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Completely monotonic and related functions are important
function classes inmathematical analysis. It was Bernstein [1]
who in 1914 first introduced the notion of completely mono-
tonic function. This year we celebrate its 100th anniversary. In
1921, Hausdorff [2] gave the notion of completely monotonic
sequence, which is related to the notion of completely mono-
tonic function. Widder [3] in 1931 introduced the notion of
minimal completely monotonic sequence. The terminology:
logarithmically completely monotonic function, was first used
in [4] in 1988. In 1989, the authors [5] introduced the notion
of strongly completelymonotonic function. In 2009, the authors
[6] introduced the notion of strongly logarithmically com-
pletely monotonic function. Also, the terminology: almost
strongly completely monotonic function, was introduced in [6]
in order to simplify the statement of the main results of the
article [6]. In 2012, the terminology of almost completely
monotonic function was defined and used in [7] in order to
simplify the statement of the main results of the article [7].
Researchers did a lot of investigations, in both theory and
applications, on these functions. More recently, for example,
the authors [6] showed that a strongly logarithmically com-
pletely monotonic function must be almost strongly com-
pletely monotonic. Also, in [6], the following fact that a
strongly logarithmically completely monotonic function
cannot be strongly completely monotonic, or, equiva-
lently, a strongly completely monotonic function cannot be
strongly logarithmically completely monotonic was estab-
lished. Figure 1 illustrates the inclusion relationships among

these classes of functions on (0,∞). In these inclusion rela-
tionships, the fact that a logarithmically completely mono-
tonic function must be completely monotonic was, in fact,
first proved in [8] although the author did not use the
terminology of logarithmically completelymonotonic function;
all others are from [6] or directly from their definitions. Also
note that in [6] counter examples were presented to show that
some function classes are not included in someother function
classes or to show that the intersection sets of two function
classes are not empty.

We invited investigators to contribute original research
articles as well as comprehensive review articles to this special
issue which will stimulate the continuing efforts to under-
stand these functions.This special issuemainly focuses on the
applications, in all fields, of completelymonotonic and related
functions. The topics included in this special issue are as
follows:

(i) completely monotonic functions and their applica-
tions,

(ii) almost completely monotonic functions and their
applications,

(iii) logarithmically completely monotonic functions and
their applications,

(iv) strongly logarithmically completely monotonic func-
tions and their applications,
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Figure 1: Inclusion relationships among classes of completely mon-
otonic and related functions on (0,∞). (A) Almost completely
monotonic function class. (B) Completelymonotonic function class.
(C) Logarithmically completely monotonic function class. (D)
Almost strongly completely monotonic function class. (E) Strongly
logarithmically completely monotonic function class. (F) Strongly
completely monotonic function class.

(v) strongly completely monotonic functions and their
applications,

(vi) almost strongly completely monotonic functions and
their applications,

(vii) absolutely monotonic functions and their applica-
tions,

(viii) Bernstein functions and their applications,
(ix) completely convex functions and their applications,
(x) moment sequences and their applications,
(xi) Laplace (Stieltjes) transforms associated with com-

pletely monotonic or related functions,
(xii) interpolation or fitting of data by completely mono-

tonic or related functions,
(xiii) approximation of (by) completely monotonic or

related functions,
(xiv) analytic inequalities associated with completely mon-

otonic or related functions,
(xv) numerical methods for completely monotonic or

related functions, explicit and implicit,
(xvi) ordinary, partial, and fractional differential equations

and difference equations related to completely mono-
tonic or related functions,

(xvii) mathematical modeling using completely monotonic
or related functions.

Dozens of manuscripts were received for this special
issue, but only a few peer-reviewed, high-quality articles were
published. We hope that the interested readers will continue

to investigate the applications of completely monotonic and
related functions in probability and statistics, numerical and
asymptotic analysis, statistical physics, physical chemistry,
and so forth.
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