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The aim of this paper is to introduce and study a new concept of the I’* space via ideal convergence defined by modulus and also
some topological properties of the resulting sequence spaces were examined.

1. Introduction

Let (x,,,,) be a double sequence of real or complex numbers.
Then the series Y’ | x,,, is called a double series. The
double series ), _, X,,, is said to be convergent if and only
if the double sequence (S,,,,,) is convergent, where

m,n
Spm = Y X (mn=1,2,3,..). )
i,j=1

We denote w” as the class of all complex double sequences
(X)- A sequence x = (x,,,) is said to be double analytic if

|1/m+n

SUPp|x,,, < 00. 2)
The vector space of all prime sense double analytic sequences
is usually denoted by A, A sequence x = (x,,,) is called
double entire sequence if

(lxmn|)l/m+n — 0 asm,n— oo. (3)

The vector space of all prime sense double entire sequences is
usually denoted by I'*. The space A” is a metric space with the
metric

|1/m+n

d(x,y)zsup“xmn—ym,, :m,n:l,2,3,...}. (4)

The space I'* is a metric space with the metric

Dl/m-ﬂ-n

d(x,y):sup{(|xmn—ymn tm,n: 1,2,3,...}, (5)

forall x = {x,,,} and y = {y,,,} in T*.
Consider a double sequence x = (x,»j). The (m, n)th sec-

tion x™" of the sequence is defined by x"™" = Yt %0
forallm,n e N,
00 00 ---
00 00
O =1 , (6)
00 -+ 10 ---
00 00 ---

with 1 in the (m, n)th position and zero otherwise. An FK-
space (or a metric space) X is said to have AK property if
(8,,,) is a Schauder basis for X. Or equivalently x"™"
We need the following inequality in the sequel of the paper.

- X.

Lemmal. Fora,b>0and0 < p < 1, one has
(a+b)lf <af +17. (7)

Some initial work on double sequence spaces is found in
Bromwich. Later on it was investigated by Moricz [1], Moricz
and Rhoades [2], Basarir and Solancan [3], Tripathy [4],
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Turkmenoglu [5], Subramanian and Misra [6, 7], and many
others. Tripathy and Dutta [8] introduced and investigated
different types of fuzzy real valued double sequence spaces.
Generalizing the concept of ordinary convergence for real
sequences Kostyrko et al. introduced the concept of ideal
convergence which is a generalization of statistical conver-
gence, by using the ideal I of the subsets of the set of natural
numbers.

The notion of different sequence spaces (for single
sequences) was introduced by Kizmaz [9] as follows:

Z(A)={x=(x) ew: (Axy) € Z}, (8)

for Z = ¢, ¢ and €, where Ax;, = x; — x3,, forall k € N.
Here w, ¢, ¢y, and £ denote the classes of all, convergent, null,
and bounded scalar valued single sequences, respectively. The
above spaces are Banach spaces normed by

x| = |x;| + sup |Ax,|.
]l =[x, k211>| l )

Later on the notion was further investigated by many others.
We now introduce the following difference double sequence
spaces defined by

Z(A) = {x = (X,) € W : (Ax,,,) € Z} , (10)

where Z = A? and T2, respectively. Ax,,, = (X, = Xpns1) —
(xm+1n - xm+1n+1) = X ~ Xl — Xrin T Xngins1 for all
m,n € N. We further generalized this notion and introduced
the following notion. For m,n > 1,

Z (&) = {x = % : (Ahx,) € 2}, for Z = A% T2,
(1)

An Orlicz function is a function f : [0,00) — [0, c0) which
is continuous, nondecreasing, and convex with f(0) = 0,
f(x) > 0,forx >0and f(x) » coasx — o00.If convexity
of Orlicz function f is replaced by f(x + y) < f(x) + f(y),
then this function is called modulus function. A modulus
function f is said to satisfy A*-condition for all values u, if
there exists K > 0 such that f(2u) < Kf (u), u > 0.

Remark 2. A modulus function satisfies the inequality
f(Ax) < Af(x)forall Awith0 < A < 1.

Lemma 3. Let f be a modulus function which satisfies A*-
condition and let 0 < & < 1. Then for each t > &, one has
f) < K871f(2)for some constant K > 0.

Spaces of strongly summable sequences were discussed
by Kuttner, Maddox, and others. The class of sequences
which are strongly Cesaro summable with respect to a
modulus was introduced by Maddox as an extension of the
definition of strongly Cesaro summable sequences. Connor
further extended this definition to a definition of strong A-
summability with respect to a modulus where A = (a,) is
a nonnegative regular matrix and established some connec-
tions between strong A-summability, strong A-summability
with respect to a modulus, and A-statistical convergence.
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The notion of convergence of double sequences was pre-
sented by A. Pringsheim. Also, the four-dimensional matrix
transformation (Ax),, = Yo 1 Yoo, drp X, Was studied
extensively by Robison and Hamilton.

2. Definitions and Preliminaries

Let X be a nonempty set. A nonvoid class I < 2% (power
set, of X) is called an ideal if I is additive (i.e., A,B € I =
A|JB € I) and hereditary (i.e, A€ TandB<C A = B € I).
A nonempty family of sets F € 2% is said to be a filter on X if
¢ ¢F;AABeF>A(\BeFandAe€ FFACB= BeF.
For each ideal I there is a filter F(I) given by F(I) = {K C N :
N\ K € I}. A nontrivial ideal I ¢ 2% is called admissible if
and only if {{x} : x € X} C I.

A double sequence space E is said to be solid or normal
if (&, %) € E, whenever (x,,,) € E and for all double
sequences & = («,,,,) of scalars with |«,,,,,| < 1,forallm,n € N.

Let n € N and let X be a real vector space of dimension
w, where n < w. A real valued function d,(xy,...,x,) =
(d; (xy), ... ,dn(xn))llp on X satisfies the following four
conditions:

@) I(dy ()55 dn(xn))llp = 0 ifand and only if d, (x,),
...»d,(x,) are linearly dependent,

(ii) ||(d1(x1),...,dn(x,,))||p is invariant under permuta-
tion,

(iii) [l(ad, ()5 - dy (D, = |l (dy (X)) -5 A () s
a e R,

(iv) d,((xp p1)s (s 2) -+ (o ) = (dx(xy5 %5,

x,)7 +dy (¥, Vo ...,yn)p)l/P for1 < p < 00, 0or
(V) d((xp5 y1)5 (X35 ¥2)5 o5 (X, ¥)) == supldx(xy, x5,
e X)) dy (V15 Vs oo ¥)b for x,xy,..0,x, € X,
V1> Var o> ¥y € Y, is called the p product metric of the

Cartesian product of n metric spaces which is the p
norm of the n-vector of the norms of the n subspaces.

A trivial example of p product metric of #n metric spaces
is the p norm space X = R equipped with the following
Euclidean metric in the product space which is the p norm:

I(d; (1) ..., 4d, (xn))“E
= sup (|d€t (dmn (xmn))l)

dy (xn) dp, (x12) e dyy, (xln) (12)
dy (le) dy, (xzz) o dy, (xm

= Sup . )
dnl (xnl) dn2 (an) e dnn (xnn)

where x; = (x;;,...,x;,) € R" foreachi=1,2,...,n.

3. Main Results

In this section we introduce the notion of different types of
I-convergent double sequences. This generalizes and unifies
different notions of convergence for I'. We will denote the
ideal of 2N by I,.



Abstract and Applied Analysis

Let I, be an ideal of 2YV, f a modulus function, 5 =
(#,m) @ double analytic sequence of strictly positive real
numbers, and (X, [|(d;(x,), ...,d,,(xn))llp) a p-product of n
metric spaces which is the p norm of the n-vector of the

norms of the n subspaces. Further [*(p—X) denotes X-valued
sequence space. Now, we define the following sequence
spaces:

1";12[“(111 (x,)s....d, (xn))”P]n

=x=(x,,) eI (p-X):Ve>0,

<‘(r,s)eN><N:

L3S [l

m=1n=1

qmn
dl(xl),...,dn(xn_l)“p] 26}612,
for every d; (x,),....d,(x, ;) € X.

K1 (1) G,

=x=(x,,) €A’ (p-X):3IK>0,

{{(r,s)eNxN:

r_lsi i [f||<len|1/m+n ’

m=1n=1

—

T
dy (1) (5,) )|
> K} € IZ} , for every d, (x;),....d,(x,_;) € X.

A1 (x,).....d, (xn))”p]'7

=x=(x,,) €A’ (p-X):3K >0,

<I(r,s)€N><N:

EOIDNF] (O

m=1n=1

dy(0)rnd, () )]

< K} , forevery d, (x;),....d,(x,_;) € X.

(13)

Ify = #,,, = 1 for all m,n € N we obtain

F;IZ [”(dl (x1),....d, (x"))"p]n

=172 [y (1) o (), ]

3
N[ () ey ()],
R 1y (), G
K1, (1), DI, )"
= A% [y () (5D, ) -
14)

The following well-known inequality will be used in this
study: 0 < inf, 1., = Hy < 4, < sup,,, = H < oo,
D = max(1, 2H71); then

ln

" < D {fxn

|xmn + Vi + |ymn Wmn} > (15)

mn> Ymn € C. Also |xmn|’7mn/m+n <
) for all x,,, € C.

for all my,n € N and x

maX(l, |an|H/m+n

Theorem 4. The sets FJZrIZ[||(d1(X1),...,dn(xn))”P]'imn and

AZ;Z[II(dl(xl),...,dn(xn))llp]”’"" are linear spaces over the
complex field C

Proof. Now only prove F;IZ[H(dl(xl),...,dn(xn))||P]”"‘"
and the others can be proved similarly. Let x,y €
220, () ()] )™ and &, B € C. Then

{(r,s)eNxN:

L35 [l

m=1n=1

d, (xl)""’dn (xn—l)

] Mmn
p

€
> 5} € 12,
(16)
{(r,s) eNXN:

Ly S [,

m=1n=1

dl (xl)"">dn (xn—l)

] mn
P

€
>—r€el,.
2} 2

Since [|(d,(x,),...,d,(x,))l, is a p-product of n metric
spaces which is the p norm of the n-vector of the norms of



the n subspaces and f is a modulus function, the following
inequality holds:

|06an + ﬁymn|l/m+n

Umtn | |/3|1/M+n >

lox]

dl ('xl)""’dn ('xn—l)

)

D r |06|1/m+n
< g Z Z [ |(X|1/m+n i |ﬁ|1/m+n

Xf( |I(|xmn|)1/m+n 1 (x1)s

aml,)]

DY |/3|1/m+n
+ E Z Z 1/m+n 1/m+n
™+ B

xf<H<|ymn|)”m+",d1 ().

)
<23 5[
,d, (xn—l) "P)]”W
S N

m=1n=1
() eendy ()| )]
17)

© dn (xn—l)

dy (x),...

From the above inequality we get

{(r,s)eNxN:

(|‘X‘xmn + ﬂymnl)l/m+n
|(x|1/m+n+ |ﬁ|1/m+n i

dl (x1)>""dn (xn—l) )

1 S
L35l

=1n=1

)
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ze}c{(r,s)eNxN:

D3 S [

m=1n=1

dy (51) ey () )| |

=

}612

U{(r,s)eNxN:
D3 S [ (" (5,

NS No}

m=1n=1
Mo
4)] )
> g} €L
(18)
This completes the proof. O

Theorem 5. F;IZ Iy (x)s -5 dn(xn))llp]” paranormed space
with respect to the paranorm is defined by

Grs (%)

= inf {(Sl;lsp%i i [f || ((lxmnl)l/m+n ,d, (xl) >

Sy (%) )"p]%>

< 1}, for every d, (x;),...,

1/H

d,(x,.;) € X.
(19)
Proof. g,,(0) = 0 and g,,(-x) =

so we omit them. Let us take x,y € F
d, G, T. Let

Grs(x) are easy to prove,

*[lI(d, (), - -

Grs ()

= inf {sgp% i:l Z [f ||((|x,,m|)1/m+",d1 (%)
)]

<1, VxeX},
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gTS (y) grs (xu - x)
i i . u 1/m+n
= inf {sup— Z Z [f||((|ymn 1/ d (x,), {Slrlsprs Z:M; [f”((lxmn Xun]) vdy (x1),
m=1n=1
- oy (%)) ]"’”“
"dn (xn—l) )"P] 4
< 1,} Vx € X
<1, Vx € X} .
(20) )
We observe that
Then we have
(lA |)1/m+n
1/m+n mnXmn d i
sgprsmzlnzl [f"( X + Vo) (%) ( H( All/m+n |M1/m+n (x1)
Yo
.,dn(xn—l))“p] n( Xnp— 1)) >
1 U m+n 1/m+n
<sup— Y Y [ £ (™" ot (), < H( Wit =) "
S m=1 n=1 m+n 1/m+n
(21) -2 + Al
d nmn l
ey (X1) )‘lp] d, (xn_1)> >
l . S 1/m+n p
" s}’:lsprsmzzlngl [f "(('ymnl) xl) H( (|AX _ A.x:mnl)l/m%—n . ( )
bl ‘x b
- A e
n 1))“ ]
""dn(xn—1)> >
Thus P
I/\‘:nn B A|
18 S y = Tt~ A1+ A
P_ [f|l<(|xmn +ymn|) WH‘”) "
rs Z:”; 1/m+n
L@ S (™™ () () )
dy (1), d, (%, 1))” ] <1 A
" - AT+ A
and g,(x + y) = g, (%) + g,:(y). " 1mn
Now, let A =~ — A, where A A € C and g,,(x};, - X f<|l<(|xmn = Xp) ,dy (%),
X,,) — 0asu — oo. We have to prove that gm(}tmnxmn -
Ax,,,) — Oasu — oo.Let )“ )
n n—-1
(24)
9rs (x)
1 &S w Nfmen From this inequality, it follows that
{ P2 ) [f||(<|xmn|) dy (x,),
s m=1n=1
Tlmn (|/\mn Xn l)l/ern d (xl)
. ’dn (xn_l) )" ] All/m+n |)L|1/m+n
4 (25)

<1, V.X'EX}, ""dn(xn—l))

rlmn
)| =
p



and consequently

9rs (A2 X — Ax

mn- mn mn)

< (A%, =A™ inf {g,, (x2,)}

(26)
+ (AN inf {g,, (x%,, - x)}

< max {lAl > (Ml)ﬂmn/H} rs (xi:rm - xmn) :

Hence by our assumption the right-hand side tends to zero as
u,m,and n — ©o. This completes the proof. O

Theorem 6. (i) If 0 < inf, . #,, = Hy < #u <
L then T2 [I(dy (x), o dy (e DI € THRLI Gy,
d,(x ), 1.

(i) If 1 < Ty < SUP, Hly = H < 00, then T2 [1(d, (x,),
SO NE MRS el ([ENED IR HEH)] N

(iii)) If 0 < %y < P < 00 and {W,,,/M,..} is ana-
Iytic, then T2 [1(d, (xy), ., dy (), € T (),

d, (eI, I
Proof. The proof is easy. Therefore omit it. O

Lemma 7. If a sequence E is solid, then it is monotone. (See
(10, page 53].)

Theorem 8. I‘;IZ[Il(dl(xl),...,dn(xn))||P]" is solid and also
monotone.

Proof. Let x € F;Iz[ll(dl(xl),...,dn(xn))llp]” and & = (

|1/m+n

mn)

be scalars such that |«,,,,, < 1form,n € N. Then we have

«[(r,s)eNxN:

L5 S 1o o),

rs m=1n=1

o, )] ]

SE}C{{(?’,S)GNXN:

L33 [ (™ s ),

T"szl n=1

)]

IN
m
—

s},

where T = max,,,,{1, |ocmn|H/m+"}. Hence ax € I"JZ(IZ[II(dl(xl),

...,dn(xn))llp]” with |a|/™" < 1 for all m,n € N whenever

(27)
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x € T2[I(dy(x) .o d,(x )], ). Also by Lemma7, it

follows that I/ [[[(d, (x,), ... d,,(x,))l,]" is monotone. This
completes the proof. O

Theorem 9. Let f, f,, and f, be modulus functions. Then one
has

@) TER I G, eI € TE2 (N (),
d, ()l

R P [CHEN NN NER) I a] e [CREH RS
EHES)] KRS v PR ([CRED RN NER) W

Proof. (i) Let inf
€, > 0 such that max{e’, eé{"} < €. Now using the continuity
of f, choose 0 < § < 1suchthat0 <t < § implies f(t) < ¢,.
Letx € T2 (1(dy(x)), o dy (X)),

We observe that

wntlmn = Ho. For given € > 0, we first choose

A(S) = <|(r,s)€N><N:

S

Ly yls

S =1 n=1

((Ixmn|)1/m+n vdy (%),

r/mn
P

(28)
Thus if (1, 5) ¢ A(S) then
eI 1 (GRS PAEN)
cnd, () )||P]"”" < oM
= 33 [A (™" 5.
...,dn(xn_l))up]mm < rsdH,
= [ (D)™™ (1),
cnd (%) )||p]"'"" <8, Vmn=1,2....
= £ ( (" (),
d, (xn,l))“p) <8, Vmn=12,....
(29)
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Hence from above inequality and using continuity of f, we
must have

£(A(

((lxmnl)l/mm’dl (x1),

oy (%01) )"P)) <€, Ymmn=12,....
i i [f (fl "((lxmnl)l/mm »d (x1)7

), )]

H H,
< rsmax{eo ,eo"} < rse

= 22 S [ (A5 e,

S =1 nm1
od, (x,-1) )Hp)]ﬂmn <e.
(30)

Hence we have

{(r,s)eNxN:

L3 S (A (™" 1),

m=1n=1 (31)
Hmn
oy (5)) | )]
> e} CcA() e,

(ii) Let x € FJZCIIZ["(dl(xl))“'
S ([CRENNNS

%ii[(fﬁffz

m=1n=1

A eI,
dn(xn))llp]”. Then

(] (™" (32).
o))
< %HZIZI A (™). 62)
sG]
SN (GRS
s e),)]

This completes the proof. O

Theorem 10. Let the double sequence n = (1,,,) be analytic.
Then

T [1(d (x1) ool (

c AZI2 [|| (x1),-

x))l,)"
oy ()]

(33)

and the inclusion are strict.

Theorem 11. The class of sequence Azflz[ll(dl(xl),...,
d,(x))I P]'7 is sequence algebras.

Proof. Let (x,,,)> (V) € AZ;Z[II(dl(xl),...,dn(xn))llp]" and
0 < € < 1. Then the result follows from the following
inclusion relation:

{{(r,s) e NxN:

L5 S (1ol ™ ),
Hd, (xn—l) )“p]”mn

<e} »EIZ}> 2 {{(r,s)ENxN:
1 SIS 1/m+n
Z Z:lnz::l [f ||(|xmnl ’dl (xl) >
> dy, (xnil))”P]”"m

< e} € 12]»

ﬂ{{(r,s) € NxN:

L3S [l ),

4,6, ]”
< e} € IZ} .

Similarly we can prove the result for other cases. O

(34)
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