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An explicit projection algorithm with viscosity technique is constructed for finding the fixed points of the pseudocontractive
mapping in Hilbert spaces. Strong convergence theorem is demonstrated. Consequently, as an application, we can approximate
to the minimum-norm fixed point of the pseudocontractive mapping.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and
norm | - ||, respectively. Let C be a nonempty closed convex
subset of Hl.

Recall that a mapping T: C — C is said to be

(i) L-Lipschitz & there exists a constant L > 0 such that
[Tu—Tv| < Llju—v| forallu,v € C;if L € (0,1), then
T is said to be contractive; if L = 1, then T is said to
be nonexpansive;

(ii) pseudocontractive

o (Tu-Tv,u-v) < |u- v||2;
& [ Tu- T < lu—vIP+I(I - Du - I - T)I%
Su-v,(I-Tu-I-T)v) >0,

forall u,v € C.

Interest in pseudocontractive mappings stems mainly
from their firm connection with the class of nonlinear
accretive operators. It is a classical result, see Deimling [1],
that if T is an accretive operator, then the solutions of the
equations Tx = 0 correspond to the equilibrium points
of some evolution systems. This explains the importance,
from this point of view, of the improvement brought by the

Ishikawa iteration which was introduced by Ishikawa [2] in
1974. The original result of Ishikawa is stated in the following.

Theorem 1. Let C be a convex compact subset of a Hilbert
space H and let T C — C be an L-Lipschitzian
pseudocontractive mapping with Fix(T) #@. For any x, € C,
define the sequence {x,,} iteratively by

Yn = (1 - ’771) X, + ’/In-l]—xn’
¢))
Xp+1 = (1 - gn) X, + En-ﬂ—yn’

foralln € N, where {£,} c [0,1] and {n,} c [0, 1] satisfy
the conditions: lim,, _, .1, = 0 and Y2, &,n, = oo. Then
the sequence {x,,} generated by (1) converges strongly to a fixed
point of T.

The iteration (1) is now referred to as the Ishikawa
iterative sequence. However, we note that C is compact
subset. Now, we know that strong convergence has not been
achieved without compactness assumption on the involved
operation or the underlying spaces. A counter example can
be found in Chidume and Mutangadura [3].

In order to obtain a strong convergence result for pseu-
docontractive mappings without the compactness assump-
tion, in [4], Zhou coupled the Ishikawa algorithm with the
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hybrid technique and presented the following algorithm for
Lipschitz pseudocontractive mappings:

In = (1 - En) X, t+ En—ﬂ—xw
2y = (l - ’77:) X, + WnT)’w

C,={zeC:|z,- 2|’ < ||x, - 2|
L , @
- Enﬂn (1 - an - EnL ) "xn - —[l—xi’l" } >

Q,={z€C:(x,-z,xy—x,) >0},

Xu41 = PIOjc ng Xo» 1€ N.
Zhou proved that the sequence {x,} generated by (2) con-
verges strongly to the fixed point of T. Further, in [5], Yao
et al. introduced the hybrid Mann algorithm as follows.

Let C be anonempty closed convex subset of a real Hilbert
space H. Let {{,} be a sequence in (0, 1). Let x, € H. For C, =
Cand x, = projc x, define a sequence {x,} of C as follows:

Yn = (1 _En)‘xn +En-ﬂ—xn>

G::nJrl = {Z € Cn : "En (I - T) yn"2

3)

<26,(x, — 2 (I-T)y},
Xpi1 = Proje  Xp, neN.

Note that, in iterations (2) and (3), we need to compute
the half-spaces C,, (and/or Q,,). Very recently, Zegeye et al.
[6] further studied the convergence analysis of the Ishikawa
iteration (1). They proved ingeniously the strong convergence
of the Ishikawa iteration (1). However, we have to assume
that the interior of Fix(T) is nonempty. This appears very
restrictive since even in R with the usual norm, Lipschitz
pseudocontractive maps with finite number of fixed points do
not enjoy this condition that intFix(T) # @. For some related
works, please refer to [7-19].

On the other hand, we notice that it is quite often to
seek a particular solution of a given nonlinear problem, in
particular, the minimum-norm solution. For instance, given
a closed convex subset C of a Hilbert space H, and a bounded
linear operator B : H, — H,, where H, is another Hilbert
space. The C-constrained pseudoinverse of B, BGT:, is then
defined as the minimum-norm solution of the constrained
minimization problem

[EBE (b) := arg Iileiél [Bx - b| (4)

which is equivalent to the fixed point problem
u= proj‘C (u - MB* (Bu - b)) , (5)

where B” is the adjoint of B, 4 > 0 is a constant, and b € H,
is such that projm(b) € B(C).

It is, therefore, an interesting problem to invent iterative
algorithms that can generate sequences which converge
strongly to the minimum-norm solution of a given fixed
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point problem. The purpose of this paper is to solve such
a problem for pseudocontractions. More precisely, we will
introduce an explicit projection algorithm with viscosity
technique for finding the fixed points of a Lipschitzian
pseudocontractive mapping. Strong convergence theorem is
demonstrated. Consequently, as an application, we can find
the minimum-norm fixed point of the pseudocontractive

mapping.

2. Preliminaries

Recall that the metric projection proj.. : H — C satisfies [lu—
projcul = inf{lu — v|| : v € C}. The metric projection proj.
is a typical firmly nonexpansive mapping. The characteristic
inequality of the projection is (u — proj.u, v — proj-u) < 0 for
allueH,veC.

In the sequel we will use the following expressions:

(i) Fix(T) denotes the set of fixed points of T;
(i) x, — x" denotes the weak convergence of x,, to x';

(iii) x, — x' denotes the strong convergence of x,, to x'.

The following lemmas will be useful for the next section.

Lemma 2 (see [20]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Let T : C — C be a nonexpansive
mapping with Fix(T) # 0. Then,

N
{(I]C—DT?ZH v v} = (0-Tu = (6)
Lemma 3 (see [21]). Let C be a nonempty closed convex subset
of areal Hilbert space H. Assume that a mapping A : C — His
monotone and weakly continuous along segments (i.e., A(x +
ty) — A(x) weakly, ast — 0, whenever x +ty € C for
x, y € C). Then the variational inequality

xtecC, <Axi,x—x*> >0, VxeC, 7)
is equivalent to the dual variational inequality

xfeC, (Ax,x-x')>0, VxeC. (8)
Lemma 4 (see [22]). Assume that the sequence {a,} satisfies
a,>0anda,,, <(1-v,)a,+g,v, where{v,} is a sequence
in (0,1) and {c,} is a sequence such that Y2, v, = oo and
limsup,, _, .G, < 0 (or Y02, 6,7, < 00). Then lim,,_, a, =

0.

3. Main Results

In order to prove our main result, we need the following
proposition.

Proposition 5. Let C be a nonempty closed convex subset of

a real Hilbert space H. Let W : C — C be a nonexpansive

mapping with Fix(W) £0. Let o : C — H be a x-contraction.
For each t € (0, 1), let the net {u,} be defined by

u, = Wproje [to(u,) + (1 — 1) u,]. 9)
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Then, ast — 07, the net {u,} converges strongly to a point
x¥ € Fix(W) which solves the following variational inequality:

x* € Fix (W), <(I— g)x*,z—x*> >0, ze€Fix(W).
(10)
Proof. Fort € (0,1), define a mapping W, : C — C by
W,u = Wproje [to(w) + (1 -H)u], ueC. (1)
For any u, v € C, we have

[W,u = W,v| = |[W proje [to (u) + (1 — ) u]

-W proj [to(v) + (1 = 1) V]|
(12)
<tlo@) —oW|+Q—1)[lu-v|
<[1-0-=-x)t]u-v|.

Hence, W, isa 1 — (1 — x)t-contraction on C with u, € C as
its unique fixed point. So, {u,} is well defined.
Let u € Fix(W). From (9), we have

e - ull = [Wprojc [te () + (1 - £) ;] - W projeu
<tlo(u) -] +tfo@) —ul+ 1 -1t)|u - ul

<[1-(1=w)t] |ju, —ul| +t]ow) -ul.
(13)

It follows that

- u < w' 14)

-K
Thus, {u,} and {o(1,)} are bounded.
Again from (9), we get

"“t - W”t" = ”Wprojc [to (u,) + (1 -t)u,] - Wprojcut"

£ t“@(ut) - “t” —0 ast—0".
(15)

Let {t,} € (0,1) be a sequence such thatt, — 0" asn — co.
Putu,, := u, . From (15), we have

e, = Wz, | — o. (16)
From (9), we obtain
Josg = wl* = W proji.[to(u,) + (1 - t)u,] - W projcu]”
<ty =+t (o () — )|
= [l = uaf]” + 2¢ {0 (1) = 4o 14, — )
+ o) - |’
= o -l + 2t o () — e W) —w)  (7)
+2t (o (u) —u,u, —u)
+ 2w — vy — ) + E|o(uy) — |
< -2(1-x) 8] Ju —uf

+2t{o(u) —u,u, —u) + t2||Q(ut) - ut"z.

It follows that

1

- (o (u) —u,u, —u) +tM, (18)

oty = <

where M > 0 is a constant such that

1
2(1-x)

M >

sup {Hg(ut) —u |’ it e, 1)}. (19)

In particular, we have

1
1-x«

u € Fix (W).
(20)

||un - u"2 < (o (u) —u,u, —u) +t,M,

Noting that {u,} is bounded, without loss of generality, we
assume that u,, — x*. It is obvious that x* € C. From (16)
and Lemma 2, we deduce x* € Fix(W). Substitute x* for u in
(20) to get

1
1-x«

2
u, — x*“ <

(o(x") = x,x, - x*) +£,M.  (21)

Since u, — x*, we deduce from (21) that u, — x*. The net
{u,} is, therefore, relatively compact, ast — 07, in the norm

topology.
In (20), lettingn — 00, we get

”x*—u“z < IK <Q(u)—u,x*—u>, u € Fix (W).

1 —
(22)
Therefore, x* solves the variational inequality

xteFix(W), ((I-o)uwu-x")20, ueFix(W).
(23)

By Lemma 3, (23) equals its dual variational inequality

xteFix(W), ((1-¢)x"u-x')>0, ueFix(W).
(24)

This indicates that x* = (projFiX(W)Q)xi. That is, x* is the
unique fixed point in Fix(W) of the contraction projp;, e
So, the entire net {u,} converges in norm to x* ast — 0%.

This completes the proof. O

Corollary 6. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let W : C — C be a nonexpansive
mapping with Fix(W) # 0.

Foreacht € (0, 1), let the net {u,} be defined by

u, = Wproje [(1 - 1) u,]. (25)

Then, as t — 0%, the net {u,} converges strongly to the
minimum-norm fixed point of W.

Proof. As a matter of fact, in (9), we choose ¢ = 0, and then
(9) reduces to (25). From Proposition 5, (24) is reduced to

0<(x"u-x"), ueFix(W). (26)
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Equivalently,
"x*"2 < <xi,u> , ueFix(W). (27)
This implies that
|| < ell, € Fix(w). (28)

Therefore, x* is the minimum-norm fixed point of W. This
completes the proof. O

Algorithm 7. Let C be a nonempty closed subset of a real
Hilbert space H. Let T : C — C be a pseudocontraction
andlet o : C — H be a x-contraction. Let {£,} c [0,1] and
{n,} ¢ [0,1] be two real number sequences. For x, € C, we
define a sequence {x,,} iteratively by

n=>0.
(29)

xn+1 = prOjC [Eng (xn) + (1 - Eﬂ - ’771) xn + nn—ﬂ—xn] >

Theorem 8. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let T : C — C be an L-Lipschitzian
and pseudocontraction with Fix(T) #0@ and ¢ : C — H a -
contraction. Suppose the following conditions are satisfied:

(C1) lim,, , &, =0and Y2 &, = 00;
(C2) lim,,_, (8, /1) = lim,, _ oo (112/8,)) = 0;
(C3) 1m0 (Ettnes = S ) E311-1) = 0.
Then the sequence {x,} generated by the algorithm (29)

converges strongly to x* = (projFixmg)xi.

Proof. First, we prove that the sequence {x,} is bounded. We
will show this fact by induction. According to conditions (C1)
and (C2), there exists a sufficiently large positive integer m
such that

2
1—$(L+1)(L+3)<fn+2nn+’g—:)>0, n>m.
(30)

Fix a p € Fix(T) and take a constant M, > 0 such that

X = pllses =2l 2 e (p) - ol

max {|x, = p]. |

< M,.
(31)
Next, we show that ||x,,,; — pll < M;.
Set
Ym = Sm@ (xm) + (1 - Em - r]m) Xim T ﬂmew
(32)

thus, X1 = PrOja: [ym] :

Then we have

<xm+1 Vo> Xmy1 — P> <0. (33)
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Since T is pseudocontractive, | — T is monotone. So, we have
(-T Xy —A=T) prxyy —py 0. (34)

From (29), (33), and (34), we obtain

[ = I = (ouer = P Xonar = )
= (Xpna1 = Yo Xmer = P) + Yo = Pr X1 = P)
< (Y = P> X1 = P)
= (% = P» X1 — P)
=& (% = 0 (%) » X1 = P)
+ 1 (TXpy = Xp» Xpps1 — P)
= (% = P> X1 — P)
+ & (Xpme1 = X Xns1 — P)
+ & (0 (%) = 2 (P)> X1 — P)
+ & (f (P) = P» X1 = P)
=& (Xpwe1 = Pr X1 — P)
+ 1, (T, = T 1> X1 — P)
+ o (X1 = Xr X1 = P)
=t (Fonet = Tt X1 = P)
< i = Pl xmer = Pl + & [mer = %
X |xiar = P + & | = Pl [xms1 = £
+ &l (P) = Pl %mar = 2l = Enll%er - 2l
o ([T = Tk | + i1 = %))
X i1 = P
< (1+ &) [x, - pl
X [%mir = Pl + &l (p) - Pl
X %1 = Pl = &l et = Pl

+(L+1) (Em + Um) ||xm+1 - xm” ”xm+1 - P" :
(35)

It follows that
L+ &) [l = ol < (1+&,%) %, -
+&,le (p) - pl

+(L+1) (& + 1) [Xar — X -
(36)
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By (29), we have

[EEE|
= [[projc [Eme (%) + (1= & = ) X + 71 TX,1]
—proj [x,,]|

< e (%) + (1= &y = 1) Xy + 1 T2 = X,

<& (lo(x,) —e ()] + llo () = pll + % = Pl)
+ 1y ([T, = 2 + % = £1)

<& (le(p) - pl + A +x) |, = pl)
+ (L4 1)y %, — P

(37)

< (L 145) (8 +11m) [ = Pl + & 0 (p) -
< (L+3) (&, +1,) M,.
Substitute (37) into (36) to obtain
(148, [r - 1l
< (14 &) % = ol + & o (p) - p
+(L+1)(L+3) (&, +1,)M,

< (1 + %EM)MI F(L+1) (L +3) (& + 1) My

(38)
that is,
“xm+1 - p”
2
. [1 ((1=18,/2) = L+ 1) (L+3) (€, + 1) }Ml
1+¢,

_ {1_((<<1—;<>sm)[1_ 2@
(e (2))])

x (1 +£m)“) ]»M1

<M,.
(39)
By induction, we get
|x, - pl| <My, Vn>0, (40)

which implies that {x,,} is bounded and so is {Tx, }. Now, we
take a constant M, > 0 such that

M, = Slip {”xn” + ”—ﬂ—xn - xn"}' (41)

SetS = (21— T)! (ie.,, S is a resolvent of the monotone
operator [ — T). We then have that S is a nonexpansive self
mapping of C and Fix(S) = Fix(T).

By Proposition 5, we know that, whenever {y,} ¢ (0,1)
andy, — 07, the sequence {z,} defined by

Zy = S pI‘OjC [yng (Zn) + (1 - Yn) zn] (42)

converges strongly to the fixed point x* of S (and of T as
Fix(S) = Fix(T)). Without loss of generality, we may assume
that ||z, < M, for all n.

It suffices to prove that ||x,,; — z,[| — 0asn — oo (for
some y, — 07). To this end, we rewrite (42) as

(2’” - -ﬂ—) zZ, = prOjC [VnQ (Zn) + (1 - Yn) Zn] , nx=0. (43)

By using the property of the metric projection, we have

<ynQ (zn) + (1 - Vn) Zy = (Zzn - —H—Zn) > Xt
- (ZZn - —I]—Zn)> <0

= <_YH (zn -0 (zn)) > Xpel ~ Zn T (zn - -I]—Zn)>
+(Tz, — 2, X1 — 2, — (2, — Tz,)) <0

= <_Yn (zn -@ (zn)) + —I]—Zn T Zp Xp1 T Zn>

+ “Zn - —I]—Znuz < <Yn (Zn -0 (zn)) ’Tzn - Zn> (44)
= <_Yn (Zn -@ (Zn)) + —I]—Zn 2y Xp1 T Zn>
=V “Zn -e (zn)” ”-I]—Zn - Zﬂ”
Tz, -z,
== <_(Zn_9(zn))+ " ’xn+1_zn>
< |z, - e 2Tz, - 2] -
Note that
"Zn - —H—Zn" = “prOjC [Yng (Zn) + (1 - Yn) Zn] - Zn"
< “yng (Zn) + (1 - yn) Zn Zn“ (45)

= Yn ||zn -0 (Zn)” .
Hence, we get

Tz, -z,

<_ (Zn -0 (Zn)) + > Xyl — Zn> < Yn"Zn - Q(ZH)HZ'

(46)

n



From (42), we have

||zn+1 - Zn“ = "Sprojc [Yn+lg (Zn+1) + (1 - Yn+1) Zn+1]

=S prOjC [Yng (zn) + (1 - Yn) zn]“
= "YnﬂQ (Zpe1) + (1= V1) Zuna
~Vn0@ (Zn) - (1 - Yn) Zn"

= "(1 - Vn+1) (zn+1 - Zn) + (Yn
X (Zn -0 (Zn)) * Vo1 (Q (Zn+1) -0 (Zn))”

- Yn+1)

< [1 -(1-x) Vn+1] "Zn+1 - Zn"

+ |Yn+1 - yn' ”zn -0 (zn)“ .

(47)
It follows that
|yn+1 I
Zp — 2|l < z,)||- (48)
Jow =2l = 2 e, o5
Set
&
Y, = —. (49)
M

By condition (C2), y, — 0" and y, € (0,1), for n large
enough. Hence, by (46) and (48), we have

(~eele + B2 2

& £,
< allzn oz, < EM; (50)
|£n’7n—1 - En—l"lnl
Zn = Fn]l < M,.
" ! ! 1" Enﬂn—l 2

By (29), we have
|ner = .l
= |lproje [§no (x,) + (1 = &, = 1,) x,, + 1, Tx,,]
—projcx, | (51)
<&, [x, = e (k)] + 7, [ Tx, — x|
< (& +11,) My

Next, we estimate |x,,, — z,,,l. Since x,,;, = proj.[y,],

(Xpe1 = Vo> Xpi1 — Zy) < 0. Then, we have
2

“xnﬂ - Zn" = <xn+1 Xn+1 ~ n>

= <xn+1 Yo Xnt1 T zn>

+ <yn ~Zp X1 ~ Zn>
< <yn T Zp Xpe1 T Zn>

= ([Ge(x,) + (1-8,

Xn+1 ~ n>

- nn) X, + ﬂn-ﬂ—xn]
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= (1 - gn - nn) <xn ~ Zp Xpp1 — Zn>
1y <-[|—xn - -ﬂ—xn+1>xn+1 - Zn>
+ 1, <-[|—xn+1 - -I]—zn’ Xnt1 — Zn>

+ <En (Q (xn) - Zn)

+ 1y (Tzn —Z ) Xn+1 ~ n>

(52)
It follows that
“xnﬂ - Zn"2
< (1 - En - ’771) "xn - Zn” ”xnﬂ - Zn"
+ nnL “xn - xn+1|| ”xn+1 - zn"

2
+ nn"xnﬂ - Zn"

+ gn <Q (Zn) -z, t Z_: (-I]—zn - Zn) > Xpe1 Zn> (53)

1-¢ -
< =2 (|, = 2 + s — )
nn 2 LZ 2
"xn+1 zn” + ?”xn - xn+1”
, & 2
+ nnllxml - Zn" + ’,’_nllzn - Q(Zn)” .
Thus,
1-§,-1
"xnﬂ - Zn||2 Tn” - Zn"2
pamry I |
1+£ _ n+1 n
282 2
e (Zn)
YOV E - )ﬂnll o(z,)]
nn _ 2
+ 1+ En -1, ”xn+1 Zn”
2&11 2
< (1 - r) % = 2]
(E + ’7n) 2,42 2’531 2
—M
1+£ LM2+(1+€n_77n)’1n ?
i

+—AM?
1+£n_’1n ?

S<l‘#€"—nﬂ>

X ("xn - Zn—l" + "Zn -

Zn-1 ")2
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N { Gtn) 28

1+'En_nn (1+€n_’7n)’1n
2
+_ﬁ;4M
1+En_71n
ZEn 2
1—- ——n -
<(1- 5 -l
1
+ m |2, =z, |

x (2 “xn - anlll + "Zn - anlll)

N { Gtm) 25

1+En_77n (1+£n_’7n)’7n
2
gLy
1+En_rln}

2&1 ) 2
<(1- —F"— Xy = 2,
( 1+&, -1, ” " 1“

1 |En}7n—1 - En—lﬂnl

+ M
I+ gn M Ennn—l

(& + 1) 2,
+ +

1+En_77n (1+£n_’7n)’7n

2
A
1+ En ~Hn }

where the finite constant M > 0 is given by

M := max {LZM; 4M?Z,

Misup (2[5, = 2, + |z =z D}

Set
5, = —2n
I+ En ~ M

0 = {gnrln—l - En—lrln
n = 2
26717111—1

=28, (asn— 00),

2 2
+%<fn+2nn+@)+£—”+ﬂ}M.

3

Then (54) can be rewritten as

Mo 28,

”xn+l - anlz < (1 - 871) “xn - Zn—l"2 + 6n6n'

By the conditions (C1)-(C3), we deuce that

lim §, =0, i@n = 00,
n=1

n— 00

nleréO 0, =0.

(54)

(55)

(56)

(57)

(58)

From Lemma 4 and (57), we get ||x,,,, — Z,,II2 — Oasn —
00. This completes the proof. O

Algorithm 9. Let C be a nonempty closed subset of a real
Hilbert space H. Let T : C — C be a pseudocontraction. Let
{€,} c [0,1] and {#,,} c [0, 1] be two real number sequences.
For x, € C, we define a sequence {x,,} iteratively by

X1 = prOjC [(1 - £n - nn) Xy + nn—ﬂ—xn] , n=0. (59)

Corollary 10. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let T : C — C be an L-Lipschitzian
and pseudocontraction with Fix(T) # 0. Suppose the following
conditions are satisfied:

(CD lim,,_, &, =0and Y2 &, = co;
(C2) lim,, _, o (&,/n,) = lim,, _, o, (7 /) = 0;
(C3) limn—>oo((£nr]n—l - En—lﬂn)/girln—l) = 0

Then the sequence {x,} generated by the algorithm (59)
converges strongly to the minimum-norm fixed point of T.
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