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A new upper bound which involves a parameter for the infinity norm of the inverse of Nekrasov matrices is given. And we determine
the optimal value of the parameter such that the bound improves the results of Kolotilina, 2013. Numerical examples are given to

illustrate the corresponding results.

1. Introduction

The class of Nekrasov matrices is a subclass of H-matrices.
Estimating the infinity norm of the inverse of Nekrasov
matrices can be used to prove the convergence of matrix
splitting and matrix multisplitting iteration methods for
solving large sparse systems of linear equations; see [1-4].
Here, we call a matrix A = (a;) € C™" an H-matrix if its
comparison matrix (A) = [m,-]-] defined by

4y = [my] e ™, mif:mt# :J] i

is an M-matrix; that is, (A) ™" > 0 [1, 5, 6], and a matrix A =
[a;] € C™" is called a Nekrasov matrix if for eachi € N,

|a;| > h; (A), (2)

wherehy(A) = ¥, lay;land hi(A) = Z};ll(laijl/lajjl)hj(A)+
i lagli=2,3,...,n[2,6].

In 1975, Varah [7] provided the following upper bound
for strictly diagonally dominant (SDD) matrices as one most
important subclass of Nekrasov matrices, consequently, H-
matrices [2, 6, 8]. Here a matrix A = [a;] € C™" is called
SDD if for eachi € N = {1,2,...,n},

|as| > r; (A), (3)

where r;(A) = ¥4, lal-

Theorem 1 (see [7]). Let A = [a] € C™" be SDD. Then

~ 1
”A 1“00 < min,y ([a;] - 7, (A))’ (4)

We call the bound in Theorem 1 the Varah’s bound. As
Cvetkovi¢ et al. [2] said, Varah’s bound works only for SDD
matrices and even then it is not always good enough. To
obtain new upper bounds for the infinity norm of the inverse
of a wider class of matrices which sometimes works better in
the SDD case, Cvetkovi¢ et al. [2] give the following bound of
Nekrasov matrices.

Theorem 2 (see [2, Theorem 2]). Let A = [a;] € C*" bea
Nekrasov matrix. Then

max;ey (2; (A) / |aii|)
1 - max;y (B; (A) / |aii|),

|47, = 6

“ Al "00 o MienZ; (A)

(6)

min;ey |aii| - h; (A) ’

where z,(A) = 1 and z;(A) = Z;;ll(laijl/lajjl)zj(A) +1,i=
2,3...,n

In [9, Theorems 2.2 and 2.3], Kolotilina gave an improve-
ment of these upper bounds in Theorem 2 (see Theorems 3
and 4).
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Theorem 3 (see [9, Theorem 2.2]). Let A = [a;] € C™ be a

Nekrasov matrix. Then
-1 z; (A)
[47]. < TN Jay| -y (A)

7)

Theorem 4 (see [9, Theorem 2.3]). Let A = [a;;] € C*" be a
Nekrasov matrix. Then
Zi (A) maXjen (Zi (A) / |ai,'|)
max < X
ieN |ag| = h; (A) ~ 1 - maxiey (h; (A) / |ay])

(8)

z; (A) max;enz; (A)
max < .
ieN |a;| — h; (A) ~ miney |a;| - h; (A)

In this paper, we also focus on the estimation problem of
the infinity norm of the inverse of Nekrasov matrices and give
an improvement of the bound in Theorem 3 (Theorem 2.2 in
[9]). Numerical example is given to illustrate the correspond-
ing results.

2. Bounds for the Infinity Norm of the Inverse
of Nekrasov Matrices

In order to obtain a new bound, we start with the following
lemmas and notations. Given a matrix A = [a,-j], by A =
D — L — U we denote the standard splitting of A into its
diagonal (D), strictly lower (-L), and strictly upper (-U)
triangular parts. And by [A];; denote the (i, j)-entry of A; that

is, [A]ij = aj;. Furthermore, we denote |[A| = [Iaij ].

Lemma 5 (see [10]). Let A = [a;] € C™" be a nonsingular
H-matrix. Then

a7 <) )

Lemma 6 (see [11]). Given any matrix A = [a;] € C*",n > 2,
with a; #0 for alli € N, then

h; (A) = |ag| [(DI = L)' Ul e] , (10)
where e € C™" is the vector with all components equal to 1.

Lemma 7 (see [12]). A matrix A = [a;] € C" n>2isa
Nekrasov matrix if and only if

(ID| - [L) ' [Ule <ee, (11)

that is, if and only if E — (|D] - IL) "YU is an SDD matrix,
where E is the identity matrix.

Let C = E—(|D| - L)' |U| = [g]. Then from Lemma 7,
C is SDD when A is a Nekrasov matrix. Note that ¢;; = 1,
& =0,k=23,...,n,and ¢y = —layl/la, |, k=2,3,...,n
which leads to the following lemma.

Lemma 8. Let A = [a;] € C™" be a Nekrasov matrix and

C () =CD(u) = [E-(ID| - |L) ' |UI| D (),  (12)

where D(u) = diag(y,1,...,1) and u > r,(A)/lay;|. Then
C(u) is SDD.
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Proof. It is not difficult from (12) to see that [C(u)],; = pey
forallk € N and [C(y)]kj =G forallk € N and j# 1. Hence

1 (4)

[Cwly=mw 1 (CW)=r©- rw (13)
andfori=2,...,n,
[CW]; = ¢ r(C(u) =7 (O). (14)

From the fact that Cis SDD and y > r,(A)/|a,, |, we have that
C(u) is SDD. The proof is completed. O

The main result of this paper is the following theorem.

Theorem 9. Let A = [aj

;] € C"" be a Nekrasov matrix. Then
for u > ri(A)/lay |,

1
U |a11| —hy (4) ’

z; (A) }
max————— .
i#1 |a;| - h; (A)

"A_l"OO < max {y, 1} max 1

Proof. Let C(u) = CD(u) = (E—(ID| — |L|)™ [U])D(), where
D(u) = diag(u, 1,...,1). From (12), we have

C(u) = (ID| - L)™' (A)Y D (1), (16)
which implies that

(A) = (ID| - L) C () D(u)"'

= (ID| = L)) A~ A7'C () D(w) ",

17)

where

A = diag (6,,6,,...,6,), 6,>0,i=12,....,n. (18)

Furthermore, since a Nekrasov matrix is an H-matrix, we
have, from Lemma 5,

], e, = 1ol e ],

oy = zpar |

First, we estimate [|[(|D| - |L|)A]™"||,. Since (|D| - |L|)A
is an M-matrix and there exists a positive diagonal matrix A
such that (|D| — |L|)Ae = e, see [9], we get

|tapr-1Lna™| = |api-1Lhare| =1 (20)

Secondly, we estimate IIC(y)_lAIIOO. From Lemma 8, C(y)
is SDD. Obviously, multiplying the left-hand side of C(u)
by diagonal matrix A™' does not change SDD property,
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SO AflC(y) is also SDD. Thus, Varah’s bound (4) can be

applied as follows:

B 1
™A, < ma ey

0

i

= max

ieN [C(u)e];

5,
= max , max
{[C(M)eh i#1

[ |a11|

[€ (ii) el; }

{ d; |aii| }
= max ,max .
Y |a11| —h; (A) i#1 |ai,»| - h; (A)

In addition, since z(A) =
IDI(IDI - IL) e and (ID] ~ |LI)Ae
have

8; lai| = z; (A),

Substituting (22) into (21), we get that

(21)

[2,(A),...,z,(A)]" =
= e, see [9, 13], we

[c(w)" ] < max {
Finally, from (20), (23), z,(A) =
D, = max{u, 1}, we have

”A_I“Oo < max {y, 1}

z, (A)

i=12,...,n (22)
z, (4) z; (A) }
» max .
play| —hy (A) i1 |ay| - h; (A)

(23)

1, and the fact that

X max ,
{.“ |a11| —hy (4)

= max {y, 1}

z; (A) }

T Jau] - By (A)

1
X max >
{P‘|a11| —hy (A)

The conclusions follow.

Example 10. Consider the Nekrasov
where

-7 1 =02
7 88 2
Ar= 2 05 13
05 30 1

z; (A) }

max
i#1 |a;| - h; (A)

(24)

O

matrix A, in [2, 9],

2
-3
-2

6

(25)

By computation, h,(A) = 3.2000, h,(A) = 8.2000, h;(A) =

2.9609, hy(A) = 0.7359, z,(A) = 1,

2,(A) = 2, z,(A) =

1.2971, and z,(A) = 1.2394. By the bound of Theorem 3
(the bound of Theorem 2.2 in [9]), we have

|a], < 0.2632.

(26)

3
0.32
e
T 0.3
=
oy
5]
b=
3 028
2
Ha}
L
£
0.26
<——(1.0639, 0.2505)
0.24 ' : : : :
0.9 0.95 1 1.05 1.1 1.15
u
—— The bound in Theorem 9
--- The bound in Theorem 3

FIGURE 1: The bounds in Theorems 9 and 3.

By Theorem 9, we have
|a7'|., < 03226 (Taking u = 0.90),
|AT'|., < 02786 (Taking u=0.97),
(27)

)
)
|aT'|., < 02549 (Taking p = 1.04),
|AT|., <0259 (Taking u = 1.10),
)

|a7'|., < 02708 (Taking p = 1.15).

In fact, |A7']l, = 0.1921.

Remark 11. Example 10 shows that by choosing the value of
¢, the bound in Theorem 9 is better than that in Theorem 3
in some cases. We further observe the bound in Theorem 9
by Figure 1 and find that there is an interval such that for
any p in this interval, the bound in Theorem 9 for the matrix
A, is always smaller than that in Theorem 3. An interesting
problem arises: whether there is an interval of y such that the
bound in Theorem 9 for any Nekrasov matrix is smaller than
that in Theorem 3. In the following section, we will study this
problem.

3. The Choice of 1

In this section, we determine the value of y such that the
bound for A} lo, in Theorem 9 is less than or equal to that
in [9]. First, we consider the Nekrasov matrix A = [a;;] € cmt
with

! > max z (4)
|a11|—h1 (A)  i#1 |aii| —h; Ay’

(28)

and give the following lemma.



Lemma 12. Let a, b, and c be positive real numbers, and 0 <
alb-c) < 1. Then

1+ac< 1
ab alb-c¢)

Proof. We only need to prove that (1 + ac)/ab -1 > 0 and
1/a(b -c) - (1 +ac)/ab > 0. In fact,

1<

(29)

1+ac 1-aMb-c¢)
-1= >0

ab ab ’
1 _1+ac_c(1—a(b—c))>0 (30)
alb-oc) ab  ab(b-o¢) '
The proof is completed. O

Lemma13. Let A = [a;] € C™" be a Nekrasov matrix with

1 z; (A)

o]~y (A) T ]y (A) G
Then
1+ max;; (2 (A)/ (Jaq| = h; (A))) - by (A)
|ay| - max; .y ((A)/ (|ay] - h; (A))) (32)

1/ (|“11| - hy (A))
max;., (z;(A)/ (Iaii| —h; (A))).
Proof. Let a = max;, (z;(A)/(la;| — h;(A))), b = |a,;|, and
¢ = hy(A). From (28), we get 0 < a(b — ¢) < 1. Then from
Lemma 12, the first and second inequalities in (32) hold. [

We now give an interval of y such that the bound in
Theorem 9 is less than that in Theorem 3.

Lemma 14. Let A = [a;] € C™" be a Nekrasov matrix with
1 Z; (A)
> max )
|a11| —hy(A)  i#1 |aii| - h; (A)

Then for each p € (1,(1/(lay;|=h,(A)))/max; . (z;(A)/(la;]| -
h;(A)))),

“A_l “OO < max {y, 1}

(33)

X max{ ! max z (4) ]»
U |a11| -h (A) i#1 |ai,-| - h; (A)
z; (A)

(34)

Proof. From Lemma 13, we have

. (1 1+ max;,, (z; (A)/ (|ay] - h; (A))) - by (A)]

“E T el maxi g (2 (A) / (Ja] — s (4)))
U [ 1+ max;, (2 (A)/ (laiil - h; (4))) - by (A) (35)
|“11| -max; ;. (z; (A)/ (laiil —h; (A))) ’
1/ (|a11| - hy (A)) )
max;. (Zi (A)/ (|aiil —h; (A)))

and max{y, 1} = p.
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(D) For p € (1,(1 + max;,,(z;(A)/(la;] - h(A))) -
hy(A))/(lay; | - max; ;. (z;(A)/(la;| — h;(A))))], then

1

Klaul = (8) < e TR ¢

36)

that is,

! >
.”|‘111| —h, (4)

z; (A)
max (37)
i#1 |aii|

—h (A)

Therefore,

max { 1} max <l ! max z (4) }
# U |“11| —hy (A) it |aii| —h; (4) (38)
_ “

play| -k (A)

Consider the function f(x) = x/(xla;| - h,(A)),
x € [L,(1 + max,,, (z(A)/(lal - 1(A) - hy(A)/(lay,] -
max; ., ;(z;(A)/(la;] — h;(A))))]. 1t is easy to prove that f(x)
is a monotonically decreasing function of x. Hence, for any
e (101 + max, (z(A)/(ayl - B(A)) - by (A)/(lay,|
max; 1(z;(A)/(la;| = h;(A))N],

flw) < f); (39)
that is,
“ 1 _ z; (A)
“ |a11| —hy (A) ) |a11| —hy (4) - I}g\’ﬂaﬁl - h; (A) (40)
Hence,
max {y, 1} max { 1 max—2i (A) }
: plan|=hy (A)7 21 |ay| - by (A)
(41)
z; (A)

< max

ieN |a| - h; (A)

(IT) For € [(1 + max;,,(z;(A)/(la;| — h;(A))) - hy(A))/
(layy| - max;,,(z;(A)/(la;| — hi(A)))), (1/(lay,| - hy(A))/
max; ., ;(z;(A)/(la;| — h;(A)))), then

1
I |0111| -h (A) > max; , (Zi A)/ (|aii| —h, (A)))’ (42)
that is,
! < max Zi (A) . (43)
plan| = hy (A) ~ i1 ag] - by (A)
Therefore,
max {y, 1} max { ! max—2i (A) }
: plan|—hy (A)#1 |ay| - h; (A)
(44)
z; (A)

~ A - (A
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Consider the function
(x) = xm z; (A)
g =x i¢a1X|aii| —h, (A)
I + max;,, (z:(A)/ (laii| - h; (4))) - by (A)
e |“11| -max,,, (z; (A)/ (laiil - h; (4))) B

1/ (lanl -hy (A)) ]
max, ,, (z; (A) / (|az| - h; (A))) |

Obviously, g(x) is a monotonically increasing function of x.
Hence, for any y € [(1 + max;, (z;(A)/(la;| — h;(A))) -
h(A))/(lay| - max;,, (z;(A)/(la;| — h;i(A)))), (1/(lay| -
h1(A)))/maXi¢ 1(Zi(A)/(|aii| - h,-(A)))),

(1/ (Jas| = By (A))) )
max; (Zi (A)/ (|aii| - h (A))) ’ (o

g(#)<g<

that is,
z; (A) 1
Y max <
i#1 |ay| = h; (A)  |ay,|—hy (A)
(47)
z; (A)
= max—————.
ieN |a;| - h; (A)
Hence,
1 z; (A)
max {y, 1} max , max
play|—hy (A) i1 |ay| - by (A)
(48)
z; (A)
< max— ————.
ieN |a;| - h; (A)
The conclusion follows from (I) and (II). O

Lemma 14 provides an interval of ¢ such that the bound in
Theorem 9 is better than the bound in Theorem 3 (the bound
in [9]). Moreover, we can determine the optimal value of ¢ by
the following theorem.

Theorem 15. Let A = [a;] € C™" be a Nekrasov matrix with

1 > max— 2 (A) (49)
lay | = hy (A) © il |ay| - by (A)
Then
min { max {y, 1}
X max<| ! max—2 (4) } :
plan| = hy (A) i1 |ay| - h; (A) ]
(50)

ue (1 1/(|a11|—h1 (A)) )}
"max, ;, (2 (A) [ (la;| - (A)) )]
_ 2 (4) + z; (A) h, (A)
= max . .
|a11| i#1 Iaiil —h; (A) |a11|

5
Furthermore,
-1 z; (A) z; (A) _ hy (A)
A7 = max fo 1) (_Iaul ey s )
< z; (A)
I}g"xlaiil —h; (A)
(51)
Proof. From the proof of Lemma 14, we have that
x
9= x|a11| - hy (A)
(52)
[ 1+ max;. (z; (A)/ (|az| - h; (A))) - hy (A)
x€|l,
|a11| s Max; ., (Zi (A)/ (|aii| —h (A)))
is decreasing and that
(x) = xmax LD __
g(x) = xr&alxlaii| " A)
1+ max;,, (z; (A) / (|ay| - h; (A))) - by (A)
> 3
*e [ |a11| tMax; ., (z (A)/(|a,~i| - h; (A))) &)

1/ (|a11| - hy (4)) ]
max; 4, (zi (A)/ (|aii| —h; (A)))
is increasing. Therefore, the minimum of f(x) and g(x) is
( 1+ max;,, (z (A) / (lay| - b (4))) - by (A))
|a11| tMax; ., (zi (A)/ (|aii| —h; (A)))
_ ( 1+ max;, (z; (A)/ (|ay] - h; (A))) - by (A)>
g |a11| $Max; ., (z:(A)/ (|aii| —h (A)))

z; (A) hy (A)
+ max . ,
i#1 |a;| —h; (A)  |ay]

_z 4

- |“11|

(54)

which implies that (50) holds. Again by Lemma 14, (51)
follows easily. O

Remark 16. Theorem 15 provides a method to determine the
optimal value of ¢ for a Nekrasov matrix A = [a;;] € C*" with

! > max z (4)
|a11|—h1 (A)  i#1 |aii| - h; (A)

(55)

Also consider the matrix A, in Example 10. By computation,
we get
z; (A)

1 .
=0.2632 > 0.2354 = max !

lay | -y (A) i#1 |ay| — h; (A) (56)

Hence, by Theorem 15, we can obtain that the bound in
Theorem 9 reaches its minimum

z; (A) z; (A) h, (A)
+ max .
|“11| i1 |aii| - h; (A) |a11|

at u = (1 + max,,(z;(A)/(la;| — h;(A))) - hy(A))/(ay] -
max; ., ;(z;(A)/(la;| — h;(A)))) = 1.0639 (also see Figure 1).

= 0.2505 (57)



Next, we study the bound in Theorem 9 for the Nekrasov
matrix A = [a;] € C™" with
1 z; (A)
< max :
lay| = by (A) ~ i#1 ay| - by (A)

(58)

Theorem 17. Let A = [a;;] € C™" be a Nekrasov matrix with

1 < max z; (A)
lay| = hy (A) ™ i# 1 |ay| - hy (A)

(59)

Then we can take yu € [(1 + max;,,(z;(A)/(la;] — h;(A))) -
hi(A))/(la;,| - max; . (z;(A)/(la;| — h;(A)))), 1] such that

“AAHOO < max {;4, 1}

X max { ! max— 2 (4) ]»
plan| - (A)"i#1 |a;i| = h; (A)
z; (A)
= max;7—————.
ieN |ay| - h; (A)
(60)

Proof. From (59), we get (1 + max;,(z;(A)/(la;| — h;(A))) -
h,(A))/(lay,| - max; ., (z;(A)/(la;| — h;(A)))) < 1. Then, for
u>r (A)/|a11| = hl(A)/|6111|a we have
e (h1 (A) 1+max;,, (2 (A)/ (|a;| - b (A))) - by (A))
|a11| , |a11| tMax; ., (z:(A)/ (laii| - h; (A)))
U [ 1+max;;, (z;(A)/ (|la;]| - h; (A))) - by (A) 1]
|ay| - max;,; (2 (A) / (|ay] - b (A)))

@, +00).

(61)

() For u € (h(A)/layl, (1 + max;,,(z;(A)/(la;] -
h;(A))) - hy(A))/(lay| - max; ., (z;(A)/(la;| — h;(A))))), then
max{y, 1} = 1 and

1+ max;, (2 (4) / (|ag| - i (A)) -1y (A)

“s layy| - max; 4y (2 (A) / (|ag| = h; (A)) (©2
that is,
! > max < (4) . (63)
play| = hy (A) izt |ay| - by (A)
Therefore,
max {, l}max{ ! , max % (4) }
play| = hy (A i#1 |a;| - hy (A)
B 1
ulay|-hy (A) 0
S z; (A)

T Jau] - B (A)

_ z; (A)
B r"réa}\rxkliil —h; (A)
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(I) For p € [(1+max,,(z;(A)/(la;| —h;(A))) - hy (A))/(lay, |-
max;, ;(z;(A)/(la;| — h;(A)))), 1], then max{y, 1} = 1 and

1+ max; ., (2 (4) / (Jag| - b (4))) - by (A)

> 5 (65)
O T an] max,, (2 (A)/ (Ja] - s (4)))
that is,
1 < max z (4) (66)
play| = hy (A) ~ izt |ay| -k (A)
Therefore,
max {u, 1} max{ ! max—2 (4) }
’ wlan| - (A) i#i |a;| - h; (A)
z; (A)
= _ 67
T ] - By (A) ”
z; (A)
= max—————.
ieN |a| - h; (A)
(IIT) For u € (1, +00), then max{y, 1} = p and
1 < max 7 (4) (68)
play| = hy (A) ~ it |ay| -k (A)
Therefore,
max {y, 1} max { ! max—2 (4) }
’ lay| = hy (A) i1 |ag| - By (A)
~ R g -k (A)
(69)
> max— 24
i#1 |a;| - h; (A)
z; (A)
= max—————.
ieN |a;| - h; (A)
The conclusion follows from (I), (IT), and (III). O

Remark 18. Theorems 15 and 17 provide the value of y; that is,

T+ maxg,, (z,(A)/ (Jay| - ki (A))) -y (A)

= 70
R P N T ) B

such that the bound in Theorem 9 is not worse than that
in Theorem 3 for a Nekrasov matrix A = [g;] € C™. In
particular, for the Nekrasov matrix A with 1/(|a;;|—h,(4A)) >
max;, (z;(A)/(la; — h;(A)])), the bound in Theorem 9 is
better than that in Theorem 3.
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TABLE 1: The upper bounds for ||A,T1 lloori=25...,6.

Matrix A, A, A, As Ag
Exact [|A™|, 0.2390 0.8759 0.2707 11519 0.4474
Varah (4) 1 1.4286 0.5556 — —
Cvetkovic et al. (5) 0.8848 1.8076 0.6200 1.4909 1.1557
Cvetkovi¢ et al. (6) 0.6885 0.9676 0.7937 2.4848 0.5702
Kolotilina (7) 0.5365 0.9676 0.5556 1.4138 0.4928
Theorem 9 0.5365 0.9676 0.5038 1.4138 0.4928

Example 19. Consider the following five Nekrasov matrices
in [2,9]:

8 1 -02 33
7 13 2 -3
A= |15 67 13 2]
05 3 1 6
21 -9.1 —42 -2.1
Ao |07 91 —42 -21
37 =07 07 49 -21
-0.7 -0.7 =07 2.8
(71)
? 211 Oiz —23 6 3 2
As=| 3 0564 2| AT :; g) I(S) ’
05 -1 1 9
8 -05 -05 -05
A=| 9 16 55

-6 -4 15 -3
-49 -09 -09 6

Obviously, A,, A5, and A, are SDD. And it is not difficult
to verify that A, satisfies the conditions in Theorem 15 and
A,, Az, As, and A satisfy the conditions in Theorem 17.
We compute by Matlab 7.0 the upper bounds for the infinity
norm of the inverse of A;, i = 2,...,6, which are shown
in Table 1. It is easy to see from Table1 that this example
illustrates Theorems 15 and 17.

4. Conclusions

In this paper, we give an improvement on the infinity norm
bound for the inverse of a Nekrasov matrix in [9]. In
particular, for the Nekrasov matrix A = [a;;] € C™" with

! > max—2 (4)
|a11|—h1 (A) i#1 |aii|_hi (A)°

(72)

we prove that new bound is better than that in [9]. However,

for the Nekrasov matrix A with
1 z; (A)

< max s
lay,| = hy (A) ~ i1 |ay| - by (A)

(73)

we only obtain that new bound is equal to that in [9].
For this case, we try to found some better bounds in
future. On the other hand, our bound only considers one

parameter p, that is, D(u) = diag(y, 1, ..., 1), which poses an
interesting problem: whether we further improve this bound
by introducing more parameters. In future, we will research
this problem.
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