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The main purpose of this paper is to investigate the growth order of the meromorphic solutions of complex functional difference

equation of the form (¥, o, ()], f(z + cy)l"’”))/(zyej ﬁy(z)(l_[zzlf(z +¢)™) = Qz f(p(2)), where I = {A =

Boba -l 1 L, € NU(OL v = 1,2,

,nyand J = {u = (m,,m,,,...

smy,,) | m,, € N {0}, v = 1,2,...,n} are two finite

index sets, ¢, (v = 1,2,...,n) are distinct complex numbers, o, (z) (A € I) and [j’M(z) (4 € J) are small functions relative to f(z),

and Q(z, u) is a rational function in u with coefficients which are small functions of f(z), p(z) = pz* + p,_,2°" + -+ p, € Clz]
of degree k > 1. We also give some examples to show that our results are sharp.

1. Introduction and Main Results

Let f(z) be a function meromorphic in the complex plane
C. We assume that the reader is familiar with the standard
notations and results in Nevanlinna’s value distribution the-
ory of meromorphic functions such as the characteristic func-
tion T(r, f), proximity function m(r, f), counting function
N(r, f), and the first and second main theorems (see, e.g., [1-
4]). We also use N(r, f) to denote the counting function of
the poles of f(z) whose every pole is counted only once. The
notations p( f) and p( f) denote the order and the lower order
of f(z), respectively. S(r, f) denotes any quantity that satisfies
the condition: S(r, f) = o(T(r, f)) as r — oo possibly
outside an exceptional set of r of finite linear measure. A
meromorphic function a(z) is called a small function of f(z)
or a small function relative to f(z) if and only if T(r, a(z)) =
S(r, f).

Recently, some papers (see, e.g., [5-7]) focusing on com-
plex difference and functional difference equations emerged.
In 2005, Laine et al. [5] firstly considered the growth of
meromorphic solutions of the complex functional difference
equations by utilizing Nevanlinna theory. They obtained the
following result.

Theorem A. Suppose that f is a transcendental meromorphic
solution of the equation

Do (2) (Hf (z+ g)) =f(p(2), )

U} JjeJ

where {J} is a collection of all subsets of {1,2,...,n}, cj’s are
distinct complex constants, and p(z) is a polynomial of degree
k > 2. Moreover, we assume that the coefficients o;(z) are small
functions relative to f and thatn > k. Then

T(r, f) = O((logr)™™)., 2)
where o = logn/log k.

In 2007, Rieppo [6] gave an estimation of growth of
meromorphic solutions of complex functional equations as
follows.

Theorem B. Suppose that f is a transcendental meromorphic
function. Let Q(z, f), R(z, f) be rational functions in f
with small meromorphic coefficients relative to f such that

0 < q:=degQ<d:=deg Rand p(z) = Pzt + p 2+
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-+ py € Clz] of degree k > 1. If f is a solution of the
functional equation

R(z, f(2)) =Q(z f (p(2))), (3)

then gk < d, and for any €,0 < € < 1, there exist positive real
constants Ky and K, such that
- logd -1
K,(logr)* < T(r, f) < K,(logr)*™, a= 084 - 984
log k
(4)

when r is large enough.

Rieppo [6] also considered the growth order of meromor-
phic solutions of functional equation (3) when k = 1 and got
the following.

Theorem C. Suppose that f is a transcendental meromorphic
solution of (3), where p(z) = az+b,a,b € C,a#0and |a| # 1.
Then

logd - logq

log |a|

u(f)=p(f)=

Two years later, Zheng et al. [7] extended Theorem A to
more general type and obtained a similar result of Theorem
C. In fact, they got the following two results.

©)

Theorem D. Suppose that f is a transcendental meromorphic
solution of the equation

Zoc; (2) (Hf(z+c )> =Q(zf(p@)). (6

j€l

where {J} is a collection of all nonempty subsets of {1,2,...,n},
¢; (j = L,...,n) are distinct complex constants, p(z) = Pzt +

pk_lzk_l + -+ py € Clz] of degree k > 1, and Q(z,u) is a
rational function in u of deg,Q = q(> 0). Also suppose that
all the coefficients of (6) are small functions relative to f. Then

gk < n, and

T (r, f) = O((logr)™™), @)

where o = (logn —logq)/logk.

Theorem E. Suppose that f is a transcendental meromorphic
solution of (6), where {]} is a collection of all nonempty subsets
of {1,2,...,n}, ¢ (j =1,...,n) are distinct complex constants,
p(z) =az+b,a,b € C,and Q(z,u) is a rational function in u
of deg,Q = q(> 0). Also suppose that all the coefficients of (6)
are small functions relative to f.

(i) If 0 < |a| < 1, then we have

logg —logn
gt A
u(f) = “loglal (®)
(ii) If lal > 1, then we have q < n and
logn —logg
< —F .
p(f) =< foglal )

(iii) If lal = 1,q > n, then we have p(f) = u(f) = co
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In this paper, we will consider a more general class
of complex functional difference equations. We prove the
following results, which generalize the above related results.

Theorem 1. Suppose that f(z) is a transcendental meromor-
phic solution of the functional difference equation

Sreror @ (I f(z+6)™)
zHeIﬁM(z)( y:lf(z+cv) )

wherec, (v=1,...

=Q(z f(p(2))), (10)

,n) are distinct complex constants, I = {A =

hhas b)) | L, e NUOL Yy = 1,2,...,npand ] =
{u = (m%l,m%z,...,mw) | my,, € NU{oL v = 1,2,...,n}
are two finite index sets, p(z) = p 2" + pp_ 25 -+ p, €

Clz] of degree k > 1, and Q(z, u) is a rational function in u of
deg,Q = q(> 0). Also suppose that all the coefficients of (10)
are small functions relative to f. Denoting

n
2,...,m), 0= Y0, (i)
=1

Then gk < o0, and
T(r,f)=0 ((log r)om) , (12)
where o = (log o —log q)/ log k.

Theorem 2. Suppose that f is a transcendental meromorphic
solution of the equation

Yaer % (2) (H:=1f(z " C”)ZM) =Q(z f (az +b))

ZMEI ﬁ,u (2) (H::If(z + Cv)m'”) -
(13)

wherec, (v = 1,...,n) aredistinct complex constants, I = {A =
hhas o), eNUOLv=1,2,...,n)and ] = {u =
(mﬂ’l,my’z, . ,mw) | m,, €N {0}, v=1,2,...,n} are two
finite index sets, a,b € C, and Q(z,u) is a rational function in
u of deg,Q = g(> 0). Also suppose that all the coefficients of
(10) are small functions relative to f. Denoting

o, n} {ZM, v} »=12,...,n), O‘—ZO‘ (14)
(i) If 0 < |a| < 1, then we have
logg —logo
> —. 1
u(f) “logll (15)

(ii) If lal > 1, then we have q < o and

logo —logq
<=~
PU) = g (16)
(iii) If lal = 1 and q > o, then we have u(f) = = 00.
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Next we will give some examples to show that our results
are best in some extent.

Example 3. Let ¢, = arctan2, ¢, = —/4. Then it is easy to
check that f(z) = tan z solves the following equation:

flz+a)' f(z+c)
flz+a)+ flz+g)

(3] v (3 sas) s
() se(3) e(E) o (9)-)
(o) i) (3 ()
a5 () () o (5) )

17)

Obviously, we have

w(f)=p(f) =

whereq=8,0 =4anda =1/2.

log q-logo

—loglal (18)

Example 3 shows that the estimate in Theorem 2(i) is
sharp.

Example 4. Tt is easy to check that f(z) = tan z satisfies the
equation

flz+@/3)'f (z+ (1/6)) - f (z +(n/6))

f @+ (/3) fz+ /6)] - f (z+ (1/3)

19)
_ VBf(22) +4f (22) + V3
V3 f(22)? +4f (22) - V3
Clearly, we have
. logo-logg
w()=p(N=1== 0 (20)

whereo =4,g=2anda =2.

Example 4 shows that the estimate in Theorem 2(ii) is
sharp.

Example 5. f(z) = tan z satisfies the equation of the form

f(z+ (/4))
fz+(n/4) + f(z - (m/4))

~(fz2? -2f (z/2) 1)’

" 8f @2 (F@l2P - 1) (flz/2) +2f @/2) - 1)
(21)

=u(f) =1>

where 0 = 4,9 = 6,and a = 1/2. p(f)
log(3/2)/log2 = (logq — log o)/ —log|al.

Example 5 shows that the strict inequality in Theorem 2
may occur. Therefore, we do not have the same estimation as
in Theorem C for the growth order of meromorphic solutions
of (13).

The following Example shows that the restriction q > o
in case (iii) in Theorem 2 is necessary.

Example 6. Meromorphic function f(z) = tanz solves the
following equation:

f(z + (m/4))
fz+(m/4)+ f(z -~

 (f@+1)’

C4f () (1-f(2)
(22)

(7/4))*

wherea=1and4 =0 >¢g=3,but p(f) = u(f) = 1.

Next, we give an example to show that case (iii) in
Theorem 2 may hold.
Example 7. Function f(z) = ze®
equation:

satisfies the following

(z +1og6) (z +log2)’ [f(z +log4)" + f (2 +10g4)]

(z +1og4) f (z +log6)
(23)
_ (z+1log 4)’ f(z +10g2)° + (z +log2)°
- f(z +1log2) ’
wherea = landg = 6 > 5 = 0. Obviously, p(f) = u(f) = co

2. Main Lemmas
In order to prove our results, we need the following lemmas.

Lemma 1 (see [4, 8]). Let f(z) be a meromorphic function.
Then for all irreducible rational functions in f,

Pzf) _Yla@f
R(z f) = 24
(Zf) Q(Z>f) z]()]()f] (24)
such that the meromorphic coefficients a;(z), b;(z) satisfy
T(r,a)=S(r.f), i=0,1,...,p,
(25)
T(rb)=S(rf), j=01,....q
then one has
T(r.R(z f)) = max{p.q} - T (r. f) +S(r. f).  (26)

From the proof of Theorem 1in [9], we have the following
estimate for the Nevanlinna characteristic.

Lemma 2. Let fi, f,,...
tions and

, f,, be distinct meromorphic func-

ZAEI a (2) fl)u L2 ---flAn |
zye} ﬁy (Z) fl IHf2 2 fn wn

P(z) _

F@O=50 "

(27)



Then
T (r,F(2)) < io‘vT (r, £,)+S(r. f), (28)
r=1

where I = {A = (I, ,L5...50,) | L, € NU{oL »
L2,...,npand ] = {u = (m,;,my,,...

NU{0}L, v = 1,2,...,n} are two finite index sets, o, =
maXA,H{l,\ﬂ,, mw,} (v=1,2,...,n). ay(z) = o(T(r, £,)(A € I))
andﬂ”(z) =0o(T(r, f,)(u € ])) holdforallv € {1,2,...,n} and
satisfy T(r,ay) = S(r, f) (A € I) and T(r, ,814) =8(r, f) (u e
D).

m |l

> mp.,n) | mﬂ,v

Lemma 3 (see [7]). Let c be a complex constant. Given € > 0
and a meromorphic function f, one has

T(r,f(zxc)<Q+e)T(r+lcl,f), (29)
forall r > 1y, where r, is some positive constant.

Lemma 4 (see [4]). Let g : (0,+00) — R, h:(0,+00) — R
be monotone increasing functions such that g(r) < h(r) outside
of an exceptional set E of finite linear measure. Then, for any
a > 1, there exists ry > 0 such that g(r) < h(ar) forallr > r,.

Lemma 5 (see [10]). Let f be a transcendental meromorphic
function, and p(z) = a,z" + a_ 2" + -+ ajz + ay, a, #0,
be a nonconstant polynomial of degree k. Given 0 < § < |ai|,
denote A = |ag| + 6 and y = |a;| — 8. Then given € > 0 and

a € C|J{oo}, one has
kn(ur,a, f) <n(r.a f (p(2) < kn(M*,a, £)
N (ur*,a, f) +O(logr) < N (r,a, f (p(2)))
<N (A*,a, f) +0(logr)

(rnf(p@)) <+ T (M f),
(30)

1-oT (ur' f)<T

for all r large enough.

Lemma 6 (see [11]). Let ¢ [y, +00) —  (0,+00) be
positive and bounded in every finite interval, and suppose that
¢(ur™) < Ad(r) + B holds for all r large enough, where p > 0,
m > 1, A > 1 and B are real constants. Then

¢(r) =0 ((logr)*), (31)

where o = log A/ logm.

Lemma 7 (see [6]). Let ¢ : (ry,00) — (1,00), wherery > 1,
be a monotone increasing function. If for some real constant
o > 1, there exists a real number K > 1 such that ¢(ar) >
K(r), then

Jim log¢ (r)

r—oco logr

log K

(32)
log o

Lemma 8 (see [12]). Let ¢ : (1,00) — (0, 00) be a monotone
increasing function and let f be a nonconstant meromorphic
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function. If, for some real constant o € (0, 1), there exist real
constants K; > 0 and K, > 1 such that

T (r, f) < K ¢ (ar) + K,T (ar, f) +S(ar, f), (33)
then

logK, © T g ¢ () loqu(r)

r—o Jogr

p(f) < (34)

-loga

3. Proof of Theorems

Proof of Theorem 1. We assume f(z) is a transcendental
meromorphic  solution of (10). Denoting C =
max{|gl,16],...,lc,|}. According to Lemmas 1, 2, and 3
and the last assertion of Lemma 5, we get that for any &, > 0,

q(1 —sl)T(,m’k,f) +S(r. f)
f(p@))+S(r.f)
-T(rQ(z f (p(2)))

=T<r, ZAGI‘X"(Z)( [T 1f(Z+c)M)>

ZHEI ﬁ# (Z) ( V=1f(z + CV) W)
<30T f (e o) +5(. 1)

<qT (r,

(35)

< ioy(l +e)T(r+C £ (2) +S(r, f)

(za) 1+e)T(r+C.f () +5(r f)

=o(1+&)T(r+C, f(2)+S(r, f),

where r islarge enough and y = | p;| -8 for some 0 < § < |py|.
Since T(r + C, f) < T(fr, f) holds for r large enough for
B > 1, we may assume r to be large enough to satisfy

q(l—el)T(w’k,f)S0(1+81)T([3r,f) (36)

outside a possible exceptional set of finite linear measure. By
Lemma 4, we know that whenever y > 1,

q(1—&)T(ur, f)<o(1+e)T(ypr. f)  (37)

holds for all » large enough. Denote t = yfr; thus the

inequality (37) may be written in the form

“ ok < o(1+e)
T((Wg)kt’f>_—q(1—el)T(t’f)' (38)
By Lemma 6, we have
T(r,f)=0 ((log r)“‘) , (39)
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where
_log(o(1+e)/a(1-5))
! logk
(40)
_ logo —logg log((1+¢)/(1-¢))
log k log k '
Denoting now o = (logo — logq)/logk and ¢ = log((1 +

£)/(1 - €))/ log k; thus we obtain the required form.
Finally, we show that gk < o. If gk > o, then we have
a < 1. For sufficiently small € > 0, we have & + ¢ < 1, which
contradicts with the transcendency of f. Thus Theorem 1 is
proved. O

Proof of Theorem 2. Suppose f(z) is a transcendental mero-
morphic solution of (13). Denoting C = max{|c],|c,],

e}

(i) 0 < |a| < 1. We may assume that g > o, since the case
q < o is trivial by the fact that u(f) > 0. By Lemmas
1-3, we have for any e > 0 and 8 > 1,

ar (r. f (p(2)) +S(r. )
=T (rQ(z f(p(2)))

_T Yo (2) (H:lef(z + CV)IM)
| Luer B (2) (H::If(z +¢,)")

<)o, (r.f(z+¢))+S(r, f)

v=1 (41)

i L1+ T(r+C, f(2)+S(r, f)

S

<Z )(1+e)Tr+Cf(z))+S( . f)

=0(1+e)T(r+C f(2)+S(r. f)

<o(l+&)T(Br,f)+S(r. f),

where r is large enough.

By the last assertion of Lemma 5 and (41), we obtain that,
fory =lal -6 (0 < & < lal,0 < pu < 1), the following
inequality

ql—&) T (ur, f)<o(1+&)T(Br, f) (42)

holds, where r is large enough outside of a possible set of finite
linear measure. By Lemma 4, we get that for any y > 1 and
sufficiently large ,

qU =) T (ur, f) <o+ T (ypr. f).  (43)
Therefore,

q(l-¢)
o(l+¢)

T(r.f) < (%Snf). (44)

Since f > 1,9 > 1,0 < u < land g > o, we have By/u > 1
and g(1 — €)/o(1l + €) > 1 when ¢ is small enough. Using
Lemma 7, we see that

logg(1-¢)—logo(l+e¢)
u(f) = : (45)
logyp —log
Lettinge — 0,0 — 0,8 — landy — 1, we have
logg —logo
> —. 4
u(f) “logll (46)

(ii) la] > 1. By the similar reasoning as is (i), we easily
obtain that

q(=&)T (ur, ) <qT (1. f (p(2)))
<o(1+e)T(r+C, f(2)+S(r. f)
for all r large enough. We may select sufficiently small

numbers § > 0 and € > 0, such that 4 = |a| - & > 1 and
(1/u) + € < 1. Thus we have

T f) s ST+ C @) 150 )5 69
namely,
o(l+e¢)
T(W,f)ﬁmT( +C, f (2)), (49)

where r is large enough possibly outside of a set of finite linear
measure. By Lemma 4, we have forany 1 < y < y,

o(l+¢g) )
that is,
0(1+s)
T(rf)<q(1 o <u f(z)) (51)

holds for all sufficiently large . By Lemma 8, we obtain

logo —logg +log (1 +¢) —log (1 —¢)
p(f) s 2212 : (52)
~log (v/u)
Lettinge — 0,8 — Oandy — 1, we have
logo - logq
p(f) < foglal (53)

(iii) |a|l = 1 and q > 0. The proof of this case is completely
similar as in the case in (i). In fact, we set y = |a| -
1-68(0<68<1,0< p< 1) Similarly, we can get

logg —logo
Since |a| = 1, we have u(f) = p(f) = oo. O
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