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Reverse osmosis (RO) technique is one of the most efficient ways for seawater desalination to solve the shortage of freshwater.
For prediction and analysis of the performance of seawater reverse osmosis (SWRO) process, an accurate and detailed model
based on the solution-diffusion and mass transfer theory is established. Since the accurate formulation of the model includes many
differential equations and strong nonlinear equations (differential and algebraic equations, DAEs), to solve the problem efficiently,
the simultaneous method through orthogonal collocation on finite elements and large scale solver were used to obtain the solutions.
The model was fully discretized into NLP (nonlinear programming) with large scale variables and equations, and then the NLP
was solved by large scale solver of IPOPT. Validation of the formulated model and solution method is verified by case study on a
SWRO plant. Then simulation and analysis are carried out to demonstrate the performance of reverse osmosis process; operational
conditions such as feed pressure and feed flow rate as well as feed temperature are also analyzed. This work is of significant meaning

for the detailed understanding of RO process and future energy saving through operational optimization.

1. Introduction

China, which has the largest population in the world and is
called the world’s factory, has a much more serious problem
of freshwater shortage. This problem is expected to worsen
in the whole world with the growth of industrialization, as
well as climate change [1-3]. Seawater desalination based on
RO (reverse osmosis) membrane technique is one of the most
promising ways to obtain freshwater, especially in the coastal
regions and islands. More than 40% market shares of seawater
desalination based on RO technique was occupied worldwide
in the past decade [4]. Reverse osmosis (RO) is also a
membrane technology driven by high pressure and is used
to separate salt and water of the same order of molecular size.
High pressure is applied on the feed side of the membrane
to overcome the osmotic pressure and cause transport of the
solvent from feed to permeate side. Among the membrane
modules, spiral-wound RO occupies the largest market share
because of its relative ease of cleaning, fabrication technology,
and very large surface area per unit volume [5, 6]. The general
process of SWRO can be found in the specialized literature
[7, 8]. To achieve a high recovery in a single stage, several

spiral-wound elements in series, held in a cylindrical pressure
vessel, are usually used in seawater desalination applications.
Generally a reverse osmosis desalination unit is composed of
dozens of cylindrical pressure vessels, and several units with
a permeate water storage tank were used as the key part of a
seawater desalination plant.

The feed pressure as well as other parameters such as
operational temperature and properties of the membrane
has significant effect on the performance of SWRO pro-
cess. It is quite important to understand the mechanism of
SWRO process and improve the performance and reduce
the energy consumption. For this reason, based on solution-
diffusion model and film theory, the model of RO process
was researched, found, analyzed, and used to optimize the
operation of SWRO plant [9, 10].

Libotean and Khayet established the performance predic-
tion model based on data-driven method such as artificial
neural networks [11, 12]. Since modeling based on rigid
first principle can reveal more information, Senthilmurugan
et al. [9] applied the solution-diffusion model modified
with the concentration polarization theory for analyzing the
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operation and performance of RO systems. Abbas analyzed
and simulated an industrial medium-scale brackish water
reverse osmosis plant with semirigorous model, and then he
used it to analyze the optimal operation of RO system [13].
Geraldes considered both the investment cost and operation
cost of SWRO system and provided the differential equations
of the RO process with distributed method [14]. Then, to
avoid computing difficulties, he simplified the simulation
process and solved his optimal problem with simple differ-
ence equations. Sundaramoorthy et al. build more complex
analytical model of spiral wound reverse osmosis modules,
based on complex model parameters estimation; the model
is computed based on sequential method [15]. To get more
accurate results, more modeling and simulation of reverse
osmosis system are carried out with CFD technique [16-18].
But since these models are not founded with simultaneous
method, computing efficiency for simulation and optimiza-
tion cannot be guaranteed for online application.

In this paper, to achieve accurate prediction of RO process
performance and to accelerate the computing efficiency for
real time simulation, the mathematical modeling is carried
out based on rigid first principle, then simultaneous method
within which the differential variables are fully discretized
by finite element collocation. The mathematical model is
verified and then simulation under different conditions will
be discussed.

2. Mathematical Modeling of
Spiral-Wound RO Process

The performance of SWRO plants is quite sensitive to the
quality of the feed water and plant operating conditions.
Based on solution-diffusion model and film theory and
according to the schematic diagram of the SWRO process
shown in Figure 2, more accurate membrane transport equa-
tions of steady-state in the form of distributed parameters can
be derived.

For the RO membrane, the overall fluid and solute mass
balance equations are

Qp:Qf_Qr

Qfo = QrCr + Qpcp

L

Qp = nlWJ Jvdz.
0

@

Here subscripts f,r, and p refer to the feed, reject (brine),
and permeate (product) streams. Q and C refer to the flow
rate and salt concentration, respectively. The local water flux
and salt flux can be calculated from the Kimura-Sourirajan
solution-diffusion mass transport relations. #;, W, and L
express the number of leaves and the width and length of
the RO module, respectively. The solution-diffusion model is
assumed to be valid for the transport of solvent and solute
through the membrane. According to this model, solvent flux
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Jv and solute flux Js through membrane are expressed by the
following equations:

Jv=A,(P;-P;-P,- An)

(2)
Js= Bs (Cm _Cb)'
Let
Pb = Pf - Pd’
(3)
AP=(PB,-P,).
Then
Jv=A, (AP - An), (4)

where A, is the solvent transport parameter, Py is the feed
pressure, P, is the pressure drop along a RO spiral-wound
module, P, is the pressure along the channel of spiral-wound
module, and P, is the pressure of permeate side, which in gen-
eral is assumed as environment pressure. A is the pressure
loss of osmosis pressure. By is the solute transport parameter,
C,, and C, are solute concentration at the membrane surface
on the feed side and solute concentration on the permeate
side, respectively, and C,, is the value of C, at the end of
module. That means C,, = C,(L). A, and B, are sensitive with
operational temperature and related factors; the relationship
is expressed as follows:

T -273
A, = Ay exp <a1W -, (Pf - Pd)>
T -273 ©
Bs = BsO €xp (ﬁl 273 >’

where A, and B, are intrinsic transport parameter in
standard condition and «,, «,, and 3, are constant parameters
for transport. T represents operational temperature with unit
of kelvin degree. The osmotic pressure is nearly linearly
related to concentration by the equation

An=RT(C, -C,), (6)

where R is the gas law constant.

Solution of the above equations requires knowledge of
the RO process specification and parameters as well as the
solute concentration of C,, at the membrane wall, which is
quite different from the bulk concentration C;, due to the CP
(concentration polarization) phenomenon. Through steady-
state material balance around the boundary layer and CP
theory, the following simple expression is developed:

Cc -C ]V
I Jv
¢_Cb—cp eXP<kC>- ?)

The bulk concentration C, and solvent transports Jv vary
along the membrane channel. The computation of the mass
transfer coeflicient k. is as follows [19]:

k.d
Sh = —<=¢ = 0.065Re*¥°Sc", (8)
AB
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FIGURE 2: Scheme of the rectangular channel model of spiral wound module feed channel.

where pisthe density of permeate water, d, is hydraulic diameter

of the feed spacer channel, y is kinematic viscosity, and D 4

vd is dynamic viscosity; it can be calculated by the regression
Re = pPree equation
7
- - 2513
p ) D=6725x10"° - exp (0.1546 x107°C, - —)
Sc = 27315+ T

(Do) (10)



The relationship between Jv and Js is
Js = JvC,,. (11)

According to Figure 2, the pressure loss along the RO channel
can be formulated as

dp, v?

=T 2)
where

A =6.23K,Re . (13)

K, is the empirical parameter. Since the pressure along RO
Pb =P f- P d> SO

dp, __dp,
dz  dz

atZZO,Pb :Pf,atZ:L,Pb :PT‘
V is axial velocity in feed channel and satisfies

2
_ )\dﬂ‘%, (14)
e

v __ 2y
dz  hy
Qy
tz=0, V=V, = 1
at z f neWhSP (5)
atz=L, V=V, = Q.
n,Wh,

hg, is height of the feed spacer channel.
The bulk concentration C, varies along the membrane
channel and can be given as

dCb 2]V
o 2V (¢,-c,),
= iy (GG (16)

andatz =0,C, =Cpatz =L, C, =C,.

From the solution of the above equations, Q, and C, at
given operational conditions and specification of membrane
can be obtained, from which the water recovery rate Rec and
specific energy consumption SEC can be calculated by the
equations

Rec = % 17)
= Qf

SEC = (P_fo/sp - PrQrsef) ) (18)
Qp

Salt passage and salt rejection coefficient are also two
important parameters reflecting the performance of the RO
process. They are formulated as the following equations:

CP
Sp= " x 100% (19)

x 100%, (20)
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where ¢, and ¢, are the mechanical efficiency and energy
recovery efficiency, respectively.

Equations (1)-(20) explain the detailed reverse osmosis
process with spiral-wound membrane module. If the oper-
ational variables, such as feed flow rate and feed pressure,
are fixed, the permeate quality and related performance can
be obtained by the solution of the equations. Otherwise, the
operational variables and related parameters can be calcu-
lated by (1)-(20) under certain constraints. The constraints
listed in (21) include requirement of equipment safety, water
quality, and parameter of CP:

Pg, < Py < Py,

Qo < Qf < Qpyyp

Cpo<Cp<Chpy
P P pup (21)

T, <T<T,

¢ < Prnax
H, . <H, <H,

tmin = max”’

3. Discretization and the Solution Method

Since (1)-(20) include a set of strong nonlinear equations
and even DAEs (differential and algebraic equations) and
since there are more constraints than those of the equation
mentioned above, it is fairly tough to solve this kind of
problem efficiently with high accuracy [20-22]. Here the
DAEs (1)-(21) are converted into the form of NLP (non-
linear programming) through simultaneous approach by
approximating state and control profiles with a family of
polynomials on finite elements (shown as Figure 3) [20, 23].
These polynomials can be represented as power series, such
as orthogonal polynomials, or in Lagrange form. Here the
following monomial basis representation for the differential
profile was selected, which is popular for Runge-Kutta dis-
cretizations [23]:

i) de
n ),

1

K
z(t) =z, +h Y Q ( (22)
gq=1

Here z;_, is the value of the differential variable at the
beginning of element i, h; is the length of element i, dz/dt;
denotes the value of its first derivative in element i at the
col}oca}tion point g, and €, is a polynomial of order K,
satisfying

Q0 =0, g=1,...,K
(23)

Qé (p) =8, q9=1...K

where p, is the location of the rth collocation point within
each element. Continuity of the differential profile is enforced
by

z

S d
z =z th ) 0 () - = (24)
q=1 tig
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FIGURE 3: Discretization by collocation on finite element.

Based on a number of studies of Larry group [20, 24-26],
Radau collocation points were selected in this study because
they allow constraints to be set at the end of each element
and to stabilize the system more efficiently if high index DAEs
are present. In addition, the control and algebraic profile are
approximated using a Lagrange basis representation which
takes the following form:

1
) Y i,q

S t—1i,
u(t) = qu . Ui g
q=1 i

K t—
y(t) = Z%( e
g=1

(25)

Here y;, and u;, represent the values of the algebraic and
control variables, respectively, in element i at collocation
point g, f is the value satisfying t; ; < t < t;, and ¥, is the
Lagrange polynomial of degree K satisfying

K-t /h &@E-t)/
1llq()_H(f‘f E(”-ﬂ)/h -1 Pq—P)
wq(p,)=8q’r, gr=1,....K.

(26)
And, at collocation points,
r 1, g= _
v, (1) =6,, {0 abr (gr=1,....,K). (27)

The differential variables are required to be continuous
throughout the time (or space) horizon, while the control and
algebraic variables are allowed to have discontinuities at the
boundaries of the elements.

Through the simultaneous method DAEs of (1)-(21) were
transformed into NLP problem. Some state variables in (1)-
(21) can be discretized as flow variables: P; ], Vii» Coijp Zijs
Crip> Vios Paio> Zig> and ]Vi,j’ ]Si,]’ A; D SCz]’ €ij> Keiyj> Cmi, jo
Am; ;. Operational variables Qy, P; and other environmental
variables such as Ty and C are not discretized because they

are operational variables and feed condition variables. The
equations are expressed in the following form:

.. - 273 ..
A4 () = Auoexp (a2 = o (P = By i)
T -273
s (T522)
s sO EXp “2 273
Jvij= Ay (Py =Py - A, ;)
J5i = B (Contj = Cpij)
_sij
pij — ]Vi,j
Ay = RT (Cpij = Cp)
IV,‘,]'
Coiyj = [(Cbi’j - Cp,-,j) exp ( o >:| +Cp;
ci,j
0.875 « 025 9
kCi,j = 0.065Rel’] SCi’j e
Dyp
Sc; =
(PDAB)
-0.3
Ai,]’ = 6.23K/\Rei)j .
(28)
ODE formulations are
Vi
Re,, - PV
Hij
d‘/l,] _ 2]1/1"]'
dx — h,
(29)
Gy, (Coij = Cpi)
dx ’ (hsp x Vi,j)
2
WPaij _ AijP (V)
dx d 2



Collocation equations are

~ ncp dcb
Crij = Cpip + hikZiQk (Pj) m
nep d
Vi = Viio + hiZ‘Qk (p;) % (30)
k=1 i,j
& dp,

Paij = Paio + higiﬂk (r) Kl}

Continuity equations are

ncp dcb
Crio = Cpir0 + hiy sz 1) p
k=1 xi—l,k
& av,
Vio=Vio + hi—lZQk (1) p : (31)
k=1 xi—l,k
ncp dP
d
Paio = Paigp + hi—lZQk (1) .
k=1 xi—l,k
Initial conditions are
Chio = Cf
Vip= Vf (32)
Pdl,O = 0.

Here0<x/ <L,i=1---100 j=1---K.

Figure 3 gives the detailed discretization process and
distribution of discretized variables. Since the NLP problem
is formulated with large scale equations and variables through
discretization of the original model, it can be solved by
large scale NLP solvers such as IPOPT. If all the operational
variables (feed pressure and feed flow rate) are fixed, the
solution of the problem results in the simulation of the RO
process; profiles of key performance parameters as well as
detailed status variables can be obtained, which is helpful for
us to understand the mechanism and the whole process.

4. Model Simulation and Analysis Based on
Seawater Desalination Plant

Based on the mathematical model and collocation method
on finite element, the solution of the problem will yield
the profiles of key performance parameters as well as the
distribution of state variables. To verify the validity of the
established model, data of a real seawater desalination plant
is studied and then used for the simulation and analysis. The
main process of the plant is the same as Figure 1. SW30HR-
380 membrane modules were selected in series in the pressure
vessel, and 55 pressure vessels were used to form two RO
process units. Some conditional parameters are listed in
Table 1.

Field data of a RO process are used for model verifi-
cation and parameter identification. The key performance
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TABLE 1: Feed condition of the seawater plant.

Feed concentration (kg/m3) 30
Feed temperature (°C) 25
Feed pressure (Bar) 59
Feed PH 5-8
Density p (kg/m?) 1000 (at 0°C)

Kinematic viscosity (kg/m/s) 1.02e — 6 (at 0°C)

TaBLE 2: Comparison of the actual performance with those from
ROSA9.0 and our model.

Item Rec (%) Ry (%)
Field data 41.6 99.37
ROSA9.0 42.7 99.58
Model 421 99.52

parameters such as water recovery rate and salt rejection are
compared to indicate the accuracy of the model. Comparison
of the field data with those obtained from established models
and ROSA9.0 is listed in Table 2. ROSA is a powerful software
package developed by Dow Chemical Company to help
design the RO process system [27]. As can be seen from
Table 2, the overall results obtained from the established
model are in good agreement with those obtained from both
ROSA and the field data. Though the water recovery ratio and
salt reject are lower than our model and that of ROSA9.0,
the relative error is quite small. So the established model can
be well used for the simulation and analysis of the seawater
RO process. Since the established model was affected by
feed temperature obviously, the properties and correction
factor are also compared with the real data or the data from
literature [13].

Figures 4, 5, and 6 are the comparison results between
model value and real value; it can be seen that these property
parameters agree with the real data with relatively high
accuracy. The RO process model is fairly robust at the
temperature range from 0°C to 60°C.

Based on the collocation method on finite element,
simulation results are yielded through the solution of the
discrete model. Simulation results are shown in Figures 7,
8,9, 10, 11, 12, 13, 14, 15, and 16. From these figures it
can be seen that the velocity of solvent, permeate flux, and
concentration polarization in modules decrease nonlinearly
along the length of membrane. The reason is that the feed flow
is separated as two parts, and the pressure difference between
the two sides decreases quickly. The osmosis pressure increase
is the main factor for the decrease of pressure difference,
which is shown in Figure 9. It also can be seen that the
decrease of CP along the length of membrane is relatively
small, and the rejection coeflicient is higher than 99.4% along
the length of membrane; the decrease is fairly small and the
simulation value is almost the same as the real value. Figure 11
shows the relationship of feed TDS and permeate TDS; as
the feed TDS increase linearly, the permeate TDS increase
nonlinearly.

From (18), the value SEC is affected by the energy recovery
efficiency €, and the mechanical efficiency ¢,,. Here they are
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FIGURE 5: Comparison of DAB with literature.

set as 0.85 and 0.65, respectively. At the given feed condition
of Table1, calculation result shows that about 4.373 kw-h
electricity energy should be consumed to produce one cubic
meter freshwater. From Figure 16 it can be found that the
value of SEC decreases at initial time when the feed pressure
increases; then the SEC increases again as the pressure
increases continually; there is a minimizing value as the feed
pressure increases from about 30 bars to 90 bars. This means
that through improving the operational condition, significant
energy saving can be achieved.

Temperature correction factor
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FIGURE 6: Comparison of TCF curve along temperature.

0.28

0.26

0.24

Feed velocity (m/s)

0.22

0.2

0.18 . . . . . . .
0 1 2 3 4 5 6 7 8

Length of membrane (m)

FIGURE 7: Flow velocity along the length of membrane.

Based on the well-established model, profiles of the
relationship between feed conditions and key performance
parameters can be obtained, which are listed in Figures 12—
16. From Figure 12 it can be seen that Rec (water recovery
ratio) increases quickly and almost linearly with the increase
of feed pressure, because the increase of feed pressure can
cause the increase of permeate flux Jv. The other parameter of
salt reject increases nonlinearly and slowly with the increase
of feed pressure; at the feed pressure of 59 bar, the salt
reject is more than 99.5%. From Figure13 it can be seen
that Rec reduces quickly as the feed flow rate increases,
while the Ry has the positive relationship with the feed flow
rate; this is because of the fact that velocity in the feed
channel has positive linear relationship with feed flow rate.
And when the feed flow rate increases, the velocity of feed
channel increases correspondingly, but the residence time
of seawater in the channel will be largely decreased; there
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is also not enough time for salt to be transported to the
permeate water side, which results in the reduction of Rec.
From Figure 14, it can be seen that, as the feed concentration
C, increases, the water recovery and salt reject decrease
substantially; this is explained by the needing of much more
transmembrane osmotic pressure and more difficulty to resist
the diffusion of brine. The effect of temperature on the RO
process performance is shown in Figure 15, from which it
can be seen that, with the increase of feed temperature, Rec
increases substantially, but the Ry decreases accordingly. This
can be explained by the increase of transport parameters A,
and B, and the corresponding increase of permeate flux and
solute flux.
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5. Conclusion

In this paper, based on the solution-diffusion and mass
transfer theory, a spiral-wound SWRO process model is
established. The model is expressed by DAEs (differential
and algebraic equations) of (1)-(21) with some inequality
and equality constraints of equipment and water quality. To
solve the tough problem with high efficiency and accuracy,
orthogonal collocation on finite element is proposed to
transform the problem into NLP. All the state variables
and intermediate variables are discretized and (1)-(21) are
transferred into (28)—(32). Then IPOPT solver under GAMS
platform is used for the efficient solution. And the effi-
cient solution yields detailed simulation results related to
operational variables and key performance. Profiles of feed
pressure, feed concentration, and feed velocity along feed
channel are investigated as well as relationship of water
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FIGURE 15: Rec and Ry as the function feed temperature.
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FIGURE 16: Sec value change curve along the feed pressure.

recovery with temperature and feed pressure. SEC, which is
the key performance parameter of energy consumption, is
also calculated. The minimizing value in the middle curve
shows that, through improving the operational condition,
significant energy saving can be achieved. Factors including
the feed conditions and operational temperature are also
analyzed. All the work is helpful to further understand the
mechanism of SWRO process, and shows the significant
potential for energy saving through optimal operation.

Nomenclature

ay, &,, 3 Constant parameters
Ay Membrane water permeability
(ms!'Pal)
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A ¢ Intrinsic membrane water permeability
(ms™'Pa!)

B;:  Membrane TDS permeability (m/s)

B,,: Intrinsic membrane TDS permeability (m/s)

Cy: Feed salt concentration (kg/ m?)

C,: Brine concentration (kg/m3)

C,: Permeate concentration (kg/ m’)

C,p: Bulk concentration along feed channel
(kg/m?)

C,,: Salt concentration on the membrane surface
(kg/ m’)

d,: Hydraulic diameter of the feed spacer
channel (m)

D 4p: Dynamic viscosity (m?/s)

h;:  The length of the ith finite element

hg,:  Height of the feed spacer channel

Jv:  Solvent flux

Js: Solute flux

K,: Empirical parameter

k.: Mass transfer coeflicient (m/s)

L:  Length of the RO module (m)

n;: Number of leaf in RO module

Py Feed pressure (bar)

P;: Pressure drop along RO spiral wound
module (bar)

P,:  Pressure in permeate side (bar)

P,:  Pressure along feed channel (bar)

P.:  Brine pressure (bar)

Qy:  Feed flow rate (m*/h)

Q,: Brine flow rate (m®/h)

Qp:  Permeate flow rate (m>/h)

R: Gas law constant

Re: Reynolds number (dimensionless)

Sc: Schmidt number (dimensionless)

Sh:  Sherwood number (dimensionless)

T:  Operational temperature (K)

V:  Axial velocity in feed channel (m/s)

W:  Width of the RO module (m)

Rec: Water recovery ratio (%)

SEC: Specific energy consumption (kw-h/m?)

Sp:  Salt passage coeflicient (%)

Ry: Salt rejection coeflicient (%)

Yiq: Values of algebraic variables in element 7 at
collocation point q

u;4: Values of control variables in element i at
collocation point q

z(t): Differential variable

z;_1: Value of the differential variable at the
beginning of element i.

Greek Symbols

A7 Pressure loss of osmosis pressure (bar)

p:  Density of permeate water (kg/m?)

p:  Kinematic viscosity (kgm ™" s™")

A:  Friction factor

€,: Mechanical efficiency of high pressure pump

Journal of Applied Mathematics

€yt Energy recovery efficiency
Qq(t): Polynomial of order K
¥, (t): Lagrange polynomial of degree K.

Subscripts

b: Bulk

f: Module feed channel
m: Membrane surface
p: Permeate side

st Salt.
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