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We introduce a class of variational integrals whose Euler equations are nonhomogeneous &/-harmonic equations. We investigate
the relationship between the minimization problem and the Euler equation and give a simple proof of the existence of some
nonhomogeneous &/-harmonic equations by applying direct methods of the calculus of variations. Besides, we establish some

interesting results on variational integrals.

1. Introduction

In this paper, we study the variational integral of the form

I, ) (WE) = JE (Fy (x, Vu (x)) + F, (x,u (x)) dx, (1)

whose Euler equations are nonhomogeneous &/-harmonic
equations

—divel (xVu) + B (x,u) =0, (2)

where F; : R"XR" - R, F, : R"XR - R, & : R"xR" - R”,
and B : R" xR — R are operators satisfying some assump-
tions. There are many literatures on (2) and a large of useful
results have been established; see [1-3] and their references.
We investigate the relationship between the minimization of
I(g, 5w, E) and solutions of the Euler equation. Based on
that, we give a simple proof of the existence of some nonho-
mogeneous & -harmonic equations by applying direct meth-
ods of the calculus of variations. Besides, we establish some
interesting results on variational integrals. The results of this
paper make the theory on (2) easier to comprehend.

We recall the weighted Sobolev spaces H"?(Q); 1) which
are adopted in [4].

Let R" be the real Euclidean space with the dimension #,
n > 2. Throughout this paper, Q) will denote an open subset of
R"and 1 < p < co. Let w be alocally integrable, nonnegative

function in R". A Radon measure y is canonically associated
with the weight w,

u (E) = j w (x) dx. 3)

E

Thus du(x) = w(x)dx, where dx is the n-dimensional
Lebesgue measure. In this paper, unless otherwise stated, we
always assume that p is a p-admissible measure and du(x) =
w(x)dx; see [4].

Let LP(sp) = {p : Q@ - R : fQ lplPdu < oo} and
PR ={p: Q - R": J-Q lplPdu < oo}. Denote the
norm of LP(Q; ) and LP(Q; s R") by || - I,

i, = ([ topaw) " (@

where ¢ € LP(Q; ) (or LP(Q; s R™)).
For ¢ € C®(Q), let

1/

el , = (L lpl” du>w + <L|V<P|P du) e

where Vo = (0,9, ...,0,¢) is the gradient of ¢. The Sobolev
space H"P(Q; ) is defined to be the completion of the set
{p € C™(Q) : ||go||1,P < oo} with respect to the norm || - lh,p-

In other words, u € H"P(Q; ) if and only if u € LP(Q;p)
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and there is a function v € L (Q; 4; R") and a sequence ¢; €
C*®(Q), such that

l—upd 0, Vi_vpd 0)
% g % #—
Q Q

(6)

i — 00.

We call v the gradient of u in H"?(Q; ) and write v = V.
The space Hé’p(Q; p) is the closure of C°(Q) in
H"P(Q; ). Obviously, H"P(Q; ) and Hé’p(Q; () are Banach
space with respect to the norm || - ||1,p- Moreover, | - "Lp is
uniformly convex and the Sobolev space H LP(Qy u) and
Hé’P (Q; p) are reflexive; see [5] for details.
The corresponding local Sobolev space Hllo’f (Qsp) is

defined in the obvious manner: a function u is in Hllo’f (Q;p)if
and only if u is in Hllo’f(Q'; ) each open set Q' € Q.

2. Variational Integrals

Suppose that E is a measurable set and that u € HF(Q; 7

loc

for an open neighborhood Q of E. Then, we have the follow-
ing variational integral:

Iig, ) (4, E) = L (F, (x,Vu(x)) + F, (x,u (x))) dx, (7)

where F; : R"xR" — R is avariational kernel satisfying the
following assumptions for some constants 0 < y; < §; < co:

the mapping x +— F, (x,&) is measurable V& € R"; (8)

fora.e. x € R";

pw (x) |E|‘D <F (x& <dwkx) |E|P, EcR”, (9)

the mapping & +— F, (x,&)
(10)
is strictly convex and differentiable,
F, (, A8) = IMPF, (x,8), LeR, EeR", (1)
and F, : R"xXR — Risalso avariational kernel satisfying the
following assumptions for some constants 0 < y, < §, < 00:

the mapping x +— F, (x,t) is measurable Vt € R;
(12)
fora.e. x € R";
yw (x) [tf < F, (x,1) < Sw (x) |tf, teR; (13)

the mapping t — F, (x,t) is convex and differentiable.
(14)

Remark 1. Note that a convex function is differential if and
only if it is continuously differentiable; see [6]. Thus, by
assumptions (10) and (14), mappings & — F,(x,&) and t —
F,(x,t) are continuously differentiable for a.e. x. Denote by
V¢F(x, ) the usual gradient of F; with respect to the second
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variable and by 0,F,(x,-) the usual derivative of F, with
respect to the second variable. Obviously, V¢F,(x,-) and
0,F,(x,-) exist for a.e. x € R".

The value I(FI,FZ)(u, E) lies in the interval [0, co] and by
assumptions (9) and (13), g, )W, E) < 00 ifand only ifu €
LP(E; ) and Vu € LP(E; w); that is, u € H"P(E; ).

The convexity assumptions (10) and (14) can imply the
following useful inequalities.

Lemma 2. Fora.e. x € R",

F (X’El)_Fl (’“Ez) > VeFy (x>E2)'(El _52)’ (15)
Ey (x.t,) = By (x,ty) 2 0,F, (x.1,) (t; — t,), (16)
whenever&,&, e R", & #&,, and t,t, € R.

Proof. The proof is based on assumptions (10) and (14) and
the definition of directional derivative. Here, we only show
the proof of the first inequality (15) and the other is similar.

Fix x € R" such that the mapping & — F,(x, &) is strictly
convex and differentiable. Then, for 0 < s < 1,

F (& +s(8-&,))
=F (x,(1-95)& +s¢&) 17)

<(1-9)F (&) +sF (x&).
Setting & = &, — &,, we can get

F (%8 +s8) - F (x,&) <s(F (x.§+& - F (x,fz)().)
18

Dividing by s and subtracting V;F; (x, ) - § from both sides,
we obtain that

F (x,& +s8) - F, (x,§,)
s - VeF, (%,&)-¢& (19)
<F (& +&)-F (x)fz)_vf,Fl (x,&,)- &

By the definition of directional derivative, we have that

T Fy (x,& +5&) - F (x,&,)
im

s—0" S

SV ()5 (20)

Then, we can get that F, (x,§;) — F; (x,§,) = VeF;(x,&,) - (€, -

1332
Suppose that there exist £;,&, € R", & #&,, such that

Fi(x,§) - Fi(x,§) = VEFl(x) &) (61 -8, let& = (1/2)(§; +

&,), and then we can obtain that
Fl (X>E) = F] <X, % (El +§2)>
< % (Fy (x.&) + F (x,8,)) (21)

=F (x&)+ %VEE (x,&) (5 -&).
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On the other hand, since & #&,, we have that

F (x,8) 2 F; (x,&) + VeF, (x,&,) - (§ - &)
1 (22)
=F (x, Ez) + EVEFI (x,{z) : (51 - Ez)

Then, (22) contradicts (21) and the lemma follows. O
3. Nonhomogeneous </-Harmonic Equations
and the Obstacles Problem
The following nonlinear elliptic equation:
—dive (x,Vu) + B (x,u) =0 (23)

is called the nonhomogeneous &/-harmonic equation, where
g : R" xR" — R”is an operator satisfying the following
assumptions for some constants 0 < & < 8 < 00:

the mapping x — o (x,&) is measurable V& € R”,

the mapping & — o (x, &) is continuous for a.e. x € R

(24)
for all £ € R"” and almost all x € R",
o (x,8) - &= aw (x) ¢, (25)
| (x,8)| < Bw (x) £, (26)

(o (x.8) - (x,8)) - (& - &) >0, 27)
whenever &,,&, € R", & #&,, and
o (x,08) = MAP el (%, ), (28)

whenever A € R, A#0,and # : R" xR — R isalso an
operator satisfying the following similar assumptions for
some constants 0 <y < § < co:

the mapping x +— 9B (x,t) is measurable Vt e R,

the mapping t +— &/ (x,t) is continuous
for a.e. x € R";

(29)

for allt € R and almost all x € R”,

B (x,t)t = yw (x) t]7, (30)

| B (x,1)] < 8w (x) |7, (31)

(B (x,1,) - B (x,1,)) (t, - t,) = 0, (32)

whenever t,,t, € R.

Definition 3. A function u € Hllo’f (Q; ) is a (weak) solution
of (2) in Q if

J (o (x,Vu) - Vo + B (x,u) ¢)dx = 0 (33)
Q

for all 9 € C;°(Q). A function u € Hllo’f(Q; @) is a super-
solution of (2) in Q if

J (o (x,Vu) - Vo + B (x,u) ) dx > 0, (34)
Q

whenever ¢ € Ci°(Q) is nonnegative. A function u €
Hllo’f (€; ) is a subsolution of (2) in Q if

J (& (x,Vu) - Vo + B (x,u) @) dx < 0, (35)
Q
whenever ¢ € C;°(Q) is nonnegative.

Next is the obstacles problem associated with nonhomo-
geneous & -harmonic equations (2).

Suppose that Q is bounded in R",y : Q — [-00,00] is
a function, and 9 € H"P(Q; ). Let

Hyo=Hyo( Q) ={ve H P (Qpu):v2y y
. Ly (36)
ae in Q,v-9¢€H, (Q;y)}.

Ify =9, write %, (Q) = Z,(Q).
The problem is to find a function u in %, g such that

J (o (x,Vu) - (Vv = Vu) + B (x,u) (v—u))dx > 0,
Q
(37)

whenever v € %, 9. We call the function y an obstacle.

Definition 4. 1f a function u € F, 9(€2) satisfies (37) for all
v € F, 9(Q), we say that u is a solution to the obstacle prob-
lem with obstacle ¢ and boundary values 9 or a solution to the
obstacle problem in %, 5(2).

If u is a solution to the obstacle problem in %, ,(€2), we
say that u is a solution to the obstacle problem with obstacle y.

Proposition 5. (1) A solution u to the obstacle problem is
always a supersolution to (2) in Q.

(2) If u is a supersolution to (2) in Q, u is a solution to the
obstacle problem in K, (D) for each open sets D & (.
Moreover, if Q is bounded and u € H"F(Q; ), u is a solution to
the obstacle problem in K, ,(Q)).

(3) A solution u to the obstacle problem in F
solution to (2) in Q).

(4) Ifuis a solution to (2) in Q, u is a solution to the obstacle
problem in K _, (D) for each open set D € Q. Moreover, if Q)

is bounded u € H"P(Q; ), u is a solution to the obstacle prob-
lemin K Q).

(Q)isa

—o0,u

—00,u

Proof. By the definition of supersolution and solution to (2)
and the definition of solution to the obstacle problem, it is
easy to prove that Proposition 5 is true. Here, we only give a
proof of (1).

Suppose u is a solution to the obstacle problem in
F 4,9(Q),and u is obviously in H"P(Q; ). For all nonnegative

PeCP(Q)u+ge HP(u),u+e>u>dae inQ, and
u+g-9=(w-9)+9ecH7(Qu). (38)



Then, u+¢ € %w,9(0)~ By (37), we can get
J (o (x,Vu) - Vo + B (x,u) ¢) dx
Q

= J- (o (x,Vu) - (Vu + Vo — Vi) (39)
o
+RB(x,u)(u+@-u))dx>0.

Therefore, u is a supersolution to (2) in Q. O

Theorem 6 (see [3]). Suppose u is a solution to the obstacle
problem in H y9(Q). Ifve HYP (O ) is a supersolution to (2)
in Q, such that min{u, v} € %w’S(Q), thenv > u a.e. in Q.

4. Relationship between the Minimization
Problem and the Euler Equation

In this section, we establish that the variational integral (7)
gives rise to an equation of the type (2) as its Euler equation,
where the mappings &/(x,§) = V;F,(x,§) and B(x,t) =
0,F,(x,t) satisfy the structural assumptions (24)-(32).

Theorem 7. Suppose that F, and F, are two variational kernels
satisfying (8)-(14) and let o (x,§) = V¢F,(x,§) and RB(x,t) =
0,F,(x,t). Then, of and R satisfy assumptions (24)-(32) with
a=y, f=288,y=1y,andd =274,

Proof. For points x for which (9), (10), (11), (13), and (14) do
not hold, we are free to define &/(x, &) and %B(x, t) arbitrarily.
Fix x € R" such that F, satisfies (9)-(11) and F, satisfies (13)
and (14).

(i) By the definition of partial derivative, the kth coordi-
nate of /(x, &) equals

lim i (Fl <x,§+ %") “F, (x, 5)) . (40)

i— 00

Then, the mapping x — &/(x, £) is measurable. Moreover, by
(10), & — F,(x,&) is continuously differentiable. Then, & —
A (x, &) is continuous and & satisfies (24).

(ii) IfE #0, then &' = 0#¢&. By (15), we have that

F (x.8) - F (x,8) > VeF, (x,8) - (£ — &)
=d (x,8)-(£-¢).

(41)

Since £’ = 0 and F,(x,&') = F,(x,0) = 0, we can obtain that
=Fi(x,8) > d(x,8) - (=§). Then,

A (x6,8) - &> F (x,&) = pw(x) £ (42)

If€ =0, A(x,&) - & =0 = pw(x)|E|P. Therefore, o satisfies
(25).
(iil) If & # 0, then &/(x, &) # 0 by (25). Write

_ A (x5)

" ()] @
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and§; = &+[§]v. Then, &§; = §+[|v#Eand [§;] < ] +[E]Iv] =
2|&|. Applying (15) with &; and &, we can obtain that

€]  (x,8)
|t (x,8)|

= o (x,8) - (|]v) = o (x,&) - (£, - &)
< F, (X)fl) - F; (x,8)

<F (x&) <dw(x) |f1|P < 2P8,w (x) |£|p
(44)

|'Q{ (x, E)' |£| =d (x, E) '

Since & # 0, we have that |./(x, )| < 2P8,w(x)|E[P~".
If & = 0, we just need to verify that &/(x, 0) = 0. If not, for
each k € N, write

b 9 (x,0)
Tkl (x,0)

and |vi| = 1/k#0. By (15), F,(x,v;) = F,(x,v,) — F;(x,0) >
9 (x,0) - vi.. Therefore,

(45)

1 B ‘ o (x,0)

% | (x,0)| = « (x,0) —k o (x, 0)]

= o (x,0) - v < Fy (x,1) < Sw (x) e[ (46)
=8w(x)k?.

Thus, |¢/(x,0)] < 81w(x)k1_f’ for k € N. The right hand side
goes to zero as k — oo and &/(x,0) = 0. Then, &/ satisfies
(26).

(iv) For &, &, € R", & #&,, by (15), we have that

F (x,&) - F (x&) > VeFy (x.&)- (& - &)

47)
= 'Qf(x)fz) ) (51 - 52) >
F (x,&)-F (x’51)>V£F1 (x,&)- (& -¢&) (48)
= ‘Q{(x’gl) ) (Ez _51)-
Combining (47) with (48), we obtain that
0> (x,8) (& &)+ (x&) (& -§)
49)

=— (o (&) -d(x8)) (& -&).

Then, (/(x, &) —H(x,8,))- (&, - &,) > 0and  satisfies (27).
(v) For A € R, A#0, F;(x,A&)) = [MPF(x,&,). Taking
partial derivative from both sides with respect to & yields

A (x,A8) = AVF (x,A8) = [APVeF (x,8) = MNP (x,8).
(50)

Then, o/ (x, AE) = MAP 2ol (x, E).
By the similar argument, we can obtain that 9B(x, t) sat-
isfies assumptions (29)-(32). O

The next theorem shows that minimizers of the varia-
tional integral Iy p (1, Q2) are solutions to the corresponding
Euler equation and vice versa.
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Theorem 8. Suppose that K ¢ H"P(Q; ) is a convex set and
u € K. Then,

Iig, 5,y () = min {I g 5, (v, Q) v € K} (51)

if and only if

JQ (VEF1 (x,Vu) - (Vv = Vu) + 0,F, (x,u) (v - u)) dx >0

(52)
forallv e K.
Proof. (i) By Lemma 2, we have that
VeF, (x,Vu) - (Vv = Vu) < F, (x, Vv) = F; (x, Vu) =)

0,F, (x,u) (v—u) < F, (x,v) — F, (x,u)

forall v € K ¢ H"P(Q; ). Then,
0< L (VeF, (x, Vi) - (Vv = V) + 9, F, (x,u) (v — u) ) dx
< L (F, (x, Vv) = F, (x, V) + F, (x,v) = F, (x, 1)) dx
< L (F, (x,V7) + F, (x,v)) dx

- J (F, (x,Vu) + F, (x,u)) dx
Q

= Iip ) Q) = Ig ) (1, Q).
(54)

That is, I g, g,y (1, Q) < I (g g (v, Q). Therefore, I g (1, Q) =
min{lp p,(v, Q) : v € K}.

(ii) Fix v € K andlet ¢ = v—u. Then, since K is convex and
by (51), we have that

utep=(1-gu+evekK (55)

forall 0 < & < 1and [y p)(, Q) < Ip p)(u + ep, Q).
Therefore,

J ( F, (x,Vu + eVg) — F, (x, Vu)
0 €

(56)

F > _F >
Bl B
&

By assumptions (10) and (14) and the definition of directional
derivative,

. F,(x,Vu+eVe) - F, (x,Vu)
hm0
£— &

= Vi F, (x,Vu) - Vo,

. F(x,u+ep)—F,(x,u)
lim

e—0 &

=0o,F, (x,u) ¢
(57)

fora.e. x € R". By the mean value theorem, there exists a real
number ¢, € (0, 1), such that

F, (x,Vu + eVe) + F, (x,u + ep) — F, (x,Vu) — F, (x, u)
= VeF, (x,Vu + t,eV) - eV + O,F, (x, u + tyep) e¢.

(58)

Then, we have

F, (x,Vu+eVe) - F, (x,Vu) F,(x,u+ep)—F, (x,u)
+
€ €

= VeF, (x, Vu + teVe) - Vo + 0,F, (x,u + tyep) ¢.
(59)

By Theorem 7, the following inequalities hold:

|VeF, (x, Vu + £,eV9) - Vg
< |VeF, (x, Vu + t,eV9)| Vg
< 2P8,w (x) |Vu + tyeVo| ™ |V
< 277718, w (x) (IVulf™ + |tgeVe|” ) Vgl
< 27718 w (x) (IVul?™ Vol + Vo),
[0.F, (x,u + toep) | < [0,F, (x u + toeo)| o]
< 2P8,w (x) [u + toeg| " ||
< 2778, (x) (1w o] + lol”)
|VeF, (x, Vi) - V| < 2°8,w (x) [Vul”™ Vg,

0,F, (x,u) @| < 228w (x) [ul”™" || .
(60)

Write g(x) = 22718, w(x)(|Vul’'|Vo| + |[Volf) +
22718, w(x)([ulP gl + |pl?) and by u,¢ € H"P(Q; ), we
have that

L g(x)dx < 227715, L w (x) (IVul? ™ V| + [Vo|”) dx
2778, JQ w () ([ul”™ o] + |¢l”) dx
= 2%P71s, L IVul?™ |Vo|du + 227",
x L [Vo| du +2°77's,

x [ 1 ol du 27, | Jolan
Q Q



. 1-1/p b VP
=2°F 61<L2 |Vu|de> (L Vol dpt)

+ 207, | [vglfdy

2p-1 P 1-1/p p o \P
+2 62<L ul"dy ) (L ol du)

+2°71s, JQ |(p|pd[,t < 00;
(61)

that is, g € L'(Q;dx). Then, we can get the following
conditions:
F, (x,Vu + eVg) — F, (x, Vu) . F, (x,u+¢ep) — F, (x,u)

& &

<g(x),
'V‘EF1 (x,Vu) - Vo + 0,F, (x,u) (p| <g(x),

F, (x,Vu + eVo) — F, (x, Vu) s F, (x,u+ep) — F, (x,u)

&€ &€

— V¢F, (x,Vu) - Vo + 0,F, (x,u) ¢

(62)

as ¢ — 0. By the Lebesgue’s dominated convergence theo-
rem, we obtain that

J;) (V,EF1 (x,Vu) - Vo + 0,F, (x,u) (p) dx

~ lim J’ (Fl (x,Vu + eVe) — F, (x, Vu)
Q

Jm . (63)
F, (x,u+ - F, (x,
IR BT P
€
The theorem is proved. O

5. (F,,F,)-Extremals and (F,,F,)-Superextremals
with Obstacles

Definition 9. A function u € H"P(Q; ) is called an (F,, F,)-
extremal in Q) with boundary values 9 € H LP(Qy w)ifu—-9 e
Hé’p(Q;‘u) and

Ip, gy (4, Q) < I, gy (v, Q) (64)

whenever v — 9 € Hé’P(Q; w). A function u € Hll.;f(Q; @) is
called a (free) (F;, F,)-extremal in Q if u is an (F,, F,)-extre-
mal with boundary values u in each open set D € Q.

It is immediate that an (F;, F,)-extremal with boundary
values is a free (F,, F,)-extremal.

Theorem 10. Suppose that u € H"P(Q; ) is a free (F,, F,)-
extremal in Q). Then,

I p) Q) < Iip gy (v, Q) (65)

whenever v —u € Hé’P(Q; H).
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Proof. For ¢ € C;°(Q), ¢ has compact support. Choose an
open set D € Q such that spt @ ¢ D. Then, ¢ € C;°(D) and u
isan (F,, F,)-extremal with boundary values u in D. Since (u+

Q)—uc HS’P(D; u), we have that

I g r) WD) < Iip, 1) (u+¢,D). (66)

Since ¢ vanishes outside D, we can obtain that

Iig p,) (4, Q) = J (F, (x,Vu) + F, (x,u)) dx
_ JD (F, (x,Vu) + F, (x,u)) dx
+ JQ\D (F, (x,Vu) + F, (x,u)) dx
= Iig, g, (u, D)
+ JQ\D (F, (x,Vu) + F, (x,u)) dx

< I(FI’FZ) (u + ¢, D)

+ J (F, (x,Vu) + F, (x,u)) dx
o\D

- JD (F, (x,Vu +Ve) + E, (x,u+¢)) dx

+ J (F, (x,Vu) + F, (x,u)) dx
o\D

) JQ (F, (x,Vu+ Vo) +F, (x,u +¢))dx

= IF, ) (u+9,Q),
(67)

whenever ¢ € C;°(Q).

Fix v with v — u € Hy?(Q;p) and let ¢; € C5°(Q) be
a sequence with ¢; converging to v — u in H LP(Q; ). By
Lemma 2, we can get that

F, (x, Vu + V(pj) < F, (x,Vv)
+ VeF, (x, Vu + Vo, )
(Vu+ Vg - V), (68)
F, (x,u + (pj) <F, (x,v)

+ 0,F, (x,u+(pj) (u+(pj—v).
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By the inequality (67), we obtain that
Lip, ) (1, Q) < I, sy (1 + 93, Q)
= J (F, (%, Vu+Ve) + F, (x,u+¢))dx
Q

< J (F, (x,Vv) + F, (x,v)) dx
Q

- JQ VeF, (x,Vu + Vo))

. (Vu + Vo, - Vv) dx
+J 0,F, (x,u+(pj) (u+g0j —v)dx
Q

< Iipp) (1K Q) + L |V€P1 (x, Vu+ Vq)j)'

X |Vu + Vo, - Vv| dx

+ JQ |E)tF2 (x,u + (pj)| |u +o; - v| dx

p-1
< I gy (1, Q) + L 2P, w (x) |Vu + Vgoj|

X 'Vu + Vo, - Vv' dx

+ J;) 278,w (x) lu + goj|pi1 lu +o; - v| dx
< I p) (n Q)
1-1/p
+ 2P81(J 'Vu + V(pj'pdy)
Q
p 1/p
X (J 'Vu + Vo, - Vv' d‘u)
Q

+ 2P52<JQ 'u + §0j|Pd#>l_1/p

1/p
X (L 'u +; - V|Pd/4>

<Iippy Q) + 2P (8, +6,)

—-1

X u+ 9"1"11),;, |+ ;- v||1)P.

(69)

Since ¢; converges to v — u in H bP(Qy ), letting j converge
to co in inequality (69), it follows that

Ip, gy W, Q) < I gy (v, Q). (70)

The theorem follows. O

Theorem 11. A function u € Hﬁ)’f(Q; y) is an (free) (F,, F,)-
extremal in Q if and only if

—div V¢ F; (x, Vu) + 0,F, (x,u) = 0 (71)

in Q, that is,
L (VfF1 (x,Vu) - Vo + 0,F, (x,u) (p) dx =0 (72)

forall g € CP(Q).

Proof. Write
Kp=1{ve H (Dip) :u-ve H? (D)} (73)

for each open set D € Q.
(i) Fix ¢ € C;°(Q) and let D € Q) be an open set such that

spto € D. Then, u — (u + @) € Hé’P(D;‘u) andu— (u—¢) €
Hé’p(D; w). Thus, u € K, u+¢ € Kp,u—¢ € Kp,and Ky €
HY“P(D; p) is a convex set. Since u is an (free) (F,,F,)-
extremal in ) and D € Q, we have that

Iig, 5y D) =min{Ip 5y (»D):veKpl.  (74)
By Theorem 8, it follows that

JD (VeF, (x,Vu) - (Vu + Vo — Vu)

+0,F, (x,u) (u+(p—u))dx >0,
(75)

JD (VeF, (x, Vu) - (Vu - Vo — Vu)

+O,F, (o1 (1 — g — ) ) dx 2 0.
Then,
JD (V£F1 (x,Vu) - Vo + 0,F, (x,u) (p) dx = 0. (76)
Since ¢ and V¢ vanish outside D, it follows that
J;) (VEF1 (x,Vu) - Vo + 0,F, (x,u) (p) dx = 0. (77)

(ii) Fix the open set D € Q and v € Kp. Then, u €
H“P(D; p) and u — v € Hé’p(D; @). Choose a sequence
p; € Cy°(D) with ¢; converging to u — v in H"“P(D; @). By
Theorem 7, we obtain that

UQ VeFy (x, Vu) - (Vv = Vu) dx + JQ VieF, (x, Vu) - Vo, dx

< L |V£F1 (x, Vu)' 'Vv -Vu+ V(pj' dx



< J 288w (x) |VulP! |Vv -Vu+ V(pj' dx
Q

1-1/p
szPalq Vi dp
Q
p o, \MP
x(J |Vv—Vu+Vq)j| dy) — 0,
Q
U O,F, (x,u) (v—u)dx+J- 0,F, (x,u) dxl
Q Q
SJ |0,F, (e, )| |[v - u+ ;| dx
Q

< J 278w (x) JulP™! 'v—u +(pj|dx
Q

1-1/p
< 2P82<J |u|Pd(4>
Q

» 1/p
x(J |v—u+<pj' du) —0
Q
(78)

as j — 00. Therefore, it follows that

JD (VEF1 (x,Vu) - (Vv — Vu) + 0,F, (x,u) (v - u)) dx

- _lim J (VeF, (x, Vi) - Vo, + O, (x, 1) ;) dlx
D

Ands

= - lim J (VgF1 (x, Vu) - Vo, + 0,F, (x,u) (pj) dx =0.
ji—eo o
(79)

By Theorem 8, we have that Iy p)(u,D) < I p)(v,D).
Then, u is a free (F;, F,)-extremal in Q. O

Based on the proof of Theorem 11, we easily infer the fol-
lowing corollary.

Corollary 12. Suppose that a sequence u; converges to u in
H"P(Q; ), and then

lip ) (6 Q) = lim T, p,) (upQ). (80)

Next, we formulate the obstacle problem in terms of vari-
ational integrals. This makes the essence of the problem
clearer.

Definition 13. Suppose that Q is bounded. Let ¢ : Q —
[—00, 00] be an arbitrary function and call it an obstacle. For
9 € H"P(Q; ), write

Kyo(Q) ={ve H" (Qsp) :v-9 € HyP (Qsp),
(81)
v>y ae in Q}.

A function u € KW,S(Q) is called an (F,, F,)-superextremal

with obstacle y and boundary values 9 if
I(FI’FZ) (u, Q) < I<F1>F2) (V, Q) (82)

forallv e KV,,S(Q).
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A functionu € Hllo’f (Q; p) is called a (free) (F,, F,)-super-
extremal in Q if u is an (F,, F,)-superextremal with obstacle
and boundary values u in each open set D € Q.

Remark 14. (1) The (F,, F,)-superextremal u with obstacle y
and boundary values 9 minimizes the variational integral
I (g, 5, (v, Q) among all functions v which, roughly speaking,
coincide with 9 on the boundary 0Q) and lie above the obstacle
. Naturally, this problem makes sense only if K, 9(€2) is non-
empty. Moreover, we always assume that the notation K, 9(€2)
that includes the assumptions ) is bounded in this paper.

(2) (F,,F,)-extremal can be interpreted as (F,,F,)-
superextremal with y identically —co.

Theorem 15. Suppose that v : QO — [-00,00] and 9 €
HI’P(Q;y). Then, a function u € KV,,S(Q) is an (F,, F,)-super-
extremal with obstacle y and boundary values 9 if and only ifu
is a solution to the obstacle problem in K, 3(Q0) with of = V¢F,
and B = o,F,.

Proof. 1t is easy to see that K, 4({2) is a convex subset of

H"P(Q;p) and u € H"P(Q; ). Then, u is a (F,, F,)-super-
extremal with obstacle ¢ and boundary values 9 if and only
if

Lp, py) 1, Q) < I gy (v, Q) (83)
forallv e Ky, 9(Q).

By Theorem 8, we can get that Iy, g (1, Q) < I(p p (v, Q)
forall v € K, 4(Q) if and only if

J (A (x,Vu) - (Vv = Vu) + B (x,u) (v—u))dx
Q

= L (VgF1 (x,Vu) - (Vv — Vu) + 0,F, (x,u) (v - u)) dx

>0
(84)

forallv e Ky/,\‘)(Q)'
Thus, the theorem follows by the definition of the solution
to the obstacle problem. O

6. Existence of (F|,F,)-Superextremals

In this section, we establish the existence of (F,, F,)-super-
extremals by the direct methods of the calculus of variations.

First, we show a lemma, which is a direct corollary of
Mazur lemma.

Lemma 16. If X is a normed space with the norm | - || and X;
converges weakly in X to x, then there exists a sequence X; of
convex combinations of x j,

1 1
fj = kz./\j’kxk’ Aj,k >0, kZ‘Aj,k =1 (85)
=] =]

such that X ; converges to x in the norm topology of X.
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Proof. Fix j = 1,2,... and it is easily to see that the subse-
quence xi, k > j, of x; converges weakly in X to x. By the
Mazur lemma, we can get that y, converges to x in the norm
topology of X, where

k
Y = ZAk,sus’ /\k,s 2 0’

k
D=1 (86)
s=j s=j

Then, there exists a number k ;€ N, such that

|y = x| < (87)

.| =

forallk > k;. Let X; = Vk, and the lemma follows. O

Theorem 17. Suppose that K ¢ H"P(Q;u) is a nonempty
convex closed set. Then there is u € K such that

Iig, 5y () = min {Ip, ) (n Q) :ve K}, (88)
Proof. Letu; € K be a minimizing sequence, that is,
I py (4 Q) — Iy = min {Is gy (v, Q) :v e K} (89)
as j — o0o0.Since K#0,0 < I, < 0o, and we can assume that
Iip iy (up Q) < I + 1 (90)
for all j. By assumptions (9) and (13), we have that
p p
" J |Vu|"dp +y, J s du
Q Q
< Ippy (4, 0) o
<Iy+1<o0.
Therefore, ujisa bounded sequence in H L, w). Thus a

subsequence which we still denote by u; converges weakly in

H"P(Q; ) to a function u € H"P(Q; ). By Lemma 16, there
exists a sequence i; of convex combinations of u;,

1 1
i = kZA e A >0, kZA k=1 (92
=] =]

such that #; converges to u in H bP(Q; ). Since K is closed
and convex, u € H"?(Q; ). By Corollary 12, we have that

Iy < Iip, g,y (1, Q) = jILrI;OI(Fl,FZ) (#,0). (93)

For each ¢ > 0, since [y, (1}, Q) — Iyas j — oo, there
exists a number j, € N such that

max {I; - &0} < I p) (uj,Q) <Iy+e (94)

9
for all j > j.. By assumptions (10) and (14), we obtain that
Ly (70) = L (Fy (Vi) + By (x,77;))
!
= J Fl X, Z/\j’kVuk
Q k:]
!
+FE | x, Z/\j’kuk dx
k=j
!
< L S (B (Vi) + B (1)) e
k=i
!
= ZAj,k J (Fy (%, V) + F, (x,u3.)) dx
k=j O
! !
= le’kI(Fl)Fz) (uk’ Q) s ZAj,k (IO + 8)
k=j k=j
=1, +e
(95)
whenever j > j,. By (93) and (95), it follows that
IO < I(FI:FZ) (I/l, Q) < IO + E. (96)

Then, I, = Iy p)(4, Q) and u is the desired minimizer. [

Theorem 18. Suppose that Q) is bounded, thaty : Q —
[~00, c0], and that 9 € H"P(Q; ). If

Ku/,S (Q)

= {veHl’P(Q):vzt//a.e.in Q, V—SEHS’p(Q)} +0,
(97)

there exists a unique (F,, F,)-superextremal with obstacle y
and boundary values 9.

Proof. Since the set K, 4(Q) is nonempty convex subset of
HYP (Q; ), the existence follows from Theorem 17 if we can
show that KW,S(Q) is closed in H"?(Q); u). To accomplish this,
let u; be a sequence such that u; converges to a function u in
H"P(Q; ). Since u;—9e Hé’P(Q; W), u—9 € Hé’p(Q; ). Since
u;jconvergestouin H LP(Q); ), there is subsequence of u ; that
converges a.e. to u. Therefore,u > ya.e. (0. Then,u € K, 4(Q2)
and the existence part is thereby established.

For the uniqueness, suppose thatu;, u, € K,, 9(€2) are two
distinct minimizers. Since u; — 9,1, — 9 € Hé’p(Q; ), the set
{Vu, # Vu,} has positive measure. By the strict convexity (10)
of F,, we can get that

F, (x,Vv(x)) < % (Fy (%, Vuy (x)) + F, (x, Vi, (x)))
(98)
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for each x € {Vu, # Vu,} and

J F, (x,Vv)dx
{Vu, #Vu,}

1
<= <J Fy (x, Vuy) dx (99)
{Vu, #Vu,}

2
+ J F, (x,Vu,) dx) .
{Vu, #Vu,}
Then,

L F, (x,Vv)dx
) (100)
<3 <J-Q F, (x,Vu,)dx + JQ F, (x,Vu,) dx) .

By the convexity (14) of F,, we can obtain that

L F, (x,v)dx < % <L F, (x,uy) dx + L F, (x,u,) dx) .
(101)

Thus,

Iigpy Q) = JQ (F, (x,Vv) + F, (x,v)) dx

N

1 (J F, (x,Vu,)dx + J- F, (x, Vuz)dx>
2 \Ja Q

1

2

+ (J F, (x,uy) dx + J F, (x,u,) dx)
Q Q
1
=3 (I(FI,FZ) (u, Q) + L5, p) (45 Q))
= min {I(Fl’Fz) (u’ Q) tue KW,S (Q)} .
(102)
This contradiction completes the proof. O

Similar to the proof of Theorem 18, we can obtain the
existence of (F,, F,)-extremals.

Theorem 19. Suppose that 9 € H"P(Q; ), then there exists a
unique (F,, F,)-extremals u in Q withu — 9 € H"P(Q; ).

Remark 20. In Theorem 19, the open set Q can be
unbounded.
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