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This paper investigates the problem of output feedback adaptive stabilization control design for a class of nonholonomic chained
systems with uncertainties, involving virtual control coefficients, unknown nonlinear parameters, and unknown time delays. The
objective is to design a robust nonlinear output-feedback switching controller, which can guarantee the stabilization of the closed
loop systems. An observer and an estimator are employed for states and parameters estimates, respectively. A constructive controller
design procedure is proposed by applying input-state scaling transformation, parameter separation technique, and backstepping
recursive approach. Simulation results are provided to show the effectiveness of the proposed method.

1. Introduction

The control and feedback stabilization problems of nonholo-
nomic systems have been widely studied by many researchers.
It is well known that control of nonholonomic systems is
extremely challenging, largely due to the impossibility of
asymptotically stabilizing nonholonomic systems via smooth
time-invariant state feedback, a well-recognized fact pointed
out in [1, 2]. In order to overcome this obstruction, a number
of approaches have been proposed for the problem, which
mainly include discontinuous feedback, time-varying feed-
back, and hybrid stabilization. The discontinuous feedback
stabilization was first proposed by [3], and then further
discussion was made in [4-7]; especially an elegant discon-
tinuous coordinate transformation approach is proposed in
[5] for the stabilization problem of nonholonomic systems.
Meanwhile, the smooth time-varying feedback control strate-
gies also have drawn much attention [8-11].

As pointed out in [9], many nonlinear mechanical sys-
tems with nonholonomic constraints can be transformed,
either locally or globally, to the nonholonomic systems in

the so-called chained form. So far, there have been a number
of controller design approaches [8-25] for such chained
nonholonomic systems. Recently, adaptive control strategies
have been proposed to stabilize the nonholonomic systems.
For instance, the problem of adaptive state-feedback control
is studied in [15-19], while output feedback controller design
in [20-24]. Considering the actual modeling perspective,
time delay should be taken into account. The problem
of state feedback stabilization is studied for the delayed
nonholonomic systems in [25, 26]. However, the virtual
control coefficients and unknown parameter vector are not
considered in its system models. Here, an iterative controller
design method will be proposed for the output feedback
adaptive stabilization of the concerned delayed nonholomic
systems.

In this paper, we study a class of chained nonholonomic
systems with strong nonlinear drifts, and the problem of
adaptive output-feedback stabilization for the concerned
nonholonomic systems is investigated. The constructive
design method proposed in this note is based on a combined
application of the input scaling technique, the backstepping
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recursive approach, and the novel Lyapunov-Krasovskii func-
tionals. The switching control strategy for the first subsystem
is employed to achieve the asymptotic stabilization.

The rest of this paper is organized as follows. In Section 2,
the problem formulation and some preliminary knowledge
are given. Section 3 presents the controller design procedure
and stability analysis. Section 4 gives the switching control
strategy. In Section 5, numerical simulations testify to the
effectiveness of the proposed method, and Section 6 summa-
rizes the paper.

2. Problem Formulation and Preliminaries

In this paper, we deal with a class of nonholonomic systems
described by

Xo () = dougy () + ¢y (£, x4 (1))
%) (t) = dyug (£) x5 (8) + @y (u (1), y (8), y (t = 71))
+ ¢y (tuy (1), x, (), x(t),0),

Xy (8) = dyyythg (1) 2, (8) + @y (g (1), ¥ (8), y (8 = 7,-1))
+ ¢ (B g (£), %0 (8), x(1),0),
%, () = duy () + 9, (o (1), y (1), y (£ - 1,.))
+ ¢, (1 (1), X0 (), x (1), 6),

y (1) =[x (6), %, (O],
1)

where [x,(t), x(t)]" = [xo(t), x,(t),...,x,(t)]" € R™,
u(t) = [uo(t),ul(t)]T € R? and y(t) € R? are system states,
control input, and measurable output, respectively; 6 € R™ is
an unknown parameter vector; ¢, (known) and ¢; (1 <i < n)
(unknown) denote the possible modeling error and neglected
dynamics; ¢; (1 < i < n) are known modeled dynamics,
which contain output delays; 7; (1 < i < n) are unknown
constants, and d; (0 < i < n) referred to the respective virtual
control coefficients.

In this paper, we make the following assumptions on the
virtual control directions d; and nonlinear functions ¢;, ¢; in
system (1).

Assumption 1. d,, is a known constant and the sign of d,, is

known, whered, =d,d, ---d,,.

Assumption 2. There exist known smooth nonnegative func-
tions ¢, and ¢; (1 < i < n) such that

o (. % (1)) = X0, (0 (1)) »
| (£ ug (), %, (1), x (£), 0)] @)

< |xy| s (ug (£), %0 (), %, (£),6).
for all (£, uy(£), x,(t), x(t),0) € R, x Rx Rx R" x R™.
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Assumption 3. For every 1 < i < n, the nonlinear function ¢,
satisfies inequality

|9i (uo (1), y (1), y (£ = 7,))| < |36y O] w; (o (1), y (1))
+ |x1 () x; (t - Ti)|

X @, (uo (1), y (), y(t—1)),
(3)

in which ¢, and y; are known smooth nonnegative nonlinear
functions.

Remark 4. Compared with some existing literatures in recent
years, the structure of our concerned system (1) is more
general. For instance, in [15], it is assumed that not only the
virtual control directions d; = 1 and the dynamics ¢; satisfy
¢; = $!0, but also the modeled dynamics ¢; do not exist.
In [22], the virtual control coefficients and time delays have
not been considered, and the expression ¢; = ;6 is also
required. While d; = 1 and ¢, and unknown parameters 6 are
not existent, system (1) degenerates to the one studied in [21].
When ¢; = 0, together with ¢; = ¢! 0, system (1) becomes the
considered system in [23].

Remark 5. Note that here we only use the sign of d, =
d,d, - --d, without any knowledge of individual virtual con-
trol direction d; (1 < i < n). Moreover, Assumptions 2
and 3 are imposed on the nonlinear functions ¢; and ¢;,
respectively. In fact, if the modeled dynamics ¢; do not
involve time delays, inequality (3) is reduced into

lo; (1o (), y ®))] < |2, O i (o ®)> y ). (4)

It can be seen that the above inequality condition is used in
some existing literatures, such as [20, 21], and so on.

Our object of this paper is to design adaptive output
feedback control laws under Assumptions 1-3, such that
the system states (x,(t), x(t)) converge to zero, while other
signals of the closed-loop system are bounded. The designed
control laws can be expressed in the following form:

=ty (y(®),  uy=p (y),v®),
() =o(y@®),7(@®).

Next, we list some lemmas which will be applied in the
coming controller design.

Lemma 6 (see [27]). For any real-valued continuous function
f(x,y), where x € R",y € R", there are smooth functions
a(x) = 0,b(y) = 0,c(x) = 1,d(y) = 1 such that

|f (e y)sa@)+b(y), [f(xy)|<cx)d(y). (©)

Lemma 7 (see [19]). For any continuous function p,(t) there
exist two strictly positive real numerates p,;, and p,.. such
that the unique solution P(t) of the following matrix differential
equation:
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P=PA-p, () L) + (A -y (t) L) P - PC'CP +1,
P(0)=P,>0,

satisfies prinl < P(t) < Praxl> t=0.

By Lemma 6 and Assumption 1, we know that there exist
smooth functions w; > 1, and {; > 1 such that

|6, (£ (1), 30 (), x (£),6)

(8)
< |xy| @; (g (£) 5 x0 () %1 () ¢ ().
Furthermore, we denote 9 = Y| {;(6); then it yields
|¢; (2,10 (1), x (1), x (1), 0))
)

< ey @y (g (8) %0 (), 2, (£)) 9.

3. Output Feedback Adaptive Stabilization
Control Design

In this paper, we design control laws 1, (t) and u, (¢) separately
to globally asymptotically stabilize the system (1). According
to the structure of system (1), we can see that when x,(t)
converges to zero, x;(t) (1 < i < n) will be uncontrollable.
A widely used method to design control law u,(¢) is to
introduce a discontinuous input scaling transformation (12).
On the other hand, the control directions d; are unknown;
then we should employ another coordinate transformation to
overcome the obstacle.

3.1. State Coordinate Transformation. Firstly, we design the
coordinate transformation as follows:

X (t) =d_,x;(t), 1<i<n, (10)

where 30 = land Hi_l =dd, - -d;_; (1 <i<n+1). Then,
the system (1) can be transformed into

Xo () = douy () + ¢y (£, x4 (1))
X1 (1) = ug ()%, () + 1 (ug (1), y (1), y (¢~ 71))

+ ¢y (tug (1), x, (1), x(1),0),
(11)

in (t) = Enul (t) + En—l(Pn (uO (t) Y (t) Y (t - Tn))

+d, 1, (tug (), X0 (), x (1), 0).

Next, the following input-state scaling discontinuous
transformation is introduced:

x; (t)
ul = (1)’

z; () = <i<n. (12)

Under the new z(t)-coordinates, the X(t)-subsystem (10)
is changed into

B0 =50 -n-1 28 o
Uy (t)
1
+m(§01+¢1)’
40 =z O - - 2Dz ) (13)

uy (1)

(Ei—lq)i + gi—l¢i)’

+ n—i
ug " ()
Zn (t) = Enul (t) + En—l(Pn + an—l(pn'

Next, we can design the control laws u(t) and u,(t) to
asymptotically stabilize the states x,(¢) and z(t), respectively.
Rewrite system (13) in the compact form

:'Z(t)z(A—L”O(t)>z(t)+3u1(t)+qf+q>, (14)
uq (t)
where
n-1---00
[0 1 .o
A = n—1:| , L — - i
L0 0 -~ 10
0 .- 00
(15)
[ 0 ¥ (O}
: ¥, o,
B: . S \I/: . s q>= .
0 : :
'3” \I,n (Dn
with
y-d ® (1o (1) 340) y(t-7)
ug (1)
d (16)
o =d ¢ (£, 1 (t) ;i-(’ ®),x (1), 9).
uy " (1)

In order to obtain the estimation for the nonlinear
functions ¥; and @, the following lemmas are given.

Lemma 8. For every 1 < i < wn, there exists smooth
nonnegative function @;(uy(t), x,(t), z,(t)) such that

|| < |dis| - |20 (0] @ (g (1), 50 (), 2, () 9. (17)

Lemma9. Foreveryl < i < n, there exist smooth nonnegative
functions ¥;, &;, fi1» fi, such that

|¥;| < |3,~_1| Nz () 2 (t- 1))
x@; (g () ug (t=1;), y (1), y (t = 73))
+ 'gi—l' e O] (uo (), y (1))

= 'Ei—l' e @) 2y (E = )| fia (1o (1), ¥ (1))



X fio (uo (¢ =7), y (£ = 7))

+|did] 1z O1F: (4o (1), y (1) -
(18)

Remark 10. By lemmas and assumptions before, Lemmas 8
and 9 can be derived easily, and then the proof is omitted.

3.2. Observer Design. Define the following filter/estimator:

(A P® T _
Eo(t>—<Ao L (t))%(t)wc (y(t) - CE, (1)), (19)
o(t) = <AO - LZZ g ) v (t) +e,u, (1), (20)

- B ao(t)>T ( B ao<t)> T
P-P<A0 Luo(t) +( A, Luo(t) P-PC CP+(I,)
21

where y(t) = z,(t),e, = [0,...,1]",& = [&,....&,] v =
[v,...,0,]", A, = A - KC,C = [1,0,...,0], K =
[k, ...,k,)", and k; (1 < i < n) are design parameters to be
determined later. Let Z(t) = &(t) + d,v, o(t) = z(t) — d,v(t);
then, the estimation error &(t) = z(t) — Z(t) and the newly
defined parameter o(t) satisfy the dynamical equations

iy (t)
Uy (t)

+(K-PC")z, (t) + PC"Co (1) + ¥ + @,  (22)

é(t) = <AO—L —PCTC>8(t)

ity ()
Uy (1)

d(t)=<A0—L )a(t)+Kz1(t)+‘I’+d>.

3.3. Control Design. In this section, the intergrator back-
stepping approach will be used to design the control laws
uy(t) and u, (t) subject to x,(¢,) # 0. The case that the initial
condition x,(t,) = 0 will be treated in Section 4.

Step 0. At this step, control law u,(t) will be designed, which
is essential to guarantee the effectiveness of the subsequent
steps. For the x,(t)-subsystem, choose the control u(t) as
follows:

Uy () = =doX (£) = Ao (£) By (5, (1)), (23)

where A, is a constant satisfying A,d, > 1. Introduce the
Lyapunov function candidate V;, = (1/ 2)x(2,(t), and the time
derivative of V,, satisfies

Vo = _/\odoxé (t) - /\odoxg (t) ao (x0 (1))
+ %0 () o (. %0 (1)) (24)
< —Aodox2 (£) 2 —qx2 (1),

where ¢, = Ayd, > 1. This indicates that x,(¢) converges to
zero exponentially.
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Since $0(x0(t)) is a smooth function, then there exist a

constant M, > 1, such that |$0(x0(t))| < M, for |x,(#)| < L.
Therefore, the following inequality is true with [x, ()| < 1:

Vo = = (Aody + AodgMy + My) x5 (£) 2 —px? (1), (25)

which implies that when |x,(¢)| < 1, the state x,(¢) converges
to zero with a rate less than a certain constant p. It is x,(t)
which does not become zero in any time instant. Therefore,
the adopted input-state scaling discontinuous transformation
in (12) is effective.

According to the design of control law u(¢) in (23), it can
be computed that

uy (1)

o (8) = —Aody - (/\odo - 1)$o (Xo (t))

ago (xo (t))
0x, (t)

4 %0 (0) @y (xo () 3¢y (o (1))
L+ (x0 (1)) 9% (D)

2 B+ (x (1))

— Aodox, (1)
(26)

where § = —Ayd, and by = ~(Aody — Dy (x0 (1)) —
Aodoxo(£) (0 (xo())/0x0(1))  +  (xg(0)y(xo(1)/(1 +
B (0 ()))) (O, (x4 (£)) /0 (1))

Remark 11. From (26), we know that 8 is a constant and
(Eo(xo(t)) is a function with respect to x,(t). Moreover, we

can conclude that {50(x0(t)) is smooth because $O(x0(t)) isa
nonnegative smooth function.

Denote A; = A, — KC — Lf3; we can choose appropriate
design parameters k; (1 < i < n) such that A, is Hurwitz.
Then there exists a positive definite matrix Q satisfying QA +
ATQ = —ul, and p is a positive constant.

Step 1. For z, (t)-subsystem in (13),

ty (t)
Uy (1)

(¢ +¢1)

21 (t) =2z, () - (n-1) z (1)

SRy
uy " (t) 27)

=&, (t) + &, (t) +d,v, (t)
iy (t)
Uy

(t)

-(n-1) z () + ¥ + Dy,

let #,(t) = z(t), and n,(t) = v,(t) — ;. Introduce the
following Lyapunov functional:

V, =V, +V, (28)
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where

V=" 0P 'et)+0" (1) Qo (1)

1 e
+ Enf (t) + - ®1T®1

Vl=(4el+62||Q||)Zj O @) (@) do

R £ ),y @)

(29)

with £,, 8, being positive constants to be designed; ®, = ®, -
©,, where O, is an unknown parameter vector to be specified
later, and @, is an estimate of ©,.

Associated with (22) and (27), the time derivatives of X_/l
and \71 can be calculated, respectively, that

iy (£)
uq (t)

+2¢" ()P (K- PC")z (1)

V,=2" (1) P! (AO L - PCTC) £(t)

+2e8 ) CTco ) + 27 (1) P

+2" P 'D+ 20" (Q (AO _pf® > (t)
uy (1)
+20" (t)QKz, (t) + 20" (t) Q¥
. T
+207 () QD - 267 (1) <AO - LZO 8 ) Ple(d)
0

+2eT () CTCe(t) - T (1) P26 (1)

+1y (t) [& () + &gy (1) + dyv, () — (= 1) o (D z, (t)
uy (t)
+¥ + D, - |En| @IT@I
=" ()P %e(t) — uo” (t)o (¢)

+2¢" ()P (K- PC)z, (1) +2¢" (1) P7'Y
+2¢" (1) P + 26" (£) C"Co (1)

~ 20" (1) QLY (x, (1)) o () + 20" (t) QKz, (1)
+207 () QY + 20" (1) QD + 1, (1) W, + 1, (1) @,

iy (t) >

(t)’71 @)+ (D) ey () - e’ ) c’ce )

-(n-1)

+1 (8) [Eoz (t) +d,v, (f)] - '3n| @T@p
(30)

5
Vi = (46, + 81QP) Yt () £ (o (6), (1)) + 517t (1)
=1
X [y (o (1), y ) = (46, + 8,1QI7) Y i (£ - 7))
j=1
X T (”0 (t Tj) Y (t - Tj)) - g’?f (t-mn)
o f122 (up(t-71),y(t-1)).
(31)

For some terms on the right-hand side of (30), the
following estimations (32)-(34) should be conducted. Firstly,
by Lemma 8 and Youngs inequality, we can obtain that
there exist positive constants €;,0; to make the following
inequalities hold:

m )@, <ul )+ Lﬁ )@ (4o (1), %0 (8),2, (1)) 9
S HOE m ©)@; (g (1), %, (), 2, (1) 9,

2f (HPlo < EsT (t) P2 (¢)

1

+ 4812111 (1) @ 2 (uy (1) %0 (£), 2, (1) gj_l 9
j=1

<E£ ()P~ s(t)+4elzi1f (1)

X @; 2 (ug (1), %, (1) 2, () 9,

207 () QD < 6iaT t)o (t)
1

+5,1Qll Zm () @; (ug (1), %, (), 7, (1) 9,
(32)

where 9, = 9 + Z" 1d 9. Next, employ Lemma 9 and
Young’s inequality, and we have

m ()Y,

< (O (g (03 0) + 378 1) F7 (g (). 7 1)

L) 2 =)y e =m)),

267 (1) P

-2
<Es (t)P s(t)+4€1;‘{’

I r -2
< — )P t
4€1€ (t) P"e(t)



6
+ selglfﬁ 6T (ug (1), y (1)) 3?—1
+4eljzlr11( 7)o (uo (t=7;). v (t - 75))
ra, zn (0 (0 1),y ),

< 4—€1£T (t) P (t)
+ seljinf O F; (1 (1), y (1)) d
+4€1]zlm( ) o (o (t=7;). 7 (t - 75))
+ 431211‘1‘ ) £ (1o (1), y (1) d,
20" (1) QY

aia (00 (0 + 28,1QE Y (072 (o (6. y () d

j=1

+8,11Ql Z’ﬁ(t_ )f (uo(t J)’y(t_Tj))

j=1

+8,1QI Y 1 (@) £y (o (1), y () d
j=1

(33)

whered = 1+ Z d + Z" ' d;, and §, is a positive constant.

By completmg the square, the following estimations are
also true:

1 _
M (0 (1) < e’ (0P e(t) + 6P (),
1

2¢" (1) P'Kz, (1) < ﬁsT (t) P2 (t) + 46, K"K} (t),
1
—2¢" (1) Clz, (1) < lsT (t)CTCe(t) + 21 (1),
2¢7 (1) CTCo (1) <

s Ty CTCe () + 207 (1) o (1),

20" () QKz, (t) < " (t) o (t) + K Q"QKy: (¢).
(34)
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Substitute (31)-(34) into V/, it yields

V1=\71+\71

—<1—€l>eT(t)P*Ze(t)

1
—ant (1) = (n=1) ¢ (x, (1) 77 (1)

—go" (t)o (t) - (x, (1) 0" (t) [QL+ LQ] o (t) (35)

L= ) £ (o (= 1)y (E- 7))

+d,n, (O[O, +0, ()],

_ 3)61 :_Cl -3 - KTQTQK _
(/AL.d,9,],and Y, -

where gt = u - 1/6, - 1/6,
46, K"K - flp,fm +(n-1)p,0] =

(Y1, Y, Y517 with

Yy, =y () + &g, ()

1 OF (00,7 0) + 57 O £ (0 (1), 3 0)

+ (4, + 5, Ql )Z () f2 (g (1), y ()

+ g’h (1) f122 (uo (1), y (1)),

Yy, =88, ) 1 (0T (u (1), y (£))

j=1

n

+ (46, +8,1Ql )Z ) fi (o (), y (1),

Y5 = (46, + 8,1Q1%) Y (0@, (g (8), x0 (), 2, (1))
j=1

F o (0@ (0 (0,3 0),7, 1),
G0

Choose the virtual control function «; and the adaptation
law of ©, as follows:

a =-00Y, (37)

@1 = sign (Hn) Y, (). (38)
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Notice that Hnnl Byt < ﬂf(t) + (Hi/é&)ﬂ;(t), then it

follows from (35)-(38) that

Vv, < —(1 - %)sT(t)P_Zs(t)—ﬁaT(t)a(t)

1

@ - ) - -1)¢ (x (O) 7 (1)

~¢(x, (1) 0" (1) [QL + LQ] o (t) -
—2

d
7),y(t-1))+ Zn’é (t).
(39)

gy (t—1y) 7 (g (£ -

Step 2.Introduce the new variable #;5(¢) = v;(t)—a,, where «,
is regarded as the virtual control input, and take the Lyapunov
functional as

1 1 ~r—
V, =V, + qu ) + EG);F@Z’ (40)

where ®, = @, — ©,, ©, is an unknown parameter vector to
be defined later, and ®, is an estimate of ®,. Then, combined
with (20), (37), and (39), we have

V2 = V1 + 1, (f) { —kyv, (t) = (n—-2) Bo, (t)

—(n=2) Py (xo (1)) v, () + 775 (£) + y

a(xl Joy 9o ¢ B %1}1
a@T anz 02 axo auo 0
oa, [ t, (1)
-2 k- -1 20, 0]
azl 02 0 (t) 1
0oy 0oy 0oy
-y (1) - LY, - L@,
0z, & () dz, ' 0z
- ?;Xl d,v, (t)} - ®;F®2
2]
(41)

Using Lemmas 8 and 9 and Youngs inequality, the
following inequalities hold:

oo
~ 5, O

. 2(t>+1<%)2*2(u 2% ()22, O) 7 ()
—2’71 2821 Yy (ug (), % (1), 24 M

d
+ 2(%) 1(t)f11 (1o (1), )’(t))”lz (1)
1
+ E’ﬁ (t_Tl)ffz (“0 (t_T1)’)’(t_Tl))’
- %’12 (1) @,

0z,

2
% () + (Zl)a»f(u0<t),xo<t),z1<t))n§(t>92,
0
—a;;‘inz(wsz(t)

< LT P+ &yt <%)2nz ®.
132 4 max azl 2

(42)

By the above inequalities, we get
. I 1\ 2
V,<—(1-—-= P 2e(t
g ( . ez>£ (1) P (1)
—o" (o (1) = (6 -2)7; ()
—(n=1)$(xo (1)) 75 (£)
~¢(xo®) 0" (1) [QL+LQ] o (¢)

z(t_Tl)ffz (ug (t=71), y(t=71)) + 1, (1)

X { —kyv, (8) = (n=2) Buy (t) — (n—2)  (x, (1))

Jdoy =~ Oy
—0, -
a@l ' 9,

[foz

X, (t) - Eoz xo +115 (t)
Xo

aocl
auo

140 (t)
ug (t)

zy (t)

1

3
N E(%) my (0) fy (o (1), (8)) 1, (8)

da; \’ _
<%) ¥ (Mo (£),x, ()2 (t)) " ()

2 .
) 1, () + O Y. } - 0.0,
(43)

[(1/2)(0ex, /02,)*
. By taking the adaptation

where @; = [92,331,3”] and Y, =
@i (8), 1(6)/4, ~(9ex, /032, vy (6)]

law ©, = Y,#,(t) and the virtual control function e, as

o = =01, () + kv (1)
+(n=2)Buy (1) + (n=2) P (x, (1)) v, (£)

aocl uo (t) aocl
t
§o2 — o () z () |+ %, Xo
aoc1 . Oy = acxl
+ oL @
Ouy o 00 v 902 %,



0
(&) 0 @O one

0z
_@ZYZ _Z_Z xznax<gal> Uy (t)
l<%>2"2( 1), %0 (), 2, (1)) 17, (¢
_2 aZI 1//1 MO(),XO(),ZI()VIZ(),
(44)
we can obtain
. 1 1 T -2
V2_—<1—€—1—Z>€ (t)P S(t)
—Ho" ()0 (1) = (¢, = 2) 7 (6) — &1 (£)
— (=1 (x, (1) 7; () (45)

~ ¢ (x (1)) 0" () [QL + LQ] 0 (t) + 1, (t) 15 (1)

n—

2 - m) £ (o (=) y (= 7).

Step 3. Define that #,(t) = wv,(t) — 5, where a5 is the
virtual control input, and consider the following Lyapunov
functional:

1 1 7=
Vy=V,+ E;ﬁ (t) + 5@f@)y (46)

The time derivative of V; along the estimator system (20)
satisfies

V3 = V2 + 15 (1)
X { —kyv, () — (n—3) Bu; (1)

—(n=3)(x0 (1)) v3 () + 1, (1)

o S8 - 106, -
a5t - om0 a0
_%ol-%oz—%sz(t)—%%—%@
_ S;ZH”UZ (t)]» - 870,

(47)

Abstract and Applied Analysis

By similar conduction method in (42), we have

1

da, \* _
7 () + 5(84;‘2) 72 (1 (1), %0 (1), 21 () 2 (1)

(20 wo.oR

b2 (6= 1) S (g (= 1)y (6= 1),
- S0 00
< 1R 0+ 3 0,500, 0 09,
- S0 05

1 2
<€—35 )P s(t)+—pmax<a(xf> 7 (),

(48)

where €5 > 0 is a scalar. Based on (48), it yields

%) ' () P %e(t) - o’ (t) o (t)
3

— (@ =37 O - (-1 (x () 7 ()
~¢(x ()" (1) [QL + LQ] o (1)

ST =) £ (- )

+ 15 (t) {;12 (t) — kyv, (t) — (n—3) oy () — (n—3)

- oo, =

X ¢ (x0 (1) v3 () + 1, (1) + 0 - —=>0,

00,

_ oy 5 Joy 9o ¢ ~ %a
a@z 2 8502 02 axo auo 0
8061 [ it (1) ]

—z, (t
S0z = 5, (0 (t)
a‘xz Oa, o 33 2 (a% )
6v1 U — avz pmax ’73( )

1

0
. E(a%) () £ (g (). () 1 ©
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1<80¢z>2~2( £), %y (t), 2, (t))
"2\oz, ) 1 to (), %, (£), 2, (£)

% 11, (£) +®§Y3} -8’0,
(49)

where @ = [9%,d,] and Y; = [(1/2)(Qex,/0z,) @}n5(t),
—(aaz/azl)vz(t)]T. Choose the tuning function 7;Y;#;(t),
and the virtual control function «; as follows:

0y = =G5 (t) — 1, () + kv (1)

— 00, =
+ (1 =3) Bus (£) + (n - 3) § (x (B) vs (£) + %@1

o, =~ 0, ; Ja, |
+—20 2%+ —214
a@ ot 8502 602 X, 0 auo 0
oa, (1) ] oa,
2 — 1 t 2
"oz, [E‘)Z T SR I T
oa, 5, ( oa, )
2, — =2 t
+ ) ) 2 4 Pmax oz ’13( )

1/ 0a, )’ ®)
) z(i) i (0 1) (0 (6),y 0) 1 (1) - 837,

1( 2>21//2(u t),x,(t),2 t)” t
2 351 1 0()’ 0()’ l() 3()‘

Under the virtual control function «; and the tuning
function 7z, defined above, the derivative of V; becomes that

1 1Y\ r ")
V3 <—<1—€—1—€—2—Z>8 (t)P S(t)
— (&, =3 (1) — e () — 1 ()
—po" (®)a (t) — (xo (1) a” () [QL + LQ] o ()

—(n=1)¢ (30 (1) 17; (8) + 115 (1) 1y () = @} (O - 115)
n 3

2(t Tl)flzz (up(t—1),y(t-7).
(51)
Step i (4 < i < n). Assume that, at Step i-1, a virtual

control function ¢;_;, a tuning function 77;_,, and a Lyapunov
functional V;_; have been designed in such a way that

i-1
\%_15—<1—Z%>8T(t)P‘Zs(t)
1%
— (e i+ 1) (1) - Z ”;(t)

—o" () o (t) + 1y (O () = (x0 (1)) 0 (8)

n—i+1
2

x [QL + LQ]o (t) —

X’ﬁ (t_Tl)flzz (ug(t-71),y(t-11))

~ 85 (O —m,) ~ (1= 1) (xo 1)) 72 (1)

i-2 Jgr. .
i
— (O3 =7y )10 (B).
j—3a®3( ) "
(52)

Let#;,,(t) = v, (t)—«;, where «; is regarded as the virtual
control input, and choose Lyapunov functional as

1
Vi= Vi + o 0. (53)
Based on (52), the time derivative of V; satisfies

V= Vi, 47 (0) { oy (6) = (n— ) Bo; (8)

— (=) ¢ (xo (1) v; () + 175 ()

Oo y = Oy = 0oy =
- —= @1 @ - ®3
00, 8@2 8®3
1 it (£)
1) —— t
[502 ) "o (t)zl (t)
oa;_ i o«;_
+o; - auol 0~ 9o, l502
aoc, aocl aocl
_ z 1 1 2 ( ) _ 1
Z1 Z1
oo,y . Oay_y 00;_q — }
- () = d v, (t
o, 07 oz, DT g, dn2 )

(54)

Next, we estimate the following terms in the right-hand
side of (53) by Lemmas 8 and 9 and Young’s inequality as
follows:

_ i—1 (DY
azl ;11( ) 1
1

<)+

1/ 00, \*_
2 ‘(5_;11> 71 (g (), %0 (), 2, (1)) 7 (1)

2

1

a - 2
+ §<§T> i (8) fii (st (0, y () ] (8)

# 2 (0= 1) S (o (= 1)y (6= ),

Xi_1
(1) D
azl 7’]1() 1
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1, 1 a‘xi—1>2~2 2 2
- t - — )97,
S2'71()+2<az1 ®

X1
" o, (1) &, ()

S|

T -2 ¢ 5 [ Oa ? 2
¢ (t)P 8(t)+zpmax< Bz11 i (t).

(55)
Choosing the virtual control function «; as

=—¢n; (t) — iy (1) + kv ()
+(n—i) Pu; (t) + (n—i) ¢ (xo (1) v; (£)

i-1

oo oo;_, = 0

i1 0j+ "ﬁz:l@l X 1®2
j=1 avj 00, a®2

i-2

ooy .
+ Xy + z

0x, =

a“zl “o ()
[’Z” RS (t)]

e (a‘xifl >2 Oy
- (t Lo
4pmax azl ;11( )+ a@ 7-[1

3

a Y’7_1+1 (t)+ U, .0

a
(%Y k0 R G oo B, -8,

(56)

and the tuning function s,

[(1/2)@e;_, /02,2 @ 1;(t),
show that

\'/is—(l—igl

=43

= Tyt Y,ﬂ,(t) with Yi =
~(9a_1/92,)v,(t)]". Then, we can

> el () P % (t)

—@ =i - Yem; 0
j=2

¢ (xo )" ()[QL+LQ]a (1)
—(n-1)x¢(xo ()7 (t)

~po (o (t) -
(57)

. iz . Oa
_65(93_”1')_;8@ ’1]+1( )( i)
‘_’71 (t Tl)flzz (U (t=71), ¥ (t-11))

1 () 141 (8)-

At the last step (i = n), the true input u,(t) will be
designed on the basis of the virtual control a;s and the
Lyapunov function V,_, introduced before.

Abstract and Applied Analysis

The actual control input u, (¢) can be designed as

Uy (t) =~ (t) = Mn-1 (t) + knvl (t)

a(xn 1®1 ou,,_ 1@)2
a®1 00, aioz

a(xn—l . aOcn—l
+ X+ ——
0x, ou,

o,
+ azll [502_(” 1)

da,_ 1/ da,_
:@3‘ T, — —( gzll) i () fi (v () 1, ()

502

Uy

1, (t)
uy (t)

1 (t):| ,’I’:Yn

+

gn 2 a(xn—l >2
t
- 2p( ) 0

n—1 a(Xn_ . n-2 a(X-
+ Z ?lvj + Z a_@\ianle ®),

(58)

and the update law ®, = 7, with 7, = 7, , + Y,7,(t)
and Y, = [(1/2)(aan,1/az1)2cﬁf11n(t),—(Bocn,l/azl)vz(t)]T.

Eventually, it can be achieved that

. 21
VnS—<1—Z€—

j=1%i

> el (t) P % (t)

—a’ (t)o(t) -

— @ =m)n )= Y e () - (n=1)
j=2

X ¢ (0 (1)) 77 () = ¢ (x0 (1) 0" () [QL+ LQ] 0 (1) .
(59)

3.4. Stability Analysis. Notice that ¢(x,(t)) tends to zero as
x,(t) converges to origin, and §,,8,,¢;,¢; (1 < i < n) in (59)
are positive design parameters. Therefore, by an appropriate
parameter choice, there exist positive constants A; > 0 (1 <
i < n+ 2) such that

—iA HOE A€ () P2e(t)
j=1 (60)

~Apia0 ()0 (2).

It can be seen that #;(t), &(t), o (t), @1, @2, @3 are bounded.
Since 6 and d; are unknown bounded parameters, ®,, 9,, ©,
are bounded. According to estimator equations (19)-(21),
it can be deduced that the boundedness of z,(f) = #,(t)
guarantees the boundedness of &(f), and then v,(t) =
(1/d,)(z,(t) — 0,(t)) and «, are also bounded. By similar
analysis, we can conclude that all signals of the closed loop
system are bounded.

By LaSalle invariant Theorem, it further achieves that
n; (1), (1), o(1), 0,,0,, @3 — 0ast — 00. By the controller
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design procedure, we get that &(¢), v(t), «;, u, () asymptoti-
cally tend to zero. Then, the definitions z(¢) = &(t) + d,,v(t)
and z(t) = e&(t) + z(t) show the asymptotical convergence
of Z(t) and z(t). Finally, from the transformations (10) and
(12), we know x;(t) = (1/dn)ugf"(t)z,»(t), which indicates that
the states x;(¢) asymptotically converge to zero with the initial
condition x,(%,) # 0.

For purposes of analysis, we can rewrite the system (14)
as follows:

2(t) = (A) = Ly (x4 (1)) 2 (£) + Kz, (£) + Buy (1) + ¥ + .
(61)

To solve the above differential equation, we have
z (t)

= A Loy (1 )

t _
. J AN [k (5) + Bu, (s) + ¥ + @] ds.
)
(62)

Notice that A; = A — KC — L is Hurwitz, and ¢, (x,(t))
tends to zero as x,(t) — 0, then by Lemmas 8 and 9, there
exist constants g; > 0, g, > 0 such that

lz ()] < 067" |z (t,)]
+£QJW”NMLMSWWM
Juy ()] + 1] + @] ds
< e |z(ty)]
w{wﬂ&mquw+wwmw

+ 21 ()| Gy + |2, (5)] 52] ds,
(63)

where G, is a nonnegative smooth function of d;, (s), t4o(s -
7;), ¥(s), (s — 1;), and 52 is a nonnegative smooth function
of d;, uy(s), x4(s), z,(s), 9.

Since x,(t), x, (), uy(t) and the system parameters are all
bounded, then G,, G, in (63) are also bounded. Employing
the convergence of x(t),z,(t),u;(t), we can get that z(¢)-
system is globally asymptotically convergent. From the intro-
duced transformations before, it can be deduced that system
(1) is also asymptotically convergent. Now, we can express the
following theorem.

Theorem 12. For system (1), under Assumptions 1-3, if the
control strategies (23) and (58) are applied with an appropriate
choice of the design parameters, the global asymptotic stabiliza-
tion of the closed loop system is achieved for x(t,) # 0.

In the next section, we will deal with the stability analysis
of the closed loop as long as the initial condition x,(¢,) is zero.

1

4. Switching Controller

Several switching controllers have been proposed in some
existing literatures. As well known, the choice of a constant
feedback for u,(t) may lead to a finite escape. In this note,
the following switching category can be designed for the
stabilization of system (1) with the initial sate x,(t,) = 0.
Choosing controller u,(t) as

u, (t) = sign (dy) uy, when |x,(t)| <05 <x5,  (64)
where u; > 0 and p; > 0 are constants.

Since x,(t,) = 0, then %, (t,) with u,(t) can be deduced

%o (to) = |do| ug + ¢ (£, x0 (ty)) = |do| ug > 0, (65)

then during the initial small time period, x,(¢) is increasing
and satisfies |x,(t)] + [x,(t)|py(x, () < |dolug .
Choose x; that satisfy

x| + 0| @0 (x5) = |do|ug- (66)

Obviously, x,(t) is increasing when x,(t) < x;. When
lxo()] < 0 < x;, choose the controller u,(t) = sign(d,)u,,
and the controller u, (¢) can be designed according to the sim-
ple nonlinear backstepping iterative approach. Since |x,(¢)| >
05, at t,, we switch the control laws u(¢) and u, () into (23)
and (58), respectively.

Theorem 13. For system (1), under Assumptions 1-3, if above
switching control strategy is applied with an appropriate choice
of the design parameters, then the closed-loop system is globally
asymptotic regulated at the origin for x,(t,) = 0.

5. Simulation Example

In this section, a numerical example will be given to illustrate
that the proposed systematic control law design method is
effective. Consider the following system:

%o (£) = dyutg (£) + xo (1),
0 (8) = dyuy () %, (8) + %m (1422 (1)) e

2 x, (t)
xxT(t=0.3)+x, ()07,
1 ( ) +x ()6 67)

%, () = dyuy () + x, () e°00?

x x; (£ = 0.2) +1n (1 + (6,x, (1)),
y () =[x (6), %, ®)],

where d,,d,,d, are virtual control directions with d,,d,
unknown and d; known, and the sign of d, = dd,
is also known. 0,,60, are unknown bounded parameters.
Next, we consider to design the controller uy(t) and u,(t)
to asymptotically stabilize system (67) by the measurable
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x107°
0.2 1.2
14
0.15 +
0.8
0.1F 0.6
0.4
0.05 +
0.2
0 . . 0 . . .
6 8 10 0 2 4 6 8 10
— Xo — X1
() (b)
0.02
0 -¥
-0.02
-0.04
-0.06
—-0.08
-0.1 . . . .
0 2 4 6 8 10
— x
(©)

FIGURE 1: States x,(t), x, (t), x,(t).

output. We assume that x,(t,) #0 and make the following
estimation for some nonlinear terms in system (67):

x, () gfm < |x, ()| PG

: (68)
In(1+(6,x,®)°) < |x, ()] 9,
where 9 = (/2061 160,].
Firstly, we introduce the following transformation:
X ) =x(0), X)) =dx ), (69)

and then the system (67) can be rewritten as
%o (t) = doug () + x,(t)°,
%) () = ug ()%, (£) + %m (1+x7 (1) e™®
x %2 (t - 0.3) + x, (1) 67, (70)
X, (t) = dyuy (t) + dyx, (1) €002

x x; (£-02) +dy In (1+(8,x, (1)),

where d, = d,d,, and assume that the sign of d, is known.
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-0.15 |
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-0.25
0

— U

(a)

13

200

=200

—400 +

—600

=800

-1000 -

-1200

—1400
0

— U

(b)

FIGURE 2: Controllers u,(¢) and u, (¢).

Next, make the following input scaling transformation for
x(t)-system:

% ()
ug (t) ’

and then the transformed system is

£(t) = ( uo (t)

uy (1)
where
01 10
a=loo] 2=loq)
0 4 (O]
AN M |

CIn(14 x5 () eV (2 - 0.3)
2u, (t)

z, () = z, (1) =%, (1), (71)

> z(t) + Buy (t) + ¥ + O, (72)

1=

>

(73)

¥, =d,x, (t)e®" % (t-02),

_ x, () 6;61(1)
! uy (t)
iy ()
u (1)
Design the following controller u(¢):
o (1) = ~6o%g (1) = Goxo (1),

and then 11, (¢)/u,(t) can be calculated as follows:

@, =d; In(1+(0,x,(1))°).

(74)

it ()
Uy (1)

xg () + 3, (1)
1+ x2(t)

= —¢ydy — 3cydyx, (1) + (75)

For system (72), constructing the following estimator:

&)= (40-L ”"Et;)fo(mpc (1) - C&, (1)
0

o(t) = <A —L”°(t))u(t)+e uy (t)

0 uo (t) n“*1 >
- _ %(t))T ( ~ a())
P_P<A0 Luo(t) +(A,-L o P-PC'CP+1,

(76)

where y(t) = z,(t),e, = [0, 1" & = [fopfoz] v= vl’UZ]
Ay =A-KC, C=[1,0,and K = [kl,k] . The design of

ky, k, can guarantee that A, = A, — KC - L is Hurwitz. It
is further achieved that there exists plosive definite matrix Q
satisfying QA + ATQ = —ul, in which 4 > 0 is a constant.
Denote z(t) = &,(t) + an, o(t) = z(t) - anv(t) and ¢(t) =
z(t) —z(t), and then the observation error &(t) and parameter
invariable o(t) satisfy

i (t)
uy (t)

+(K=PC")z, (t) + PC"Co (t) + ¥ + D,

a(t)=<

é(t) = <A0 -L —PCTC>e(t)
(77)

-2 ZE ;>a(t)+Kzl(t)+‘P+d>
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FIGURE 3: Parameters @11, @12, @13‘

Define the invariable that #,(t) = z,(t),#,(t) = v,(t) —
«,. According to the iterative procedure in Section 3, we can
design the virtual control function and controller u, (¢) as

= = = = T
o = _®TY1 == [@)11)@12’@13] [Y11>Y12’Y13] >
Joy; =~ O« ;
uy (t) = —o, (8) + koo () + —=0; + =+
1 QM 2U1 a®1T 1 %, €02

ox,

oo, 1, (1)
" Suy ()

&mﬂ%_iﬁ

t (£) +

z (t)]

12 P2 4 p2 23} :
- Z( ' 22)(821 (t)> 1, (t)

_1( 0y )2 2x,(t), 2 AT
> < 9z, (1) e n )y (1) - 0,Y,,
(78)

where

1 x
Yy = oy () + &, (1) + E’ﬁ (t) e* o

+
8

14 )
4+§mﬂ%wﬁm
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0.094 +
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FIGURE 4: Parameters @21, @22, @23.

o o~
+ |28, + %HQHZ] mt () e Vug” (1) + }L;ﬁ Our@), 927 [€,1,05, 0],
2 T
3\ Ax(t) 3 4 1/ Oa 2002 (1) 1 ox
Y, = 26,77 (8) ™Y + 20,777 (£) i (£) Y, = [ﬂﬁ) e, (0, 212 (t),—mvz o] .
0 x )
QU (0 + LRI, (0 1y (1), 79)
1 5 YR The adaption laws of the parameter invariable in con-
Y5 = [4_1 +4¢6, +6,[Ql ] () e troller u, (t) are chosen as

+[4€, + &,1QI1% ) my (D ug (1), ®, =sign(d,) Yy (0, O, =Yy, (). (80)
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For simulation use, we pick the unknown parameters
d, = 15d, = 25,0, = 0, = 0.5. In addition, we take
the other controller design parameters as ¢, = 1, ¢, =
130, ¢, = 2,0k, = 4, k, = 1,8 = 2,6 = 3,8, =
8, = 4. Moreover, The initial state condition is [0.2, 0, —O.I]T.
Simulation results are shown in Figures 1, 2, 3, and 4. It is
obvious that the states x,(), x,(t), x,(¢) and control input
uy(t), u, (t) converge to zero, and the parameters estimation
invariable tend to constants.

6. Conclusion

The output-feedback adaptive stabilization was investigated
for a class of nonholonomic systems with unknown virtual
control coeflicients, nonlinear uncertainties, and unknown
time delays. In order to overcome the difficulties, we intro-
duce suitable transformation and novel Lyapunov-Krasovskii
functionals, and then a recursive technique is given to design
the adaptive controller. To make the input-state scaling
transformation effective, the switching control strategy is
employed to achieve the asymptotic stabilization.
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