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We study a general second-order m-point boundary value problems for nonlinear singular impulsive dynamic equations on time
scales u®V(t) + a(t)u®(t) + b()u(t) + q(t) f(t,u(t)) = 0,t € (0, 1),t¢tk,uA(tZ) = uA(tk) - L (u(ty)),and k = 1,2,...,n,u(p(0)) =
0,u(c(1)) = Y7 ? o;u(n;). The existence and uniqueness of positive solutions are established by using the mixed monotone fixed

i=1

point theorem on cone and Krasnosel'skii fixed point theorem. In this paper, the function items may be singular in its dependent

variable. We present examples to illustrate our results.

1. Introduction

The theory of dynamic equations on time scales unifies the
well-known analogies in the concept of difference equations
and differential equations. In the past few years, the boundary
value problems of dynamic equations on time scales have
been studied by many authors (see [1-16] and references cited
therein). Some classical tools have been used in the literature
to study dynamic equations. These classical tools include the
coincidence degree theory [11, 12], the method of upper and
lower solutions [7, 10], and some fixed point theorems in
cones for completely continuous operators [1-5, 9, 13-16].
Recently, multiple-point boundary value problems on time
scale have been studied for instance [4, 5, 12].

In 2008, Lin and Du [5] studied the m-point boundary

value problem for second-order dynamic equations on time
scales:
V() + fbu)=0, te(OT)eT,

m—2 (1)
u(0)=0, u(l)= Zki” (&),
i=1

where T is a time scale. By using Green’s function and the
Leggett-Williams fixed point theorem in an appropriate cone,

the existence of at least three positive solutions of the problem
is obtained.

In 2009, Topal and Yantir [4] studied the general second-
order nonlinear m-point boundary value problems:

W () ra®)ud @) +b ) u(t) + Ah(t) f (tu(t)) =0,

te(0,1),

m—2
u(p0) =0,  u()= Y oul(n)
i=1
®)

with no singularity. The authors deal with the determining
the value of A, the existence of multiple positive solutions of
(2) is obtained by using the Krasnosel’skii and Legget-William
fixed point theorems.

Impulsive differential equations are now recognized as an
excellent source of models for simulating processes and phe-
nomena observed in control theory, physics, chemistry, pop-
ulation dynamics, biotechnology, industrial robotics, optimal
control, and so forth. In recent years, impulsive differential
equations have become a very active area of research. In this
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paper, we consider the following impulsive singular dynamic
equations on time scales:

WO +rat)ut )+ b u) +q@) f (tut) =

t€(0,1), t#t,

ut (1) = ut (t) - L (u(ty), k=1,2,...,n, ()

m-2
o)=Y au(n),

i=1

u(p(0)) =

whereax > 0, 0 < #; <, < Lforalli =1,2,...,m -2,

I, f, g, a, and b satisty the following:

(C1) f € C([p(0),0(1)] x (0,+00),[0,+00)) and f(t,u)
may be singular at u = 0, I, € C([0, +00), [0, +00));

(C2) g € C((0, 1), [0, +00)) and there exists ¢, € (0,1) such
that q(t,) > 0, q(t) may be singular att = 0, 1;

(C3) a € C([0, 1], [0, +00)), b € C([0, 1], (=00, 0]).

The main theorems of this paper complement the very lit-
tle existence results devoted to impulsive dynamic equations
on a time scale. We will prove our two existence results for the
problem (3) by using mixed monotone fixed point theorem
on cone [17] and Krasnosel'skii fixed point theorem [18]. This
paper is organized as follows. In Section 2, starting with some
preliminary lemmas, we state a mixed monotone fixed point
theorem on cone and Krasnosel’skii fixed point theorem. In
Section 3, we give the main result which states the sufficient
conditions for the m-point boundary value problem (3) to
have existence of positive solutions. We also present examples
to illustrate our results work.

2. Preliminaries

In this section we state the preliminary information that we
need to prove the main results. From Lemmas 2.1 and 2.2 in
[4], we have the following lemma.

Lemma 1. Assume that (C3) holds. Then the equations

$¥ () +a ey (O +b(OG () =0, te(01),
h(p(@)=0, ¢ (c(D)=1, “
6 ) +alt)gs () +b(t)d, (1) =0, te(0,1),
b (pO) =1 ¢ (c()=

have unique solutions ¢, and ¢,, respectively, and
(a) ¢, is strictly increasing on [p(0), (1)]; (b) ¢, is strictly
decreasing on [p(0),o(1)].

For the rest of the paper we need the following assump-
tion:

(C4) 0 < Y7 % iy (1) < 1.
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Lemma 2. Assume that (C3) and (C4) hold. Let x €
Clp(0),a(1)]. Then boundary value problem

SO +raO O +bEx)+x@t) =0, te(0,1),

m—2
x(o(1) =Y apx(n)

i=1

x(p(0)) =0,
(5)

is equivalent to the integral equation

o(1)
x(t) = J H(t,s) p(s)x(s)Vs+ A¢, (t), (6)
p(0)

where

Pt =e,(p(t),p(0)),

m—2

Z r H (1;,5) p(s) x(s) Vs,

1 - sz12‘x¢1 ’71 i=1
1 ¢ (), (1), s<t,
H > = —
) i (p(0) {¢1 )¢y (s), t<s.
(7)
Lemma 3. Green’s function H(t, s) has the properties
H(t,s) < H(t,t),
¢r (p(0))
N H () H (s,s) < H(s) < H(s,s),
ol 0T EIHEI=HED
.|
H(tt) <¢, (t) ———— ( (0))

Lemma 4. Assume that (C3) and (C4) hold. Let u ¢
C[p(0),0(1)] be a solution of the boundary value problem (3)
if and only if u is a solution of the following impulsive integral
equation:

a(1)
um=j
p(0)
n

+ ZG () I (u (1)) »

k=1

G(t,s)p(s)q(s) f(s,u(s)) Vs
9)

where

m-2
z oH (17;,5) ¢y ().

Gt,s)=HtS)+ ——.5——
1- Zi:lz oy (’1i) i=1

(10)

Lemma 5. Greens function G(t,s) defined by (10) has the
properties

Gy,()G* () <G (6s) <G (s),  G(ts) < ()C(s),

(11)
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where
g 1 (S

C = ,‘H i >
© ¢t (p(0)) ' 1- Y ey () S aH (1)

. ¢ (S
G ()=H(s,)+ ——mz—— ) aH(ns), (12)
1= Y7 oy () l;
¢ (p(0)
(AN

Lemma 6. Assume that (C1)-(C4) hold. Then the solution of
(3) satisfies u(t) = Gy(t)|lull.

G, (t) = H(tt).

The proofs of the Lemmas 3-6 can be obtained easily by
Lemmas 1 and 2.

For our constructions, we will consider the Banach space
E = C[p(0),0(1)] equipped with standard norm [ul| =
mMaX,,g)<¢<o(1) [U(t)], u € E. We define a cone K by

K={ueX|u®)=2Gy®)|ul, te[p(),oc)]}. @13)

From Lemmas 4 and 5, we define the integral operator T :
K — Eby

a(

1)
Tu(t) = J o G(t,s)p(s)q(s) f(s,u(s))Vs
p

+ iG(t, ti) I (u(tr)) -

(14)

Then, it is clear that the solutions of (3) are the fixed points of
the operator T.

Thus, from Lemma 4, standard arguments show that
T(K) ¢ K and T is completely continuous.

The following content will play major role in our next
analysis.

Let P be a normal cone of a Banach space E, and lete € P
with |e]| < 1,e#0. Define

Q, ={x € P| x+0, there exist constants m, M > 0
(15)
such that me < x < M e}.

Definition 7 (see [17]). Assume S: Q, x Q, — Q,. S is said
to be mixed monotone if S(x, y) is nondecreasing in x and
nonincreasing in y, that is, if x; < x, (x;,x, € Q,) implies
S(xy, y) < S(xy, ) forany y € Q, and y; < y, (1,1, € Q,)
implies S(x, ;) > S(x, y,) for any x € Q,. x* € Q, is said to
be a fixed point of § if S(x™, x*) = x*.

Theorem 8 (see [17,19]). Suppose thatS: Q,xQ, — Q,isa
mixed monotone operator and 3 a constant «,0 < « < 1, such
that

1
S(tx,;y)zt“S(x,y), Vx,y€Q, 0<t<l. (16)

Then S has a unique fixed point x* € Q,. Moreover, for any
(xO) }’0) € Qe X Qe>

xnzs(xn—l’yn—l)’ n=12,...

17)

Yn = S (yn—l’ xn—l) >

satisfy
x, — x", Yy — x", (18)
where

=l =0(1=7"),  Ipa-x"f=0(1=+), (19)

0 <r < 1, andr is a constant from (x,, ¥;).

Theorem 9 (see [18]). Let X be a Banach space, and let P ¢ X
be a cone in X. Assume that Q, Q, are open subsets of X with

0e€Q, cO cQyandletS: P — P bea completely
continuous operator such that either

@ ISwl < |wl, w € PnoQy, [Sw| = |wll, w € PN oQ,,
or

2) ISwll = lwl, w € PN oQy, [[Swl < llwlw € P noQ,.

Then S has a fixed pointin PN Q, \ Q.

3. Main Results

First, by using Theorem 8 we establish the following main
result.

Theorem 10. Suppose that conditions (C1)-(C4) hold and

(C5) f(t,u) = hy(u) + go(u), I, (w) = h(u) + g (u) (k =
0,1,2,...,n) and

i : (0,+00) — (0, +00) is continuous and nonincreasing;

hy : [0,+00) — [0, +00) is continuous and nondecreasing

(20)
fork=0,1,2,...,m.
(C6) There exists « € (0, 1) such that
Ik (t_lx) >t%g (x), (21)
e (tx) = t7hy (x) (22)
foranyt € (0,1)and, x >0,k=0,1,2,...,n.
(C7) Consider that q € C((0, 1), (0, 00)) satisfies
1
J C(s)$,* (5) p(s)q(s)ds < +oo. (23)
0
Then (3) has an unique positive solution u™ ().
Proof. Since (21) holds, let lx = y; one has
9 (¥) 2 g (ty). (24)

Then

1
gk(ty)st—“gk(y), fort€(0,1), y>0. (25



Let y = 1. The above inequality is

g (D) < tlagka), for t € (0,1). (26)

From (21), (25), and (26), one has

a(9)2 0@, ;)= 0,

gi (tx) < tlagk (x), g ()< ti“gk 1), @7
for t € (0,1), x> 0.
Similarly, from (22), one has
Wy (tx) 2y (%), by () 2 7Ry (1),
(28)

fort € (0,1), x>0, k=0,1,...,m
Lett = 1/x,x > 1; one has
R (x) < x"h, (1), forx>1, k=0,1,....,m.  (29)

Lete(t) = ¢, (t)/l¢; |I; it is clear that [le] < 1. We define

Q, - {x cCl0,1]| A—l/[e(t) <x(t) < Me(t),t € [0,1]},
(30)

where M > 1is chosen such that

o(1)
M > max 1 [J o g C(s) p(s)q(s)
p

x (o (1) +€ () go (D) Vs + Y [[¢4] C ()
k=1

1/(1-«
(e (1) 4™ (rk>gk<1>)] ;

[ ||¢1||
1 1 (xl¢1 (’71)

(1)
xZ IR IICPIS

(1/(1-a))
x (e (s) hy (1) + g, (1)) Vs] }
(31)
For any x, y € Q,, we define

a(1)

T@mﬂﬂ=] G(t,5) p(9)q(s)

p(0)

x (ho (x(5)) + go (¥ () Vs (32)

+ 36 010) O ((6) + 9 (1),
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Let x,y € Q,. On one hand, from (27), (28), and (29), for
k=0,1,2,...,m, we have

0 () < g (376 ) < M7 (0 g, (1),
By (x () < by (Me (£)) < hy (M) < M®h, (1),

g (¥ () = g (Me (1)) > g, (M)

1 1 (33)
> gk<1/—M> > ng(l),

Iy (x (1)) zhk<ﬁe(t)> L g (t)hk%)

o 1
ze (1) 7 oh(1);
then

L 0 e (1) + g (1) < B (x(0) + g (3 (1)
M (34)
< M*(h () + e (1) g (1), te(01).

Thus, for any x, y € Q,, we have

Al

T(x’)’)(t)ze(t)m
T oai=1 YY1 Ul

m—2

x;%f

s)p(s)q(s)

x (hy (x (s)) + go (¥ (5))) Vs
I 1
1- ZEZ oy (’7i)
-2

m—
X al J ’/’1’

i=1

>e(t)

)p(s)q ) 1«

x (e* (s) hy (1) + gy (1)) Vs

||¢1 I
z 1 1¢1 (’71)

1
> —el(t)
M= 1-Y
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T (x, y) ()

a(1)

<e(t) 1 6] C () p(s) g (s) | (o (x(s))
(0)
P

+g0 (x(s)) Vs + z "‘/’1 “ C (tk)>
k=1

+ Y6 (6 8) (e (60)) + i (v (20)

k=1
a(1)
> * “ G(t,s)p(s)q(s)
0)

p(

X (hy (x(s)) + go (¥ (5))) Vs

+ZG (. tie) (e (x (8)) + gic (v (1))

x (hy (x (1)) n }

0 (0) |

a(1)
<e(t) 1 I, ]| C (s) p (s) q (s) M*
(0)
p
x (hy (1) + e “(s) go (1)) Vs

+ Y el € (1) M
prt
x (hy (1) + e () gi (1))

a(1)
< M% (t) 1 lp: C(s) p(s)q(s)
(0)
p
x (o (1) + €% (s) gy (1)) Vs

+ ) Iellc(t)
k=1

x (hy (1) + e () gi (1))

< Me(t), for t € [0,1].

So, T is well defined and T(Q, x Q,) € Q,.
Next, for any [ € (0, 1), one has

(1)

T (1o y) (1) = J G9p(q)

p(0
X (ho (Ix(s) + g, (l_ly (s))) Vs

N iG(t, ti) (g (Ix (t))

k=1

+g: (17 y (8)))

(1)
> J G(t,s)p(s)q(s)
)

p(0

X (I%hy (x (5)) +1%go (v (5))) Vs

=1"T (x,y) (t), forte[0,1].
(36)

So the conditions of Theorems 8 hold. Therefore there
exists a unique u* € Q, such that T(u",u*) = wu". This
completes the proof of Theorem 10. O

Example 11. Consider the following singular boundary value
problem:

uV ) +a®ut O +bOu) + (ux*+x7) =0,
te (0, 1), t?&tk)

W (1) =t (1) — ap (0 (1), k=12...m O

m—2

u(p0) =0, u(@) =Y au(y),
i=1

(35)
where «, 8 > 0, max{a,} < 1L,y = 0, 0 < 7 <
Niyp < L foralli = 1,2,...,m — 2, and a and b satisfy
a € C([0,1],[0,+00)), b € C([0, 1], (—00, 0]).
Let oy = max{e, 8}, h(x) = pux?, g(x) = x? and q(t) = 1.
Thus

h(lx) = pl“x™ > 1"h (x),

g (M%) = PxF 2 1% g (x), (38)

1
J G % (s,8)ds < +0co0.
0

Applying Theorem 10, we can find that the above equation has
a unique solution u* (¢).

In the next, using Theorem 9 we establish the following
main result.



Theorem 12. Suppose that conditions (C1)-(C4) hold and the
following conditions are satisfied:

ftu) <gyW)+hy(m), I (u)<gem)+h (1)

(k=1,2,...,n) on [0,1] x (0,00) with g, >0
(i=0,1,2,...,n) continuous and nonincreasing
on (0,00), (39)
>0 (i=0,1,2,...,n) continuous on [0,00),
h . .
— (i=0,1,2,...,n) nondecreasing on (0,00),
3K, with g; (xy) < Kog; (x) g; (¥),
(40)
Vx>0, y>0, i=0,1,2,...,n,
a(1)
ag = J o G"(5)p(s)q(s) go (G, (s)) Vs
p
(41)
n
+ ZG (te) gk (Go (1)) < 00,
k=1
Ir > 0 with r > Kyap;
max{g, () +h (N}~ 0 (42)
1)-p(0
there exists p (0) < 0 < w
(choose and fix it) and a continuous,
nonincreasing function g; : (0,00) — (0, 00),
a continuous function Ei : [0, 00) — (0, 00)
with = nondecreasing on (0,00) (i=0,1,2,...,n),and

with f (t,u) = Gy (W) + hy (), I () = G (u) + Iy (w)

(k=1,...,n) for (t,u) € [0,0(1)—-0]x(0,00),

(43)

0 <R, <r<Ry,with (j=1,2),

R, (m {yi (%))

X (9)¢2(0(1)—9))
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‘/51 (P( ))R 9
( (||¢1|| o] 1 1 O 92

)

B o(1)-0 n
b, = J G (0,s) p(s)q(s) Vs + ZG(a,tk).
o k=1

-1

< uby,

(44)

Here G(t, s) is Green’s function and

a(1)-0
J-e G(o,s)p(s)g(s)ds
(45)

o(1)-6
= sup J G(t,s) p(s)q(s)ds.
tefo,1] O

Then (3) has two nonnegative solutions u; with R, < |lu,|l <
r < llu,ll < R, and u;(t) > 0 fort € (0,1),i =1,2.

Proof. First we will show that there exists a solution u, to (3)
with u,(t) > 0 fort € (0,1) and r < [[u,]| < R,. Let

Q,={u€kE:|ul<r}, Q,={ucE:|ul <R,}.

(46)
We now show that
ITull < lull

for K N 0Q,. (47)

To see this, let u € K N 0Q,. Then [lull = |lully,, = r and
u(t) = Gy(t)r fort € [0,1]. So for t € [0, 1] we have

hi (u) >
g; (1)

; (1)
<g;(Gy()r) (1 + 7 (r)>

g; W) +h; () = g; (u)<1 +

h; (r)
5. )gi (Go (1) (48)

< Kyg; (r) (1 +

< Ko (g; (r) + h; (1)) g; (G (1))
< Komax {g; (r) + h; ()} g; (Go (1)),

fori=0,1,2,...,n
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Then

a(1)

(Tu) (1) = j G99 f (1) Vs

p(0

+ kﬁc(t, 6 T (1 (1)

a(1)
< J G" (5) p(s)q(s) (go (1 (5)) + g (u(5))) Vs
p(0)

n

+ Y G (1) (g () + Iy (u ()

k=1

(1)
<K, [J G" (s) p(5)q(s) go (G, (5)) Vs
P(0)

36 (1) g1 (G (1)

k=1

X max {g;(r) +h; (r)}.

o<i
(49)
This together with (42) yields
ITull = I Tullyy <1 = lul, (50)

so (47) is satisfied.
Next we show

(Tull > |lu]l for K noQ,. (51)

To see this let u € K N 0Q, so |lull = [lullp,; = R, and
u(t) = Gy(t)R, for t € [0, 1].
We have

G () +h; (u(s))

b By w(s)
=g, (u(s)) [1 + a; (u(S))]

Ei (Go (s) Rz)
g; (Go (s) Rz)

> g; (R,) [1+

>, (R,)

v [1+ (El<¢1A (p(0)) Ry,

w2l (52)

X (8), (0 (1) —9))

_ (@)
" (9’ ( [l ea] 20 @4

x(o(l)—e)))lﬂ

for s € [0,0 (1) -0].

7
Then
(Tu) (o)
a(1) _
> J G(0,5) p()q(s) [Gy ((s)) + By (u(s))] Vs
p(0)
+ ZG(U’ te) [Ge (u () + e (u (1))
k=1
a(1)-6 n
> {J 1 G (0,5) p(s)g(s) Vs + ZG(a,tk)]»
0 k=1
A
_ 0
g a1 (5 (T oo
x¢, (o (1) - 9))
_ (1 (p ()
; R,¢, (0)
(s [olTed O
-1
cww-a)) )|}
(53)
This together with (44) yields
(Tu) (o) > Ry = [|ul|. (54)

Thus ||Tu| > [lull, so (51) holds.

Now Theorem 9 implies that T has a fixed point u, € Kn
(,\Q)); thatis, r < [lu,|| = ||1/l2||[0’1] < Rand u,(t) > g(t)r for
t € [0, 1]. It follows from (47) and (51) that |[u, || # 7, [|u, || # R,,
sowe have r < |lu,|| < R,.

Similarly, if we put

Q, ={ueE:|ul <R}, Q,={uck:|u|<r},

(55)

we can show that there exists a solution u, to (3) with u, (¢) >
0fort € (0,1) and R; < [lu;|| < r. This completes the proof of
Theorem 12. O

Similar to the proof of Theorem 12, we have the following
result.



Theorem 13. Suppose that conditions (C1)-(C4) and (39)-
(43) hold. In addition suppose that

30 < R, < r with

R, (5121121 {yi (Rl)
[ (02
(AN
><Rl(/’l ) </52 (o(1)-0) )
_ (91 (p(®)
" (gf ( .|
X Ry (0) ¢,
x(a(l)—@))) >:|}>
< uby

B o(1)-0 n
bO:j G(0,s)p(s)q(s) Vs + ZG(O’,tk).
o k=1
(56)

Then (3) has a nonnegative solution u; with R, < |lu,|l < r and
u,(t) > 0 fort € (0,1).

Remark 14. If in (56) we have R; > r, then (3) has a
nonnegative solution u, with r < [lu,|| < R, and u,(¢) > 0
fort € (0,1).

It is easy to use Theorem 12 and Remark 14 to write
theorems which guarantee the existence of more than two
solutions to (3). We state one such result.

Theorem 15. Suppose that conditions (C1)-(C4); (39)-(41);
and (43) hold. Assume that I3m € {1,2,...} and constants
Rjri (j=1,...,m), withr, > b, and

O<KR <r<Ry<ry,<---<R, <1, (57)
In addition suppose for each j = 1,...,m that

"

maXy<icp {gj (rj) + hj (rj)}
R; ((1)2113131 {?z (Rj)
oo (a (e
6] 6]
X R]¢1 (0)

2
> K ay,
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x¢, (0 (1) - 0) )

5 (y‘ <¢>f (p(0)
Nl

X R;¢, (0) §,

o)) )

3 a(1)-0 n
b, = L G (0,5) p(s)q(s) Vs + ZG (0,t;)

k=1

-1

< uby,

(58)

hold. Then (3) has nonnegative solutions y,...
yj(t) >0 fort € (0,1).

s Y With
Example 16. Consider the boundary value problem

BV () +a )i @) +b @) u(t) + py (™™ (£) (1 + |sint])
+ufo (1) (1 + |cost])) =0, te€(0,1), t#t,

ub (t7) = u® () — (”_ﬁk (t) +uP ()

k=1,2,...,m

m—2
u(p©)=0, u@@)=Y aquy),
i=1
(59)

where 0 < o; < 1 < f3; (i = 0,1,2,...,n), and Omjclx{y,-} €
<i<n
(0, u) is such that

Us<—, (60)
and here

a(1) .
S RCHCTICEACH O
p(0) 61

36" (1) 94 (6 (6) < oo

Then (59) has two solutions uy, u, with u; (t) > 0, u,(t) >
0fort € (0,1).
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To see this we will apply Theorem 12 with (here 0 < R, <

1 < R, will be chosen below)

1_ o
g; (u) = 29i (u) =2u",

B () = S () = 20,

i=0,1,2,...,n

3p(0) + 0 (1)

9 = >
4

q(t) K,=1.

= Ho>

Clearly (39)-(41) and (43) hold, and

a(1)

ay = o J
p(0)

+ 36 (09060 1) <0

G* (s) p(s) go (G(s,8)) Vs

Now (42) holds with » = 1 since

1

T4

r
max {g; (r) + h; (r)}

2
> pa, > Kja,.

Finally, let

) (i

¢7 (p(0))
6.1 1.

9i+
X Ri¢p, (0) ¢, (0 (1) - 0) )

o

1 (p(0))
o] 12

x Ri¢, (6) ¢, (0 (1)~ 6) ) ))]
{yi (®) [1 N (E (¢f (p(0)

1 [ .
x Ry (6) ¢, (o (1) - 6) )

(a(larion

= min
0<i<n

¢1 (p(0))
(AN

x (o (1)-0) ))

R;$, (0) ¢,

-1

)

and notice that (44) is satisfied for R, small and R, large since

min
0<i<n

1

{gi (R)

[-6(5

(62)

¢ (p(0)

el ol 0@

X ‘/52(0(1)—9))

¢1 (P( )
(AN

o))

‘/51 (P (0 ))
o]l 6.1

x < ( R; ¢1 ©0) ¢,
-1
(63)

1+a«

SRj

¢, (0)

(o

e o,
x ¢, (0 (1) -6) )
(64)
-1

ij(“"”ﬁ"*)) — 0,

(66)

asR;, — 0,R, — 00, since b > 1. Thus all the conditions of
Theorem 12 are satisfied so existence is guaranteed.
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