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This paper is concerned with the problem of robust finite-time H_, control for a class of nonlinear Markovian jump systems with
time delay under partially known transition probabilities. Firstly, for the nominal nonlinear Markovian jump systems, sufficient
conditions are proposed to ensure finite-time boundedness, H_, finite-time boundedness, and finite-time H,, state feedback
stabilization, respectively. Then, a robust finite-time H_ state feedback controller is designed, which, for all admissible uncertainties,
guarantees the H_J finite-time boundedness of the corresponding closed-loop system. All the conditions are presented in terms of
strict linear matrix inequalities. Finally a numerical example is provided to demonstrate the effectiveness of all the results.

1. Introduction

Markovian jump systems, a class of hybrid dynamical sys-
tems, which consists of an indexed family of continuous
or discrete-time subsystems and a set of Markovian chain
that orchestrates the switching between them at stochastic
time instants, have received extensive attention over the
past few decades [1, 2]. Many real world processes, such as
economic systems [3], manufacturing systems [4], electric
power systems [5], and communication systems [6], may be
modeled as Markovian jump systems when any malfunction
of sensors or actuators cause a jump behavior in process
performance. Recently, nonlinear Markovian jump systems
have been extensively applied and developed in various
disciplines of science and engineering, and a great number
of excellent works have been developed [7-9].

Generally speaking, the behavior of nonlinear Markovian
jump systems is determined by the transition probabilities in
the jumping process. Usually, it is assumed that the infor-
mation on transition probabilities was completely known.
However, transition probabilities may be partially known for
some real systems. For example, the networked control sys-
tems can be modeled by nonlinear Markovian jump systems
with partially known transition probabilities when the packet
dropouts or channel delays occur [10]. In addition, there are

few results about the known bounds of transition probability
rates or the fixed connection weighting matrices [11, 12].
Therefore, it is reasonable to study Markovian jump systems
with partially known transition probabilities, especially, when
it is difficult to measure the bounds of transition probability
rates. It stimulates the research interests of the author.
Uncertainties and time delay frequently occur in various
engineering systems, which usually is a source of instability
and often causes undesirable performance and even makes
the system out of control [14, 15]. Therefore, time delay
systems with robustness have received an increasing attention
among the control community [16-18]. On the other hand,
one may be interested in not only system stability but also a
bound of system trajectories over a fixed short time [19]. For
instance, for the problem of robot arm control [7], when the
robot works under different environmental conditions with
changing payloads, it requests that the angle position of the
arm should not exceed some threshold in a prescribed time
interval. Meanwhile, the scholars attach more importance to
the H,, control problem, which is to find a stable controller
such that the disturbance attenuation level y is below a
prescribed level. There are a great number of useful and
interesting results about H_, control problem for linear
and nonlinear Markovian jump systems in the literature
[20-25]. To the best of our knowledge, the synthesis issue of


http://dx.doi.org/10.1155/2014/938781

robust finite-time H control for nonlinear Markovian jump
systems with time delay under partially known transition
probabilities has not been fully investigated until now, which
motivates us to carry out the present study.

In this paper, we investigate the problem of robust finite-
time H,, control for nonlinear Markovian jump systems with
time delay under partially known transition probabilities.
The main contributions lie in the fact that some tractable
sufficient conditions are provided to ensure H, finite-time
boundedness or finite-time H,, state feedback stabilization.
A robust finite-time H, state feedback controller is designed,
which guarantees the H_ finite-time boundedness of the
closed-loop system. Seeking computational convenience, all
the conditions are cast in the format of linear matrix inequal-
ities. Finally, a numerical example is provided to demonstrate
the effectiveness of the main results.

Notations. Throughout this paper, the notations used are
fairly standard. For real symmetric matrices A and B, the
notation A > B (resp, A > B) means that the matrix
A-B is positive semi-definite (resp., positive definite). A”
represents the transpose matrix of A, and A" represents the
inverse matrix of A. A, (B) (A, (B)) is the maximum (resp.,
minimum) eigenvalue of a matrix B. diag{A B} represents
the block diagonal matrix of A and B. I is the unit matrix with
appropriate dimensions, and the term of symmetry is stated
by the asterisk * in a matrix. R" stands for the n-dimensional
Euclidean space, R™ is the set of all n x m real matrices,
and 4 = {1,2,...,N} means a set of positive numbers.
|| * || denotes the Euclidean norm of vectors. E{-} denotes the
mathematical expectation of the stochastic process or vector.
L5[0,+00) is the space of n-dimensional square integrable
function vector over [0, +00).

2. Problem Formulation and Preliminaries

Give a probability space (Q, F, &), where Q is the sample
space, F is the algebra of events, and 2 is the probability
measure defined on %. The random process {r,,t > 0} is
a Markovian stochastic process taking values in a finite set
M = {1,2,..., N} with the transition probability rate matrix
I = {m;;},1, j € M, and the transition probability from mode
i at time t to mode j at time ¢ + At is expressed as

m;At + 0 (At),
1+ m;At + 0 (At),

i#j’

T
i=j,

P{rt+At=j|rt=i}={
with the transition probability rates 7;; > 0, fori,j € ./,
i#j, and Zj.\il)i#j m;; 0, and
lim,, _, o(o(At)/At) = 0.

Consider the following nonlinear Markovian jump sys-
tem with time delay in the probability space (Q, #, P):

—m;, where At >

x() = (A(r) +AA(r)) x ()
+ (Ad (rt) +AA, (1)) x(t-1)
+(B(r,) + AB(r,))u(@®) + G(r,) w(t)

+ f(rpx@),x(t-1),
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z(t)=C(r)x@®)+Cy(r,)x(t —1) + D (r;) u(t)
+E(r)w(t),

x(t)=¢@), te[-T 0],

2)

where x(t) € R" is the state vector, u(t) € R™ is the control
input, w(t) € L]0, +00) is an arbitrary external disturbance,

z(t) € R'is the control output, ¢(t) represents a vector-
valued initial function, and 7 € R" is the constant delay.
fGu): M x R" x R" — R™ is an unknown nonlinear
function. A(r,), A(r,), B(r,), G(r,), C(r,), C4(r,), D(r,), and
E(r,) are known mode-dependent constant matrices with
appropriate dimensions. AA(r,), AA,(r,), and AB(r,) are
unknown matrices, denoting the uncertainties in the system,
and the uncertainties are time-varying but norm bounded
uncertainties satisfying

AA(r,) = M, (r,) F (t,7,) N, (1),
AB(r,) = M, (1) F(t,r,) N, (r,), 3)
AA4(r;) = My (r,) E(t,1,) N5 (1),

where M, (r,), N,(r,), M,(r,), N,(r,), M5(r,), and N;(r,) are
known mode-dependent matrices with appropriate dimen-
sions and F(t,r,) is the time-varying unknown matrix func-
tion with Lebesgue norm measurable elements satisfying

F(t,r,) F(t,r,) < L. (4)
Consider the following state feedback controller:
u()=K(r,)x ) +Ky(r,)x(t-1), (5)

where K(r,) and K,(r,) are the state feedback gains to be
designed. Then the closed-loop system is as follows:

x(t) = (A(r) +AA(r) + B(r;) K (r,)
+AB(r,) K (1)) x (£)
+(Ag(r) + AA4 (1) + B(r,) Ky (1)
+AB (r,;) Ky (r;)) x (t = 7)
+G(r)w®) + f (rpx(t),x(t-1), (6)
z(t)= (C(r) + D (r) K(r))x(®)
+(Cy(r) + D(r) Ky (1)) x (t = 7)
+E(r)w®),
x)=¢®), te[-T 0].

For notational simplicity, when r(t) = i,i € J, A(r,),
A4(ry), Bry), G(r,), K(ry), Ky(ry), C(r,), Cy(ry), D(ry), E(ry),
AA(r,), AB(r,), My (r,), Ny (r,), My (r,), Ny(r,), Ms(r,), N;(ry),
and f(r,, x(t), x(t — 7)) are, respectively, denoted as A;, A 4,

B, G;, K, Kgj» Cis Cyi» D, Ej, AAj, AB;, My, Nyjy My, Ny,
M, N3;, and fi(x(t), x(t — 1)).
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In addition, the transition probability rates are considered
to be partially known; that is, some elements in matrix II =
{71,-]-} are unknown. For instance, for system (2) with four
subsystems, the transition probability rate matrix II may be
as

Ty T, ¢ ?
2T Ty Ty

My ¢ T3y ¢

Ty ¢ 7

= , 7)

where “?” represents the unknown transition probability rate.
Vi € M, we denote # = L} UL, and

L"k 2 {j : 7;; isknown, for j € ./%},

| (®)
L, 2 {] : 7;; is unknown, for j € /l}
Moreover, if L, # 0, it is further described as
Ly = {k. Ky K} 1sm< o, Q)

where k! € ./ represents the mth known transition
probability rate of the set L in the ith row of the transition
probability rate matrix IT.

Remark 1. When L', = 0, L, = J, it is reduced to the
case where the transition probability rates of the Markovian
jump process {r,,t > 0} are completely known. When L, =
0, L), = ., it means that the transition probability rates
of the Markovian jump process {r,,t > 0} are completely
unknown. Mixing the above two aspects, here, a general form
is considered.

In this paper, the following assumptions, definitions, and
lemmas play an important role in our later development.

Assumption 2. The external disturbance w(t) is varying and
satisfies the constraint condition:

T
J w’ (S)w(s)ds<d, d=0. (10)
t

Assumption 3. Vi € M, £;(0,0) = 0, and f;(x(t), x(t — 1))
satisfies the following inequality

I (x (0, x (8 = )|

NIRRT (1)
“lx({t-1) + F x(t-1)|°
2
where
F. F
F, :=[ R ) 12)
% F;z

Definition 4 (finite-time stability). For a given time constant
T > 0, system (2) (u(t) = 0, w(t) = 0) is said to be finite-time
stable with respect to (¢;, ¢, T, H;), if
E{xo Hixo} <o, = E{x(0"Hx ()} <, Vte[0,T],
(13)

where 0 < ¢, < ¢, H; > 0.

Definition 5 (finite-time boundedness). For a given time
constant T' > 0, system (2) (u(t) = 0) is said to be finite-time
bounded with respect to (¢;, ¢,, T, H;, d), if the condition (13)
holds, where 0 < ¢; < ¢, H; > 0.

Definition 6 (H,, finite-time boundedness). For a given time
constant T' > 0, system (2) (u(t) = 0) is said to be H finite-
time bounded with respect to (¢;,¢,, T, H;, d), if there exists
a positive constant y, such that the following two conditions
are true:

(1) system (2) is finite-time bounded with respect to
(Cls Qs T) His d);

(2) under zero initial condition (x(t,) = 0,t, = 0), for
any external disturbance w(t) # 0 satisfying condition
(10), the control output z(t) of system (2) satisfies

E UOT Tz dt} < y? JOT W Ow)de.  (14)

Definition 7 (finite-time H,, state feedback stabilization).
The system (2) is said to be finite-time H, state feedback
stabilizable with respect to (¢, ¢,, T, H;, d), if there exist a
positive constant y and a state feedback controller in the form
of (5), such that the closed-loop system (6) is H,, finite-time
bounded.

Definition 8 (see [26]). In the Euclidean space {R" x.Z xR},
introduce the stochastic Lyapunov function for system (2) as
V(x(t),1), and the weak infinitesimal operator satisfies

ZFV (x(t),1)

.1 .
= Al}gqu—t [E{V(x(t+A,)r(t+A,))} -V (x(t),i)]

= Oy )i+ 2V (x (1) i)x(t)+inuv(x(t) )
at P o ’ £ )

(15)

Remark 9. Tt easily follows from (12) that Fi, > 0, F., > 0. So
Fj, and F}, can be decomposed as

Fil = (Fil)l/z(F{1)1/2> Féz = (Féz)l/z(Féz)l/z- (16)

Remark 10. It is noticed that finite-time stability can be
regarded as a particular case of finite-time boundedness by
setting w(t) = 0. That is, finite-time boundedness implies
finite-time stability, but the converse is not true.

Lemma 11 (see [27]). Let T, M, F, and N be real matrices of

appropriate dimensions with F' F < I; then for a positive scalar
€ > 0, there holds:

T+MFN + NTFTMT < T+ eMMT + e 'NTN.  (17)

The aim in this paper is to find a tractable solution to the
problem of finite-time H_ state feedback stabilization.



3. Main Results

3.1. Finite-Time Boundedness Analysis. In this subsection, we
will consider the problem of finite-time boundedness for the
nominal system of nonlinear Markovian jump system (2)
with F(¢,7,) = 0 for all t > 0; that is,

() =A(r)x()+ A (r,)x(t-1)+B(r,)u(t)
+G(r)w®) + f(rpx(),xt-1)),

z®)=C(r)x)+Cy(r,)x(t-1)+D(r,)u() (18)
+E(r)w(®),

x()=¢(t), te[-T 0].

Under the controller (5), the closed-loop system is
x(t) = (A(r) + B(r:) K (1) x (®)

+(Ag(r) +B(r,) Ky (r,)) x(t - 1)

+G(r)w®) + f(rpx(t),x(t-1)),

z(t)= (C(r) + D (r) K(r))x () (19)
+(Ca(r;) + D(r,) Ky (1)) x (¢ = 7)
+E(r)w(t),

x(t)=¢t), tel[-Tt 0].

Theorem 12. Given T' > 0, if there exist positive constants «
and eg;, symmetric positive definite matrices P; € R™", Q €
R?1 and S € RP*P, and symmetric matrices W; € R™", such
that for alli € M

Ay PAy +5fif§2 PG;
* —Q + 8fiF;2 0 < O) (20)
* * -aS
P-W,<0, jeLy, j#i (1)
P-W,20, jeLy,, j=i (22)

& [Mmax (B) + Thinay (Q)] + @iy (8) (1 - €77)

Amin (Pt) (23)

<e aTOZ)

then system (18) (u = 0) under partially known transition prob-
abilities is finite-time bounded with respect to (c,,c,, T, H;, d),
where

Ay = AP+ PA;+Q

+ Zﬂij(Pj—"Vi)JfSﬁPiPﬁsﬁF{l - ab;,

jeLk @4

151‘ _ Hi_l/ZPiHi_l/2> éi _ H,-_I/ZQH,»_I/2~
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Proof. For system (18) (u = 0), choose a Lyapunov function
candidate

Vi(x(8),0) = Vi (x(8),) + V, (x(t) 1)

. (25)
-0 P+ | T ®x@de,

where P; > 0. Then by Definition 8, we get

ijrj
=1

N
LV, (x(1),i) = x" (t) [Afp,. +PA; + Zn..p] x(t)
+xT () PAgx(t—T1)+x" (t) BGw (t)
+x" ()P f, + x" (t — 1) AL Px (t)

+w' ()Gl Pax (t) + fI P (£).
(26)

Based on Lemma 11, there exist scalars &5 such that
x" () P.f; + f Px (t)
<enf! fi+ e x () PPx(t)
<ep [xT () F{lx () + xt () Fizx (t-1)
+x' (t=T) Fyyx (t) + x' (t - 1) Fyyx (t = 7)]

+ e}ile (t) PBPx (t).
(27)

Substituting (27) into (26) yields
N .
<x’ (®) A?Pi +PA; + 5}1‘1Pipi + Zﬂijpj + sfiFil x(t)
j=1
T T i
+x" () PGw (t) + x' (t) [PAy +e5F), | x(t-7)
+x' (t - 1) [ALP, + &Py | x (1) + w' (8) G Px ()

+x' (t-1)epFoyx (t-T).
(28)

It is easy to obtain that

PV, (x(1),i) =x" 1) Qx (t) - x" (t —7) Qx (t - T).
(29)
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From (28) and (29), the following holds:
LV (x(t),1)

= PV, (x(1),i) + LV, (x (), 1)

<x"(t) !A?Pi +PA; +¢; PP,

N
+Z7Tijpj + sfiF{l + Q:| x ()
=1

+x" () PGw () + x" (1) [PA g + £Fp, ] x (t - 1)
+w' ()G Px(t)+x' (t—1) [ALP + &P | x (1)

+x (t-1) [sﬁFéz - Q] x(t-1).
(30)

Due to the fact that Zj\il m;;W; = 0 for arbitrary symmetric
matrices W;, (30) can be written as

ZV (x(t),i)
<x'(t) | A[P,+ PA, + &, PP,

N
+Y 7 (P = W) + ey +Q | x(8)
j=1
T T i
+x" () PG () + x' (t) [BA g +epFy, | x(t-1)
+w! ()G Px (t) +x" (t - 1) [AP, +eFy, | x (1)

+xT (t—1) [sﬂFéz - Q] x(t-1)

(31
=x' (1) | AP+ PA; + ] P,
+ Z 0 (Pj - W,) + sfiFil +Q | x(t)
jeLk
T T i

+x" () PGw (t) + x' (t) [PAy +eqF), | x(t-7)

+w' ()G Px (t) +x" (t - 1) [ALP, + eFy, | x (1)

+ ! (t-1) [sﬂFéz - Q] x(t-1)

+x' (1) Y m; (P - W) x (D).

jeLi,

Noticing that 7r;; > 0 foralli# jand 7; = — Z;\Ll,iij m; <0

for all i € ., ifi € L) (the elements of the diagonal

are known), by inequalities (20) and (21), the following
inequalities hold:

LV (x(t),i) < ax(t) Px (t) + aw” () Sw (£)

t
< ax(t) Px () + ocj x" (&) Qx (§) dE
t—t (32)
+oaw! (£) Sw(t)
= aV (x(t),i) +aw’ () Sw ().

Ifi € L"uk (the elements of the diagonal are unknown),
according to the inequalities (20)-(22), inequality (32) holds.
Multiplying (32) by e * yields

LV (x(1),1)) < ae™™w" () Sw(t). (33)
Applying Dynkin’s formula for (33), we obtain
t
e MV (x(t),i) -V (xpt,) < & J e “w’ (s)Sw(s)ds,
0
(34)
which shows
t
V (x (t),1) < eV (xp,t,) + e J e “w’ (s)Sw(s)ds
0

t

< eV (xg,ty) + adA yy (S) e J- e “ds

0
wt 1 _ e—at
=¢ [V(xo,to) +oadA,,. (S) ] )

(35)

This together with 131 = H{UZPI-H{UZ and Q =
H;l/zQH;I/2 gives rise to

V(x(),1) < e [6 (Anax (B) + Thnar (@)
(36)
+d o (8) (1= €7) |

Considering that

V(x(t),i)2x" ()Px(t) 2 Ay (B) x" () Hix (1) (37)

and combining (36) and (37), it follows that
E{x" (t) Hx (1)}

e [a (Mmax (B) +Thmax (Q1)) + A mas () (1-™)]
) /\min (E)

<6
(38)

Condition (38) implies that, fort € [0 T7, [E{xT(t)Hix(t)} <

The proof is complete. O



Corollary 13. Given T > 0, if there exist positive constants o,
Efi» and y, symmetric positive definite matrices P, € R™", and
Q € RTY, and symmetric matrices W; € R™", such that for all
ied

Ay BAg+ gfiFiz PG;

x*  —Q+eqF, 0 | <0, (39)
* * —yZI
P-W,<0, jeL, j#i (40)
Pi-W,20, jeLy,, j=i (41)
5 5 Y T

G [/\max(P:)'i'T/\max( z)] +7(1_e “ ) (42)

< /\min (ﬁz) eﬂXT(Q’
then system (18) (u = 0) under partially known transition prob-

abilities is finite-time bounded with respect to (c,,c,, T, H;, d),
where

AlizAzTPi’LPiAi‘*Q

—1 i
+ 2y (P = W)+ e PR+ epFy —aby (4o
jeLk

B - H;I/ZPiH;l/Z) Q. = H;I/ZQH;I/Z.

3.2. Finite-Time H_, Performance Analysis. In this subsec-
tion, based on Corollary 13, some sufficient conditions will be
provided ensuring the H, finite-time boundedness of system
(18) and the H, finite-time stabilization of system (19).

Theorem 14. Given T > 0 and w(t) satisfying (10), system
(18) (u = 0) under partially known transition probabilities is
H_, finite-time bounded with respect to (c,,c,, T, H;, d), if there
exist positive constants o, € ;, and y, symmetric positive definite
matrices P, € R™" and Q € RT, and symmetric matrices
W; € R™", such that for alli € M

Ay +CIC; PAy +epFy, +C{Cyy PG +ClE

* -Q+¢eF, +CyCyi  CuE | <0,
# * ~y*I + E/E;

(44)

P,-W,;<0, jeLy, j#i (45)

Pi=W;20, jeLy j=i (46)

(47)
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where

A= AITPi*'PiAi*’Q

+ Znij(Pj_VVi)-"sfiPiPi-"sfiFil_“Pi’

jeLk (48)
B - H;l/ZPiH;I/Z, a, - H;1/2QH;1/2.
Proof. From (44), the following inequality holds:
A +ClC; PAy +e,F, +CICy PG;+C/E;
1i i ~i Lifdi fit 12 i~di FiMi i i
* -Q+ 5fiF£2 * C?;icdi CgiEi
* * —y*1 + ETE;
cr
H 1
Ay PAg +£fiF;2 BG; .
=« —QeeuE, o |+|%ai|[c choE]
* * —yZI EIT
< 0.
(49)

This together with (49) implies (39). Then based on (39)-(42),
system (18) is finite-time bounded.

Then, let us prove that inequality (14) is satisfied for any
external disturbance w(t) # 0 under zero initial condition. For
system (18), choosing a Lyapunov function candidate (25), we
have

ZV (x(t),i)

<x'(t) | A[P.+ PA; + ¢, PP,

+ Y (P - W) +epF + Q| x (1)
jeLk

+x" () PGw (t) + x" (t) [PAg +esF, ]| x(t - 1)
+w ()G Px (t) +x" (t - 7) [ALP, + eFy | x (1)
+x (t-1) [euF, - Q] x(t-1)

+x' (1) Y m; (P - W) x (1),

jeL,
(50)

for any symmetric matrices W;.
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According to inequality (44), (45), and (46), we derive
PV (x(t),i) < aV (x(1),i) +yY'w Ow @) -z" 1)z (1),
Z[e“Vx@®),)] <e™ [Yu Hw®) -2 )z@)].

(51)
Under zero initial condition, using Dynkin’s formula yields

eV (x(t),1)
! —as [ .2 T T
_ ds,
<Le [yw Hw(s) -z (s)z(s)] s (52)

E Jt ez (s)z (s)ds < Jt e *yY*w’ (s)w (s) ds.
0 0

Further, it implies that
T t
[EJ ZT(s)z (s)ds < yze“Tj w’ (s)w (s)ds. (53)
0 0

Therefore expression (14) holds with y = Ve*Ty.
The proof is complete. O

Corollary 15. Given T > 0 and w(t) satisfying (10), system
(19) under partially known transition probabilities is finite-time
H_, state feedback stabilizable via a state feedback controller
(5) with respect to (c,c,,T,H;,d), if there exist positive
constants o, €, and y, symmetric positive definite matrices
P. € R™" and Q € RT, and symmetric matrices W; € R™",
such that for alli € M

Ay +C[C, PAy+eF,+C/Cy PG +ClE

* -Q+ sfiFéz +CiCai Caiki <0,
# * ~y*I + E[E;

(54)

Pi-W,<0, jeLy, j#i (55)

P,-W;20, jeLy,, j=i (56)

i e (B) # 7 (@)] + 22 (1)

< Amin (131) e_‘xTCZ’

(57)

where
Ku = XiFPi"'PiKi*'Q

-1 1
+ 2 i (P~ W) + e PP + eF), - ab,

jeLk
Ki =A;+BK, Zuli = Ay +BKy;
FC‘;'T =C; + DiK;, Cai = Cyi + DKy,

E — H;I/ZPiH;l/z, Q‘i — H;I/ZQH;UZ

(58)
It is clear that (54) is a nonlinear matrix inequality due to
the existence of the nonlinear terms K; B P,, P.B;K;, K}, Bl P,

and P,B;K;. In order to solve the desired controller K;, we
give the following result.

Theorem 16. Given T > 0, system (18) under partially
known transition probabilities is finite-time H_, state feedback
stabilizable via a state feedback controller with respect to
(1,6, T, H;, d), if there exist positive scalars o, y, €4, Ay, and
A,, symmetric positive definite matrices X; € R™", symmetric
matrices W'; € R™", and matrices Y; € R™" and K;; € R™™
such that for alli € M

1/2

—H}u Iy G; Iy I sfiXi(F{I) Sy (x) ]
* I, 0 My 0 0 0
* « =’ I E 0 0 0
* * * -1 0 0 0
* * * * —eﬁl 0 0
* * * * * —sﬁI 0
L = * * * * * —M;; (x) |
<0, ieli,
(59)
2 i \1/2 .
My Ty G Ty 1 epXi(F) 8 (%)
* I1,,; 0 1,4 0 0 0
* « -y I E 0 0 0
* * * -1 0 0 0
* * * * —eﬁl 0 0
* * * * * —sﬁI 0
* * * * * * _M2i (x)_
<0, ielLy, (60)
60
-, X, R
[ . —le <0, jeLy, j#i (61)
. i ..
Xj—%/j>0, jE€L j=1, (62)
2
—aT Y d ( —(xT)
e o +aTh, + " l1-e Ve | <o, (63)
V& -\

MH ' <X, <H', 0<Q<M\H, (64)

where

My, = X;A] + AX; + Y/ Bl + BY, + Q

- Z T[l]Wl + ﬂiiXi - (XXl-,
jeL,

Iy, = X;A] + A X, + Y/ Bl + BY, + Q,

- z ﬂijWi -aX;,

jeLy
I, = Ag; + BKy; + sfiXiFiZ’
I = -Q+ SﬂF;Z’
Iy = XiCiT + YiTDiT>

T T AT
I,y = Cy; + Ky D

i



Sy (%)
= [ ﬂikiIXz" ey n,-kLlX,-, T[ikiﬂXi’ ooy */niki"Xi] N

My; (x) = diag { Xy, Xpg_» X s Xpe |

Sy (x) = [ Tigi X w/nik;Xi] ,
M,; (x) = diag {inl,...,in"} ,
(65)

with k"l,k;, . kin described in (9) and ki = i. Moreovet, the
finite-time H state feedback controller gains in (5) are given
byK; =Y, X, .

Proof. It is clear that system (18) is finite-time H,, state
feedback stabilizable if the conditions (54)—(57) are satisfied.
Notice that inequality (54) is equivalent to the following
condition:

- — . ~r - \1/2 1
Ay PAg+ sfiFiz PG; C; P efi(Fil)
x  —Q+epFyy, 0 CL 0 0
2 T

s = * * -y°1 E; 0 0

* * * -1 0 0

* * * * —sﬂI 0
| % * * * * —eﬂI ]

< 0.
(66)

Pre- and postmultiplying inequality (66) by block diagonal
matrix diag {P,' I I I I I}, lettingX; = P, Y; = K;X,,
and 7; = P_'W,P", we have

M S \1/27
By Iy G; Iy I EfiXi(Fil)
* I1,,; 0 I, 0 0
2 T
-yl E;
* * y ; 0 0 <0,
* * * -1 0 0
* * * * —sﬂI 0
| * * * * * —sﬁl ]
(67)
where
Ei= XiAzT +A X+ YiTBiT +BY; +Q
(68)

-1
+ Y XX X = Y W - aX,.
jeLk jeLk
Since mm; < 0, Vi € J, inequality (67) is discussed in the
following two cases.

Abstract and Applied Analysis

Case 1. When i € L"k, the left side of (67) becomes

- i \1/27
By Iy G; Iy I efiXi(Fll)
* 1,5 0 I,y 0 0
« = I E 0 0
* * * -1 0 0
* * * * —sﬁI 0
| * * * * * —sﬂI
[ ) mXX'X; 0 0 0 0 0]
jELi,j#i
0 0O 0 0 0 O
+ 0 0 0 0 0 O0fx<o0,
0 0O 0 0 0 O
0 0O 0 0 0 O
| 0 0 0 0 0 O0f
(69)
where
By = XiAzT +AX; + YiTBiT +BY; +Q
70
- Z nij?/i - aX;. (70)
jeLk

Applying Schur complement lemma to (69), then (59) easily
follows.

Case 2. Wheni € Liuk, the inequality (69) turns into

- S N1/2 7
By Iy G; Iy I SfiXi(Fh)
* Iy 0 Iy 0 0
* * —yzl EIT 0 0
* * * -1 0 0
* * * * —sﬁl 0
| * * * * * —sﬂl
[ ) mXX;'X; 00 0 0 0]
JELi,j#i
0 0O 0 O 0 o
+ 0 0 0 0 0 O0fc<o,
0 0O 0 O 0 o0
0 0O 0 0 0 o0
L 0 0O 0 0 0 o0J
(71)
where
- T T T
By = XA} +AX;+Y Bl +BY;+Q - Y m,W. 72)
jeLk

Similar to the proving process of the case one, we can prove
that (60) is true.

Pre- and postmultiplying inequalities (55) and (56) by
P!, respectively, and letting X, = P, Y, = KX,
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and 7; = P,'W,P;"", we have

XXX, =Ry <0, jelLy, j#i (73)

X;-R;>0, jelL,, j=i (74)

Inequality (73) is equivalent to LMI (61). Denoting X; =
Pt = Hl.l/inHil/2 and taking A, (X;) = 1/A,,,(P,) into
consideration, we conclude that condition (57) holds. Hence,
the following conditions

)‘1 < /\min (Xz) > /\max (YJ) <1 0< Amin (Q) >
/\max (Q) < AZ’
(75)
guarantee that
C )/2
—at —at
/\—1+CIT)L2+7(1—6 )<e G (76)

1

It should be easily observed that condition (76) implies LMI
(63) and (75) is equivalent to (64). Therefore if LMIs (59)-
(64) hold, the closed-loop system (19) is H,, finite-time
bounded, and then system (18) can be stabilized via the state
feedback controller (5).

This completes the proof of Theorem 16. O

3.3. Robust Finite-Time H., Control. In this subsection, a
robust finite-time H_  state feedback controller is designed
to guarantee the finite-time H,, state feedback stabilization
of system (2).

Theorem 17. Given T > 0, the problem of robust finite-
time H, state feedback stabilizable for system (2) under partly
known transition probabilities is solvable, if there exist positive
scalars o, y, €, €1j> &> &3> €4 Ay> and A,, symmetric positive
definite mairices X; € R™", symmetric matrices W'; € R™",
and matrices Y; € R™" and K;; € R™"™ such that for all
i€

[= T TarT i \Y T
H}n Oy G Iy XNy Yi N, 0 0 I ef'Xi(Fh) Sy (%)
x I, 0 Ty, O 0 NL KLNL o0 0 0
« o« -y E 0 0o 0 0 0 0 0
* * * -1 0 0 0 0 0 0 0
* * * * —e;1 0 0 0 0 0 0 )
s % % % x  —el 00 0 0 0 |<0 el (77)
* * * * * * —eq;1 0 0 0 0
* * * * * * * —e4l 0 0 0
* * * * * * % * —eﬁl 0 0
* * * * * * * * * —eﬁI 0
L * % % % * % % % % * _Mli (x) |
. T S \1/2 7
Hfu Iy G Iy XiNE YiTNZi 0 0 I 5szi(F;1) Sy (x)
T, 0 T, O 0 NL KLNL o0 0 0
« o« -y E 0 0o 0 0 0 0 0
* * * -1 0 0 0 0 0 0 0
* * * * -l 0 0 0 0 0 0 )
® * * * * -1 0 0 0 0 0 <0, i€ Lluk’ (78)
* * * * * * —&4;1 0 0 0 0
* * * * * * * —e4l 0 0 0
* * * * * * * * —8ﬁI 0 0
* * * * * * * * * —sﬁI 0
L * * * * * * * * * * -M,; (x) |
-, X, ] i yid
<0, €L, j*i (79) e +eth, + —(1-e°T c
[ -X; 7€ P ] orath+ == ( ) v <0, (81
X;-W;>0, jeLy,, j=i (80) Va A
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MH ' <X;<H', 0<Q<A\H, (82)
where
I, = X,A] + A, X, +Y/B] + BY; +Q
- z W+ SliMliMTi + sziMziMzTi
jeLi,
+ &5, My;My; + £, My,M;; + 1 X; - aX,

1

ﬁ%u = XiAzT +A X+ YiTBiT +BY; +Q;

T T
- Z W + &My My; + &My M),
jEeLk

T T
+ &My M;; + ;Mo M, — aX

i
I, = Agi + BKy; + 8fiXiFI2’
Iy =-Q+ 8fiF;2’
Iy = XiCiT + YiTDiT’
I, = Cj; + Ky,D;,

Sy (%)
= [ ﬂikiIXi,..., ﬂikiﬂXi, ﬂikiﬂxi,..., ‘/ﬂikinxi] 5

M, (x) = diag {Xps, ..., X Xpg 5o X |

Sy (x) = [ Tigi Xis oo JnikinXi] ,

M,; (x) = diag {Xk’i""’inn} ,

(83)

with K, k., ...k described in (9) and k. = i. Moreover, the
finite-time H state feedback controller gains in (5) are given
byK; =YX,

Proof . In (59) and (60), replacing A;, A 4, and B; with (A; +
AA)), (Az+AA,), and (B; + AB;), respectively, the following
conditions are obtained:

1
11i

I, = X,AT + X,AAT + A, X, + AA,X; + Y[ B! + Y] AB]
+BY; + ABY; - ) m;R; +m;X,,
jeLk

—I1

T T T T
I,,; = X;A; + X;AA; + A X, + AAX; + Y, B,

+Y,AB! +BY,; + ABY, - ) m;R,,
jeLk

T, = Ay + AA 4 + BK,;, + ABK,; + e X Fpy-
(84)

Abstract and Applied Analysis

Based on Lemma 11, there exist scalars ¢,;, &5;, €5;, and g
such that

X,AAT + AAX; = X,NIFT (t) M|, + M;F, (t) N, X,
T -1 T
< e MMy, + &; XiN;N; X5,
YTAB! + ABY; = YT NLE! (1) ML, + MyF, (t) N,;Y;

T 1Ty T
< & MyM,,; + &, Y; NyN,Y,

i

[0 AA; O 0 0 0 O]
« 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
(0 0o 0 0 0 0 o0
[0 MuF,(t)N; 0 0 0 0 O]
* 0 00 0 0 O
0 0 00 0 0 O
=|o 0 00 0 0 O
0 0 00 0 0 O
0 0 00 0 0 O
0 0 0 0 0 0 O]
M,
0
0
=| o |F[0 Ny 000 0 0]
0
0
L 0 |
-0 1
Nj;
0 T
+| o |E[M5 00000 0]
0
0
L 0 |
M,
0
0
<ey| o |[M5 00000 0
0
0
L 0 |
o
Nj;
_1 0
vel | [0 Ny, 000 0 0],
0
0
[ 0 ]
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0 ABK; 0 0 0 0 0
x 0 00 0 0 0
0 0 00 0 0 0
0 0 0 0 0 0 0
0 0 00 0 0 0
0 0 00 0 0 0
K 0 00 0 0 0
[0 M,F.(t)Ny,K; 0 0 0 0 0]
* 0 00 0 0 0
0 0 00 0 0 0
=|0 0 00 0 0 0
0 0 00 0 0 0
0 0 00 0 0 0
K 0 00 0 0 0]
My,
0
0
=| 0 |F[0 NyKg 000 0 0]
0
0
_0-
S
KINT
0
+| 0 |FE[M} 00000 0]
0
0
_0..
M2i
0
0
<e;| 0 |[M}; 000000
0
0
_0_
S
N;;
0
+e; | 0 [[0 N3 0000 0].
0
0
_0..
(85)

Applying Schur complement lemma to (85), (77) can be
obtained. Similar to the above proving process, we can prove
that (78) holds. Therefore, if LMIs (77)-(82) hold, the closed-
loop system (6) is robust H_, finite-time bounded, and
further system (18) can be stabilized via the state feedback
controller (5).

The proof is complete. O

Remark 18. 1t should be pointed out that the conditions in
Theorems 16 and 17 are not strict linear matrix inequalities
such as conditions (20), (39), (44), (54), (59), (60), (77), and

1

(78), due to the product of unknown scalars and matrices. An
efficient way to solve this problem is to choose the appropriate
values of the unknown scalars and then solve a set of LMIs
for the fixed values of these parameters. For example, if a, & ;
are fixed, then conditions (59) and (60) of Theorem 16 can be
converted to LMIs conditions.

4. Numerical Examples

This section considers the following four-mode uncertain
nonlinear Markovian jump systems with time delay as fol-
lows.

Mode 1
2 2 -0.2 0.3 1
A= [1 —3]’ Adl‘[o.l —0.2]’ Bl‘H’
G, = [é] C, =1 2], Cy =[0.1 -0.1],
01 0
D, = E, =0.1, MH:[O 0.1],
0.1 0.1
N = [ 0 0.1]’
0.1 0 0.1
MZI:[O 0.1]’ NZI:[O]’
001 0 001 0
M3l‘[ 0 0.01]’ Na [ 0 0.01]'
(86)
Mode 2
12 02 -0.1 2
Ay = [0 —1]’ Aa = [—0.1 —0.3]’ B, = H
.- %] G-
0
01 0
Cys =[0.2 0.1], D,=E, =02, M,, = [ 0 0_3],
02 0.3 0.1 0 0.2
le‘[o 0.2]’ MZZ‘[O 0.3]’ NZZ‘[O]’
0.01 0 0.02 0.03
M32‘[ 0 0.03]’ N32‘[ 0 0.02]'
(87)
Mode 3
2 3 01 -0.3 3
A3=[1 —1]’ Ad3‘[—0.2 03]’ B3=H’



12 Abstract and Applied Analysis
TaBLE 1
Casel Case II
1 2 3 4 1 2 3 4
1 12 0.3 0.5 0.4 1 ? 0.3 ? 0.4
2 0.2 -1 0.3 0.5 2 ? -1 03 ?
3 0.8 0.1 13 0.4 3 0.8 ? 13 ?
4 0.2 0.1 0.5 -0.8 4 0.2 ? ? ?
Case IIT Case VI
1 2 3 1 2 3 4
1 12 ? 0.5 . 1 ? ? ? ?
2 0.2 ? ? 0.5 2 ? ? ? ?
3 ? 0.1 ? 0.4 3 ? ? ? ?
4 ? 0.1 0.5 -0.8 4 ? ? ? ?
TABLE 2
Case I Completely known
K, =[-222335 -19.0199] K, =[-0.9097 0.9098]
Controller gains K, =[-7.0199 -23824] K, =[-0.9490 —0.4701]
K, =[-6.9528 —9.8454] K, = [0.6466 —0.3225]
K, =[-7.9573 —2.4935] K, =[-0.4998 —-0.2499]
Case Il Partially known
K, =[-22.5382 -18.9685] K, =[-0.8142 0.8142]
Controller gains K, =[-7.9189 -2.8820] K, =[-0.9007 —0.4391]
K, =[-6.9801 -9.8455] K, =[0.6272 —0.3112]
K, =[-81348 —24949] K, =[-0.4996 —02498]
Case III Partially known
K, =[-20.2412 -18.1608] K, =[-0.8925 0.9362]
Controller gains K, = [-6.2413 -2.7888] K, = [-0.9283 -0.5364]
Ky =[-6.9091 —9.8876] K, =[0.7272 -0.2134]
K, =[-8.6329 —24765] K, =[-0.4998 -0.2499]
Case VI Completely unknown
K, =[-21.8153 -18.7884] K, =[-0.8143 0.8143]
Controller gains K, =[-38757 -0.3739] K, =[-0.9008 —0.4391]
K, =[-6.9153 -9.8460] Ku =[0.6272 -0.3112]
K, =[-79143 —24877] K, =[-04996 -0.2498]
Cy =[-02 0.1], D;=E; =03, Cy = [-02 0.1], D,=E, =04,
0.1 0 0.2 0.3
M13 = [ :|; N13 = [ :|; 02 0 0.2 04
0 0.2 0 05 = =
My 0 0.1}’ Ny 0 03}’
0.1 0 0.3
M23=[0 02]’ N23=[0]’
. 02 0 0.4
M24 0 0.1}/ N24 = 01|’
A - [001 0 N _ [002 003 :
3710 002) 3710 005]
0.02 0 0.02 0.04
(88) Ms, = [ 0 0.01]’ N = [ 0 0.03]’
Mode 4 5 0
11 ~0.1 03 4 H1=H2=H3=H4=[ ] C, =05,
A4 [2 —3] o Aa [ 0.2 —0.1] ’ B4 [1] ’
G4=[0.4]’ c=[0 1, C,=4, d=4, T=12

(89)
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The trajectory of x(t) with w(t) = 0 (case I)

0.4

Switching signal

x(t)

System modes
LSS

o
8]
~
[o)}

Time

The trajectory of x(t) with w(t) = 0 (case III)

0.4
0.2+
oLk
= 2 Switching signal
= —8 4
-0.2 t+ = g
g 2
-04 } % ]
& 0 2 4 6
) Time
0 1 2 3 4 5 6
Time
— x(1) — x(2)
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The trajectory of x(t) with w(t) = 0 (case II)

0.4
0.2+t
ol
= @ Switching signal
* % 4
-0.2 t 1 |
A 0
5
04 2 0 2 4 6
Time
0 1 2 3 4 5 6 7
Time
The trajectory of x(t) with w(t) = 0 (case VI)
0.4 v " " " - .
) KJ\/v
or Switch 1
= » witching signa!
® g 4 i
_02 L <} i
= 2
3
04T Z 0 p 1 6 |
) Time
0 1 2 3 4 5 6 7
Time
— x(1) — x(2)

FIGURE 1: The trajectory of x(t).

Choose T = 1, &« = 0.5, the exogenous disturbance w(t) =
[1/(5t+ 1) 1/(t + 1)], and the nonlinearities

s st = SRGO),

[0.1sin (x (t —1))]
| —0.155sin (x (¢)) |

050~ R

L&x@®),x(t-1)=

fue®.xe - = | 20

[1.1841 0.1704] [0.0606 0.1000]

1 _ I _
Fyy = 10.1562 1.1370|° Fy = 10.1000 0.3355]°
P = [0.3299 0 P2 = [0.4000 0
11710.7999 0.5000 |’ 22 0 0.2500 |’

[1.1841 0.1704] [0.0606 0.1000]

F = F =

17101562 1.1370]° 227 0.1000 0.3355 ]’
B (03299 0 ] B [0.4000 0 ]
17107999 0.5000 |’ 27 0 02500]°

1 2 3 4
F,=F,=F,=F,=0.
(90)

The four cases for the transition probability matrix consid-
ered in Table 1.

Solving the LMIs (77)-(82) in Theorem 17, the robust
finite-time H state feedback controller gains of K; are given
by Table 2.

Figures 1, 2, and 3 are presented. For every figure, the four
different transition probability matrices cases are included,
which can be better to demonstrate the effectiveness of the
design method. Figurel depicts the trajectories of system
state x(¢) and the corresponding switching signal. It can
be seen that system (6) is robust finite-time stable, which
implies that system (2) is robust finite-time H_ state feedback
stabilizable via the designed state feedback controller (5).
Figure 2 depicts the trajectories of system state x(t) with
w(t) #0 and the corresponding switching signal. It can be
seen that system (6) is robust finite-time bounded. The
trajectory of the output z(t) is described in Figure 3, which
further shows the effectiveness of the designed controller (5).

5. Conclusions

In this paper, we have dealt with the problem of robust finite-
time H, control for a class of nonlinear Markovian jump
systems with time delay under partially known transition
probabilities. Based on the free-weighting matrices approach,
all sufficient conditions have been firstly proposed to ensure
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The trajectory of x(t) (case I)
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The trajectory of x(t) (case II)

0.4 r : : - r 0.4
0.2 1 0.2
0 0t
$ g o 5
R 02 2 % 02} 3 1
= =)
£ 2 £
-04 | g i 04 S
2 0 2 4 s 0 2 4
-06 Time ] -06} Time
0 1 2 3 4 5 7 0 1 2 3 4 5
Time Time
04 The trajectory of x(t) (case III) The trajectory of x(t) (case VI)
. - - T T T 0.4 T T T T
0.2 0.2t
0 0t
= 2 Switching signal . 2 Switching signal
R 02 T 4 1 ¥ o2l 2 4
T 1y = [ ULy
-0.4 g ] ~0.4 g
& 0 2 4 s 0 2 4
—06 ¢ . . . Time | -06¢ . . . Time
0 1 2 3 4 5 7 0 1 2 3 4 5
Time Time
— x(1) — x(2) — x(1) — x(2)
FIGURE 2: The trajectory of x(¢) with w(t) #0.
The trajectory of z(t) (case I) The trajectory of z(t) (case II)
0.5+ ' ' ' ' ' ' 4 0.5 + ' ' ' ' ' ' 4

Switching signal

S
wu
System modes
SIS
I
j=}
v
System modes
SIS

Time Time

The trajectory of z(t) (case III) The trajectory of z(t) (case VI)

0.5+ ]
oH
N 8 Switching signal — 2 Switching signal
< = g
g 4 N 3 4
0.5} g 2 E -0.5 g 2 |-||—||—||-||—| |-| I—II-II-II-I'
g k2]
&0 2 4 6 & 0 2 4 6
-1t Time 1 -1r Time 1
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
Time Time
— z(1) — z(2) — z(1) — z(2)

FIGURE 3: The trajectory of z(t).
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finite-time boundedness, H finite-time boundedness, and
finite-time H_, state feedback stabilization for the given
system. We have also designed a robust finite-time H state
feedback controller, which guarantees the H_, finite-time
boundedness of the closed-loop system. All the conditions
have been presented in terms of strict linear matrix inequal-
ities. Finally, a numerical example has been provided to
demonstrate the effectiveness of all the results.
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