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We introduce positive linear operators which are combined with the Chlodowsky and Szdsz type operators and study some
approximation properties of these operators in the space of continuous functions of two variables on a compact set. The convergence
rate of these operators are obtained by means of the modulus of continuity. And we also obtain weighted approximation properties
for these positive linear operators in a weighted space of functions of two variables and find the convergence rate for these operators

by using the weighted modulus of continuity.

1. Introduction and Preliminaries

Let x € Rj = [0,00) and f € C(R;). The well-known
Chlodowsky polynomial of degree n, denoted by C, ( f; x), is

n x \F x \F
Cn(f;x)=];)dn€<a_n> <1_“_n) f<5“")) 1)

0<x<a,
where («,) is a sequence of positive numbers with the
properties

04
lim - = 0. @)

lim &, = 00,
n— 00 n

n— 00
Some generalization of these polynomials in the one-
dimensional case may be found in [1, 2]. Recently, in [3, 4]
some approximation theorems for different positive linear
operators in the space of continuous functions for one
variable case are done.
Letx € Rj and f € C(R;). The modified Szdsz-Mirakjan
operators denoted by S,,(f; 3, V> X) = S(f; x) are

s x _e—ﬁnxoo(ﬁnx)k £
Sy (fix) = ]Zo—k! f(yn), 3)

where (f8,) and(y,) are given increasing and unbounded
sequences of positive numbers such that

lim L =0, &=1+o<i>. (4)
nooy, Va Vn

In [5], Walczak introduced the modified Szdsz-Mirakjan
operators in the polynomial weighted spaces of functions of
one and two variables. He investigated approximation prop-
erties of modified Szasz-Mirakjan operators in the weighted
space of continuous functions of two variables for which pf
is uniformly continuous and bounded on [R{i = R; x Ry,
where p(x, y) is a polynomial weight function. In [6], Ispir
and Atakut studied the theorems on convergence of S, (f; x),
defined by (1) to f(x), in the weighted spaces of continuous
and obtain the convergence rate of the operators by using
the weighted modulus of continuity on all positive semiaxis.
They also study the modified Szasz-Mirakjan operators in the
polynomial weighted spaces of functions of two variables.

In this study, inspired by the operators (1) and (3),
we consider certain linear positive operators of functions
of two variables. To this end, let f € C(g, ), where
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O, = {(x,y) : 0 < x <@a,0< y < oo} and define the
linear positive operators L,,,,.( f; x, y) in the following way:
Ly (fi%.7)
SRS x ko j
= Pn,k<_)Q'(ﬂmy)f<_‘xn’_>’ (5)
(x,y)en,, nmeN

with P, (x) = Chx(1 - x)" " and Q;(x) = e *(x’/ j1).

If we take f(x, y) := g(x) and f(x, y) := h(y) in (5), then
the operators L, ,, reduce to the Chlodowsky and Szdsz type
operators, respectively. Approximation of functions of one or
two variables by some positive linear operators in weighted
spaces may be found in [1, 2, 5-8].

In this paper, firstly we study some approximation prop-
erties of the sequence of linear positive operators given by
(5) in the space of continuous functions on compact set
O4p = [0, A] x [0, B] and find the order of this approximation
using full and partial modulus of continuity. We finally
investigate the convergence of the sequence of linear positive
operators L, ., defined on a weighted space of functions of
two variables, and find the rate of this convergence by means
of weighted modulus of continuity.

Now we give some basic definitions which we will use in
our theorems.

Let p(x,y) = 1+ x* + y* and let B, be the set of all
functions f defined on the real axis satisfying the condition
[fx, )| < M fp(x, y), where M ¢ is a constant depending
only on f. B, is a normed space with the norm

1f (e )l

“f” (xy)eRZ P(x }’)

(6)

Let f € C, with C, being the subspace of all continuous
functions belonging to B,. Then the weighted modulus of
continuity of f defined by

f(x+h1,y+h2)—f(x,y)
p(xy)p(huhy) )

Qs (8,,8,) = sup
|hy1<68},]h,1<8,
(x,y)eR2

Let f € C(O4p). The full modulus of continuity of f is defined
as follows:
ws(8) = |f (x1 1) = f (32 35)
(r1=x2)"+(1-72)°<0
(x,y)€04p

Partial modulus of continuity with respect to x and y is
defined by

W @) = max max |f(x.0) - f G2 ©)
WP (8) = max max If y)-fy)ls o)
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respectively. It is known that the full modulus of continuity
and the partial modulus of continuity satisfy the following
properties:

ws A8) < (1+A) ws ), giinowf () =0, (11)

wp (8) <l (8) + P (8) < 200 (9) . (12)

2. Approximation Properties on O,

In this section we give some classical approximation proper-
ties of the operators L, ,, on the compact set O 4.

Lete; ;(t,,1,) = t\t]. Then by simple calculations, one can
obtain the following lemmas.

Lemma 1. Let L, be defined by (5). Then one has for all

m,n €N,
Ln,m (e0,0; X, )’) = 1’ (13)
Ln,m (el,O;X’ y) =% (14)
. y) = Pm
Ln,m (60,1’ X, y) Y y’ (15)
Ln,m (eZ,O;x’y) = (1 - l>x2+ %x) (16)
n n
B P
Ln,m (60,2; X5 y) yg y Yz ) (17)

Ln,m (63,0; X, y)

2 3 3a,  3a,\ 2 %
= ———+1> < )x + —Lx,
<n2 n no o n?

B 3B, ﬁm
Ly (635 %, y) = ﬁf "] =yt 2

6 11 6>4

Ln,m(e4,o;X,y) = (1 - + i x

60, 180, 12, >x3
1’13

B, 6B 5 7B 2 B
Ly (€ou,y) = =2yt 4 =1y T2y Doy,
o Y Vi Vi Vin
(18)

From Lemma 1, we obtain following lemmas.

Lemma 2. If the operator L, ,, is defined by (5), then for all
(x,y) € [Ri andn,m € N,

Lo ((el,o - X)Z;x, y) = M

>

n
n

Ly ((e01 = )5 %, y) = (ﬁ:—l)zy +€—Ty,
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Ln,m ((el,O - x)4; X, y)

3 6 4 12« 60 3
() (G-

302 742 o
+( > 3”>x2+n—g’x,
4 3 2
=<ﬁ_m_%+%_4ﬁ

n n
+1 y4
Vo Vm Ve Ym )

6B, 128, 6B, 7Bn 4B
(e B ) (i)
Ym Ym Ym Ym Ym

Ln,m ((60,1 - y)4;x’ y)

(19)

Lemma 3. If the operator L, is defined by (5), then for all
(x,y) € R? and sufficiently large n,m,

Ln,m ((el,O_x)z;x’y) :O(%>(x2+x)> (20)

Ly ((egy = )52y) =0 (%) (+y), @

m

Ly ((61,0 - x)x, y) =0 (%) (x4 +x0+ X+ x) , (22)

Ly ((egy - ) 52.y) =0 (%) (V' +y +y +y).
" (23)

The approximation theorem for functions of two variables
is as follows.

Theorem 4 (see [8]). If{T,,,,} is a sequence of linear positive
operators satisfying the conditions

lim_|T, (€005 % ) = 1| oy = 05

n,m — 00

n,rLiQOO"Tn,m(el,O; X, y) - x"C(X) =0,

. (24)
rl,r}'llgoo"T(eO,l; x,y) = )’“C(X) =0,

n,rltigoo"Tn,m(eiO + eg,l;x’ y) - (x2 + yz)“C(X) =0

then for any function f € C(X), which is bounded in R?,
Aim T2 9) = fOo Moo =0 (25)
where X is a compact set.
In the following theorem we show that the linear positive

operator L, which we define by (5) converges to f uni-
formly with the help of Theorem 4 given by Volkov in [8].

Theorem 5. Let f € C(R2), then the operators L, ,, defined
by (5) converge uniformly to f on O,y € R2 asn,m — oo.

Proof. From (13)-(17) and conditions (2) and (4), we have

lim_||L,,,,.(€,05 %, ¥) = 1||C(DAB) =0

n,m — 00

lim ||L,,,.(e; ;% ) — x||C(DAB) =0,

1,1 — 00
, (26)
n’,}}gloo||Ln,m(€o,1; X y) = yHC(DAB) =0,
. 2 2 2,2 _
n,nlqlgloo"Ln’m(el’O teg 3 y)—(x +y )"C(DAB) =0.
Applying Theorem 4, we obtain the desired result. O

The following theorem gives the convergence rate of the
sequence of linear positive operators {L,,,} to f on O,y C
R?, by means of partial and full modulus of continuity.

Theorem 6. Let f € C(Oyp); then the following inequalities
hold:

1L £ 9) = fllo, < 2[@f (62) + @ (8,,)]. (27)

”Ln,m(f; X, y) - f"C(DAB) < 40‘)}1) (6n,m) > (28)

where 8, = \/A(a,/n), 8, = \/Bz(ﬁfn/yfn) + B(B,,/v2):0pm =

\/A(“n/”) + BX(B2,/v2) + B(B,./v%); w;l), ;2), and w are
given by (9), (10), and (11), respectively.

Proof. From (5) and (13) and using the property of the partial
modulus of continuity, we can write

L (fi,9) = f (%, 7)]
< ki ipn,k <(Xi> Qj (ﬁmx)

() o)

f<x,yi’;1>—f(x,y)’

+ ]Z)gpn,k <§n> Q; (Bwx)




applying the Cauchy-Schwartz inequality, we have

L (fi,3) = f (%, 7)]

o))

1/2
@ i 0 ' i - 2
* wf (8m) [1 + 8m <;Q](ﬁMX)<Ym )’) > jl >
(30)

and using equalities (16) and (17) and choosing §, =

VA(a,/n), 8, = \/Bz(ﬂfn/ynzq) + B(B,,/v2,), we obtain ine-

quality (20). If we use inequality w;l) ) +w§(2) ) < 2wf(6) we
can easily obtain inequality (21). Thus, the proof of theorem
is completed. O

Below in Example 7, we will try to see the agreement of
our linear positive operator L, ,, with f(x,y) = 2 - (x -
1% + ( y - 1) using different values of n and m, whereas
in Example 8, we also compare L, ,, with S, for another
function f(x, y) = e/ + xh).

Example 7. For n,m = 5, n,m = 50, and o, = /n, 3, =
m, y,, = m++/m; the convergence of L, . (f; x, y) to f(x, y) =
2-(x-1%+ (y- 1)? is illustrated in Figure 1.

Vi, B = m,

Ym = m + /m, the convergences of L,,(fix,y) =
Yo 20 Pugle/)Q;(Bx) f (k/m)e,jy,)  and S,

(ixy) = Yo X520 Qi(Bux)Q;(Buy) f (k[ Vys jl V) to
flx,y) = X’ /(1 + x*) will be illustrated in Figure 2.

Example 8. For n,m = 30 and «, =

3. Weighted Approximation Properties of L,

In this section, we investigate the convergence properties of
the L, ,, operators given by (5) in the weighted spaces of
continuous functions on positive semiaxis by using weighted
Korovkin type theorem. The Korovkin type theorem in
weighted spaces for linear positive operators T, ,,, acting

from C, to B, has been proved by Gadjiev [9], Gadjiev and
Hacisalihoglu [10].

Theorem 9 (see [10]). There exists a sequence of positive linear
operators T, ,,, acting from C p(Ri) to BP(Ri), satisfying the
conditions

im T, (1x ) = 1], =0, (31)
im0 % 9) = x|, =0, (32)
Jim [T, (:x,0) = ], = 0, (33)

limOO”Tn’m(tf +5x,y) - (7 + y2)||P =0.

nm—

(34)
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FIGURE 1: The convergence of L, (f;x, y) to f(x,y) forn,m =5
and »n,m = 50.

Then there exists a function f* € Cp([R{i)for which

lim |T,,.f" - f"

n,m — 0o

o > 1. (35)

Theorem 10 (see [9]). Let T, ,, be a sequence of positive linear
operators acting from Cp([R{i) to Bp(lRi) and let p;(x,y) > 1
be a continuous function for which

lim &—

e 0, (wherev=_(x,y)). (36)

The conditions (31)-(34) imply

lim ”Tn,mf - f"Pl =0 (37)

n,m — 00

forall f e CP([Ri).

Now, we give the following results in [9, 10] which we use
in the proofs of our main theorems.

Theorem 11. Let L, be the sequence of linear positive
operators defined by (5). Then for all f € CP(Ri) one has

lim "Ln,mf - f"p1 =0, (38)

n,m — 0o

where p(x,y) = 1+ x> + y* and p,(x, y) is the continuous
function, satisfying the condition (36).
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FIGURE 2: The convergence of L, (f;x,y) and S, (f,x,y) to
f(x, y) for n,m = 30.

Proof. Firstly let us show that L, is acting from C p(lRi) to
BP(IRi). Using (13), (16), and (17), we write
1L p3 2 9,

1 x* o, X
<1+ sup 1—— + — 3
(x.9)€R2 1+ x2 +y nl+x*+y

. @ Y Ba Y
sup 1 2 2 1 2
(oyyer? L Vi 1+ X7+ 52 Y +x + y?
<1+ = +ﬁ—+ﬁm<1+on,m,
n Yno Vm (39)
39
where a,,,, = (a,/n) + (B2/y2) + (B/y2)- Since o, — Oas

n,m — 00, there is a positive constant M such that o, ,,, < M

for all natural numbers n and m. Hence we have
|Lom(ps 2 )], < 14+ M. (40)

From [10], we have L, : CP(IRi) — BP(IRi). If we prove
that the conditions (31)-(34) are satisfied then the proof is
completed by Theorem 10. By using (13), (14), and (15), we get
(31)-(33). Finally, using (16) and (17), we have

[Lom(l + 52 9) = (2491 <00 (4D

5
where 0,,,,, = («,/n) + (ﬁfn/yfn) + (ﬂm/yfn), ando,,, — Oas
n,m — 00. Thus we obtain the desired result. O

k .
Theorem 12. Let f € C,. For sufficiently large n,m, the
inequality

|Ln,m (f;x,)/) _f(x’y)l

sup <KQ;(5,0,) (42)
(x,y)ERi P3 (X, y) 4
holds, where 8, = «,/n, 6,, = 1/y,, and K is a constant

independent of «,,, B,,, and y,,.

Proof. From [6, page 577], we can write

|f (tit2) = (. p)]
< 8(1 +x2+y2)Qf (6n,6m)(1 + VI(S;)Cl)

X (1 + %)(1 +(f —x)z) (1 +(t2—y)2).

(43)

Applying the L, operators on both sides of the above
inequality, we have

|Ln,m (f;x,y)—f(x,y)|

< 8(1 +x° +y2)Qf (6,,9,,)

w x 1
P — 1+—
<2ru() (105

k
—a,—x
L In

({2

> (ﬁmy)[H i—y) +s i—yl

j=0 m mYm
() ]
+— - - = >
S | Vi 4 Vim 4

then, by Cauchy-Schwarz inequality,

Lo (f5 %, 9) = f (%, 9)]
< 8(1 +x7+y%) Q¢ (8,,6,,)



X [l + Ln,m ((el,() - x)z;x’ y)

+ (Si\/Ln,m ((el,O - x)z; X, y)

n

+8i \/Ln,m ((el,o_x)2$ X5 y)Ln,m((el,O_x)4; X, J’)]

x [l + Ln,m ((eO,l - y)z;x’ y)

+ (SL \/Ln,m ((60,1 - y)z; X, y)

+6L \/Ln,m ((60’1 —y)z; X5 y)Ln,m((eO,l _y)4; X y)] >

(45)
from equalities (20)-(23), we obtain
Lo (fi 2, 7) = f (7))
<8 (1 +x° yz) Qs (8,,6,,)

X [1+O<%>(x2+x)+%\/O(%)(x2+x)

n

+$\/O(%)(x2+x)0<%>(x4+x3 +x2+x)]
X [1+O<Yim)(y2+y)+iJO(YLm)(y2+y)+$

x \/o<yi) (y2+y)0<yi> (y4+y3+y2+y)] :

m m (46)

Choosing §,, = «,/n and §,, = 1/y,,, for sufficiently large
n, m, we get

an,m(f;x’y)_f(x’y)l
1 (47)
<K(1+2+2) (142 +2)Q <%—>
( +x +y)( +x +y) 5, o
which is the desired result. ]
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