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We mainly discussed pseudointegrals based on a pseudoaddition decomposable measure. Particularly, we give the definition of the
pseudointegral for a measurable function based on a strict pseudoaddition decomposable measure by generalizing the definition
of the pseudointegral of a bounded measurable function. Furthermore, we got several important properties of the pseudointegral
of a measurable function based on a strict pseudoaddition decomposable measure.

1. Introduction

The classical measure theory is one of the most important
theories in mathematics [1, 2]. Although the additive mea-
sures are widely used, they do not allow modelling many
phenomena involving interaction between criteria. For this
reason, the fuzzy measure proposed by Sugeno is an extension
of classical measure in which the additivity is replaced by
a weaker condition, that is, monotonicity [3, 4]. Therefore,
fuzzy measure and the corresponding integrals, for example,
Choquet and Sugeno, are introduced [5-10].

So far, there have been many different fuzzy measures,
such as the decomposable measure, the A-additive measure,
the belief measure, the possibility measure, and the plausibil-
ity measure. Among the fuzzy measures mentioned before,
the decomposable measure was independently introduced by
Dubois and Prade [11] and Weber [12]. Since the close rela-
tions with the classical measure theory, further developments
of decomposable measures and related integrals have been
extensive [13-18]. Decomposable measures include several
well-known fuzzy measures such as the A-additive measure
and probability and possibility measures, and they provide a
natural setting for relaxing probabilistic assumptions regard-
ing the modeling of uncertainty [19, 20]. Decomposable
measures and the corresponding integrals are very useful in
decision theory and the theory of nonlinear differential and
integral equations [21-24].

In many problems with uncertainty as in the theory of
probabilistic metric spaces [20, 25, 26], multivalued logics
[27, 28], and general measures [1, 4] often we work with many
operations different from the usual addition and multiplica-
tion of reals. Some of them are triangular norms, triangular
conorms, pseudoadditions, pseudomultiplications, and so
forth [21, 29]. Based on the above-mentioned measures,
pseudoanalysis as a generalization of the classical analysis is
developed, where instead of the field of real numbers a semir-
ing is taken on a real interval [a,b] C [-00, +00] endowed
with pseudoaddition @ and with pseudomultiplication ©
(see [13, 19, 30-33]). The families of the pseudooperations
generated by a function g turn out to be solutions of well-
known nonlinear functional equations [22-24].

In this paper, we will discuss pseudointegrals based
on pseudoaddition decomposable measures. In Section 2,
we recall the concepts of the pseudoaddition & and the
pseudomultiplication ®, which form a real semiring on the
interval [a,b] C [-00,+00] and the notion of the o-®-
decomposable measure. Then we will give the definition of
the pseudointegral of a measurable function based on a strict
pseudoaddition decomposable measure by generalizing the
definition of the pseudointegral of a bounded measurable
function. In Section 3, we will discuss several important
properties of the pseudointegral of a measurable function
based on the strict pseudoaddition decomposable measure.
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2. Preliminaries

Let [a, b] be a closed subinterval of R (in some cases we will
also take semiclosed subintervals). The total order on [a, b]
will be denoted by <. This can be the usual order of the real
line, but it can also be another order. We will denote by A
maximum element on [a, b] (usually A is either a or b) with
respect to this total order.

Definition 1 (see [34]). Let {x,} be a sequence from [a, b].

(1) If x,, < x, whenever n > m, then we say that the
sequence {x,,} is an increasing sequence.

(2) If x,, < x, whenever n > m, then we say that the
sequence {x,,} is a strict increasing sequence.

(3) If x,, < x,, whenever n > m, then we say that the
sequence {x,,} is a decreasing sequence.

(4) If x,, < x,, whenever n > m, then we say that the
sequence {x,,} is a strict decreasing sequence.

Let X be a nonempty set; we will denote by &, &, and %
algebra, o-algebra, and Borel o-algebra of subsets of a set X,
respectively.

Denote by & (X) the set of all functionals from X to [a, b].
For each A € [a,b] the constant functional in & (X) with
value A will also be denoted by A. It will be clear from the
context which usage is intended. A functional f € F(X) is
said to be finite if f(x) < A for all x € X. The functional
f € F(X) is said to be bounded if there exists QO < A, such
that f(x) < Q for all x € X. Denote by 9B(X) the set of all
bounded functionals.

Let f and h be two functions defined on X and with values
in [a,b] and let * be arbitrary binary operation on [a,b].
Then, we define for any x € X

(f *h) (x) = f (%) x h(x), @

and for any A € [a,b], (A * f)(x) = A % f(x). Let o be a
subset of F(X).If f x h € o for all f,h € o, then o is x-
closed. The total order < on [a, b] induces a partial order < on
& (X) defined pointwise by stipulating that f < hifand only
it f(x) < h(x) for all x € X. Thus (¥(X), <) is a poset, and
whenever we consider & (X) as a poset then it will always be
with respect to this partial order. Let S[A < f] = {x | x €
X, A< f(x), f e F(X).

Definition 2 (see [35]). A binary operation & [a,b] x
[a,b] — [a,b] is called a pseudoaddition, if it satisfies the
following conditions, for all x, y, z,w € [a, b]:

(1) 0&x = x, where 0 is a zero element (usually 0 is either
a or b) (boundary condition);

(2) x®z < y ® w whenever x < y and z < w (monoton-
icity);

(3) x® y = y & x (commutativity);

(4) (x® y)®z = x @ (y ® z) (associativity).

A pseudoaddition @ is said to be continuous if it is a
continuous function in [a, b]%; a pseudoaddition & is called
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strict if & is continuous and strictly monotone. The following
are examples of pseudoadditions: x Vg y = y if and only if
X2 Yyx®y = gil(g(x) + g(y)), where g : [a,b] — [0,1]
is a strictly monotone and continuous generator surjective
function and x < y if and only if g(x) < g(y). It is obvious
that A @ x = A for all x € [a,b].

Let [a,b], = {x | x € [a,b],0 < x}. In this paper, we
assume [a, b] = [a, b],.

Definition 3 (see [35]). A binary operation © [a,b] x
[a,b] — [a,b] is called a pseudomultiplication, if it satisfies
the following conditions, for all x, y, z,w € [a, b]:

(1) 16x = x, where 1 € [a, b] is a unit element (boundary
condition);

2)x ®©z X y ©w whenever x < yand z < w
(monotonicity);

(3) x © y = y © x (commutativity);
(4) (x 0 y) ©z = x © (y © z) (associativity).

A pseudomultiplication © is said to be continuous if it is
a continuous function in [a, b]*. The following are examples
of pseudomultiplications: x A, ¥ = x if and only if x < y;
X0,y = g_l(g(x)-g(y)), where g : [a,b] — [0, 1] isastrictly
monotone and continuous generator surjective function and
x X yifand only if g(x) < g(y). It is obvious that g(0) = 0.

We assume also that 0 © x = 0 and that © is a distributive
pseudomultiplication with respect to &; that is,

xo(yoz)=(x0y)®(x02). (2)

The structure ([a, b], ®, 0) is called a real semiring.

Because of the associative property of the pseudoaddition
®, it can be extended by induction to n-ary operation by
setting

n n—1
x; = ( ® xl-) ®x,,. (3)
=1 i=1

1

Due to monotonicity, for each sequence {x;};y of elements of
[a, b], the following limit can be considered:

8

x; = lim
n— 00

Tes

X;. (4)

Il
—

Definition 4 (see [36]). Let A be a nonempty set and @ a pseu-
doaddition. A binary operationdg, : AX A — [a,b] is called
a pseudometric on A, if it satisfies the following conditions,
forall x, y,z € A:

(1) dg(x, y) = 0if and only if x = y;

(2) dg(x, y) = dg(y, x);

(3) there exists A € [a, b] such that

de (x,y) 2 A0 (dg (x,2) ®dg (2, 7)), (5)

where 0 is a distributive pseudomultiplication with respect to
®.
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Let {x,},~; be a sequence from [a,b]. The sequence
{x,},, is said to be convergent, if for any 0 < &, there exists
positive integer N (¢), such that dg(x,, x) < eforalln > N(e),
denoted by x = lim x,,, and x is said to be the limit of the
sequence {x,},51;

n— 00

[e¢]
lim x, = Vg </\oxk) (6)
n— 0o n=1 \k>n

is said to be the lower limit of the sequence {x,},5;

Tim x, = A, (v@xk> )

I
n=oeo n=1 \kzn

is said to be the upper limit of the sequence {x,},5,. It is

obvious that lim, | x, < lim,_ x,. Let {f,},, be a
sequence from &(X). The sequence {f,},-; is said to be
convergent, if for any 0 < ¢, and for each point x,, € X, there
exists positive integer N (g, x,), such that dg( f,,(x), f(x,)) <
e for all n > N(e, x;), denoted by f = lim,_, o f,, and f
is said to be the limit functional of the functionals sequence
{fn}nzl'

Let o be a subset of F(X). The poset  is said to be upper
complete if lim, _,  f, € & for each increasing sequence
{fu},>1 from of; the poset & is said to be lower complete if
lim, | f, € & for each decreasing sequence {f,},., from
df; the poset & is said to be complete if lim,_, . f, €
for each sequence {f,},.; from &/, where the limit of the
sequence of functionals {f, },-, is given by (lim,, , ., f,,)(x) =
lim, _, ., f,(x) forall x € X.

For any continuous pseudoaddition ® and x, y € [a,b]
with x < y, there exists at least one point z € [a, b] such that
y = x®z. If pseudoaddition @ is strict, then there exists only
one point z € [a,b] such that y = x® z forall x, y € [a, ]
with x < A. Thus we have the following concepts.

Definition 5 (see [34]). For any continuous pseudoaddition &
and x, y € [a,b] with x < y, the paracomplement set y—gx is
a nonempty set of all points z such that y = x @ z.

Example 6. Let the total order < on [0, 1] be the usual order
of the real line and let the pseudoaddition & be the usual
multiplication of the real numbers. It is obvious that zero
elementis 1. If x = 0, then y = 0 and y—gx = [0,1]. If x #0,
then for any 0 < y < x, we have y—gx = {y/x} € [0, 1].

Definition 7 (see [34]). For any continuous pseudoaddition
&, if f,h € F(X), then define the paracomplement set | f - /|
as the set of all those functionals ¢ such that

J (%) =ph(x),
h(x)=ef (x),

if h(x) < f(x),

if f(x)<h(x), ®

¢ (x) ={
forall x € X.

Definition 8 (see [34]). For any strict pseudoaddition & and
x, y € [a,b] with x < y, the complement y—_ x is defined as

, {ze[a,b],

.o such that y = x @z, if x < A,
Ve 0, otherwise.

)

Definition 9 (see [34]). For any strict pseudoaddition @, if
f-h € F(X), then define the complement functional | f —E'Bh|
pointwise as

() —ph(x), ifh(x) < f(x),

10
h(x)—;af(x), if f(x)<h(x), (10)

|f=ah| () = {

for all x € X.

Definition 10 (see [34]). For any pseudoaddition &, a non-
empty subset # of & (X) is said to be a functional space with
respect to @, denoted by (#,®),if Lo f)®e (uoh) e &
forall f,h € % and A,u € [a,b], where © is a distributive
pseudomultiplication with respect to &.

It is clear that (& (X), ®) is the greatest functional space
with respect to any pseudoaddition @. Thus the functional
space (#,®) with & < F(X) is also called a subspace of
(F(X), o). If (%,®) is a functional space with respect to &,
then we just write & instead of (%, ®) whenever & can be
determined from the context.

Definition 11 (see [34]). For each subset &f of & (X) the upper
closure of &, denoted by , is the set of all elements of & (X)

having the form lim, _, o f, for some increasing sequence
{f.}sy from .

It follows from Definition 11 that &/ ¢ of and o/ = o if
and only if &/ is upper complete.

Definition 12 (see [34]). For any continuous pseudoaddition
@, a subspace (#,®) will be called paracomplemented if
| f-ghl € K forall f,h € X; for any strict pseudoaddition &,
asubspace (%, ®) will be called complemented if | f —E'Bh| eH
forall f,h e .

Definition 13 (see [34]). For any continuous pseudoaddition
@, a paracomplemented subspace (%, ®) is regular if it con-
tains 1 and is closed under V; for any strict pseudoaddition
@, a complemented subspace (%, ®) is normal if it contains 1
and is closed under V.

Note that (fVgh) @ (fAh) = fehforall f,h € F(X)
and thus a paracomplemented subspace of & (X) is A,-closed
if and only if it is Vg-closed. It is obvious that regular and
normal are closed under A,

Definition 14 (see [37]). The pseudocharacteristic function of
aset E C X is defined with

0, ¢ E,
IE(x):{l ieE (

where 0 is zero element for @ and 1 is unit element for ®.

Definition 15 (see [21]). A functional ¢ € F(X) is said to be
elementary if it has the following representation:

% 2591 Ao I, (12)



for each A; € [a,b] and E; € & pairwise disjoint and with
X = |JL, E;, and the set of such elementary functionals will
be denoted by &(X). It is obvious that I € &(X), for all
EcX.

Definition 16 (see [21]). A set functionm : & — [a,b] (or
semiclosed interval) is called a 0-®-decomposable measure if
it satisfies the following conditions:

(1) m(0) = 0;
(2) m(E) < m(F) forall E,F € of with E C F;
(3) m(EUF) = m(E)®em(F) forall E, F € & and ENF = 0;

(4) m(U2, E;) = @2,m(E;) for any sequence {E};5; of
pairwise disjoint sets from &.

A pair (X, &) consisting of a nonempty set X and a
o-algebra of subsets of X is called a measurable space. A
functional f : X — [a,b] is said to be a measurable
functional if fﬁl(%’[%b]) C oA. Let M(A) be the set of all
measurable mappings from (X, &) to ([a, b], B, ,); that is,

M(A)={f e FX)| [ (Bray) cH}. 1)

Then & (&) will denote the set of those elements f € &(X) for
which f_l()t) ={xeX| f(x) =A} € Sforeach A € f(X).
In particular, this means that & (&) = ()N E(X). Denote
by %B (L) the set of all bounded measurable functionals.

Definition 17 (see [38]). Let @ be a continuous pseudoaddi-
tionand m : & — [a,b] a 0-®&-decomposable measure.
Let {f,},=; be a sequence of measurable functionals of a.e.
pseudofinite on X. If there exists a measurable functional f
of a.e. pseudofinite on X, such that

Jim m [0 < dg (f, f)] = 0, (14)

for arbitrary 0 < o < A, then the functionals sequence { f,},-;
is said to be convergent to f with respect to ®-measure,
denoted by f, = f. If the functionals sequence {f,},;
does not converge to f with respect to @-measure, denote by

fas f.

Definition 18 (see [35]). Let @ be a continuous pseudoaddi-
tionandm : & — [a,b] a 0-®-decomposable measure.

(i) If m(X) < A, then the pseudointegral of an elemen-
tary measurable function ¢ : X — [a,b] is defined

by

® n
j podm=6 \,om(E), (15)
X i=

for A; € [a,b] and E; € & pairwise disjoint and with
X = U?:l E;.

(if) If m(X) < A and {¢@,} is the sequence of elementary
measurable functions such that, for each x € X,

de (¢, (x), f (x)) — 0 uniformly as n — oo,  (16)
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where a sequence of elementary functions {¢,} from
the previous definition is constructed in [34], then the
pseudointegral of a bounded measurable function f :
X — [a,b] is defined by

& &
j fodm= lim J 0, ©dm. 1)
X n—00 Jx

If there exists an increasing sequence of sets {E,} ¢ &
withm(E,) < A,n=1,2,...,such that X = |2, E,, then we
say that X is o-finite set of @-measure and {E, } is a ®-measure
finite and monotone cover of X. The sequence of bounded
measurable functionals [ f], is given by

[f] (x) = {f(x)7 if f(x) =< w,

18
> if p, < f(x), (18)

0 <y < g <o <y <,y @y =y, and
lim,_, 4, = A. It is obvious that {[f],} is an increasing
functionals sequence.

Definition 19. Let @ be a strict pseudoadditionandm : & —
[a,b] a o-®-decomposable measure. If X is o-finite of -
measure and {E,} is a ®@-measure finite and monotone cover
of X, then the pseudointegral of a measurable function f :
X — [a,b] is defined by

)

[f], ©dm. (19)

n

3]
j f@dm:nleréoj

X E

3. Main Results

Lemma 20 (see [21]). Let & be a continuous pseudoaddition
andm : A — [a,b] a o-@-decomposable measure. If m(X) <
A, then for all f,h € B(L), we have

W) [ (fVeh)odm = [{ f o dmv, [; hodm;

@) [J(fAh) @ dm = [ fodmn, [ hodm;
BV Iff @h € B(A), then

f:(feah)@dmz ijodmeaf:hodm; (20)

@ f<h= [, fodmx [ hodm;

® ® ®
) [yox, fOdm = [ fodme [/ fodm wher
XI’XZ € dWltth UX2 = Xaf’lXm ﬂXZ = ﬂ’

(6) f; f ©dm = 0 whenever E € & withm(E) = 0.

Theorem 21. Let & be a strict pseudoaddition and m : A —
[a,b] a o-&-decomposable measure. If X is o-finite of &-
measure and f € M(A). Let {ES)} (i = 1,2) be two
different ®-measure finite and monotone covers of X and let
{kij)} (j = 1,2) be two different positive integer sequences with
lim k9 = 100, Then

n—o00 'n

®

@
lim J [l @ dm = lim J [l 0dm. (1)
n— 00 Eizl) n n— 00 E,(f) n
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. ® . ®
Proof. Let s = lim,,_, ., 5O [f]xw © dm. Since {'[E’(ql) [fliw ©
dm} is an increasing sequence, we have

J.ea [f]k,&” odm<s, (22)

E

for every positive integer n. Let F € & with m(F) < A and k
is an arbitrary positive integer. If k") > k, then we have

je [f], ©dm

F

53] 53]
_ LOE(» [f], 0dme L_Em [f], @ dm

ﬁf’ [fluo 0dme (s om(F-ED)) @)

FNEY

<[ Ul 0 dme (wom(F-£))
=< sea(ukem(F—Efll))).

Since {F — E;l)} is a decreasing sequence and

o0 [ee]
N(F-EP)=F-| JE’ =F-X =0, (24)
n=1 n=1

by Theorem 3.3 in [38], we have

Tim n (F - E) = m( lim (F - E(”)) -0, (25

n— 0o n

which implies that

[} 1kcodm < ca (s0 ()
F (26)

)
=s= lim J [f]ku) odm.
Eill) n

In particular, let F = El(z) and k = kl(z). Then we have

J- [f]kl(z) odm < lim J- [f]k£11> odm, (27)

EI(Z) n— 00 Eill)

for every positive integer I. Hence, we get that

@ 2]
llim J [f]kzm odm < lim J [fln ©dm. (28)

EI(Z) n— 00 ELU

On the contrary, using a similar argument, we can obtain

@ @
lim J [f]kﬁ,l) odm < lim J o [f]kl(z) odm. (29)
1

n—co Jg I—o00 JE
O

In Theorem 21, put kfll) = n and kl(z) = [. Then we
can easily see that the pseudointegral in Definition 19 has
a unique value. In particular, we can get some elementary
properties of the pseudointegral in the following theorem.

Theorem 22. Let & be a strict pseudoaddition and m : A —
[a, b] a o-&-decomposable measure. If there exists an increasing
sequence of sets {E,} ¢ & withm(E,) < A,n=1,2,..., such
that X = .2, E,,, then for all f,h € M (&), we have

W) [S(fveh) @dm = [ f o dmv, [ hodm;
@) [e(froh) odm= [ fodma, [ hodm;
@) [{(femodn= [ fodme [, hodmn;
@ fxh= [ fodmx [hodm;

®) Jﬁux fodm = Le;f@dmeajjfedm, where
XI’XZEdWithXIUXZZXQndXIQXZZ@;

(6) f: f ©dm = 0 whenever E € & withm(E) = 0.

Proof. For (1) and (2), we only prove (1) holds. By a similar
proof, we can prove (2) holds. Since

) f ), i f(x) 2y,
[, {100 @5
(30)
_hx), i h(x) < @,
(h], (x) = {#n, if g, < (),
n=12,..., we get that
_ (fveah) (x), if (fveah) (%) < tys
(et o = | e
(31)
which implies that
[fv®h]n = ([f]nVGB [h]n) . (32)
Thus, by (1) of Lemma 20, we have
JGB (fVgh)@dm
X
- lim_ Je [fVeh], ©dm
= Jfim [ (0], Vali),) @ dim (33)

n

®
[h], ©dm

n

@
Jim JEn [f1, ©dmvg lim L

@& &
J fodmv@J hodm.
X X
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(3) Since
(feh)(x), if (feh)x) =y,
h -
Lf @hl, (< {#n, if u, < (foh)(x),
([f], @ [A],) (x)

(FoR) 0, i (fveh) (0 < i,
=1 ©® (f/\oh) (x), if (f/\oh) (%) 2 p, < (fveah) (%),

Hn ® Hn = Hon> ift“n < (f/\Oh) (x) B
(34)
n=12,..., we get that
[feh], <[fl,ehl,=[feh], (35)
Thus, we have
@ ®
j [feah]ncadmﬁj ([f], ® [h],) © dm
n En
)
5J [f ®hl, odm (36)
Eﬂ
@
< J [f ®h)],, ©dm.
E2n
By (3) of Lemma 20, we have
® @ @
J ([f]ne[h]n)odmzj [f]nodmeaj [(h], © dm,
E, n E,
(37)
which implies that
® [} )
J [f@h]nodmﬁj [f]nodmeaj (h], @ dm
E, E, E,
(38)
@
< J. [f ®h)],, ©dm.
EZn
Hence, we get that
2]
limj [f®h] odm
n— 00 En
@ 2]
< lim (J [f]nadmeaj [h],,odm)
n— 00 E” En
(39)
2] 2]
_ lim j [f], ©dme lim j (h], ©dm
n— 00 En n— 00 En
@&
< lim J [f ®hl, odm,
n— 00 EZn
which implies that
® @ ®
J (feah)odmﬁj f@dm@J hodm
X X X
(40)

5Jj(f®h)®dm;

Abstract and Applied Analysis

that is,
) 3] )
J (feah)odmzj fodmeaj hodm.  (41)
X X X

(4)If f < h,then [f], < [h],,n=1,2,.... Thus, by (4) of
Lemma 20, we have
@® @
J [f]. 0dm < J (h, © dm. (42)
EYI

Hence, we get that

5]

@®
lim J [f]n(admﬁ lim J
E, n—0 Jg

n— 00

(W], odm,  (43)

n

that is,

JQdem5J$h®dm; (44)

X X

(5) Since X = |J,2, E, with m(E,) < A, we have X; =
U (E,nX,) withm(E,nX,) < Aand X, = |,2,(E,nX,)
with m(E,, N X,) < A. By (5) of Lemma 20, we have

@

@ @
J [f]nodm:J [f]nodmeej [f], o dm,
E, E,NX, E,NX,
(45)
which implies that
@&
J fodm
X
®
_ lim J [f], ©dm
n—00 En
® [}
= lim J [f]nodmeaj [f],0dm (46)
n=0 JE,nx, E,NX,
) @&
= lim J [f],0odme lim J [f],@dm
n—=0 JE,nx, n—= JE nX,
@& ®
:J f@dmeaj Fodm.
X, X,

(6) Since X = |J;2, E,, we have E = | J72 (E, N E). By the
monotonicity of o-@-decomposable measure m, we get that if
m(E) = 0, then m(E, NE) = 0. By (6) of Theorem 22, we have

r [f]. o dm =0, (47)

ENE,

which implies that

Jefedm: lim r [f] odm=0.  (48)

E n—=00 JEnE,

n

Theorem 23. Let & be a strict pseudoaddition and m :
[a,b] a o-@-decomposable measure.
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(D) If f € M(A)and E € A is a o-finite set of &-measure,
then Lffedm =0ifand only if f = 0 a.e. on E.

Q) If f € M(SA), then for any E € o, lim,;_, |7 f©
dm=0.

Proof. (1) Suppose J$f © dm = 0. For arbitrary 0 < 3, let
Es={x e E|d < f(x)} € &. Then we get that

@ 2] 52}
Sem(E5)5J f@dmﬁj f@dmeaj
Es Es

E-E,

fodm

@
_ J fodm=o.
E
(49)
Thus, we have m(Es) = 0. Since 0 < ¢ is arbitrary, we have
m(S[0 < fINE)=0.

Suppose f = 0a.e.on E, thatis, m(EN [0 < f]) = 0. By
(6) of Theorem 22, we have

j:f@dm=J® f@dmeaj@

EnS[0<f] EnS[f=0]

fodm=0.
(50)

(2) If there exists Q < A, such that f(x) < Qforallx € E,
then

C:]

@&
Jfodmﬁﬂcam(E), ie, gmoj fodm=o.

E E
(51)
Forany f € ./#(), we have
® @
J fodm= lim J [f], @ dm, (52)
E "= JE
which implies that
@ @
dim [ odm= tim lim [ (7], 0dm
(53)
@
- nlglgOmléIEo L /], ©dm=o.
O

Lemma 24 (see [38]). Let ® be a strict pseudoaddition. The
function dg, : [a,b]> — [a,b] given by

! .
A () = |xely] = 17765 Fx=2y 54
o (%:7) = [x=6] {x_éy, Fycx 0P
is a pseudometric on [a,b] with A = 1.

Theorem 25. Let @ be a strict pseudoaddition and X a o-finite
set of ®-measure. If m : A — [a,b] is a o-®-decomposable
measure, then for any f,h € M (L),

3] ® ®
j fodm—;J hodm 5J i odm.  (55)
X X X

Proof. Let E = {x | h(x) < f(x),x € X}and F = {x | f(x) <
h(x),x € X}. Then E and F are two ®-measure o-finite sets
of X. By (4) of Theorem 22, we have

@& @&
j hodmsj fodm,

E E

rf@dm < Fh@dm.
F F 56

Thus, by (3) of Theorem 22, we have

ijodmz J:(jf—;h|eah)odm

®

|f-Lh| o dme rh@dm,
E E

J®('f—;h| ® f)odm

F

(57)

&)
j hodm
F

@ 2]
- |f—;h|@dmeaj Fodm,
F

F

which implies that

@ &
I |f—;h|@dmeaj fodm
F X
. . (58)
~ | [l odma | nodm.
E X

If I;‘; hodm < j; f ©dm, then we have

& ) &
J fodm—;J h@dm‘eaj hodm
X X

X

®
| fodm-
X
® 5]
< | |f-wodma | nodm (59)
E X
® ®
< | |f-wlodma | nodm,
X X
which implies that

@ D 5]
| foam-y| nodm/<| |r-inodm 0
X X X

Similarly, if Jj‘; fodm < Le; h © dm, we can also get this
conclusion. O

Theorem 26. Let & be a strict pseudoaddition, and let X be
a o-finite set of ®-measure and m : A4 — [a,b] a o-@-
decomposable measure. If

W) {fu} ¢ H(SA);

(2) f,xFaeonX,n=12,..,and F € M(L);

G fu= 1
then f € M(A) and

® ®

lim L £, odm= j fodm. (1)

X



Proof. Since f, = f on X, by Theorem 3.8 in [38], there
exists a subsequence {f, } of {,} that a.e. converges to f on
X. By Theorem 3.5 in [38], we have f € /(A).

(I) Suppose m(X) < A. By (2) of Theorem 23, for arbitrary
0 < € = g & ¢, there exists 0 < § such that if E ¢ X with
m(E) < &, we have

@
J Fodm<¢. (62)
E

Since f,, = f, there exists a natural number N > 0, such that
m(So < If—ésfnl]) < dforalln > N, where ¢ = 0 © m(X).
Thus, we get that

@
J Fodm<g. (63)
Slox|f-5ful)

Hence, by Theorem 25, we have

® @
Jf@dm—;j f,,@dm‘
X X

@ !
< | -t odm

X

2]
- | -] o dm

Sloxlf—g full
(64)

!
¢ JJ[Ifént<0] [f-at| o dm

)
< J Fodm
Slo=|f-4 £l

@(com(S[|f-ufi| <o)
<g®(comX))=¢ dg =¢.

By Lemma 24, we obtain that

3] 3]
limj f,,odmzj Fodm. (65)
n— 00 X X

(II) Suppose m(X) = A. For arbitrary 0 < ¢ = ¢, @ ¢,
there exists E;, € X with m(E;) < A, such that

J'@F@dm<‘|’69 [Flrodmeae,. (66)

X E;

Thus, we have

2]

r) [F]kodmeaj Fodm

E; X-E

) )
5J Podmeaj

E, X-Ey

Fodm (67)

) ®
:J F@dm<J [Flyodmee;

X E;
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®
that is, Ix 5
Lk

sequence {| f —S'B f,|} satisfies

(i) | f—4 fal < F ae. on Ey
(i) | f-5 ful = 0 on Ey,

by (I), we get that there exists a natural number N > 0, such
that

F ©dm < ¢g. Since the measurable functionals

)
L F-Lf| odm <z, (68)
k

for all n > N. Hence, by Theorem 25, we have

[orodn=i som]

® !
ﬁj |f—$fn|®dm
X

o o (69)
— | |rarlodma | |f-br]odm
X-E; Ey
2]
ﬁj Fodmee <¢g d¢ =¢
X-E,
Consequently, we obtain that
® ®
lim I fnedmzj- Fodm. (70)
n—00 X X
O

Corollary 27. If the condition (3) of Theorem 26 is replaced by
f. — f a.e. onX, then the conclusion of Theorem 26 holds.

Proof. Since f, — f a.e. on X, by Theorem 3.5 in [38], we
have f € J(A).

(I) Suppose m(X) < A. By Theorem 3.9 in [38], if f, —
f a.e.on X, then f, = f. By Theorem 26 (I), we have

® ®
limJ- fnedm=j fodm. (7

(II) Suppose m(X) = A. Since X is o-finite set of &-
measure, there exists an increasing sequence of sets {E, } ¢ &
with m(E,) < A,n = 1,2,..., such that X = J2, E,. For
any E,, k = 1,2,..., the sequence of measurable functionals
{If—;fnl} satisfies

(i) |f-ofu < Fae.onE,k=12,..;
(i) | f—5ful = Oae.onEuk=1,2,...
By Theorem 3.9 in [38], we have
(i) |f—5f, = 0onEuk=1,2,....
By (I) and proof of Theorem 26 (II), we have

3] 3]
limj fnodmzj fodm. (72)
n—00 X X
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Lemma 28. Let ® be a strict pseudoaddition, and let X be
a o-finite set of ®-measure and m : & — [a,b] a 0-&-
decomposable measure. If {x,} is a monotone sequence, then
the sequence {x,} is convergence.

Proof. If {x,} is an increasing sequence, then

. o 0
th Xn =VEB onk =V€B X

n— 00 n=1 \k>n n=1
(73)
= co ( oo
m x, =NAg | VgXr | =Vg X,.
n=oo ™ 0 \ken el
If {x,} is a decreasing sequence, then
. (o) (o)
lim x,, =Vg | AoXi | =N X,
n—oco n=1 \kzn n=1
(74)
m x, =NAg | VX | =N\o Xp-
n=oo ™ \ken el
Thus, we have
lim x, = nlLIIgO X, (75)

n— 00

By Theorem 3.2 in [38], we get that the sequence {x,} is
convergent. O

Theorem 29. Let & be a strict pseudoaddition and let X be
a o-finite set of ®-measure and m : A4 — [a,b] a o-®-
decomposable measure. If {f,} is an increasing sequence of
measurable functionals on X, then

5] 5]
nlgréo J;( f,odm= J;( ,,linéofn odm. (76)
Proof. Let {f,} be an increasing sequence of measurable
functionals on X. By Lemma 28, we get that the sequence
of measurable functionals {f,} is convergent. Let f =
lim,, _, o, f,- By Theorem 3.5 in [38], we have f € ./ (&) with
f. < f on X. By (4) of Theorem 22, we get that

@ @
J fnedmsj fodm, (77)
X X
which implies that
® [}
lim j f,0dm= j fodm. (78)
n— 00 X X

On the contrary, since X is o-finite set of @-measure,
there exists an increasing sequence of sets {E,} ¢ & with
m(E,) < A,n = 1,2,..., such that X = (J2 E,. For any
given integer k > 0, {[ f,]x},sx IS an increasing sequence of
measurable functionals and [f,], < f on X, foralln > k.
Now we show that

lim [£]i = [/, (79)

n— 00

For arbitrary x, € X,

(i) if f,,(x0) = > thatis, [ f, 1, (xg) = f.(x,) foralln > k,
then f(x,) < p thatis, [ f](x,) = f(x,). Thus, we
have

tim [£,], (xo) = [ (x0) (80)

(ii) if there exists ny > k, such that y. < f, (xo), then
U < fo(xo); that is, [f,]1x(xg) = py for all m > ngy; it
follows that gy < f(x); that is, [ f],(x) = p. Thus,
we have

Jim [£,]x (x0) = [f1i (%0) = - (81)

Hence, by Corollary 27, we get that

D

®

[f,], @dm < lim j f,0dm,
n— 00 X

(82)

[ t1codm= tim |

Ej Ey

which implies that

3] @® 3]
j fodm= lim J [f], 0dm < lim j £, odm.
X k— oo E n—oo |y

(83)

Consequently, we obtain that

® ® ®
lim J fnedmzj fodm:J lim f,odm. (84)
n— 00 X X n— 00

X

O
Theorem 30. Let & be a strict pseudoaddition, and let X be
a o-finite set of ®-measure and m : A4 — [a,b] a o-@-

decomposable measure. If { f,,} is a decreasing sequence of finite
measurable functionals and pseudointegral of f, is finite on X,
then

® ®
lim JX £ odm= JX lim f,odm.  (89)
Proof. Let {f,} be a decreasing sequence of measurable
functionals on X. By Lemma 28, we get that the sequence
of measurable functionals {f,} is convergent. Let f =
lim, , . f,. By Theorem 3.5 in [38], we have f € ./ (HA).
Since {f,—.f,} is an increasing sequence of measurable
functionals, by Theorem 29, we have

lim E (fi-bfy) @ dm = E Tim (fi-bf,) odm. (86)

n— o0

Since f, = (f,—wf,) ® f, and & is continuous, we have

fi= lim (fi-sfu)® lim f, = lim (fi-afu)@ f. (87)

n—00 n— 00 n—00

Since f, = (f,—f) ® f < A and @ s strict, we get that

lim (fl_elpfn) = fl_e,Bf’ (88)

n— 00
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which implies that

lim Lf (fi-Lf,) @ dm = Lf (fi-Lf)odm.  (89)

n— 00

By (3) of Theorem 22, we have

Efl odm = Jj(fl—;fn)edmeaﬁfnedm,
(90)

Lfflodmz J':(fl—;f)edmeaﬁf@dm‘

Thus, we get that

Ffl o dm

X

lim J@ (fi-bfu)odme lim r f,odm (1)

n— 00 X X

@ ®
J (fi-L.f) @dm@nlllréoj £, 0dm.
X X
Since Jf; f1 ©dm < A and & is strict, we obtain that

) ) &
limJ fnedmzj f@dmzj lim f, ©dm. (92)
XHHOO

n— 00 X X
O

Theorem 31. Let & be a strict pseudoaddition, and let X be
a o-finite set of ®-measure and m : A4 — [a,b] a o-@-
decomposable measure. If {f,} is a sequence of measurable
functionals on X, then

J : <;§1 f ") ©dm :El Jj fa@dm. (93)

Proof. Leth, = &, f;;n=1,2,.... Then {h,} is an increasing
sequence of measurable functionals on X. By Theorem 29, we
have

&3] (5]
lim J h,odm = J limh,odm.  (94)

n— 00 X X

By (3) of Theorem 22, we have

3] & n n 3]
J hnedmzj E f,.odm;eaj fiodm;  (95)
X x i=1 i=1 Jx

that is,
5] 0 2]
lim. JX h,0dm=% JX £, odm. (96)
Since lim,, _, . h, = &2, f,,, we have

F (n%;)l f">0dm =8 r fa©dm. (97)

X X

Abstract and Applied Analysis

Theorem 32. Let @ be a strict pseudoaddition, and let X be
a o-finite set of ®@-measure and m : 4 — [a,b] a o-&-
decomposable measure. If f is a measurable functional on X,

® 0 2]
j fodm=8 j Fodm, (98)
X n=1 Jg,
for any sequence {E, } of pairwise disjoint sets from & with X =
Uflzl En'

Proof. A functionals sequence [ f],, is given by

f(x), ifxekE,

n=12..., (99
0, if xe X-E, ®9)

Ju (%) =<[

then f =& f, and

& & 3] )
an@dm=J fn@dm@j fn@dm=j fodm.
X En En n

X- E

(100)
By Theorem 31, we have
@ ®
j ?é’f,,odmz‘?é’j foodm. (101)
x n=1 n=1 Jx
Hence, we obtain that
3] 0 @&
J fodmn=8 J fodm. (102)
X n=1 E,
O

Theorem 33. Let @ be a strict pseudoaddition, and let X be
a o-finite set of ®-measure and m : A4 — [a,b] a o-@-
decomposable measure. If {f,} is a sequence of measurable
functionals on X, then

® 3]
j lim f,odm < lim j f,odm.  (103)

X n— o0 n—o0 JX
Proof. Let h, = Agpe,fio n = 1,2,.... Then {h,} is an
increasing sequence of measurable functionals on X. By proof
of Theorem 29, we have

. [*9) 00 00 .
Jim h, =Vg h, =Ve/s fi = lim f,. (104)
n=1 n=lk=n n— 00
By Theorem 29, we have
@ ®
I lim b, ©dm = lim I hoodm (105
X n—00 n— 00 X
which implies that
@ @
j lim f,0dm = lim j hoodm — (106)
X n—oo n—oo Jx

By (4) of Theorem 22 and h,, < f; for all k > n, we have

) @&
j h,odm < J foodm, (107)

X X
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for all k > n, which implies that

® 0 ®
J h, 0 dm <Ay j foodm.
X k=n JX

(108)

By (4) of Theorem 22 and the monotonicity of {h,}, we have

{'[:; h, ® dmj} is an increasing sequence. Thus, by proof of
Theorem 29, we have

® 0 @
lim j h,odm =V$J h, o dm. (109)
n— 00 X n=1 X
Hence, we obtain that
@& 00 00 & 3]
J li_mfncadmﬁv@/\@J' foodm= lim j f,odm.
X n— oo n=1lk=n JX n—oo JX
(110)
O

Example 34. Let the total order < on [0, +00) be the usual
order of the real line and the pseudoaddition @ is defined by

x+)/ .
bl f bl 0, bl
xoy=1{ 2 ifx, y € (0, 00) (111)

max {x,y}, ifx=0ory=0,

and the pseudomultiplication © is the usual multiplication of
the real numbers. It is obvious that zero element is 0 and unit
element is 1. Let the decomposable measure m be Lebesgue
measure on [0, 1]. We know that the pseudointegral is

&) 1 1
J[ fodm=> j £ (x)dx, (112)

0,1] 0

for each f € M (A([0,1])), where the right hand side is the
Lebesgue integral. Let

1 1
n, 2— <x< -,
n n
falx) = 1 1 (113)
, —<x<lor0<x< —.
n 2n
Then, we get that
® ® ®
J andm=J Oedmeaj nodm
[0,1] [0,1/2n] [1/2n,1/n]
(114)

® 1
@ J 0odm=—;
[1/n1] 4

that is, lim, _ _f[iu f,©dm = 1/4and lim, | f, = 0,
Cae ®
which implies that I[ o] lim

s oofn © dm = 0. Hence, we
obtain that

& 3]
J lim f, ©dm < lim j
[ [

0,1] n— o0 n— o0 J[0,1]

f,odm.  (115)

1

4. Conclusions

In this paper, we mainly discussed pseudointegral based on
pseudoaddition decomposable measure. Particularly, we have
given the definition of the pseudointegral of a measurable
function based on a strict pseudoaddition decomposable
measure by generalizing the definition of the pseudointegral
of a bounded measurable function. Furthermore, we have
derived several important properties of the pseudointegral
of a measurable function based on strict pseudoaddition
decomposable measure. Finally, we have obtained that some
theorems on the integral and the limit can be exchanged.

Recently, pseudoanalysis has obtained rapid development
in the mechanical, chemical, biological, medical, and com-
puter fields and has solved some uncertainty problems of
knowledge. Pseudoanalysis theory has important applica-
tions in the field of computer image processing [39, 40];
for example, it can analyze and grasp the variation range
of the image gray value, solve the relationship between the
grey value and image color change, and take appropriate
grey value to achieve better image processing effect. With
the development of computer technology, pseudoanalysis will
also get more and more widely used in computer science. We
also hope that our results in this paper may lead to significant,
new, and innovative results in other related fields.
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