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We discuss a third-order multipoint boundary value problem under some appropriate resonance conditions. By using the
coincidence degree theory, we establish the existence result of solutions. The emphasis here is that the dimension of the linear

operator is equal to two. Our results supplement other results.

1. Introduction

In this paper, we are concerned with the following third-order
ordinary differential equation:

MW= f(Lx®,x (1), x" () +e),

with the boundary conditions

=S (),
i-1

where f : [0,1] x R* — R is a Carathéodory function, e €
L'0,1,0 < & <= <&, , <l € Ri=1,...,m-2,
B=0,and# € (0,1).

In recent years, many authors have paid much attention
to the existence of solutions for multipoint boundary value
problems at resonance: we refer the readers to see [1-11].
If the linear equation Lx = x"'(t) = 0 with boundary
conditions (2) has nontrivial solutions, that is, dimKer L > 1,
the BVP (1)-(2) is called a resonance problem. In [5-11], the
authors all discussed the case that dimKer L = 1. In [2, 3],
the authors established the existence results for resonance
boundary value problems with the case of dimKerL = 2.
However, we will show that some conditions such as A#0
assumed in [2, 3] are not necessary. We establish existence
of some solutions for BVP (1)-(2) by using the coincidence
degree theory of Mawhin [12] at resonance.

te(0,1), (1)

x (0) £ (0)=0, x(1)=px(n), @

According to the constant f3, the BVP (1)-(2) is divided
into the following five resonance cases:

(C) 0<B<1,A-PYr? “52—(1 Y2 ) (B -1);
(C) B=1, Zi:l ‘xisiz =0, Z

(Cy) 1< B<1/,(1-PB) Z:’i
1);

(C) B=1/1% le(x Ozlloc—l

(Cs) 1 < B A-P) X2 &l = (1-Y 157 o) (B~ 1).

Du et al. [1] studied the existence results of BVP (1)-
(2) under the resonance conditions (C,) and (C,), that is,
dimKer L = 1, but they did not discuss the other three cases.
In this paper, under the resonance conditions, (C,), (C5), or
(Cs), we could imply dimKer L = 2; thus we supplement the
results in [1].

The layout of this paper is as follows. In Section 2, we
briefly present some notations and an abstract existence result
due to Mawhin. In Section 3, we study BVP (1)-(2) under
the condition (C,) and obtain some existence results. In
Section 4, we give an example of the existence results in
Section 3.

0c-=1'

52_(1 le (X ﬁrlz_

2. Preliminary

Now, we briefly recall some notations and an abstract exis-
tence result by Mawhin [12].
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Let Y, Z be real Banach spaces and let L : dom L C
Y — Z be a linear operator which is a Fredholm map of
index zeroandlet P : Y — Y, Q: Z — Z be continuous
projectors such that InP = KerL, KerQ = ImL andY =
Ker LeKer P, Z = Im LeIm Q. It follows that L|4. ;akerp
dom L NKer P — Im L is invertible; we denote the inverse
of that map by Kp. Let Q) be an open bounded subset of Y
such that dom L N Q#¢; themap N : Y — Z is said
to be L-compact on Q if the map QN (Q) is bounded and
Kp(I -Q)N : Q — Y is compact. For more details we refer
the reader to the lecture of Mawhin [12].

The theorem we use in this paper is Theorem IV.13 of [12].

Theorem 1. Let L be a Fredholm map of index zero and let N
be L-compact on Q. Assume that the following conditions are
satisfied.
(i) Lx # Nx for every (x,A) € [(dom L\ Ker L) N 90Q] x
(0, 1).
(ii) Nx ¢ Im L for every x € Ker L N 0Q.
(iii) deg (QN| gerr » Q2N Ker L,0) #0, whereQ : Z — Z
is a continuous projector as above with Im L = Ker Q.

Then the abstract equation Lx = Nx has at least one solution
indom L N Q.

In the following, we will use the classical spaces
Cl[0,1],C"[0,1],C*[0,1], and L'[0,1]. For x € C?[0,1],
we use the norms [x|,, = max,lx(t)| and [x]| =
max{|xll o> 1%'leos %" ls}> denote the norm in L'[0,1] by
[ - I, and define the Sobolev space w0, 1) as

w>(0,1) = {x :[0,1] — R | x,x",x" are absolutely

continuous on [0,1]with x"" e L' [0, 1]}.

3)
Let Y = C*[0,1], Z = L'[0,1], and define the linear

operator L : domL ¢ Y — ZasLx = x"”, x € domL,

where

domL = {x eWw>(0,1):
(4)

x satisfies boundary conditions (2) } .

Wedefine N:Y — Zas
Nx=f(tx@®),x t),x" @),
Then BVP (1)-(2) can be written as Lx = Nx.

te(,1). (5

3. Existence Results

Lemma 2. If the condition (C,) holds, then there exist p €
{1,2,...,m-2}, g€ N¥, q= p+ 1, such that

m=2
Apa)= Y (1-pr™)

m-2

oc,ffyr2 (1

i=1

(6)
- Bn™*?) #0,
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where N* = {1,2,...}.

Proof. We prove that, for any / € N, there exists k; € {I(m —
2)+1,...,(+1)(m - 2)}, such that Y2 a,&** 0.
If else, one has Y} oc,»ff’+2 = 0,any k; € {Im—-2) +

LIm-2)+2,...,(I+1)(m - 2)}; that is,
gll(m—2)+3 El(m 2)+3 o 0
: =@
E§l+1)(m—2)+2 . £(l+2 m—2)+ s 0
Since
gll(m—2)+3 El(m 2)+
E(Hl (m 2)+ E(Hl) m—2)+2
1 - 1
_ m— zgl(m s El v Em—z (8)
j : :
j=1 :
AR e
T 23
3 [T (§-¢&)#0
Y j S
=1 1<i< j<m—2
thuso; =0,i=1,2,...,m—2.
It is clear that
m—2 5
(1-p) Z“ifi =0,
i=1
)
m—2
2 2
<1—Zo¢i>([37] -1)=pr-1<0,
i=1
which is a contradiction to the condition (C,).
Set
+2 J+2
+ p+2 Zl 1 Ep ( ﬁ’7 " )
= kl € N . 1 - ﬁrl = Zm ) £k1+2 .
i=1 %S;
(10)
Then S is a finite set.
If else, there exists a monotone sequence {k; }, r =
1,2,..., k <k _,suchthat
m-2 p+2 kr+2
1P = Zit o] (1 - /3’1 ) (1
Zz 1 (XE
From 0 < BrP*? < 1, we get
m—2 5
Z(xiifpr #0. (12)
i=1
Thus
—2 p+2 f, +2
p+2 li Z:':ll aisi (1 _ﬁrl wt ) _
- B . 1—»00 PR =00. (13)
r Yo g

So it is a contradiction. Thus the Lemma is proved. [
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Lemma 3. Let (C,) hold and A(p,q) #0; then L: domL c
Y — Zis a Fredholm map of index zero. Furthermore, the

linear continuous projector operator Q : Z — Z can be
defined by

Qy () = (Tyy)t"™" + (Toy) 117, (14)
where

_plp+1)(p+2)
A(p:q)

m-2
x [(/Brﬂ“ ~1)Quy+ Zais?”sz] :
i=1

Ty

_a(@+1)(q+2)
A(p.g)

m=2
X |:(ﬁl7p+2 - 1)Q1y+ ZaiEerzsz] , (15)

i=1

2

Q= ,iz“i ri J J y (v) dvdrds,

o Jo JoJo

Q= Jl Js er(v) dvdrds

0 Jo Jo

_/grrry(v)dvd‘rds.

0 Jo Jo

And the linear operator Kp: ImL — dom L N Ker P can be
written by

Kpy(t) = r r er(v) dvdrds, yeImL. (16)

0 Jo Jo

Furthermore

IKexl <yl € ImL. (17)

Proof. Tt is clear that Ker L = {x € domL : x = a + ct’,a =

(B> = 1)/(1 = B))c,c € R},

Now we show that
ImL={yeZ:Q,y=Q,y=0}. (18)

The equation

"

x =y, (19)
has a solution x(t) satisfying (2) if and only if
Qy=Qy=0. (20)

In fact, if (19) has a solution x(t) such that (2), then from
(19) we have

x(t) =

2_1 t rs T
ﬂ? c+ct2+J J J y(v)dvdrds. (21)
0 Jo Jo

According to the condition (C, ), we obtain

Qy=Qy=0. (22)

On the other hand, if (20) holds, let

_ﬂﬂz_l 2 (T
x(t) = 1= p c+ct +L L L y (v)dvdrds, (23)

where ¢ is an arbitrary constant; then x(¢) is a solution of (19)
and (2). Hence (18) holds.
Set

Ty = plp+1)(p+2)
: A(p.q)

m—2
x [(ﬁﬂq+2 - 1) Qy+ Z“i’f?”Qz)’] >
i-1

(24)
T,y = _ala+1)(g+2)
? A(p.q)
m-2
x [(ﬁn"” ~1)Qy+ Z%Ei’”sz] :
i=1
Then we define

Qy (1) = (Tyy) ™ + (Tyy) t17. (25)

It is clear that dim Im Q = 2.
Again from

T, ((T1J’) tp_l) = P(P[ﬂ:(lg,(qp)*' &

y [ (B0 - 1)Q, (1))

m—2
+ Z “iE?ﬂQz ((TlJ’) tp_l)
i=1

x(p+2)Q ()
+p(p+1)(p+2)

m=2
X Z ocifiq+2Q2 (tp_l)

i=1

x(Tyy) =Ty,



(Toy) ™) = plp+1)(p+2)

A(p.q)

» [ (Bt~ 1)@, (Ty) )

X))

1

m-2
+ Z “ifiq”Qz ((Tz)’) tq_l)

i=1

[(ﬁ 1) p(p+1)

x(p+2)Q ()
+p(p+1)(p+2)

m—2
xZwW@Wﬂ]

i=1

x (T,y) =0,

1, (1) ) = _ala+1)(g+2)

A(p.q)

» [ (B 1) Q (1))

+ Z ‘XiEEHZQz ((le) tpl)]

q(q+1)(g+2)

A(p.q)

<[ r-a )

+§MW@Wﬂ}

i=1

X (T1J’) =0,

T2 ((sz) tq—l) _ _q(q + 1) (q + 2)

A(p.q)

X (ﬁ’?p+2 - 1) Q ((Tz)’) tqil)

One has

m—2
+ Z “iffHZQz ((Tz)’) trrl)

i=1

Q'y = Q((Tyy)t!™" + (Tyy)t™™)

=T, ((T1J’) tP!

+(Tyy) 1) !

(26)
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+T, ((le) 7+ (Try) tq_l) ¢!
=T, (Typ) ") 27+ Ty ((Typ) t771) 2!
+T; ((le) tpil) 74T, ((Tz)’) tqil) 1!

= (Tyy) 7 + (Tyy) "
= Qy.
(27)
Thus the operator Q is a projector.

Now we show that Ker Q = Im L. If y € Ker Q, from Qy =
0, we have

—2

& Quy + (B - 1)Qiy = 0,

3

I\
—

i

(28)
m-2
oclfp+2Q2y+ (ﬁ pr2 _ I)Qly =0.
i=1
Because of
m-2
Y gl Byt -
s =-A(p.q) #0, (29)

D ol -

—

Q,y = Q,y = 0, which yields y € Im L. On the other hand,
if y e ImL, from Q; y = Q,y = 0 and the definition of Q, so
Qy = 0; thus y € Ker Q. Hence, KerQ = Im L.

Forye Z, fromy = (y - Qy) +Qy, (y —Qy) € KerQ =
ImL,Qy € ImQ, we have Z = ImL + ImQ. And if y €
ImLNImQ, from y € ImQ, there exist constants a,b € R,
such that y(t) = at?™" + bt1™",

From y € Im L, we obtain

aq(q+1)(q+2)

—2
x Y ol v bp(p+1)( p+2)zfx5q+2
i i=1 (30)

aq(q+1)(q+2)(1-py")

+bp(p+1)(p+2)(1-By"**) =0,

In view of

5

N
—

a(g+1)(q+2) Zaﬁ‘”z p(p+1) P+2)Z“fq+2
q(q+1)(q+2)( ﬁn””) (p+1)(P+2)( W”)

=-q(q+1)(q+2)p(p+1)(p+2)A(p.q)

#0,
€

therefore (30) has a unique solution a = b = 0, which implies
ImLNImQ = {0}. So we have Z = ImL & ImQ. Since
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imKer L = dimIm Q = codimIm L = 2, thus L is a Fredholm
map of index zero.
LetP:Y — Y be defined by

Px(t) = x(0) + %x" 0)¢*, telo,1]. (32)

Then, the generalized inverse K, : InL — dom L N Ker P
can be written by

t s T
pr(t):J J J y(W)dvdrds, yelmlL. (33)
0 Jo Jo

In fact, for y € Im L, we have

n

(LKp) y (t) = (Kpy)

and for x € dom L N Ker P, we know

=y(®), (34)

n

(KpL) x (t) = (Kp) x ()

t N T
:J J J x" (v)dvdrds
0 Jo Jo

—x(f) - [x 0) + %x” (0) £

(35)

=x(t) - Px(t).
Taking note that x € domL N Ker P, Px(t) = 0, thus
(KpL)x(t) = x(t).
It is clear that [|Kpyll < [y, ]

Theorem 4. Let the condition (C,) hold and A(p,q)#0.
Assume the following.

(H,) There exist functions «, 3,y,0 € L'[0,1], such
that

lf (tsx1, %5, x3) + e (t)l
<a(t) x|+ B @) |x|+y @) |xs| +0), (36)
Nleclly + 1Bl + vl < 1,

where ¥(x,,x,,x5) € R t € [0,1].

(H,) There exists a constant A > 0 such that for x €
dom L, if |x(t)| > A or |x"(t)] > A forallt € [0,1],
then

QN (x() #0 or Q,N(x(t)) #0. (37)

(H;) There exists a constant B > 0 such that for a,c €
R, iflal > Bor |c| > B, then either

QN (a+ct?)+ QN (a+ct?)>0 (38)
or

Q,N (a + ctz) +Q,N (a + ct2) <0. (39)

Then BVP (1)-(2) has at least one solution in C*[0, 1].

Proof. We divide the proof into the following steps.

Step 1. The set Q; = {x € dom L\ Ker L
ANx for some A € [0,1]}is bounded.
For x € Q,, since Lx = ANx, so A #0, Nx € Im L; hence

Lx =

QN (x (1)) =0, Q,N (x () = 0. (40)

From (H,), there exist ¢, t; € [0, 1] such that |x(¢,)| < A,
Ix"(tl)l < A. x,x',and x"' are absolutely continuous for all
t €[0,1],and

x () =x(ty) + J: x' (s)ds, x' (t)=x"(0)+ Lt x" (s)ds

t
() =" () + J X" (s)ds,
t

(4)
which imply
Illoo < A+ || ] = A+ "],
], 2 asll, "
From (H, ), we obtain
"], = MLl < ANl
< ledlyxclloo + 181 '],
+ Iyl [}<"] . + e,
< (el + 181 + Il ="', (43)

+ ANy + 8], + y],) + 161

114 < 1
A AL AN
X [A (2”“”1 + “:8”1 + ||V||1) + "6”1] .

So there exists a constant M; > 0 such that [ x| < M;; that is,
the set Q0 is bounded.

Step 2. The set O, = {x € Ker L: Nx € Im L} is bounded.

For x € Q,, x € Ker L implies that x = a + ct’, a =
((,8172 -1)/(1 =B, t € [0,1], ¢ € R. From QNx = 0,
we get QN(a + ct?) = Q,N(a + ct?) = 0. From (H;), then
llxll < lal + |c| < 2B; that is, the set Q, is bounded.

Step 3. Theset Q; = {x € Ker L: A\Jx+(1-1)QNx =0, €
[0, 1]} is bounded.

For any a,c € R, we define the linear isomorphism ] :
Ker L - Im Qby

atPtyp'at

N ) =g

, (44)



where

a=pp+1)(p+2) [(ﬁrf’” —1)|al + nioc,-f?” |c|] ,

b'=-q(q+1)(q+2) [(ﬁn"+2—1)la|+§aifﬁ”” Icl].
: (45)
Set
_plp+)(p+2) 1 qir
" A P
_p(p+1)(p+2)' a2
A(p.q) Zl i
_a(q+1)(q+2) /1y pa
T A P
(q+1) q+2)z Ep+2

(46)

For any x(t) = a + ct* € Q,, we obtain

U [A lal +(1-A) QIN(a + ctz)]
+v[Ael+(1 =) QN (a+ct?)] =0,
P [/\ la] + (1 -A) QIN(a + ctz)]
+w [Alcl +(1- /\)QZN(a+ct2)] =0.
On account of

plp+)(p+2)q(q+1)(g+2)
A(p.q) (48)

wov|_
p ool

?é 0)
therefore, we have

Mal+(1-1) QN (a+ct’) =
Ml +(1 =V Q,N (a+ct?) =

>

0 (49)
0
IfA=1,thena=c=0.IfA+1and|a|] > Bor|c| > B,
from the above equality and (38), one has
A(lal +cl) == (1-24)

X [QlN (a + ctz) +Q,N (a + ctz)] <0,
(50)

which contradicts A(|a| + |c]) = 0; thus ||x|| < |a| + |¢| < 2B.
So the set Q5 is bounded.

Step 4. If (39) holds, similar to the above argument, we can
prove that the set

Q;={xe Ker L: -AJx+(1-A)QNx =0, € [0,1]}
(51)

is bounded too, where ] is defined in (44).

Abstract and Applied Analysis

Now, we will prove that all conditions of Theorem 1 are
satisfied.

Let Q) be an open bounded subset of Y such that U?_ Q; ¢
Q. By the Arzela-Ascoli theorem, we can prove that Kp(I —
QN:Q — Yis compact, so N is L-compact on Q.

Then by the above argument, we have

(i) Lx #+ Nx for every (x,A) € [(dom L\ Ker L) N 9Q] x
(0,1);

(ii) Nx ¢ ImL for every x € Ker L N 0Q

(iii) let H(x,A) = +AJx + (1 — 1)QNx.

According to the above argument in Steps 3 and 4, we
know H(x, A) #0 for every x € 0Q N Ker L. Thus, by using
the homotopy property of degree, we have

deg (QN/| ke 1. » Q2 N Ker L,0)

deg (H (-,0),QnKer L,0)

deg(H (-,1),QnKer L,0)
(52)

deg(+J,Q2nKer L,0)
=+1

#0.

Then by Theorem 1, Lx = Nx has at least one solution in
domL N Q; that is, BVP (1)-(2) has at least one solution in
C?[0,1]. O

4. Example
Example 1. We consider the following boundary value prob-
lem:

3 1
x”’(t)—t +4+ x<1+—smx>
8 2

1 \2
+—tcos(x ), te(0,1), 53
Zteos (x) 0,1) (53)

x(0) = %xG) X (0)=0, x(1)= %x(%)

Let

Fbx@.x @,x" 1)
=4+ %x(l + %sinx') + é—lltcos (x,,)z, et) = £,

68 1
m:3) alz— ﬁ:—) EI:

1
59’ 2 ’

1 _
» 173
(54)

Then the condition (C,) holds.
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From Lemma 2, one has A(1,2) = —697/9558 #0. By
Lemma 3, we define

1/2 s 71
Q1y=§J' J J y (v)dvdrds,
0 Jo

1 s T
Qy = J J y(v)dvdrds
0 Jo Jo
1 1/3 s p7
-3, L L y(v)dvdrds,
57348 7 (55)
Tyy=-22"2(_— ,
= " 697 ( 162Q1y 36Q2y>
229392 / 53
Ly =~ ( 542 118Q2y>

t s (T
pr(t):J J J y(w)dvdrds, ye Im L.
0 Jo Jo

Qy (1) = (Tyy)t' ™ +(Ty) ™ =Ty + (Tyy)t.

Since | f(t, x(t),x' (), x" (1)) + e()| < (9/16)|x(t)| + t* +
(1/4)t + 4, then «(t) = 9/16,B(t) = y(t) = 0, 0(t) =
(1/4)t + 4.

Ifx(t)>1=A,|x"(#)|>1=A, and B = 1, one has

1/2 T
Qle—@J J J <V2+4+§x<1+lsinx,>
59 0 Jo 8 2
+1vcos( )2>dvd‘rds
4
1/2 s 7T
@J J J (v +4+i——v>dvdrds
59 Jo o Jo 16 4
12 s ¢t 2
= @j J J I:(V—l> 267]dvd‘rd5
59 Jo o Jo 8 64

>0,

1 s 7 N 3 1 ,
QZNx=J- J- I (v +4+—x<1+—sinx>
o Jo Jo 8 2

+Allvcos( )2> dvdrds

1 1/3 s p7T 3 1
——J J J (v2+4+—x<1+—sinx'>
2Jo JoJo 8 2

+[—11vcos (x")2> dvdrds

1/3 s T 3 1
J J J <v2+4+—x<1+—sinx'>
o JoJo 8 2

+ivcos( ) )dvdrds

I\

1
2_
2

7
1 1/3 s 7T 3
2—J J J <v +4+———v>dvd‘rds
2Jo JoJo 16 4
1/3 s T 2
:lj J J [(V—l) 267]dvdrds
2Jo JoJo 8 64
>0,
QN(2+£)+QN(2+£) > 0.
(56)

Then BVP (53) satisfies Theorem 4. So it has at least one
solution in C?[0, 1].

Remark 2. By using a similar method as employed in the
above proof, we could obtain some similar results under the
condition (C;) or (Cs), then we omit them.
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