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We construct a variational functional of a class of three-point boundary value problems with impulse. Using the critical points
theory, we study the existence of solutions to second-order three-point boundary value problems with impulse.

1. Introduction

In this paper, we study the following three-point boundary
value problems with impulse:

x"= f(t,x), t#t, tel0,1],

x'(0) = a;,%(0) + ap,x (t;) + apx (1), "
AX' (t)) = a,x (0) + ay,x (£)) + aysx (1),

x" (1) = —a;3x(0) - ayx () — asx (1),

where 0 < t; < 1, f: [0,1] x R — R, Ax'(t;) = x'(t]) -
x'(t;), and x'(t?) (respectively, x'(t;)) denote the right limit
(respectively, left limit) of x'(t) at t,.

The existence of solutions for three-point boundary value
problems has been investigated by many authors. See, for
example, [1-11] and references cited therein. In [1], Bao et al.
studied a class of three-point boundary value problems

YO+ f(Ly®,y ®)=0 o0<t<l,

y(0) =0,

(2)
y (1) =yy(n).

Using the method upper and lower solutions, some existence
results for positive solutions of problems (2) had been
obtained. By applying the fixed point theory, many authors
have studied the existence of positive solutions for three-
point boundary value problems (see [7-11]). In [12], the

authors studied Sturm-Liouville boundary value problem of
a class of second-order impulsive differential equations:

O +ut)= fu®), tel0TI\ |ttt}
~du(t;)=Au(t;), j=12...p,
—Au'(tj):Ij(u(t]_.))—Aju’(t;), j=L12,...,p

au (0) — Bu’ (0) = 0, yu(T) + ou' (T) = 0.
3)

By establishing the corresponding variational principle of
problem (3), the existence for solutions of the problems had
been obtained. In papers [12-16], the variational methods
were applied to impulsive differential equations too. In this
paper, we will use the critical point theorem to study three-
point boundary value problems (1) with impulse.

The paper is organized as follows: in Section 2, we will
construct a variational functional of the boundary value
problem (1). In Section 3, using the critical point theory, we
will give some sufficient conditions in which problem (1) has
solutions. Throughout this paper, we always assume that the
following conditions hold.

(A,) f(t,x) is measurable in ¢ for each x € R, continuous
in x for almost every t € [0, 1].

(A,) for any k > 0, there exists /. € L'(0,1) such that
|f (&20)] < i (8) (4)

for almost every t € [0, 1] and for all |x| < k.
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2. Variational Structure

Let W be the space of absolutely continuous functions x :
[0,1] — R with a weak derivative x’ € L?(0, 1; R). We define
the operator P on W by

x(t;) — x(0)
t
PO =7 1)~ x (1)
1-t,

(t-t)+x(t;), 0<t<t,

t,<t<l,

©)
and set W, = PW and W, = (I — P)W. The following
properties are easy consequence of the definition:
(B;) dimWw, = 3.
(B,) W =W, ®W,.
(B;) For each x € W,, x(0) = x(t;) = x(1) = 0.

Now, we define the norm || - | over W by

(t—t)+x(t,),

x| = Ll [(@-P)x) (t)]zdt +x2(0) + x7 (1)) + x> (1).
(6)

Then W is a Hilbert space and the corresponding inner
product (x, y) is

1
(52) = | (=P ©)- (@ =P)y) )]

(7)
+x0)y0)+x(t) y(t;) +x(1) ¥y (1).
For each x € W, it follows from (6) that
¢ 2
X2 (t) = [x(O) +J X' (s) ds]

0
¢ 2

= [x 1) + J ((I-P)x) (s) ds] 8)
0

1

<2x* (1) +2 J [(@-P)x) (t)]zdt < 2|lx|%,

0

and so |x(¢)| < V2|lx| on [0, 1].
In order to study problem (1), we define the functional ¢
on W by

1
$() = 2= Pyl + | Flexo)dr
0

+ % (x(0),x (£,),x (1)) A(x (0), x (t,), x (1)),

9)
where F(t, x) = on f(t,u)du and
N 1 1
a — ap, — — a
11 ‘| 12 f 13
a 1 a 1 N 1 1
A= 12 f 22 o 1-1, 237 7 )
1
a a
13 a3 -1, 3T )

(10)
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Under the conditions (A;) and (A,), ¢ is continuously
differentiable, weakly lower semicontinuous on W and

(¢' ®).y) = (I-P)x.(I-P)y)
1
+J ftx (@) yt)dt
0

+(x(0),x (), x () A(y(0), ¥ (1)), y (V)"
()

for all y € W see [17].
The following theorem is the main conclusion of this

paper.

Theorem 1. Assume that f satisfies the conditions (A,) and
(A,). If x is a critical point of the functional ¢ defined by (9),
then x(t) is a solution of problem (1).

Proof. Let x be a critical point of the functional ¢ defined by
(9). We prove this theorem in three steps.

Step 1. In this step, we prove that x(t) satisfies the equation

x"(t) = f(t, x(t)) except at t,.
We define w € C(0, 1; R) by

t
w(t) = L f(s,x(s))ds. (12)

It follows from (11) that for all y € W,

1

(=P -P)y)+ | fx®)y©d

0

+(x(0),x(t,), x (1) A(y (0), y (£,), y (V)" = 0.
(13)

By the Fubini theorem and (13), we obtain

1
L [(1-P)x) () -w(®)] y @) dt
1
- [ a-mo o-py oe) o)

1
—J w(t)y' (t)dt

0
1
- jo Fltx(®) y @ dt
— (x(0),x(t,),x (1)) A(y (0), ¥ (t,), y (V)"

1 t
—I y'(t)J f(s,x(s))dsdt
0 ty

t 1
=y <0)j Fltx®)dt - y(1) j Fltx®)dt

0

—(x(0),x(t,),x (D) A(y (0), ¥ (1), y (V)"
(14)
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In particular, we can choose

. 2nmt
sin 0<t<ty,
y () = ty n=12...,
0 t<t<l,
) (15)
1 - cos nt 0<t<ty,
y(t) = t n=12,...,
0 t,<t<l,
so that
t 5
J [(@-P)x)' () - w(B)]sin it
0 1
ty 2
- [ -px 0 -0@]cos 2 a0, 10
0 1
n=12,
The theorem of Fourier series implies that
(@ -P)x) () -w(®)=C (17)

on [0,¢,] for some C € R. Integrating (17) over [0,t,], we
obtain

Ct, = - Jtl w(t)dt = Jtl tf (x(®)dt,  (8)
0 0
and hence
(@-Px) O-w®)= | " FfExt)d. )
1

Similarly, setting

0 0<t<ty,
(0= ‘sin—znﬂ(t_tl) f<t<1, n=L2..
1-t
[0 0<t<ty,
y(t)=<1_CO52mr(t—t1) f<tsh, n=12...,
1 (20)

in (14), we have

L1t
1-t

(I-P)x) () -w(®) = - J f&x@)dt (21

t
on [t;,1]. Thus, (19) and (21) imply that x(t) satisfies the
equation X'() = f(t, x(t)) except at t,.

Step 2. In this step, we prove that x(t) satisfies the boundary
value conditions x'(0) = a;,x(0) + ay,x(t,) + a;3x(1) and
x'(1) = —ay3x(0) — ayx(t,) — azx(1).

Set

t

— -1 0<t<t,

y() =14 (22)
0 t;<t<1.

3
Inserting (22) into (13), we have
tofy
J (— - 1>f(t,x(t))dt
0 tl
(23)

1 1
= (au + t—)x(O) + <a12 - t—>x(t1) +ap;x(1).

1 1

It follows form (19) and (23) that

x'(0) = (I - P)x)' (0) + (Px)' (0)

:J't1<i_1>f(t,x(t))dt+w (24)
t t

0 1
=a;;x(0) +apx(t;) +a;x(1).
Similarly, setting

0<t<t,

0
y(®) {_1 f<tsl, (25)
1-t¢,

equality (13) becomes

Y-t
Jt f(t,x(t)dt +a;x(0)

1 1_tl
+ <a23 - %ﬁ)x(tl) + <a33 + %ﬁ)x(l) =0,
(26)
and hence
x'(1)=(I-P)x) (1) + (Px) (1)
_ Jl b e T TE0) gy
n1l-1 -4

= —a;3x (0) — ayx (t;) — azsx (1).

Step 3. In this step, we prove that x(t) satisfies the conditions
AX'(t)) = ax(0) + aypx(t;) + ayx(l).
Inserting

0<t<t,

t,
yo=91_, (28)
t,<t<l
1-t,
into (13), we have
bt L1-t
—j —f(t,x(t))dt—J Flbx@)dt
0o b n 11—t

=<a12—%>x(0)+<aﬂ+l+ >x(t1) (29)

t, 1-1
1
+ - 1).
<‘123 1—t1>x( )




It follows from (19) and (21) that
Ax'(t)) = A((I - P)x)' (t,) + A(Px)' (t,)

1-t
O

- L L 6x e~ Jl

. x()-x(t) x(t)-x(0)

1-t, t
= ap,x (0) + ayx () + ayx (1).
(30)
This completes the proof of Theorem 1. O

3. Solutions of Problem (1)

As applications of Theorem 1, we consider solutions of prob-
lem (1). Let k; and k, denote the minimum and maximum
eigenvalue of the matrix A in (9). We have the following
theorems.

Theorem 2. Assume that f satisfies (A;) and (A,). Assume
also that the following conditions hold:

(A3) ky > 0.

(A,) there is a positive constant I, with | < 2, and a positive
function ¢ € LY(0, 1) such that

F(t,x) 2 - () (1+]xl') (31)

for almost every t € [0, 1] and for all x € R.

Then, problem (1) has a solution.
Proof. (A,) implies that for each x € W
(3 (0), % (£,), x (1) A(x (0), x (1), x (1)
> ky (22 (0) + 27 (1) + 27 (1))

By (9), (32), and (A ),

1

#0211 -P)al - | e (ix ol +1)dr

0

" %kl (6 (0) + 5 (£,) + x* (1)) (33)

1 1
> Skl = | etyde (210 +1),

where k; = min{k,, 1}. It follows that ¢(x) — +ooas ||x|| —
00. Thus, ¢ has a critical point and problem (1) has a solution.
O

Theorem 3. Assume that (A,), (A,), and (A,) are satisfied.
Assume also that the following conditions hold:
(A'4) there is a positive function ¢ € LY0, 1) such that

F(t,x) > —c(t) (1+x%) (34)

for almost every t € [0,1] and for all x € R.
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(As) 4 fol c(t)dt < ks, where ky is in the proof of Theorem 2.
Then, problem (1) has a solution.
Proof. This proof is similar to the proof of Theorem 2. O

Theorem 4. Assume that (A,)-(A,) are satisfied. Assume also
that the following condition holds:

(Ag) there are two positive constants d, and d, with d; <
Véd, such that

1
j Ftdy)dt < -2
0 2

(35)

1
J max [F (6] dt < L,
0 |xl<vkyd, 4

where k, = max{k,, 1}.
Then, problem (1) has at least three solutions.

In order to prove this theorem, we need the following
theorem (see Theorem 2.1 of [18]).

Theorem A. Let X be a reflexive real Banach space; let @ :
X — R be a sequentially weakly lower semicontinuous,
coercive, and continuously Gateaux differentiable functional
whose Gdteaux derivative admits a continuous inverse on
X*; and let ¥ X — R be a sequentially weakly
upper semicontinuous and continuously Gateaux differentiable
functional whose Gdteaux derivative is compact. Assume that
there exist v € R and x,, % € X, with ®(x,) < r < O(X) and
WY(x,) = 0, such that

(1) suPg ()< ¥ (x) < (r — ©(x()) (¥ (x)/(P(X) - D(x,)))

(ii) for each A e A, =](D(x) — O(xy)/¥Y(x),(r -
CD(xO))/sup(D(x)Sr‘I’(x)[ the functional ® — AV is coer-
cive.

Then, for each A € A, the functional ® — AV has at least three
distinct critical points in X.

Proof of Theorem 4. Let X = W and define

@) = S10 - PP

1
+ E(x(O),x(tl),x(1))A(x(0),x(t1),x(l))T
(36)
for each x € X. Then, @ is a sequentially weakly lower

semicontinuous and continuously differentiable functional
whose derivative is given by

(@' (0),7)=(T-P)x.(I-P)y)

+(x(0),x(t,), x (1) A(y (0), y (£,), y (V)"
(37)
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for all y € X. It follows from (36) that for each x € W,

() 2SI - P)xl?
(38)
+ %kl [ (0) + % (1)) + x> (1)] > %k3||x||2,

so that @ is coercive. Because I — ®’ is a compact operator,
@' has the continuous inverse if and only if 0 is not the
eigenvalues of @', If 0 is the eigenvalues of ®' and B(t) is a
eigenvector of @' associated with the eigenvalue 0, then (37)
implies that

0= (' (B).B)

=|a-p B
+(B(0),B(t,), B(1) A(B(0),B(t,), (1)

> k|| > o.

(39)

This is a contradiction,1 and hence @' has the continuous
inverse. Set ¥(x) = — JO F(t, x(t))dt for x € X. Then, ¥V is a
sequentially weakly upper semicontinuous and continuously
differentiable functional whose derivative is compact.
Setting x, = 0 and x = d, for all t € [0, 1], then O(x,) =
Y(x,) = 0and
3 2 _ 1 T 3 2
Ekzdz >d(x) = 3 (dy,dy,d,) A(dy, dy,dy)" = Ekle’
(40)
since (I — P)x = 0. Setting r = (1/4)k1d2, byd, < V6d, and
(40), we obtain
O (x,) =0 <r< %kldg <0 ). (41)

By (38), ®(x) < r implies that |x(t)| < /k,d, for everyt €
[0,27] since k; = k;k,. From (A,) and (40), we have

1
sup ¥ (x) < J max [-F(t,x)]dt
O(x)<r 0 |x|<~k,d,

1
k,d? jo [-F(t,d,)] dt
6k,d2

¥ (%)
O (%) - D (0)

ky

< de < (42)

< (r-o(0))

and (i) in Theorem A holds.

Since
CE-P(x) _ B/2)kd;
Y& [ [P (hd,)]dt
(1/4) k,d?
Iol max, . k4, [-F (t,x)] dt

(43)

r—®(x)
- Sup(D(x)Sr\P (X)’

we can take A = 1 in Theorem A. Therefore, it is easy to show
that

(@—Wﬂmzé&MW—Ecmddmwﬂwy (44)

so that ® — VW is coercive. Using Theorem A, problem (1) has
at least three solutions. O
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