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We study a higher order difference equation. By Lyapunov-Schmidt reduction methods and computations of critical groups, we

prove that the equation has four M-periodic solutions.

1. Introduction

Considering the following higher order difference equation

k
a (%, i+ x,)+ f(mx,)=0, neZ (1)

i=0

where k € N, N and Z are the sets of all positive integers and
integers, respectively, f € C'(R x R,R), R is the set of all
real numbers, and there exists a positive integer M such that,
for any (t,z) € (RxR), f(t + M,Z) = f(t,2), F(t,z) =

|5 f(t,)ds.

Throughout this paper, for a,b € Z, we define Z(a) :=
{a,a+1,..},Z(a,b) :={a,a+1,...,b} whena < b.

When k = 1,a, = -1, a; = 1, (1) can be reduced to the
following second order difference equation:

Ax,  +f(nx,)=0, nelZ )

Equation (2) can be seen as an analogue discrete form of the
following second order differential equation:
d*x
— + f(t,x)=0. 3)
In recent years, much attention has been given to sec-
ond order Hamiltonian systems and elliptic boundary value
problems by a number of authors; see [1-3] and references
therein. On one hand, there have been many approaches to
study periodic solutions of differential equations or difference

equations, such as critical point theory (which includes
the minimax theory, the Kaplan-Yorke method, and Morse
theory), fixed point theory, and coincidence theory; see, for
example, [4-20].

Among these approaches, Morse theory is an important
tool to deal with such problems. However, there are, at
present, only a few papers dealing with higher order differ-
ence equation except [21-23]. On the other hand, under some
assumptions, the functional f may not satisfy the Palasis-
Smale condition. Thus, we cannot apply the Morse theory to
f directly. To go around this difficulty, Tang and Wu [24] and
Liu [25] obtain many interesting results of elliptic boundary
value problems by combining Morse theory with Lyapunov-
Schmidt reduction method or minimax principle. Inspired by
this, we study the existence of periodic solutions of a higher
order difference equation (1) by combining computations of
critical groups with Lyapunov-Schmidt reduction method,
and an existence theorem on multiple periodic solutions for
such an equation is obtained.

For a given integer M > 0, let

k
2sm .
Aj=—2z(;ascosﬁ], j=1...,M. (4)
=

We denote p; = M/2 when M is even, or p; = (M +
1)/2 when M is odd. Because of /\ij = /\j, j € Z(1,M),
then, A, j € Z(1,M) has p, different values. Therefore, we
can write these numbers in such a way:

Ay <Ay <o <A, (5)
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Assume A, = minfAd,A4;#0,j = 1,...
ApA;#0,j=1,....p}

Combing Morse theory with Lyapunov-Schmidt reduc-
tion method, we have the following results.

’pl}’ /\max = max

Theorem 1. Suppose that M > 2k + 1, a, + Z’;Zl lay| <0, and
f(t,z) = f(z); we assume that

(f) flz) € C'RR), f(0) = 0, f'(0) < Ay
o = Ay < Apae m € N(L, py), where fo,
11m|z|—>oof(z)/zx

(f,) there exists a constant y > A, such that f'(z) < y <

Am+1;

(f;) foranyt € Z,

VAN

1
F(z) - z/\m|z|2 — 400, as |z| — oo. (6)

Then (1) possesses at least four nontrivial M-periodic solutions.

This paper is divided into four parts. Section 2 presents
variational structure. In Section 3, we present some proposi-
tions. The proof of Theorem 1 is given in Section 4.

2. Preliminaries

To apply Morse theory to study the existence of periodic solu-
tions of (1), we will construct suitable variational structure.

Let S be the set of sequences x = {x,,}'° _, where x,, € R.
Forany x, y € Sand a,b € R, ax + by is defined by

ax +bx = {ax, + bx,} . (7)

Then § is a vector space.
For any given positive integer M, E,, is defined as a
subspace of S by

Ey={x={x,} €S| x,=x,n€Zl. (8)

E); can be equipped with inner product (-, -); _and norm
I 1Ig,, as follows:

M
(%)= D% yp VxyeEy
=1

" )
lxllg,, = <Z > . VxeEy,
where | - | denotes the Euclidean Norm in R™, and x,, - ,
denotes the usual scalar product in R.
Define a linear map L : E,; — RM by
Lx = (xp0. .o xp) (10)

It is easy to see that the map L defined in (10) is a linear
homeomorphism with ||x||EM = |Lx| and (E,, (. ..,...))EM
is a finite dimensional Hilbert space, which can be identified
with R™.
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For (1), we consider the functional I defined on E,, by

I(X) -5 Zza (xn it an)x

nllO

M
- ZF (n,x,),
n=1

where x,,,\; = x,, Vx € E;f, F(t,2) = _[OZ f(t,s)ds.

Since E,, is linearly homeomorphic to R™, by the conti-
nuity of f(t, z), I can be viewed as continuously differentiable
functional defined on a finite dimensional Hilbert space. That
is, I € C'(E,;, R). If we define x,, := x,,, then

za (xn i

where n € Z(1, M). Therefore, x € E,, is a critical point of I;
that is, I’ (x) = 0 if and only if

(1)

Vx € Ey,

aI (x)

Xn+i +f(l’l xn) (12)

k

Zai (Xpoi + Xpi) + f (1x,) =0,

i=0

neZ(,M). (13)

On the other hand, {x,} € E,, is M-periodic in n, and
f(t,z) is M-periodic in t; hence, x € E, is a critical point of
I'ifand only if Zf:o a;(x,_j+x,.)+ f(n,x,) =0foranyn € Z,
and x = {x,,} is a M-periodic solution of (1). Thus, we reduce
the problem of finding M-periodic solutions of (1) to that of
seeking critical points of the functional I in E,,.

Apparently, I(x) € C*(E > R). Consider

(I' (x),v)

--13 3l

nlzl

Xp-i + xn+i) Vot (Vn—i + Vn+i) xn]
M

- Zf (1, x,,) Vs
n=1

(14)
(I" (x) v, w)

= ——ZZ(Z (wn it wn+z) Yy + (Vn it Vn+z)wn]

n111

M
- Zf, (n’ xn) Vi Wy
n=1

for all x,v,w € E,,. For convenience, we write x € E,; as

T
X =(x,%y, .., %)) -

In view of X, = X, VX = (X, %5,..., %) € Epp
n € Z, when M > 2k + 1, I can be rewritten as
1 M
I(x)= ExTAx - ZF (n,x,), (15)
n=1

where
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2a0 a, a, - a_; a0
a 2ay ay vt By Gy G
@ ay 28y Gy Gy Gy G
—A=
a, a a; -+ 0 0 0
a a a3 -+ a 0 0
Let the eigenvalues of A be A, A),...,1",, and let A be a
circulant matrix [18] denoted by
def
A = Circ{—-2ay,—a,,~ay,...,~a;,0,...,
{—2a9,-ay,-a, k )
0, ~, —A_y> - - > — Ay, —Ay } -
By [18], the eigenvalues of A are
M-s
)L =-2a, - Za {expz—} Za {expz—}
(18)
k .
2jsm
= —ZZaS cos <]—> >
s=0 M
where j=1,..., M.

According to (18), for any positive integer M with M >
2k + 1, we know that.

If ay + Yo, la| < 0,then A > 0 (j = 1,2,...,M). That
is, the matrix A is positive definite.
Comparing (18) with (4), we know that A'j = /\j (G =

., M), then, the matrix A has p, different eigenvalues
denoted in such a way:

Ay <Ay <o <Ay, 19)

3. Main Propositions

In order to prove our main results, we will give several
propositions and notations as follows.

Definition 2 (see [4]). Let X be a Banach space, let J €
CY(X,R),and let H, q(A, B) be the gth singular relative homol-
ogy group of the topological pair (A, B) with coefficients in

0
0

3
0 a a4 a, a
0 0 a a;  a,
0 0 0 a, as
(16)
L
SOy Wy G a4y 2a0/

an Abelian group G. B, = rankH,(A, B) is called the g-
dimension Betti number. Let u be an isolated critical point
of J with J(u) = ¢, ¢ € R, and let U be a neighborhood of
in which J has no critical points except u,. Then the group

Cq (]’ uO) =

H, (]CﬂU,LmU\{”o})>

q=0,1,2,...
(20)

is called the gth critical group of J at u, here J, = J™' (~o0, c].
Assume that J satisfies PS condition; J has no critical value
less than « € R; then the gth critical group at infinity of ] is
defined as

C,(J,00):=H,(X,],), q=0,1,2,.... (21)

IfJ "(uo) = 0, then the Morse index of ] at u, is defined
as the dimension of the maximal subspace of X on which
the quadratic form (J "(uo)v, v) is negative definite. Define
K. ={ueX: J'(w) = 0,J(u) = c}. We need the following
condition.

(A) Suppose that a < b are two regular values of J; J has
at most finitely many critical points on J ™' [a, b] and the rank
of the critical group for every critical point is finite.

Definition 3 (see [4]). Assume that ] satisfies condition (A);
€ < ¢ < -+ < g, are all critical values of J in [a,b] and



4

K, = {z},2,...,2. }, i = 1,2,...,m. Choose 0 < € <

min{¢ —a,6 = ¢5..,6y — 61> b — ¢,,}. Define
Mq:Mq(a,b)

™z

Il
—_

rank H, (]c,.+e)]cr€) (22)

i rank C, (],zé), q=0,1,...

1j=1

1l
Mz
M:

Then M, is called the gth Morse-type number of J about
the interval [a, b].

Here the critical groups of J at an isolated critical point
u describe the local behavior of J near u, while the critical
groups of ] at infinity describe the global property of J. The
Morse inequality gives the relation between them.

Proposition 4 (see [4]). Suppose that | € CY(X,R) satisfies
the PS condition and has only isolated critical points, and the
critical values of f are bounded below. Then we have

DMt =) Bt + 1+ Q). (23)
q=0 =0

where My = ¥ 51,y rank C (J,u), B, = rank C,(J, 00); Q is
a formal series with nonnegative integer coefficients.

Now we recall the Lyapunov-Schmidt reduction method.

Proposition 5 (see [5]). Let X be a separable Hilbert space
with inner product (u,v) and norm |u| and let X" and X" be
closed subspaces of X such that X = X @X". Let ] € C'(X,R).
If there is a real number 5 > 0 such that, for all v € X,
w,,w, € X, there holds

(Vf (v+w) = V] (v+w,),wy - wy) > Plw, - wzllz) (24)
then we have the following:

(i) there exists a continuous functiony : X — X'
such that

Jv+y ) = ggg](v’L w), (25)

and y(v) is the unique member of X™ such that

Vi(v+y (), w)y=0, YweX (26)

(ii) the functional ¢ € CY{(X7,R) defined by (v) = J(v +
w(v)) and

(Vo (), vy =(VI(v+y(),v), VYvv,eX; (27)

(iii) an element v € X is a critical point of ¢ if and only if
v+ w(v) is a critical point of J.
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Proposition 6 (see [25]). Assume that the assumptions of
Proposition 5 hold, then at any isolated critical point v of ¢ we
have

C,pv)=C,(fiv(), q=012.... (28)

Proposition 7 (see [25]). Assume that the assumptions of
Proposition 5 hold, if there exists a compact mappingT : X —
X such that, for any u € X, we have V](u) = u — T(u), then
we have ¢:

ind (Vo,v) = ind (V],v+y (v)) (29)

at any isolated critical point v of ¢.

4. Proof of Theorem

Consider the following C' functional:
17 A
I(x)= 2% Ax — ;F (n,x,). (30)

As we know, the PS condition is an important part
of critical point theory. However, under our assumptions
(f1)-(f3), the functional I may not satisfy PS condition. Thus,
we cannot apply the Morse theory directly. But the truncated
functional I, does satisty the PS condition. So we can obtain
two critical points of I via mountain pass lemma; then we can
obtain other critical points by combing Morse theory with
Lyapunov-Schmidt reduction method.

At first, we consider the truncated problem

k

Zai (% + Xpai) + fr(x,) =0, neZ keN, (3)

where
| f(n2), z>0,
fi(@) = {0’ 2 <0, (32)
k
Za,- (%, + Xpi) + fo(x,) =0, neZ keN, (31)
i=1
where
| f(nz), z<0,
f @) - {0’ #=0 (3)

Then the functional I, : Zx R — R corresponding to
(31) can be written as

1 M
I, (x) = 5xTAx - Y F.(x,), (34)
n=1
where F, (n,2) = IOZ f.(n,s)ds. Apparently, I, € C'.

The functional I_ : Z x R — R corresponding to (31)'
can be written as

M
I (x)= %xTAx - ZF_ (x,)> (35)
n=1

where F_(n,z) = JOZ f_(n,s)ds. Apparently, I_ € c.
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We only consider the case of I,; the case of I_ is similar
and omitted.
By (f,), we know that

lim M =0, lim M = feor (36)

z—-00 zZ z—+00 gz

Then there exist real number € > 0 (small enough) and
C. > 0 such that

f+ (z) = fooZ+Ce’

Lemma 8. Under the conditions of Theorem 1, the functional
I, (x) satisfies the PS condition.

if z — +00. (37)

Proof. Let {x?} € E,, be such a sequence; that is, there exists
a positive constant M, such that |I, (x?)| < M, Vq € N, and
that I(Ii(xq),v)l — 0asq — +00, Vv € E,.

Therefore,
2M, 221, (x7) - (I, (x7),x7)

+

I
Mk

[fi () x5 = B ()]

S
1]
—_

1
M=

[+ Coxt) = (5 fuolil)” + Cat+ C. )]

S
]
—

1
L Jul - Com
(38)

That is, {x7} € E,, is a bounded sequence in the finite
dimensional space E,;. Consequently, it has a convergent
subsequence. Thus, we obtain Lemma 8.

Letz' = max(z,0),z~ = max(-z,0),andz = z"—z~. [

Lemma 9. If x € Ey; is a local minimizer of I, then x must
be a local minimizer of I.

Proof. Let x > 0 be a local minimizer of I ; then for any
sequence {x7} c E,;, x1 — x(q — 00), for big enough
g, we have I(x?) > I(x).

In fact,

I(x?)—I(x)=1(x")-1I, (x)

- ¥

neZ(1,M),x1<0

F(x1).

Because x7 — x, x1 = (x1)" - (x)7,and x,, = (x,)" -
(x,) 7,50 (xD)" - (x,)" =x,, —(x1)” - 0.

For any n € Z(1, M), if (x])” = 0, then I(x?) = I(x).

If -(x) — 0, by (fy), f(O) = 0,and 0 <
f’(z) < v, then f(z) < 0 for z — 0. Therefore,
= Ynez(,m)xi<o F(x]) > 0; that is, I(x) > I(x).

The proof of Lemma 9 is complete. O

Itis easy to see that the zero function 0 is a local minimizer
of I,, and I,(s¢;) — —ooass — +0o, where ¢, is a first
eigenfunction corresponding to the first nonzero eigenvalue
of A. Thus, by the mountain pass lemma we obtain a critical
point x, of I,. However, it is true that x, is a critical point
of I'if x, is a critical point of I ; then we deduce that x, is a
critical point of I with

G, (ILx,) = 0,1G, x,>0in Ey. (40)

Similarly, we obtain another critical point x_ of I and

Cy(Lx)=68,,G, x_<0inEy. (41)

Next we will prove that I has two more nonzero critical
points. We decompose E,; = X~ ® X" according to f, = A,,,.
We set

X =P Ker(a- A1),
i=1

M
X' = @D Ker(A-A), (42)

i=m+1
Ey =X Px*.

Since f'(z) <y < A, forany v € X~ and wy, w, € X7,
we have

(VI(n,v+w,)-VI(n,v+w,), w, —w,)
(43)
> Bllwy - w, [,
where B = 1-yA.. .
continuous map ¥ : X~ — X' and a C'-functional ¢ :
X~ — Rsuch that

Then, by Proposition 5, there exist a

¢() =1(v+y(v)=min. (44)

We need to show that ¢ has at least five critical points.
Hence, we assume that ¢ has no critical value less than some
a € R

Lemma 10. Suppose that f € C'(R,R) satisfies (f,)-(f3),
then the functional ¢ is anticoercive.

Proof. According to (f3), there exists R > 0 such that

1

EAmzZ ~F(2)<0, |z|=R (45)
Then, for any z € R, we have

1 2 1 2
= -F(z)<T= - -F .
2/lmz (2) < gﬁg 2)LmZ (2) (46)
Assume that {vt};fl is a sequence in X~ such that [|v'|| — oo.

Let & = v'/|['|, then ||€"]| = 1. Because of dim X~ < oo, there
exist some £ € X~ such that, up to subsequence [|€ —&|| — 0,

1€ = 1.



In particular, £#0, meas ® = meas{n € Z[1, M]
£,#0} >0.Forn € O, |v;| — 00. Hence, by (f3),

Z@ <§/\m"vt"2 -F (vi)) — -00, ast-—00. (47)
ne

By the above discussion, we have

1 2 M ¢
S EDWICH

= ¥ [Aalnl - F (4)]

neod

v Y Bl -F ()]

ne[1,M]\©
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< 3 [Gral - E ()] + mr

ne®
— —00.
(48)
This concludes the proof. O

Because ¢ is anticoercive, we choose a < b < aand p >
r > 0 such that

Ap Co, C Ar C Pp> (49)

where A, = {ve X™ : |lvll = p}. Since ¢ has no critical value
in [aa b]) H* ((Plp ¢a) =0.

Thus, we have the following commutative diagram with
exact rows:

_ B _ 3,
02Hq(¢b>§0a) —— Hq(X ’(Pa) E— Hq(X >(Pb) —>Hq—1(‘Pb’(Pa):O

| | > |

T (50)

0=Hy(A,A,) —— Hy(X,A,) —— Hy(X,A,) — H, (A, A,)=0

where all the homomorphisms except 0, are induced by
inclusions. The exactness of rows implies that i,, k, are
isomorphisms. Hence I, : H,(X™,9,) — H, (X", A,) isalso
an isomorphism, and we get

C,(p,00) =H, (X ,9,) =H, (X, A,) =8,,,G.  (51)

Because the anticoercive functional ¢ is defined on the
m-dimensional X, it has a critical point v, with

C,(p.v) =8,,G. (52)

Let 0, v,, v_ be the projection of 0, x,, x_ in X,
respectively. Then they are all critical points of ¢. By (11), (14),
and Proposition 6, and 0 is a local minimizer of I, we have

Cq ((P’ Vi) = Cq (I’ xi) = 6q,lQ>
C,(9,0)=C,(1,0)=6,,Q

If 0, v,, v_, v are the only critical points of ¢, then by
Proposition 4 with ¢ = -1,

D242 x (=D + (D™ = (-D™. (54)

(53)

This is impossible. Thus ¢ has at least five critical points.
So I also has five critical points, four of which are nonzero.
Therefore, (1) has at least four nontrivial solutions. This
completes the proof of Theorem 1.
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