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By using the variant fountain theorem, we study the existence of multiple solutions for a class of superquadratic fourth-order elliptic

problem with Navier boundary value condition.

1. Introduction

Consider the following fourth-order boundary value prob-
lem:

A+ cAu = g(x,u) in Q,

)
u=~Au=0 on 0Q,
where A? denotes the biharmonic operator, () C RY (N > 4)
is a bounded domain with smooth boundary, and g € C(Q x
R, R).

The fourth-order elliptic equations which contain a
biharmonic operator can describe the static form change of
beam or the motion of rigid body. Thus the fourth-order
elliptic equations are widely applied in physics, oceanics,
aerospace engineering and other engineering. In [1], Lazer
and Mckenna considered the biharmonic problem:

Nu+chu=d[u+1D"-1] inQ,

)
u=~Au=0 on 0Q,
where u” = max{u,0} and d € R. They pointed out that
this type of nonlinearity furnishes a model to study traveling
waves in suspension bridges. Afterwards, in [2], they have
proved the existence of 2k — 1 solutions when N = 1 and
d > M(A; — o) ({A;}s; is the sequence of the eigenvalues
of —A in HS(Q)) by the global bifurcation method. In [3]
the existence of a negative solution of (2) was proved when

d > A;(A; — ¢) by using the Leray-Schauder degree. In
particular, in [1, 4] the authors observed that problem (2)
was interesting also when the nonlinearity (u + 1)" — 1 was
replaced by a somewhat more general function g(-, u). In [5],
Micheletti and Pistoia used a variational linking theorem to
investigate the existence of two solutions for a more general
nonlinearity g(-,u). Moreover, by using a variational result,
they and Saccon also showed the existence of three solutions
for some special g(:, u) (see [6]). Next year, in [7], Micheletti
and Saccon obtained two results about the existence of two
nontrivial solutions and four nontrivial solutions by the
similar variational approach, depending on the position of
a suitable parameter with respect to the eigenvalues of the
linear part. In recent years, more researchers have used
variational approach to investigate the fourth-order elliptic
equations. In [8], Xu and Zhang studied the existence of
positive solutions of problem (1) when g satisfied the local
superlinearity and sublinearity condition and ¢ < A, by
the classical mountain pass theorem. Recently, in [9], Pu et
al. used the least action principle, the Ekeland variational
principle, and the mountain pass theorem to prove the
existence and multiplicity of solutions of (1) when g(x,u) =
a()|ulu + f(x,u) (@ € L°(Q), s € (1,2)). For other
related results, see [8-14] and the references therein. Here, we
emphasize that most authors considered the case ¢ < A,.

The variant fountain theorems established in [15] have
been used in the study of a class of semilinear elliptic equa-
tions (see [16, 17]) and the investigation of the Hamiltonian
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system (see [18, 19]). Inspired by [9, 17], we will use the
variant fountain theorem to investigate the problem (1). More
precisely, we make the following assumptions.

(S;) There exist constantsd; > 0and 1 < v < (N+4)/(N -
4) such that

lgw)|<d, (T+ul"), V(xu)eQxR. (3)

(S,) G(x,u) = 0 forall (x,u) € QxR and

uniformly for x € Q. (4)

Here, G(x,u) = Iou g(x,s)ds is the primitive of the
nonlinearity g.

(S;) There exist constants ¢ > (2N/(N + 4))», L > 0 and
d; > 0 such that

ug (x,u) = 2G (x,u) > ds|ul® VY|ul>L, x€Q. (5

Our main result is the following theorem.

Theorem 1. Assume that (S,)-(S;) hold and G(x, u) is even in
u. Then problem (1) possesses infinitely many solutions.

Remark 2. In Theorem1, we do not assume ¢ < Ay,
which is widely used in the investigation of the fourth-order
equations. As is known, the so-called global Ambrosetti-
Rabinowitz condition (AR-condition for short) is introduced
by Ambrosetti and Rabinowitz in [20] and wildly used to
the existence of infinitely many solutions for superquadratic
situation: there is a constant « > 2 such that, for all u # 0 and
x € ), the nonlinearity is assumed to satisty

0 < aG (x,u) <ug(x,u). (6)

In fact, if we choose
G = H (1 + -2 s (M), )
£

wheree € (0,u—2),H € C(Q), and H(x) > 0 forall x € Q.
Then it is easy to see that G satisfies the conditions (S,)-(S;)
in Theorem 1 with y = 3,7 =2,e=0.1,0 = 2.9,and N = 5,
but G does not satisfy the AR-condition (6).

Remark 3. By (S,), we can obtain that there exists a constant
d, > 0 such that

G (ew)l <dy (Jul + |ul™") +d,, V(xu) e QxR (8)
And by (S;), there exists a constant d, > 0 such that

ug (x,u) - 2G (x,u) > ds|ul® —d,, YV (x,u) € AxR. (9)
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2. Preliminaries

In this section, we will establish the variational setting for our
problem and state a variant fountain theorem.

Let E = HX(Q) N H,(Q) be the Hilbert space equipped
with the inner product

(u,v)g = J Aulvdx (10)
Q
and the norm
el = (v (1)

A weak solution of problem (1) is a u € E such that
J (AuAv — ¢ (Vu,Vv)) dx — J gxu)vdx =0  (12)
Q Q

for any v € E. Here and in the sequel, (-,-) always denotes
the standard inner product in R™. Let ® : E — R be the
functional defined by

O (u) = % L (1Aul® = c|Vul*) dx - L G(x,u)dx. (13)

It is well known that a critical point of the functional ® in E
corresponds to a weak solution of problem (1).

Let A; (i = 1,2,...) be the eigenvalues of —A in Hé(Q).
Then the eigenvalue problem

A*u+cAu = uu in Q,
(14)

u=Au=0 on 0Q,

has infinitely many eigenvalues y; = A;(A; —¢),i =1,2,....
Define a selfadjoint linear operator & : L*(Q) — L*(Q)
by

(Au,v), = L (Aulv — ¢ (Vu, Vv)) dx (15)

with domain D(&/) = E. Here, (-,-), denotes the inner
product in L*(Q) and in the sequel L*(Q) is simply denoted
by L. Then the sequence of eigenvalues of </ is just {g;} (i =
1,2,...). Denote the corresponding system of eigenfunctions
by {e,}; it forms an orthogonal basis in L*.

Denote
A=n +n

n’ =#{i| =0}, .
(16)

no=#{i| <0},

Here, #{-} denotes the cardinal of a set. Let

L™ =spanfe;,...,e,}, L’ = span{e, ,,...,e:},
L= (5 o 1) = o]
17)
Decompose L*as
=L el eL" (18)
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Then E also possesses the orthogonal decomposition

E=E oFE°0E" (19)

E'=ENL" =span{ez,y,...,
(20)

E°=1°,

We define on E a new inner product and the associated
norm by
w,v) = (du*,v"), = (du",v7), + (uo, vo)

>

2

(21)
lull = (u,u)"2.
Therefore, ® can be written as
1 12 2
o) =3 (Ju' -l ’)-ve, @

where ¥(u) = jQ Gl,udxforalu =u +u’ +ut € E =

E” @ E’ @ E*. Then ® and V¥ are continuously differentiable.
Direct computation shows that

v (u)y = J g(x,u)vdx
@ (23)

O wv= W) - ,v)-¥ (v

forallu,v € Ewithu=u +u’ +u"andv = v~ ++° + v,
respectively. It is known that ¥' : E — E is compact.

Denote by || - IIP the usual norm of L? = L?(Q) forall 1 <
p < 2N/(N - 4); then by the Sobolev embedding theorem,
there exists a 7, > 0 such that

lull, < 7, lull, VueE. (24)

Noting that the constants v and g appeared in (S;) and (S;)
satisfies

2N ¢ _ 2N

1+v< N .
N -4 o—v N-4

(25)

To prove our main result Theorem 1, we need an abstract
critical point theorem found in [15].

Let Ebe a Banach space with thenorm |- and E = & ienX
with dim X; < co for any j € N. Set Y, = GB']?:IX]» and Z; =
20X Consider the following C'-functional ®, : E — R
defined by

D,y (u):=Aw)—-AB(u), Aell,2]. (26)

Theorem 4 (see [15, Theorem 2.1]). Assume that the func-
tional @, defined above satisfies the following:

(F,) @, maps bounded sets to bounded sets for A € [1,2],
and @) (—u) = O (u) for all (A, u) € [1,2] X E;

(F,) B(u) = 0 for all u € E; moreover, A(u) — 00 or
B(u) — ooas|lull — oo;

3
(F5) there exist . > p > 0 such that
o (M) = inf Dy () > B (A):= max O, (u),
u€Zllull=px u€Yy,|lull=ry
VA € [1,2].
(27)

Then
(1) £ G () 1= inf max @, (y0), VA €[1,2], (o)

where B, = {u € Y : |lull < ri}and I}, == {y € C(B,E) :
y is odd,y|aBk = id}. Moreover, for a.e. A € [1,2], there exists

a sequence {ufn()t)}il such that

Slylnp "ufn (/\)" < 00, @; (ufn ()\)) — 0,

@, (uy, V) — G V) (29)

as m — 00.

In order to apply this theorem to prove our main result,
we define the functionals A, B, and @, on our working space
E = H*(Q) N H)(Q) as follows:

A=Wy B =+ JQG(x, ) dx,

(30)
D, (u) = A(u) - AB(u)
= 2P -2 <%||u_||2 + JOTG (2, 10) dx) o
forallu=u +u’+u" € E=E +E°+E"and A € [1,2].
Then @, € C'(E,R) forall A € [1,2] and
O (wyv=(u"v") -1 ((u_, V) + JQ g (x,u) vdx> . (32)

Let X; = span{e;}, j = 1,2,.... Note that @, is just equal to
the functional @ defined in (22).

3. Proof of Theorem 1

In this section we firstly establish the following two lemmas
and then give the proof of Theorem 1.

Lemma 5. Assume that (S;) and (S,) hold. Then B(u) > 0
for all u € E. Furthermore, A(u) — o0 or B(u) — 00 as
[ul — oo

Proof. Since G(x,u) > 0, by (30), it is obvious that B(u) > 0
forallu € E.

By the similar method used in the proof of Lemma 2.6 of
[17], for any finite-dimensional subspace F C E, there exists
a constant € > 0 such that

m({xeQ:|ul>el|ul}) >, VuecF\{0}, (33)

where m(-) is the Lebesgue measure in RY.



Now for the finite-dimensional subspace E~ @ E° ¢ E,
there exists a constant € corresponding to the one in (33). Let
A,={xeQ:lul>elul}, VueE @E’\{0}. (34)

Thenm(A ) > €. By (S,), there exist positive constants d5 and
R, such that
G (x,u) > dslul’, VxeQ, |ul=R,. (35)
Note that
lu(x)| >R, VxeA, (36)

foranyu € E” @ E° with [|u]| > R,/e. Combining (35) and
(36), foranyu € E” & E° with [Ju > R, /e, we have

B(u) = %"u_"2 + L G (x,u)dt

ZJ
A1A

2, 12 3 12
>dse’|lull” - m(A,) = dse||ull”,

G (x,u) dt > j dsluldt (37)
Au

which implies that

B(u) — oo as ||ul| — oo onE" o E°. (38)

Combining thiswith E = E~ @ E° @ E* and (30), we have
A(u)— 00 or B(u)— oo as|ul— oo (39)
The proof is completed. O

Lemma 6. Let (S,), (S,) be satisfied. Then there exist a positive
integer k, and two sequences ;. > p — 00 ask — 00 such
that

o (A):=  inf @, (u) >0, Vk=k,

e = i, P v )
A):= max @, (u)<0, VkeN,

A= oo, ®2 ) (41)
where Y = GB’;:IXj = spanfe,, e,,...,e} and Z; = &2 =
spaniey, ey, ...} forallk € N.

Proof.
Step 1. We first prove (40).
By virtue of (8) and (31), for any u € E*
1
Dy (u) > ~lul® - 2J. G (x,u)dx
2 Q
S 1" 2 2d ( v+1 2d Q (42)
>l = 2dy (Jull, + ull}y) - 2d; - m (9),
VA €[1,2],
where d,, d, are the constants in (8). Let
Ly (k)= sup |ul,,, VkeN. (43)

ueZg Jull=1
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Then
Ly (k) — 0 ask— o0 (44)
since E is compactly embedded into L"*'. Note that
Z, CE", Vk>n+1, (45)
where 7 is the integer given in (16). Combining (24), (42),
(43), and (45), for k >+ 1, we have

1
D) () 2 Enunz -2d,1, |ul - 2d, - m(Q)

—2d 2 ) [ul, VY (Aw) € [1,2] X Z,

(46)

where 7, is the constant given in (24). By (44), there exists a
positive integer k; > 71 + 1 such that

/(1=v)
= (16d,27 (k))'
Pr ( 159+1 ) (47)
> max {16d,7, + 1,16d, - m(Q)}, Vk >k,
since v > 1. Clearly,
P — 00 as k — co. (48)

Combining (46) and (47), direct computation shows

2

a (M) := inf @, (u)> %" >0, Vk>k. (49)

u€Zy,|lull=px

Step 2. We then prove (41).
Note that for any k € N, Y} is of finite dimension, so we
can choose M, > 0 sufficiently large such that

1/2
lull < M1<L |u|2> , VueY, (50)

By (S,) and (8), for the former M, there exists a M, > 0 such
that

G(x,u) > Mijul> = My, V(t,u) € [0,T] xRN, (51)
Consequently, by (50) and (51), we have

@, (u)

l +2_1 72_J
52”” " 2"“ || QG(x,u)dt

Loz 1y 2 2J 2

< W= =0 |

+ M, -m(Q)

< Sl P = P 2

- M (Mifuwuz + ML%“L{OHZ) + My -m (Q)
<=l P = S = o+ My m )

1
< —E||u||2 + M, -m(Q)
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forallu = u™ +u’ +u" € Y;. Now for any k € N, if we choose

7, > max {pk, \2M, - m(Q)} , (53)

then (52) implies
B (A) = ueg}lﬁl)"(ﬂk@/\ (u) <0, VkeN. (54)
The proof is completed. O

Now we prove our main result Theorem 1.

Proof of Theorem 1. In view of (8), (24), and (31), ®, maps
bounded sets to bounded sets uniformly for A € [1,2]. By
virtue of the evenness of G(x, 1) in u, it holds that @, (-u) =
@, (u) for all (A, u) € [1,2] x E. Therefore the condition (F,)
of Theorem 4 holds. Lemma 5 shows that the condition (F,)
holds, whereas Lemma 6 implies that condition (F;) holds for
all k > k;, where k, is given in Lemma 6. Thus, by Theorem 4,
for each k > k, and a.e. A € [1,2], there exists a sequence

{uk (D)}, ¢ E such tha

sup “us1 (/\)" < 00, CI);L (ufn (A)) — 0,

0, (1, (1) — G (55)
as m — oo,

where

G (A) = ;grfk max Dy (yw), VYrAe[L2]  (s¢)

with By = {u € Y : |ull < i} and T := {y € C(B,E) :
y is odd, ylap, = id}.
Moreover, by the proof of Lemma 6, we have

G e [@u ], Vk=k, (57)

where (. := max, g ®;(u) and o = pi/4 — ocoask — oo
by (48).

Since the sequence {ufn(/\)}f::l obtained by (55) is
bounded, it is clear that, for each k > k;, we can choose
A, — 1 such that the sequence {ufn(/\n)}fnozl has a strong
convergent subsequence.

In fact, without loss of generality, assume that

u,(A)” — ug(h) () — (4",

(1) = ug(A,) (58)
as m — oo,
uk (M) = k(X)) asm — oo (59)

for some uf(A,) = uf(L,)” +uf(A,)° +uf(L,)" € E=E o
E’ @ E* since dim(E~ @ E°) < co.

Note that

) (1, (1,))
=up (L) =4, (s (L) + ¥ (ul, (1,))),  (60)

Vn € N.
That is,
y,(1,)"
= @) (uy, (4)) + A (up,(A)” + ¥ (w0, (1)), (6D
Vm € N.

In view of (55), (58), (59), and the compactness of ¥, the
right-hand side of (61) converges strongly in E and hence
ukf AT — ub(A,)" in E. Together with (58), {uf (1)1,
has a strong convergent subsequence in E.

Without loss of generality, we assume

im wy, (A,) =y, VneN, kxk;. (62)
This together with (55) and (57) yields

, (1) =0, @ (1) € [@8].

k> k.

(63)
VneN,

Now we claim that the sequence {uﬁ}ﬁil in (63) is bounded
in E and possesses a strong convergent subsequence with the

limit u* € E for each k > k,. For the sake of notational

simplicity, throughout the remaining proof of Theorem 1 we
always denote u,, = u".

Now we claim that {u,,} is bounded in E. Otherwise, going
to a subsequence if necessary, we can assume that ||u, | — co

asn — 00. By (9), we have

Z(D/\n (un) - (D:\n (un) Uy,
A lou)u ~26(eu)ldx gy

>d, J |u,|dx —d, - m(Q),
Q
which yields that

jQ |u,|*dx

W as 1 — 00. (65)
n

— 0



Write u, = u, +u) +u, € E”®E’ @ E*. It follows from (S,),
(24), (25), (32), and the Holder inequality that

@, (),
= |u, ||2 -2, J g (x,u,)u,dx
Q
> =2 | 1o Geon)] -

> il = [ ol | o ax

2
> | = i

y /e . (e-/e
“a([ () ax) (] gl ax)
Q Q

2
2 [unll” = e sl = callwally - s
(66)
for any n € N. Here and in the sequel, we denote ¢; > 0 (i =

1,2,...) for different positive constants. Since o > (2N/(N +
4))vand N > 5, we have v < g. So, by (65) we get

N
o] — 0 asn— oo. (67)
e

Similarly, we have
“u” ” — 0 asn— oo. (68)
Jeeal

By (S;), there also exist constants dg > 0 and d, > 0 such that

ug (x,u) = 2G (x,u) > dg lu| —d,, VY (x,u) e QxR.

(69)
So we get

ZCD/\,, (un) - (D:\n (un) Uy,

~ 3, | [9(rm)u,~26 (xu,)]dx

\%

d Lz luy| dx — d - m (Q) (70)

caf

26 "M(,),” =& (|| + ez ) = <5

= luy] =l ]) dx = d7 - m ()

0
u,

keeping in mind that dim E® < 0o and (24). Hence, by (67)
and (68), we get

0

un

el

Then we arrive at

— 0 asn— 0o. (71)

R 7% A B i

= < —0 asn— oo (72)
e e
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which is a contradiction. Thus, {u,} is bounded in E. Then
the proof that {u,} has a strong convergent subsequence is
the same as the preceding proof of {ufn()tn)}ﬁzl.

Now for each k > k;, by (63), the limit u* is just a critical
point of ® = ®, with ®(u*) € [&,{;]. Since @, — 00 as
k — oo in (57), we get infinitely many nontrivial critical
points of ®. Therefore, system (1) possesses infinitely many
nontrivial solutions. O
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