X — X for each given initial point x, € X
of the iteration (34). Such a fixed point is uniqueif T: X — X
is a strict contraction. O

In a similar way as Corollary 10 is got from Theorem 9,
one gets the following.

Corollary 12. Consider the iterative scheme (34) under the
nonexpansive self-mapping T:C — C, where C is a non-
empty closed and convex subset of a Hilbert space (X, ||||), with
0 € C, subject to all the assumptions of Theorem 9. Then, the
subsequent properties hold.

(i) {x,,} converges strongly to a fixed point of T: C — C.

(ii) If T: C — C is a strict contraction fulfilling Zf:o o
K' < p < 1 then {x,} converges to the unique fixed
point of T:C — C.

Note that in Theorem 9 (i) and Corollary 10 (i), T: X —
X and Tr{" : X — X forn e Z, are not necessarily
Picard mappings since the limiting points can be dependent
on the initial condition of the iterative schemes. The same
conclusion arises for T : X — X and Tﬁ" X - X
for n € Z,, in Theorem 11 (i) and Corollary 12 (i). How-
ever, the above self-mappings are Picard iterations in the cor-
responding parts (ii) of such results since the relevant map-
pings are strict contractions.

Note also that Theorem 11 and Corollary 12 still hold by
replacing oy — oc(") fori € k and the replacement of the

constraint max; ;,o; > 0 with inf,,c7 max1<,<k(x )> 0.

4. Simulation Examples towards an
Application Perspective on Discrete
Nonlinear Dynamic Systems

This section contains two numerical examples. The first one is
related to the Iterative Scheme 1introduced in Section 2 while
the second one concerns the Iterative Scheme 2 discussed in
Section 3.

4.1. Iterative Scheme 1. Consider the iterative scheme defined
by (1) with T'(x) = x/2(1 + x) on [0, +00) and

Xy = (oc3”)T3 +a"7% + T + oc(”)I) (35)

0 5 10 15 20
Time (samples)

FIGURE 1: Evolution of the iterates for different initial conditions.

T is a strict contraction satisfying the condition d(T(x),
T(y)) < Kd(x, y) with K = 1/2 (for the Euclidean distance)
and, hence, it possesses a unique fixed point at x = 0. Note
that the above description can also be considered as that of a
nonlinear discrete time-varying dynamic system where the
state evolves from initial conditions according to the se-
quence {x,} with initial condition x, while the output is de-
fined by the realmap x — Tx. Note that the fixed pointx = 0
is also an equilibrium point of the dynamic system which is
suited to be globally asymptotically stable. Consider, firstly,
the sequence of constant weights «™ = [0.2 0.3 0.8 0.9]
for alln > 0. We are now in conditions of applying Theorem 1
since Y ocl.(”) =22>0, &f”) =m, =0,and Y, , ocf")Ki =
0.6625 < 1 for all integers n > 0. In this case, the sys-
tem parameterization is close to, but more general than, a
polytopic-type time-invariant one but, in particular, the usual
constraint Z?:o oclg") = 1 is not needed. Accordingly, the se-
quence of iterates {x,,} is bounded for all # > 0 and converges
to the unique fixed point of T, x = 0. Moreover, the iterates
converge to the unique fixed point regardless of the initial
value x,. These claims are verified through a numerical sim-
ulation in Figure 1.

Furthermore, Theorem1 (iv) also provides an upper-
bound for the rate of convergence of the sequence of iterates
to the fixed point. Therefore, one gets from (4) d(x,,0) <
p"d(xy,0) = 0.6625"d(x,, 0). Figure 2 displays the evolution
of iterates along with the calculated upper-bound for the case
xo = 8.

Consider the time-varying parameterization under the
time-varying weights given by

(n+1) _ /\z“z(n)7 “§n+1) >0.1, (36)
i 0.1, otherwise,

foralln > 0and 0 < i < 3 witha® = [0.2 0.3 0.8 0.9],
Ao =095 1, =09, 4, =085 and A; = 0.8. The 0.1 lower
bound has been included in (36) so as to satisfy the condition

A

inf,ez, max1<,<koc ) > 0.
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FIGURE 2: Upper-bounding of the convergence rate of iteration.
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FIGURE 3: Evolution of the time-varying weights o, &, &{", and

a through (36).

As it can be appreciated in Figure 3, the weights are
decreasing with time until they reach the constant lower
bound of 0.1 where they stop decreasing and become time-
invariant. In fact, Figure 3 shows that this happens for n >
14. Thus, we are in conditions of applying the results stated
in Theorem 6 for the case when the stability condition only
holds on a subset of the nonnegative integer numbers. In this
way, we have & = m, = 0foralln > 14 and (17) of
Theorem 6 is satisfied since

3 3
Y a"K' =3 01K =01875 < 1, (37)
i=0 i=0

for all n > 14. Thus, Theorem 6 guarantees the convergence
of iterates to the unique fixed point irrespectively of the initial
condition. This fact is shown in Figure 4.

One advantage of the results in Theorem 6 for the sake
of generality is that an arbitrary variation in the weights is
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O o 1 1 1
0 5 10 15 20

Time (samples)

FIGURE 4: Iterates for different initial conditions and weights defined
by (36).

admitted on certain subsets of the natural numbers. Thus, the
family of admissible time variations for which the stability
of the iteration scheme is guaranteed enlarges with respect
to other approaches. Consider a time-varying set of weights
defined with m,, = d(x,,,;,0) in condition (2) of Theorem 1 so
that &, < d(x,, x,,,,) < Kd(x,_,,x,) = 1/2d(x,_,, x,) while
condition (4) becomes

3
(1+m,) Z ocl.(”)Kl
i=0

(38)
=(1+m,) (oc(()") + %(xi") + Zizocgn) + %cxé”)> <1
Such constraints are satisfied, for instance, if we take a(® =
[0.05 0.1 0.15 0.2] and
&, = 0.05sin (2710.051) d (x,,_, x,,) - (39)

The weights evolution is displayed in Figure 5. Note that the
weight variation defined by (39) satisfies the condition &, <
d(x,,x,,,) < 1/2d(x,_, x,) since 0.05 sin(2770.051) < 0.05,
Vn € Zy,.

Figure 6 displays the sample-by-sample stability condi-
tion evaluation, in terms of the left-hand side of (38), showing
that it remains smaller than unity. Therefore, according to
Theorem 1, the iterates converge to zero as Figure 7 depicts.

Also, d(x,_;,x,) — 0 while the weights converge to a
real constant according to (39). Thus, the given theoretical
results are useful to conclude the convergence of iteration
schemes of the form (1).

4.2. Iterative Scheme 2. This second example is concerned
with the iterative scheme defined by (26). Note that the first
equation can describe, in particular, the state and output of
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FIGURE 5: Evolution of the weights under (39).

0.44

0.42

0.4
0.38
0.36
0.34

0.32

Stability condition

0.3
0.28

0.26

0.24

0 5 10 15 20
Time (samples)

FIGURE 6: Numerical verification of the stability condition (38).
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FIGURE 7: Convergence of the iterates to zero for time-varying
weights given by (39).
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FIGURE 8: Evolution of ¢, with time.
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FIGURE 9: Evolution of the iterates through time.

a certain nonlinear discrete dynamic system. Thus, consider
the linear discrete-time system given by

0.955 0.01 0.005
0.005 0.96 0.005 | x, (40)
—-0.005 0.01 0.965

Tx = Ax =

with sequences g, = 1-0.1""" and f, = n* foralln > 0. T isa
strict contraction with eigenvalues {0.95,0.96,0.97}, [ Al o, =
0.98, and ||A|l, = 0.9717. Thus, it has a unique fixed point at
x = 0. These sequences satisfy conditions (2) and (3) stated
in Theorem 9 since lim,, _, .,g, = 1,0 < g, < 1 foralln > 0,
lim,_, (f,/n) = lim,_, . n = +0c0, and lim,,_, . 0, < +00
with 0, = |}’l(1 - (fn+1 10ggn+1/fn loggn))l and {Gn} - 2
(see Figure 8).

From Theorem 9, the sequence of iterates converges to
the unique fixed point of T, x = 0, as it is confirmed in the
numerical simulation displayed in Figure 9.
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5. Conclusion

This paper has investigated the boundedness and conver-
gence properties of two general iterative processes built with
sequences of self-mappings in either complete metric or Ba-
nach spaces. The self-mappings of the first iterative scheme
are built with linear combinations of a set of self-mappings
each of them being a weighted version of a self-mapping on
the same space. Those of the second scheme are powers of an
iteration-dependent scaled version of the primary self-map-
ping. Some applications are given for global stability of a class
of nonlinear polytopic-type parameterizations of dynamic
systems.
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