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Our effort is to develop a criterion on almost surely exponential stability of numerical solution to stochastic pantograph differential
equations, with the help of the discrete semimartingale convergence theorem and the technique used in stable analysis of the
exact solution. We will prove that the Euler-Maruyama (EM) method can preserve almost surely exponential stability of stochastic
pantograph differential equations under the linear growth conditions. And the backward EM method can reproduce almost surely
exponential stability for highly nonlinear stochastic pantograph differential equations. A highly nonlinear example is provided to

illustrate the main theory.

1. Introduction

Stochastic unbounded delay systems play an important role
in a variety of application areas, including biology, epidemiol-
ogy, mechanic, economics, and finance. The systems provide
powerful models, such as infinite delay Kolmogorov-type sys-
tems in mathematic biology [1-4], stochastic neural networks
[5-8], and stochastic pantograph equations in science and
engineering. The pantograph equation which is a very special
unbounded delay equation was used by Ockendon and Tayler
[9] in 1971 to study how the electric current is collected by
the pantograph of an electric locomotive, from where it gets
its name. Such systems have received an increasing attention
(seee.g., [3,10-13]).

Unfortunately, most of stochastic differential equations
cannot be solved explicitly. Especially, explicit solutions
can rarely be obtained for nonlinear stochastic pantograph
equations, so numerical methods have recently received more
and more attention (see [6, 8, 13-15]). Most of research efforts
have been devoted to the convergence and mean-square
stability of various numerical methods for the linear delay
systems [14, 16-19]. Recently, several authors were devoted
to the convergence in probability of the Euler-Maruyama
(EM) method for the nonlinear delay systems. For example,

Mao [20] and Milosevi¢ [21] developed the convergence
in probability of the EM approximate solution for nonlin-
ear SDDE and neutral SDDE under the Khasminskii-type
conditions, respectively. Zhou et al. [22, 23] established the
convergence in probability of the EM approximation for
neutral stochastic functional differential equation under the
polynomial growth conditions.

Stability theory of numerical solution is one key problem
in numerical analysis. Compared with the convergence, the
study on stability of numerical methods for delay systems
is relatively scarce due to infinite time-delay that is often
the source of instability. Research efforts have been devoted
to various stabilities of numerical methods for SDEs. For
example, Higham et al. [15, 24-26] investigated stability of
numerical methods for SDEs. Pang et al. [27] showed that
the EM discretization can capture almost surely and moment
exponential stability for all sufficiently small time-step under
appropriate conditions for linear hybrid SDE. Mao et al. [28]
showed that the backward EM method can reproduce almost
surely exponential stability of nonlinear hybrid SDE. Mao and
Szpruch [29] developed almost surely asymptotic properties
of implicit numerical methods for nonlinear SDEs, via a
stochastic version of LaSalle principle. However, the stability
of numerical method for highly nonlinear stochastic delay
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system is less studied, due to time-delay that is often the
source of instability (see [2, 30, 31]), which is the main topic
of the present paper.

The stability of numerical method is inspired by Wu et al’s
paper [32], in which they first studied that the backward EM
method can reproduce almost surely exponential stability of
nonlinear stochastic differential delay system

dx(t) = f(x(t),x(t-1)dt +g(x(t),x(t—-71))dw (),
1

by using of the discrete semi-martingale convergence
theorem, under the following conditions

2x" f (x,0) < =4, |x[% )
|f(x,9) — F 0 < Ayly)s (3)
lg(x, y)|2 < )t3|x|2 + )L4|y|2. (4)

Wau et al’s work is a very important contribution to numerical
SDDE theory. Certainly, we also see that the theory imposes
the one-sided linear growth on the drift coefficient (i.e., (3))
and the linear growth on the diffusion coefficient (i.e., (4)),
which are rather strong so that many highly nonlinear SDDEs
are excluded. Recently, Zhou et al. [33] studied exponential
stability of stochastic functional differential equation under
polynomial growth condition. To the best of author’s knowl-
edge, there is no work on stability of numerical method for
stochastic pantograph differential equations. In the paper,
our effort is to develop a new criterion on almost surely
exponential stability of numerical solution to stochastic pan-
tograph differential equations, with the help of the discrete
semimartingale convergence theorem and the technique used
in stability analysis of the exact solution. We will prove that
the Euler-Maruyama method can preserve the almost surely
exponential stability of stochastic pantograph differential
equations under the linear growth conditions. The backward
EM method can preserve almost surely exponential stability
for highly nonlinear stochastic pantograph differential equa-
tions under sufficiently small step size.

2. The Global Solution

Throughout this paper, unless otherwise specified, let |x| be
the Euclidean norm in x € R". If A is a vector or matrix,
its transpose is denoted by A”. If A is a matrix, its trace

norm is denoted by |A| = +/trace(AT A), while its operator
norm is denoted by [[All = sup{|Ax| |x| = 1}. Let
(Q, FAF }150> P) be a complete probability space with a
filtration {&,},.,, satisfying the usual conditions (i.e., it is
increasing and right continuous and %, contains all P-null
sets). Let w(t) = (w,(t), w,(t),...,w,,(t)) be m-dimensional
Brownian motion.

Consider an n-dimensional stochastic pantograph equa-
tion

dx(t) = f(x(®),x(qt))dt +g(x(t),x(qt))dw(t),

®)
0<g<1
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ont > 0 with the initial data x, € R"); f: R"xR" - R", g:
R" x R” — R" are locally Lipschitz continuous.

(H1) The Local Lipschitz Condition. For each integer R > 1,
there exists a positive constant Ky such that

|f (xl’yl) - f(x2)y2)| N |g (x1’)’1) - g(xz»)’z)l
(6)

< Kg (| = x| + [y = »))
for all x;, y, € R" with |x;| V |y < R (k = 1,2).

(H2) The Polynomial Growth Conditions. For all x € R", there
exist positive constants «, f3, y, a, a, @, b, b, b such that

(x(s), f (x(s),x(gs)))

< —alx (I +a(|x(@)""? +x()F?) - alx ()1,

(7)
lg(x(s),x(qs))l2 < blx(s)["** + E|x(qs)|wr2 +b|x(s)[>. (8)

Lemma 1 (see [1]). Let &, b > 0, x(x) € C(R,;R); if k(x) =
o(|x|*) (Ix] — o), then

sup [« (x) — blx|*] < co. )

x€R,

Theorem 2. Let (H1) and (H2) hold with & > BV y, 2a > b,
2a > 2a(1+1/q) + b + b/q. Then for any initial data x,, there
almost surely exists a unique global solution x(t) to (5) ont > 0.

Proof. Under (HI), applying the standing truncation tech-
nique to (5) for any initial data x,, there exists a unique
maximal local strong solution 0 < ¢t < v,, where v, is the
explosion time. To show this solution is global, we only need
to show that v, = co a.s. Let k, > 0 be sufficiently large such
that k, > |x,|. For each integer k > k,, define the stopping
time

v =inf{t € [0,7,) : [x (t)| >k}, k€N, (10)
where throughout this paper, we set inf @ = oo (as usual, 0
= the empty set). By the definition of the stopping time v, it
is obvious that v, is an increasing function with k, so v, —
Voo < v, (k — 00) as. If we can show that v, = oo ass.,
then v, = oo a.s. which implies that x(¢) is global. In other
words, we only prove that P(v, <t) — 0(k — oo,t > 0).
Define V(x) = |x|%, by P(v, < )V (x(vi)) < EV(x(t A w))s
we only need to prove that EV(x(t A 7)) < +00 according
to V(x(v)) = |x(v)|*> = k¥* — oo. For ¢ > 0, by the Ito
formula, we have

tAY

V(x(tAv)) =V (x(0) + J (Zfo (x(s),x(gs))

0

+lg (x (), x (g9))|") ds

+ M (1),
(11)
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where M(t) = jomk eV, (x(5))g(x(s), x(gs))dw(s)ds is a
real-valued continuous local martingale with M(0) = 0. By
(7) and (8), we may also estimate

2x" f (x (), x (gs)) + |g(x(s), x(gs))|”

< ~2alx(9)|"" + 22 (|x(q9)] """ + 1x(9)**?) - 221x(s)
+blx(s)["*? + blx(gs)["* + Blx(s)I?

< 2% (gl - 1(o"”)

(qlx(gs)[" = 1x(s)1""?) - 2alx(s)|*"

b
+_
q

~(2a-B) Ix(s)I” + 25(1 + é) Ix (s)|P*?

+ (b + 9) x (s)]7*2.
q

Denoted by

(12)

I(x(s) = (2a =) |x(s)” + 2a|x(s)|**?

_ 25(1 . 1) ()P - (b " 9) ()",
q q
(13)

Noting that 2a > b, 2a > 2a(l + 1/9) + b + E/q, a>pVv
y, by Lemma 1, there exists a positive ¢, such that I(x(s)) >
cOIx(s)Iz. Substitution for this and (12) into (11) yields

V (x(tAve)) <V (x(0) + M (t)

2— AV
2] (@l - o) as

b tAV )/+2 ]/+2
+5 . (q|x(qs)| — |x(s)] )ds

g jmk Ix(s)[*ds.
0
(14)

Making use of the property of the integral, we may estimate

L e (qlx(@s)|* - 1x(s)1""*) ds

- L <q|x(qs)|/3+2 - |x(s)|ﬁ+2) ds
} t (15)
< j |x(s)|ﬁ+2ds—J 1x(s)[F*2ds

0 0

t
=- J |x(s)|ﬁ+2ds.
qt

Similarly,
t 2 t
[ (altal™ = 1xor2)ds < - [ xoras e
0 qt
Substituting (15) and (16) into (14) and taking expectation
yield

2 2a AV 2
EV (x(t Av)) < E|E]" - ; Jt |x(s)[Pds
q

b J-Wk |x(s)["ds (17)

q Jq(tnv)

—coJ Clx(s)1Pds < E[E[,
0

which implies that there exists almost surely a unique global
solution. The proof is complete. O

For stability, we need to impose a stronger condition on
the coeflicients as follows.

(H3) The Polynomial Growth Conditions. For all x € R", there
exist positive constants &, f3, , a, @ @ b, b, b, and & with ¢ <
2@ — b such that

(x(s), f (x (), x(gs)))
< —alx () +a (e x (gs)) + x (9)F) ()
—alx (),

|9 (x (), x (q5))"

< blx(s)|""* + Ee_(l_q)83|x(qs)|yJr2 +b|x(s)|*

(19)

Theorem 3. Let (H1) and (H3) hold with &« > 3V vy, 2a > b,
2a > 2a(1 + 1/q) + b + b/q. Then for any initial data x,, the
solution x(t) is pth moment and almost surely exponentially
stable; that is,

1
lim sup - log|x (1) < —g, (20)

t— 0o

where € < 2a — .

Proof. Clearly, (H3) implies that (H2) by letting ¢ = 0, so
there exists a unique global solution. Define V(x) = |x|?, for
any € > 0; by the It6 formula, we have

SV (x () = V (x (0)) + L e (LV (x (s), % (qs)) o

+eV (x(s))ds+ M (t),



where M(t) = fot eV, (x(5))g(x(s), x(gs))dw(s)ds is a real-
valued continuous local martingale with M(0) = 0. By (18)
and (19), we may also estimate

LV (x(s), x(q5)) + &V (x (5))
< ~2alx(s)|**? + 2 (€7 |x(g9) " + |x(9)/*?)
= 2ax(s) + blx()|"*? + be” "% x(gs)|"
+Blx()]” + elx(s) [

2a —(1-q)es
< (a7 @9l - 191

+ (qe—(lfq)eslx(qs)|y+2 _ |x($)|y+2) _ 2a|x(s)|(x+2

S

—~

2&—5—8) lx(s)]* + 25(1 + é) |x(s)|‘BJr2

+

/N
=S

b+ —) lx(s)[7 2.
(22)

Denoted by

I(x(s) = (2a-b - ) |x(s)]” + 2alx(s)|**

- 25(1 + l) |x(s)|P** - (b + é) |x(s)["*.
q q
(23)

Noting that 2a > b,2a > 2a(l + 1/g) +b+ E/q, e<2a-b,
« > 3V y, by Lemmal, there exists a positive ¢, such that
I(x(s)) > Eolx(s)|2. Substitution for this and (22) into (21)
yields

eV (x (1)) < V (x(0)) + M (t)
2a

L2 J~t oS (qe—(l—q)sslx(qs)|ﬁ+2 B |x(s)|ﬁ+2) ds
q Jo

t
+ Z JO ess (qe—(l—q)sslx(qs)|y+2 _ |x(s)|y+2) ds

-6 Jt % |x(s)| ds.
0
(24)

Making use of the property of the integral, we may estimate
t
J ees (qe—(l—q)sslx(qs)|/3+2 _ |x(s)|ﬁ+2) ds
0

= J (qe‘gqs|x(qs)|ﬁ)r2 - e‘“|x(s)|ﬁ+2) ds

t
0
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qt t
< j e“|x(s)|ﬁ*2ds-j ¢ |x(s)[P*2ds
0 0

t
=- J ®|x(s)|P*2ds.
qt
(25)

Similarly,

t
L e (qe_(l_q)sslx (qs)ly” —|x (s)|y+2) ds
, (26)
< —J e%|x (s)["**ds.
qt

Substituting for (25) and (26) into (24) yields

et 2a t &s B+2
e V(x(t))sV(x(O))+M(t)——J e|x (5)]F2ds
q Jqt

. .
b J e%|x (s)]"*%ds — I J % |x (s)|*ds.
q Jqt 0
(27)

Applying the nonnegative semimartingale convergence theo-
rem (see [33]) in (27), we have

lim sup eV (x (t)) < 00 a.s. (28)

t— 0o

That is, there is a finite positive random variable C,
such that supy..e*V(x(t)) < C, as. This implies
limsup, _, . (1/t)log|x(t)] < -&/2 a.s. The proof is com-
plete. O

3. Stability of the Numerical Solution for
Linear SPDE

In the section, we will establish almost surely exponential sta-
bility of EM method numerical solution under the following
linear growth conditions.

(H4) The Linear Growth Conditions. For any x € R”, there
exist positive constants a, a, ¢, ¢, b, b such that

(x(s), f (x(5),x(gs))) < —alx(s)* + ae % |x(gs)|",
(29)

|f(x(s),x(qs))|2 <clx(s)* + Eef(kq)“|x (qs)|2 (30)

|g(x(s), x(qs))|2 < blx(s)]* + I;e_(l_q)“|x(qs)|2. (31)

>

Clearly,leta = 3 = y = a = b = 0in (H2) and (H3), which
implies (H4). Similar to Theorems 2 and 3, we may obtain the
following result.

Theorem 4. Let (HI) and (H4) hold with 2a > (2&+E+E)/q+
b + c. Then for any initial data x,, there almost surely exists
a unique global solution x(t) to (5) ont > 0. Moreover, for
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e<2a-b-c-(a+b+ ¢)/q; the solution is almost surely
exponentially stable; that is,

1
lim sup n log |x (t)] < —% a.s. (32)

t— 00

Now we define the Euler-Maruyama approximate solution
for (5). Given a step size A € (0,1), compute the discrete
approximations X, = xy, t; = kA by setting X, = x, and
performing

X = X+ f (X Xig) A+ 9 (X Xy ) Awo— (33)

where the increments Aw, = w(t;,,) — w(t;), k = 1,..., are
independent N(0, A)-distributed Gaussian random variables
F ,-measurable at the mesh-point t;..

The following discrete semimartingale theorem plays an
important role in the section.

Lemma 5 (see [32]). Let {A;} and {U;} be two nonnega-

tive random variables such that both A; and U; are F,_,-

measurable fori = 1,2,... with Ay = U, = 0 a.s. Let {M;}
be a real-valued local martingale with M, = 0 a.s. Let { be
a nonnegative F ,-measurable random variable. Assume that
{X;} is a nonnegative semimartingale with the Doob-Mayer
decomposition X; = {+ A; = U, + M;. If lim, _, A; < 00 a.s.,
then for almost all w € Qlim, _,  X; < oo, lim,_, . JU; < oo.
That is, all of the three processes X; and U; converge to finite
random variables.

Theorem 6. Let (HI) and (H4) hold with 2a > (2a + mb +
¢)/q+mb+c. Then fore < 2a—mb—c— (2a+mb+7¢)/q, there
exists a sufficiently small A* € (0, 1) such that the approximate
solution {X, } defined by (33) satisfies

. 1 €
lim ksllgom 10g|Xk| < -3 a.s. (34)

Proof. By (33) and (H4), we may compute
X" = (Xi + f (X Xgig) A + 9 (X X i) A
X+ f (Ko Xiga) A+ 9 (X Xigaa) D)
= X" + 2 (X f (X Xpgua)) A
[ F 0 Xg) [ 87 + 9K Xpge) Ay
+ 2 (X + f (Koo Xigig) A 9 (X Xpqu) D)
= X + 20X f (X X gy )
+ (|F X X 8 + 9K X )| ) A
#1900 Xpgo)|* (Awe]” - ma)

+ 2 X+ f (X Xpgr) A 9 (X Xpgr) Aw)

= (1-2aA +cA? + mbA) | X,

+ (28 +2A + mb) e R X |ZA

+ g Xigo)|” (8w - ma)

+2 (X + f (Xio Xpgpg) A 9 (X Xigug) D)
= (1-2aA +cA? + mbA) | X,

+ (25 +CA+ mE) e_(l_q)skA'X[qk] |2A + St

(35)

where s, = (X, X)) P (Aw | = mA) + 2(X; + f(Xp,
Xigk))As 9( X X )Awy). By (35), it is easy to obtain

es(k+1)A|Xk+1|2 _ eekA|Xk|2
- (1 —2aA + cA® + mbA — efsA) E A x 2

[ R 2
+(2a +CA + mb) es(kq”)A'X [qk]| A+ e FDA
(36)

With the help of recursive method, it is not difficult to get

eskA le |2

= |XO|2 + (1 —2aA + cA® + mbA - efSA)

k-1
X Zes("”)A|Xi|2 + (25 +CA +mb)
i=0

% kiles(mm [e—(l—q)siA'X[qi]r 3 esA|Xi|2] A
i=0

k-1 k-1
+ (25 +CA + mE) eSAZes(i+l)A|X,~|2A + Zes(iﬂ)Asi
i0 i=0

1-— e—sA

= %, - [Za—cA—mb—
— (2@ +¢A +mb) eSA]

% kiles(Hl)Al)Cle
1

i=0

k-1
+ A (e_(l_q)SiA'X[qf]|2 - eSA|Xi|2) A
i=0

k-1
+1)A
+ Zes(” M.,
i=0

(37)



Obviously, Z;:OI e“*D%, is a martingale. Let [gi] = j; then
j<qi<j+l,sogi—-1<j<qilf0<i<k-1,then
-1<j<q(k-1) < [gk] +1-q < [gk] + 1. This implies that
zee(m)A [e—(l—q)siA|X[qi]|2 _ esAlxilz] A
i=0
k-1 )
Z ee(1+2)A |X1l

i=0

= £(qi+1)A 2
= 2)6 TORX g -
£

(38)
[gkl+1 R k-1
< es(z+2)A|Xi| _ Zes(z+2)A|X(iA)|a+2
i=0 i=0

<_ kil es(i+2)A|X-|2
< il -

i=[qk]+2
Denote by
N B
f(A)=2a-cA-mb+ —e (2a+cA+mb).
(39)
By the Taylor series, we have
e b :1—8A+%—(€3i')3+0(8A) > 1—¢A,
g ‘ (40)
> e

Therefore f(A) > 2a—cA—mb—s—esA(2a+EA+mE).Noting
that 2a > (2a + mb +¢)/q + mb + ¢,q € (0, 1), for any given
&, choose a sufficiently small A* (A* < A) such that for all
A < A7,

2a—cA—mb—s—e£A(25+EA+mE)>0. (41)

Substituting for (38) and (41) into (37), Lemma 5 implies that

there exists a positive constant C, such that e**|X,|> < C,.
That is, lim sup, _, ., (1/kA) log | X, | < —&/2 a.s. The proof is
complete. O

4. Stability of Numerical Solution for
Highly Nonlinear SPDE

In the section, we will prove that the backward EM method
can preserve the almost surely exponential stability of the
true solution of highly nonlinear stochastic pantograph dif-
ferential equation.

(H5) The Polynomial Growth Conditions. For any x € RY,
there exist positive constants «, a, a, @, b, b, b such that

(x(s), f(x(s),x(gs)))

< —alx(s)|*? + ge e

(42)
|x ()] - alx ()%,

|g(x(s), x(gs))|”
(43)

< blx(s)|*" + Ee_(l_‘7)85|x(qs)|“+2 +blx(s)).

Abstract and Applied Analysis

By Theorems 2 and 3, (5) has a unique global solution and the
solution is almost surely exponentially stable.

Given a step size A € (0,1),and fort € [0,T], MA =T
for some positive integer M. Let t, = kA (k > 0), [t/A] be
the integer part of t/A. Define the backward Euler-Maruyama
method as follows:

Xieer = Xi+ [ (X Xgrernn) A + 9 (Xio Xgi ) dw (8)
(44)

To guarantee that this method is well defined, we impose
the following one-sided Lipschitz condition on the drift
coeflicient f(x, y).

(H6) One-Sided Lipschitz Condition. There exists a positive
constant A > 0 such that for any x; € R" (i = 1,2)

(1 = x5 f (x1,) = f (32 9)) < Alx, - lez- (45)

Applying a fixed point theorem one can prove that (44) has a
unique solution X ;; given X, if AA < 1, then the backward
EM scheme (44) is well defined (see, e.g., [28]). From now on
we always assume that A < 17",

Theorem 7. Let (HI), (H5) and (H6) hold with 2a > mb, 2a >
mb + (2a + mb)/q; there exists a sufficiently small A* €

(0, 1) such that the approximate solution {X,} defined by (44)
satisfies

1 3
lim sup A log|X,| < w5 4 (46)

k— o0

where € < 2a — mb.

Proof. By (44) and (H5), we may compute

|Xier]” = (Kwrs X+ f (Kirns Xpgeeeny) &
+ /(X Xiq) by
= (Xiernr f (Ko Xigaern))) &
+ (X1 Xi + 9 (X Xy ) Ay )

a+2 — —e(1-q)(k+1)A a+2
< —ale+1| A+ ae e |X[q(k+1)]|

A
_ 2 l 2 l 2

- a|Xk+l| A+ E|Xk+1| + Elel
1 2 2

+ 219 (Xio Xig)| |8

+ (X g (Xio X)) Ay
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1 _ _ _e(l- 2
_ <z _ aA) |Xk+1|2 +gec0 q)(k+1)A|X[q(k+1)]|oc+ A
1
- a|Xk+1|a+2A + _IXk|2
(b|Xk|“+2 - —a(l—q)kA|X[qk]'0¢+2 +E|Xk|2>

X |Awk| + (Xk,g (Xk’ X[qk]>>Awk
(47)
That is,

(1 +2ah) | Xy |

a+2

= (1 mba) [ X[ + 23 TPEDE X[ TA
- 2a|Xk+1|vc+2A + (mb|Xk|0¢+2 N mEe—e(1—q)kA|X[qk] |oc+2>

X A+ s,f,
(48)

where

Sk _ (b|Xk|a+2 T 1—q)kA|X[qk]|“+2 +E|Xk|2)
(49)

x (|awg]* = mA) +2 (X g (Xio X (i) ) Ay
According to (48), we may obtain

(1 +2a8) [ X, [* - e,

= [1+mbA - (1+2a0) e ] V8 x|

— +2
+ 2aeeq(k+l)A |X[q(k+1)] |(X

A = 2ae Y X 1FPA

e(k+1)A a+2 T —e(gk+1)A at2

A
+ ee(k“)Asﬁ.
(50)
With the help of recursive method, compute
(1+2aA) e™ | X, |

= (1 +2aA) | X,|" + [1 + mbA — (1 +2aA) e **]

k-1
x Zes(i+1)A|Xi|2 _
i=0

ZaZ st+1)A|X 1|06+2
i+
i=0

o¢+2

+ Z“Zesq(lﬂ)ﬂx )| A

k-1
+ meeS(Hl)A 1X; |“+2A
i=0

k-1 k-1
TN _e(gi+1)A ot2 £(i+1)A A
+mee 'X[qi]| A+ Ze s;
i=0 i=0

= (1 +2a0) |X,|* - [1 +2aA - (1 + mba) €]
XZ 51A|X| —2a ZezA 0¢+2

k-1 k-1
+mbYy VA XA 1 2a Yy eV x| A
A

k-1
+ ml;Zee(Hz)A |Xi|a+2A
i=0

k-1
— O _ei+1)A [ —e(1-q)(i+1)A at2
+ZQZe (e |X[q(i+1)]'
i=0

—|X |a+2>

k-1

" ml;zee(mm (e—s(l—q)m'X[qi]er B e5A|Xi|a+2) A
i=0

+ Sk

(51)
where S, = Zk , e“FTDAR Obviously, S, is a martingale. Let
[gi] :j;then]<qz<]+1 soqi-1<j<qi.lff0<i<k-1;
then -1 < j < q(k—1) < [gk] + 1 —q < [gk] + 1. This implies

kiles(iﬂ)A( —&(1- q)1A|X[ql] |"‘+2 eAlXirHZ)
i=0

— Z e£(1+qi)A |X

ot2 £(i+2)A a+2
[qi] ' Ze IXll

i=0 i=0
52
[gk]+1 - 5 k-1 a 5 2)
e(i+2 ot e(i+2 ot
= Z ¢ |Xi] _Ze |Xi]
i=0 i=0
k-1
< - £(i+2)A lX |tx+2
i=[qk]+2
Similarly,
Ze e(i+1)A [es(l q)(z+1)A|X[q Hl)])|a+ Xila+2)
i=0
(53)

e(i+1)A [y |02
< —i:[qzk;+2e | x|
Substituting for (52) and (53) into (51) yields
(1+2ah) e™|X, |
= (1+2aA) | X" — [1 +2aA - (1 + mbA) ]
k-1

% ZesiAlXi|2

i=0

+ (—2a + mbe™ + 2ae®® + mbeZSA)



k-1
X ZeSiA|X,-|“+2A — 2ae | X, |“A
i=1

+ (25 +mb + ml;eSA) [ X, “2A

k-1
—2a Yy &IAX A
1
i=[qk]+2
—_— k_l . 2
—mb Z es('Jrz)AlXirxJr A+ Sy
i=[qk]+2
(54)

Denote by f(A) = 1 +2aA — (1 + mbA)e®. Differentiating
with respect to A yields

£ (D) = 2a — mbe™ - (1 + mEA) e,
N _ (55)
" (A) = —2mbee™ - (1 + mbA) e,

Clearly, f'(O) =2a-mb-¢>0, f”(O) < 05 then there exists
a A > 0 such that f '"(A) = 0. f(A) is an increase function
for A < A and noting that f(0) = 0 therefore there exists a
sufficiently small A* (A* < A) such that for all A < A*,

1+2aA - (1+mbA)e™ > 0. (56)

On the other hand, since 2a > (2a + mE)/q +b, q€(0,1),

then 2a > 2a + mb + mb, and there exists sufficiently small
A < A" such that

2a - 2ae™ —m (b + EeSA) e > 0. (57)

Substituting for (56) and (57) into (54), Lemma 5 implies that
there exists a positive constant C,, such that

(1+2ah) ™ |X,|” < C,. (58)
That is,
lim sup Llog |X| < -2 s (59)
k— o KA 2
The proof is complete. O

Example 8. Consider the following nonlinear scalar SPDE

dx (¢) = [—O.Sx (t) - 5x° (£) + 3¢ 02 x° (qt)] dt
(60)
+x (1) dw (1),

where w(t) is scalar Brownian motion. Define f(x, y,t) =
~0.5x — 5x° + 3¢ "%y, g(x, y,t) = x°. Compute

f(xpyst) = f (x5 90
<-0.5(x; —x;,) =5 (x‘;’ - xg)
(61)
< -0.5(x; — x,) [1 +10 (x‘l1 + X%, + X%

3 4
b+ )]
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Noting that a+b > (a+b)?/2, compute
4. .3 22 34
X] X Xy + X5%5 + X% + X,

2

2, 2
(x7+x3)
>
2

2 2
X+ X
>[1 2

2
+ X%, (xf + xi) +(x,%,) (62)

2
+ xlxz] ,
which implies

(x1 =25 f (1, 51) = f (30, 35)) < =0.5(x; — xz)z- (63)

That implies that f(x, y,t) satisfies the one-sided growth
condition. By using the inequality a’b? < (p/(p + q))a?™ +
(q/(p + q))bP™, it is easy to compute

(x, f (%, y,t)) < —0.5x" - 5x° + 3¢ " )°x

(64)
< —0.5x" — 4.5x° + 2.5y6

and Ig(x(t),y(t))l2 < x5 By Theorems 2 and 7, (60) has
unique global solution and the solution is almost surely
exponentially stable.
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