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We first introduce and analyze one multistep iterative algorithm by hybrid shrinking projection method for finding a solution of
the system of generalized equilibria with constraints of several problems: the generalized mixed equilibrium problem, finitely many
variational inclusions, the minimization problem for a convex and continuously Fréchet differentiable functional, and the fixed-
point problem of an asymptotically strict pseudocontractive mapping in the intermediate sense in a real Hilbert space. We prove
strong convergence theorem for the iterative algorithm under suitable conditions. On the other hand, we also propose another
multistep iterative algorithm involving no shrinking projection method and derive its weak convergence under mild assumptions.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert
space H and Py the metric projection of H onto C. Let S :
C — H be a nonlinear mapping on C. We denote by Fix (S)
the set of fixed points of S and by R the set of all real numbers.
A mapping V is called strongly positive on H if there exists a
constant y > 0 such that

(Vx,x) = yllx|>, Vx € H. 1

A mapping S : C — H is called L-Lipschitz continuous if
there exists a constant L > 0 such that

Ise-Sl<Llx-yl. veyec. @

In particular, if L = 1, then A is called a nonexpansive
mapping; if L € [0, 1), then S is called a contraction.

Let A : C — H be a nonlinear mapping on C. We
consider the following variational inequality problem (VIP):
find a point x € C such that

(Ax,y-x) >0, VyeC. 3)

The solution set of VIP (3) is denoted by VI(C, A). We remark
that VIP (3) was first discussed by Lions [1].

Let : C — Rbe areal-valued function, A : H — H
a nonlinear mapping, and ® : C x C — R a bifunction. In
2008, Peng and Yao [2] introduced the following generalized
mixed equilibrium problem (GMEP) of finding x € C such
that

O(x,y)+9(y)—¢(x)+(Ax,y-x) 20, VyeC. (4)
We denote the set of solutions of GMEP (4) by GMEP
(®, ¢, A). The GMEP (4) is very general which includes, as
special cases, the generalized equilibrium problem [3], the
mixed equilibrium problem [4], and the equilibrium problem
(5, 6].

In [2], it is assumed that ® : C x C — R is a bifunction
satistying conditions (H1)-(H4) and ¢ : C — R is a lower
semicontinuous and convex function with restriction (H5),
where

(H1) ®(x,x) =0 forall x € C;
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(H2) ® is monotone; that is, @(x, y) + ©(y, x) < 0 for

any x, y € G;
(H3) © is upper hemicontinuous; that is, for each
x, ¥,z € C,
limsup® (tz+ (1 -1) x, y) <O (x,y); (5)
t—0*

(H4) O(x,-) is convex and lower semicontinuous for
each x € C;

(H5) for each x € H and r > 0, there exists a bounded
subset D, ¢ Cand y, € Csuchthatforanyz € C\D,,

®(Z)yx)+¢(yx)—<p(z)+%<yx—z,z—x> <0. (6)

Given a positive number r > 0. Let S£®"P) :H — Cbe
the solution set of the auxiliary mixed equilibrium problem;
that is, for each x € H,

S (x)
- {yeC:@(y,Z)+§0(Z)—<P(J’) @)
1 ’ ’
+;<K (y)-K (x),z—y> ZO,VZGC}.

In particular, whenever K(x) = (1/2)|x|?, Vx € H, S (x)
is rewritten as Tr(®"P)(x). Further, if ¢ = 0 additionally, then
Tr(®"")(x) is rewritten as TfJ (x).

Let ®,0, : C x C — R be two bifunctions satisfying
conditions (H1)-(H4), and let A}, A, C — H be
two nonlinear mappings. Consider the following system of
generalized equilibrium problems (SGEP): find (x*, y*) €
C x C such that

* * * 1 * * *
O, (x",x)+{Ay"  x—x >+v—<x -y x-x") >0,
1

Vx € C,
* * * l * * *
0, (¥, y)+ (A", y—y >+V—<y -xLy-y") =20,
2

Vy € C,
(8)

where v, > 0 and v, > 0 are two constants. It is introduced
and studied in [7]. Whenever ®, = 0, = 0, the SGEP reduces
to a system of variational inequalities, which is considered
and studied in [8]. It is worth to mention that the system of
variational inequalities is a tool to solve the Nash equilibrium
problem for noncooperative games. In 2010, Ceng and Yao
[7] transformed the SGEP into a fixed-point problem of the
mapping G = Tffl I- lel)sz)2 (I —v,A,). Here, we denote
the fixed point set of G by SGEP(G).
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Let {T,}7°, be an infinite family of nonexpansive map-
pings on H and {A,};? a sequence of nonnegative numbers
in [0, 1]. For any n > 1, define a mapping W,, on H as follows:

Upr = 1,

nn+
Un,n = AnTnUn,n+1 + (1 - /\n) I’

Un,n—l = An—lTn—ll']n,n + (1 - /\n—l) I’

Upk = MTUppeiy + (1= A4) 1, 9

Upgeer = Mca T U + (1= Ay L

U, = MU, 5 + (1-1,)1
W,=U,, = AlTlUn,z + (1 - /\I)I.

Such a mapping W, is called the W-mapping generated by
T,T, 1, ....,Tyand A, A, ,..., Ay

Let Q : H — H be a contraction and V a strongly
positive bounded linear operator on H. Assume thatg : H —
R is a lower semicontinuous and convex functional, such that
0,0,,0, : Hx H — R satisfy conditions (H1)-(H4) and
that A,A,A, : H — H are inverse-strongly monotone.
Very recently, Ceng et al. [9] introduced the following hybrid
extragradient-like iterative algorithm:

Zy = S;,,@)(p) (xn - rnAxn) >

X1 = &, (u+yQx,) + B,x, (10)
+((1-B)I-a,(I+uV))W,Gz,, Vn=0,

for finding a common solution of GMEP (4), SGEP (8), and
the fixed point problem of an infinite family of nonexpansive
mappings {T,}>2, on H, where {r,} ¢ (0,00),{a,},{B,} ¢
(0,1), v, € (0,2;), k = 1,2, and xy,u € H are given. The
authors proved the strong convergence of the sequence {x,,} to
apointx* € Q := N%, Fix(T,) N GMEP(®, ¢, A) N SGEP(G)
under some suitable conditions. This point x* also solves the
following optimization problem:
.Y 1 2
min (Vx, x) + 2||x ull” - h(x), (OP1)
where h: H — R is the potential function of yQ.
Let B be a single-valued mapping of C into H and R a
multivalued mapping with D(R) = C. Consider the following
variational inclusion: find a point x € C such that

0 € Bx + Rx. 11)

We denote by I(B,R) the solution set of the variational
inclusion (11).

Let f : C — R be a convex and continuously Fréchet

differentiable functional. Consider the convex minimization
problem (CMP) of minimizing f over the constraint set C

minimize { f (x) : x € C}, (12)
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which was studied in [10-13]. We denote by I' the set of
minimizers of CMP (12).

Let C be a nonempty subset of a normed space X. A
mapping S : C — C is called uniformly Lipschitzian if there
exists a constant & > 0 such that

[8"x = S"y| < Z|x-y|, ¥n=1, Vx,yeC. (13)
Recently, Kim and Xu [14] introduced the concept of asymp-
totically k-strict pseudocontractive mappings in a Hilbert
space as below.

Definition 1. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically k-
strict pseudocontractive mapping with sequence {y,} if there
exists a constant k € [0, 1) and a sequence {y,} in [0, co) with
lim = 0 such that

n—>oan
I =Sy < (143, b= oI
thlx=8"x=(y=s"y)[", (9
Vn>1, Vx,y € C.

It is important to note that every asymptotically k-
strict pseudocontractive mapping with sequence {y,} is a
uniformly Z-Lipschitzian mapping with & = sup{(k +
V1+(1-k)y,)/(1+k):n > 1}. Subsequently, Sahu et al.
[15] considered the concept of asymptotically k-strict pseu-
docontractive mappings in the intermediate sense, which are
not necessarily Lipschitzian.

Definition 2. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically k-
strict pseudocontractive mapping in the intermediate sense
with sequence {y,} if there exist a constant k € [0,1) and a
sequence {y,} in [0, co) with lim,, , ,y,, = 0 such that

lim sup sup (HS"x - S"y”2 -(1+y,)||x- y"2
n—00 x,yeC (15)
—k|x-S"x-(y- S"y)||2) <0.

Put ¢, := max{O,supx,yeC(IIS”x—S”yII2 - (1 +

yllx = yIP = kllx = $%x = (y = $"y)I”)}. Then g, > 0 (¥n >
1),¢, = 0 (n — 00), and there holds the relation

I8 = S"yI” < (1) e = )
+kfx=S"x = (y ="y +¢,, 16

Vn>1, Vx,yeC.

In this paper, we first introduce and analyze one multistep
iterative algorithm by hybrid shrinking projection method
for finding a solution of the SGEP (8) with constraints of
several problems: the GMEP (4), the CMP (12), finitely
many variational inclusions, and the fixed point problem
of an asymptotically strict pseudocontractive mapping in
the intermediate sense in a real Hilbert space. We prove

strong convergence theorem for the iterative algorithm under
suitable conditions. On the other hand, we also propose
another multistep iterative algorithm involving no shrinking
projection method and derive its weak convergence under
mild assumptions. Our results improve and extend the
corresponding results in the earlier and recent literatures.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert
space whose inner product and norm are denoted by (., -)
and | - ||, respectively. Let C be a nonempty closed convex
subset of H. We write x,, — x to indicate that the sequence
{x,} converges weakly to x and x, — x to indicate that
the sequence {x,} converges strongly to x. Moreover, we use
w,(x,) to denote the weak w-limit set of the sequence {x,,};
that is,

w, (%)

= {x € H: x, — x for some subsequence {xnl_} of {xn}}.

17)
Recall that a mapping A : C — H is called
(i) monotone if
(Ax - Ay,x—y) 20, Vx,yeGC; (18)

(i) #-strongly monotone if there exists a constant 7 > 0
such that

(Ax- Ay, x-y) =q|x -y, VxyeC (19

(iii) a-inverse-strongly monotone if there exists a constant
a > 0 such that

(Ax- Ay, x-y) 2 a|Ax - Ay|", Vx,yeC. (20)

It is obvious that if A is a-inverse-strongly monotone,
then A is monotone and (1/«)-Lipschitz continuous.

The metric (or nearest point) projection from H onto C is
the mapping P : H — C which assigns to each point x € H
the unique point P-x € C satisfying the property

fe- Pl =il -l =d 0.

Some important properties of projections are gathered in
the following proposition.

Proposition 3. For given x € H and z € C:
(i)z=Pxe({x-2,y-2)<0,VyeC
(i) z = Pox & lx - 2l* < Ix = yI” = |y - 2%, ¥y € G
(iii) (Pox — Poy,x — ) = |Pex — Pyl Vy € H.
Consequently, P is nonexpansive and monotone.
If A is an a-inverse-strongly monotone mapping of C into
H, then it is obvious that A is (1/«)-Lipschitz continuous.

We also have that if A < 2«, then I — AA is a nonexpansive
mapping from C to H.



Definition 4. A mapping T : H — H is said to be
(a) nonexpansive if

ITx-Ty| <|x-y|, Vx,yeH; (22)

(b) firmly nonexpansive if 2T' — I is nonexpansive, or
equivalently, if T is 1-inverse strongly monotone (1-
ism),

(x =y, Tx-Ty) > |[Tx-Ty|’, Vx,yeH;  (23)

alternatively, T is firmly nonexpansive if and only if T can be
expressed as

T:%(I+S), (24)

where S : H — H is nonexpansive; projections are firmly
nonexpansive.

It can be easily seen that if T is nonexpansive, then I — T
is monotone.

Definition 5. A mapping T : H — H is said to be an
averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping; that is,

T=(1-a)l+aS, (25)

where « € (0,1) and S : H — H is nonexpansive. More
precisely, when the last equality holds, we say that T is «-
averaged. Thus firmly nonexpansive mappings (in particular,
projections) are (1/2)-averaged mappings.

Proposition 6 (see [16]). LetT : H — H bea given mapping.

(i) T is nonexpansive if and only if the complement I — T
is (1/2)-ism.
(ii) If T is v-ism, then for y > 0, yT is (v/y)-ism.
(iii) T is averaged if and only if the complement I —T is v-
ism for some v > 1/2. Indeed, for « € (0,1),T is a-
averaged if and only if I — T is (1/2a)-ism.

Proposition 7 (see [16]). Let S,T,V : H — H be given
operators.

DT =(1-a)S+aV for some o € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I - T is firmly nonexpansive.

(iii) If T = (1 = @)S + aV for some « € (0,1) and if S is
firmly nonexpansive and V' is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings
is averaged. That is, if each of the mappings {T;}~,
is averaged, then so is the composite T},...,Ty. In
particular, if Ty is o, -averaged and T, is «,-averaged,
where oy, , € (0,1), then the composite T\ T, is a-
averaged, where & = o) + &, — 0 ,.
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(v) If the mappings {Ti}f\:]l are averaged and have a
common fixed point, then

N
() Fix (T;) = Fix (Ty,..., Ty).- (26)
i=1

The notation Fix(T) denotes the set of all fixed points of the
mapping T; that is, Fix(T) = {x € H : Tx = x}.

By using the technique in [4], we can readily obtain the
following elementary result.

Proposition 8 (see [9, Lemma 1 and Proposition 1]). Let C be
a nonempty closed convex subset of a real Hilbert space H and
letgp : C — Rbealower semicontinuous and convex function.
Let ® : Cx C — R be a bifunction satisfying the conditions
(H1)-(H4). Assume that

(i) K : H — R is strongly convex with constant > 0
and the function x — (y — x, K'(x)) is weakly upper
semicontinuous for each y € H;

(ii) for each x € H andr > 0, there exists a bounded subset
D, c Cand y, € C such that forany z € C\ D,,

1
0 (2,7.) +9 (1) -9 (@) + — (K' () - K' (), y, - 2) <0.
(27)
Then the following hold:

(a) for each x € H, S$®"”)(x) +0;
(b) 859‘(") is single-valued;

(c) 858"”) is nonexpansive if K' is Lipschitz continuous
with constant v > 0 and

(K' (x1) = K’ (x2) 1y — 1)

< <K’ (u)) =K' (uy),u, —u2>, Y (x;,x,) € HxH,

(28)
where u; = S£®"") (x;) fori=1,2;
(d) foralls,t >0and x € H
<K' (S§®’¢)x> -K (SEG)’(P)x) ,S§®"P)x - S§®’¢)x>
(29)

s—t
s

< <K' (Si(a"”)x) -K' (%), S£®"P)x - S£®’¢)x> ;

(e) Fix(SL®?) = MEP(®, ¢);
(f) MEP(®, ¢) is closed and convex.
Remark 9. In Proposition 6, whenever ® : CxC — Risa

bifunction satistying the conditions (H1)-(H4) and K(x) =
(1/2)llx]I*, Vx € H, we have for any x, y € H,

S£®’¢)x _ S£®,¢)y||2 < <S£®"p)x _ S£®,<P)y, x — }/> , (30)
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(Si@‘”) is firmly nonexpansive) and

s—t
5O 50 <t gem ),

S (31)
Vs, t>0,x € H.

In this case, S$®‘(") is rewritten as Tr@"”). If, in addition, ¢ = 0,
then T,(G)"”) is rewritten as T,® .

We need some facts and tools in a real Hilbert space H
which are listed as lemmas below.

Lemma 10. Let X be a real inner product space. Then there
holds the following inequality:

e+ > <IxlP+2(px+y), V¥x yeX.  (32)

Lemmall. Let A : C — H be a monotone mapping. In the
context of the variational inequality problem the characteriza-
tion of the projection (see Proposition 3(i)) implies

ueVI(C,A) &= u=P-(u—-AAu), A>0. (33)
Lemma 12 (see [17], demiclosedness principle). Let C be a
nonempty closed convex subset of a real Hilbert space H. Let T
be a nonexpansive self-mapping on C. Then I -T is demiclosed.
That is, whenever {x,,} is a sequence in C weakly converging to
some x € C and the sequence {(I — T)x,} strongly converges
to some y, it follows that (I — T)x = y. Here I is the identity
operator of H.

Lemma 13 (see [18, p. 80]). Let {a,},°,, {b,} oy and {3,},2, be

n=
sequences of nonnegative real numbers satisfying the inequality

a,, <(1+6,)a,+b, VYnx1. (34)
Ify2,8, <coand Y’ b, < oo, thenlim,_, ,a, exists. If,
in addition, {a,},., has a subsequence which converges to zero,
then lim,, _, .,a, = 0.

Recall that a Banach space X is said to satisfy the Opial
condition [17] if for any given sequence {x,} C X which
converges weakly to an element x € X, there holds the
inequality

lim sup ||x, — x| < limsup ||x, — y|,

n— 00 n—00

VyeX, y#x.
(35)

It is well known in [17] that every Hilbert space H satisfies the
Opial condition.

Lemma 14 (see [19, Proposition 3.1]). Let C be a nonempty
closed convex subset of a real Hilbert space H and let {x,} be a
sequence in H. Suppose that

5w = 2I° < (14 2,) [ = " +8, VpeCinz1,
(36)

where {A,,} and {3,,} are sequences of nonnegative real numbers
such that Y2, A, < oo and Y,2 8, < oo. Then {P-x,}
converges strongly in C.

Lemma 15 (see [20]). Let C be a closed convex subset of a real
Hilbert space H. Let {x,} be a sequence in H and u € H. Let
q = Pou. If {x,} is such that w,(x,) C C and satisfies the
condition

lw =l < u-al, vn, (37)
then x, — qasn — 0.

Lemma 16. Let H be a real Hilbert space. Then the following
hold:

@) llx = yI* = lxl* = IyI* - 2¢x — y, ) for all x, y € H;

(b) IAx + pyll* = Alxl*+ullyl® = Aullx — | forall x, y €
Hand A,y € [0,1] withA +pu=1;

(c) if {x,} is a sequence in H such that x,, — x, it follows
that

lim sup|x,, — y|* = limsup|x, - x||* + |x - y|>, ¥y e H.
n—oo n— 00

(38)

AssumethatR : D(R) ¢ H — 2 is a maximal monotone

mapping. Then, for A > 0, associated with R, the resolvent
operator Jy ; can be defined as

Jrax =T +AR)'x, Vx e H. (39)

In terms of Huang [21] (see also [22]), there holds the following
property for the resolvent operator Jp, : H — D(R).

Lemmal7. ]y, is single-valued and firmly nonexpansive; that
is,

(Jrax = Jraysx—y) = ”]R,/\x - ]R,A}’Hz’ Vx,y € H.
(40)

Consequently, ] , is nonexpansive and monotone.

Lemma 18 (see [23]). Let R be a maximal monotone mapping
with D(R) = C. Then for any given A > 0,u € C is a solution
of problem (11) if and only if u € C satisfies

u=Jp, (u—ABu). (41)

Lemma 19 (see [22]). Let R be a maximal monotone mapping
with D(R) = C and let B: C — H be a strongly monotone,
continuous, and single-valued mapping. Then for each z € H,
the equation z € (B+ AR)x has a unique solution x, for A > 0.

Lemma 20 (see [23]). Let R be a maximal monotone mapping
with D(R) = C and B: C — H a monotone, continuous, and
single-valued mapping. Then (I + A(R + B))C = H for each
A > 0. In this case, R + B is maximal monotone.

Lemma 21 (see [22, Lemma 2.5]). Let H be a real Hilbert
space. Given a nonempty closed convex subset of H and points
x, ¥,z € H and given also a real number a € R, the set

fveC:|y-v|’ <lx-vI’+(zv) +a}  (42)

is convex (and closed).



Recall that a set-valued mapping T : D(T) ¢ H — 2 is
called monotone if for all x, y € D(T), f € Tx and g € Ty

imply
(f-gx-y)=0. (43)

A set-valued mapping T is called maximal monotone if T is
monotone and (I + AT)D(T) = H for each A > 0, where I is
the identity mapping of H. We denote by G(T') the graph of T.
It is known that a monotone mapping T is maximal if and only
if,for(x, f) € HxH,{f—g,x—y) > 0 forevery (y, g) € G(T)
implies f € Tx. Let A : C — H be a monotone, k-Lipschitz-
continuous mapping and let Nov be the normal cone to C at
v € C; that is,

Nev={we H: {(v-u,w) >0,Yu € C}. (44)

Define

Ty = {Av + Nev, ifveC, (45)

0, ifv ¢ C.

Then, T is maximal monotone and 0 € Tv if and only if v €
VI(C, A); see [24].

Lemma 22 (see [15, Lemma 2.6]). Let C be a nonempty subset
of a Hilbert space H and S : C — C an asymptotically
k-strict pseudocontractive mapping in the intermediate sense
with sequence {y,}. Then

[$% =%

1
< (klx-1

A+ =R) ) |x- v+ A -k cn)
(46)

forallx,y e Candn > 1.

Lemma 23 (see [15, Lemma 2.7]). Let C be a nonempty
subset of a Hilbert space H and S : C — C a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense with sequence {y,}. Let {x,} be a
sequence in C such that ||x,,—x,,,,| — 0and|x,-S"x,|| — 0
asn — oo. Then ||x, — Sx,| — 0asn — oo.

Lemma 24 (see [15, Proposition 3.1] demiclosedness princi-
ple). Let C be a nonempty closed convex subset of a Hilbert
space H and S : C — C a continuous asymptotically
k-strict pseudocontractive mapping in the intermediate sense
with sequence {y,}. Then I —S is demiclosed at zero in the sense
that if {x,} is a sequence in C such that x, — x € C and
limsup,, _,  imsup, _, . lx, — S"x,|l = 0, then (I — S)x = 0.

Lemma 25 (see [15, Proposition 3.2]). Let C be a nonempty
closed convex subset of a Hilbert space H and S : C — Cacon-
tinuous asymptotically k-strict pseudocontractive mapping in
the intermediate sense with sequence {y,} such that Fix(S) # 0.
Then Fix(S) is closed and convex.
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3. Strong Convergence Theorem

In this section, we will introduce and analyze one multistep
iterative algorithm by hybrid shrinking projection method
for finding a solution of the SGEP (8) with constraints of
several problems: the GMEP (4), the CMP (12), finitely
many variational inclusions, and the fixed point problem
of an asymptotically strict pseudocontractive mapping in
the intermediate sense in a real Hilbert space. We prove
strong convergence theorem for the iterative algorithm under
suitable conditions. This iterative algorithm is based on Kor-
pelevich’s extragradient method, strongly positive bounded
linear operator approach, viscosity approximation method,
averaged mapping approach to the GPA in [16], Mann-type
iteration method, and shrinking projection method. The
following proposition will play a key role in the proof of the
main results in this paper.

Proposition CY (see [7]). Let ©,,0, : Cx C — R be
two bifunctions satisfying conditions (H1)-(H4) and let A :
C — H be {-inverse-strongly monotone for k = 1,2. Let
v € (0,20;) for k = 1,2. Then, (x*, y*) € C x C is a solution
of SGEP (8) if and only if x* is a fixed point of the mapping
G :C — Cdefined by G = T, (I = v, AT, *(I - 9,A,),
where y* = TSZ (I-v,A,)x". Here, we denote by SGEP(G) the
fixed point set of G.

Theorem 26. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let N be an integer. Let f : C — R be
a convex functional with L-Lipschitz continuous gradient Vf.
Let ©,0,, 0, be three bifunctions from C x C to R satisfying
(H1)-(H4) and ¢ : C — R a lower semicontinuous and
convex functional. Let R, : C — 2" be a maximal monotone
mapping and let A,A, : H — Hand B, : C —» H
be {-inverse strongly monotone, {i.-inverse strongly monotone,
and n;-inverse-strongly monotone, respectively, for k = 1,2
and i = 1,2,...,N. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with sequence
{v.} € [0, 00) such that lim,, _, .y, = 0 and {c,} [0, 0c0) such
that lim,, _, ¢, = 0. Let V be a y-strongly positive bounded
linear operator and Q : H — H an I-Lipschitzian mapping
with yl <y. Assume that Q .= GMEP(®, ¢, A) N SGEP(G) N
NN, I(B;, R;) N Fix(S) N T is nonempty and bounded, where
G is defined as in Proposition CY. Let {r,} be a sequence in
[0,2C] and {«,},{B,}, and {3,} sequences in [0,1] such that
0O<ac<a,<landk <6, <d < 1,andletv, € (0,2{),
k=1,2,and{A;,} C [a;,b] € (0,21), Vi € {1,2,...,N}. Pick
any xo € H and set C; = C,x; = P x,. Let {x,} be a sequence
generated by the following algorithm:

u, = Sﬁ?’q’) (I-r,A)x,,
Vo = ]RN,AN)n (I - )‘N,nBN) ]RN,I,)LN,M
X (I = An1Br1) oo TR, (I = 2A1,By) ths

Zy = SnyQ'xn + ﬁn'xn + ((1 - ﬁn) I- SnV) TnGvn’
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k,=08,z,+(1-8,) 8"z,

Yn = (1 - ‘Xn) X, + ‘xnkn’

C {z €C,: |y, - z||2 < |x, - z||2 + 0,,} ,

n+l

X Vnz=>1,

n+l = Pcmx())
(47)

where Po(I-A,Vf) = s,I+(1-s,)T, (here T, is nonexpansive;
s, = 2-A,L)/4 € (0,1/2) for each A, € (0,2/L)), and
6, = (s, + ¥)1 + p)A, + ¢, A, = sup{lx, - pl* +
||(yQ—V)p||2/(? -yl) : p e Q} < oo. Assume that the
following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x + (y — x,K'(x)) is
weakly upper semicontinuous for each y € H;

(ii) for each x € H, there exist a bounded subset D, c C
and z,. € C such that for any y ¢ D,,

O (y.z,) +o(z,) —o(y)
i, , (48)
+;<K (»)-K'(x),2, - y) < 0;

(iii) s, € (0,1/2) foreach A, € (0,2/L), andlim
(e lim, _, A, =2/L);

s, =0

n— 00

(iv) 0 < liminf, | B, < limsup,_ B, < 1land0 <
liminf, , 7, <limsup,_, 7, <2(.

Assume that S£®"p) is firmly nonexpansive. Then we have

(i) {x,} converges stronglyas A, — (2/L) (& 's, — 0)
to x* = Pyxy;

(ii) {x,} converges stronglyas A, — (2/L) (& s, — 0)
to x* = P,x, provided that ||x, — z,| = o(s,,), which
is the unique solution in Q) to the VIP

(yQ-V)x*,p-x*) <0, VpeQ. (49)

Equivalently, x* = Po(I -V + yQ)x".

Proof. Since Vf is L-Lipschitzian, it follows that Vf is 1/L-
ism; see [16]. By Proposition 6(ii) we know that for A >
0, AVf is (1/AL)-ism. So by Proposition 6(iii) we deduce that
I — AVf is (AL/2)-averaged. Now since the projection Pg
is 1/2-averaged, it is easy to see from Proposition 7(iv) that
the composite P(I — AVf) is (2 + AL)/4-averaged for A €
(0,2/L). Hence we obtain that for each n > 1, Po(I — A, Vf)
is (2 + A,L)/4-averaged for each A, € (0,2/L). Therefore, we
can write

-A,L

2+A,L
"1+

1 T, =s,0+(1-5,)T,
(50)

Pe(1-2,Vf) =

where T, is nonexpansive and s,, := s,(A,) = (2-A,L)/4 €
(0,1/2) for each A, € (0,2/L). It is clear that

2
An—>z<=>sn—>0. (51)

Aslim, _, s, = 0,0 < liminf, | B, < limsup,_, B, <
land 0 < liminf, , 7, < limsup,_, 7, < 2(, we may
assume, without loss of generality, that {8,} ¢ [a,ad] c (0, 1),
{r,} clc,€] € (0,2¢) and B, + s,IV] < 1 for alln > 1. Since
V is a y-strongly positive bounded linear operator on H, we
know that

VI =sup {{Vu,u) :u e H,ul|l =1} 2y > yl. (52)
Taking into account that 8, +s, |Vl < 1 foralln > 1, we have

(1= BT =5,V = 1= B, —s, (View)
>1-B,-s, IVl (53)
> 0;

thatis, (1 - 8,)I — s,V is positive. It follows that

I(1-B)I-sV]|
= sup {{((1 - B,) T~ s,V wu) s u € H, Jul = 1)
= sup{1 - B, — s, (Viu) s u € H, Jul = 1}
<1-B,-s.7.
(54)

Put

Ain = ]R,-,A,-yn (I - )‘i,nBi) ]RH,A-

i-l,n

X (I=Ai1,Bisy) TR0, (I-Ay,By)

(55)

foralli € {1,2,...,N}, and Aon = I, where I is the identity
mapping on H. Then we have v, = ANu,,.
We divide the rest of the proof into several steps.

Step 1. We show that {x,,} is well defined. It is obvious that
C, is closed and convex. As the defining inequality in C,, is
equivalent to the inequality

(2%, = 3)52) < %l = [9all” + 6, (56)

by Lemma 21 we know that C,, is convex for every »n > 1.



First of all, let us show that QO ¢ C, for all n > 1. Suppose
that O ¢ C, for some n > 1. Take p € Q arbitrarily. Since

p= S£®"”)( p — r,Ap), A is {-inverse strongly monotone and
0 < r, < 2(, we have, foranyn > 1,

oty — oI = S (1~ 1,4) %, ~ $©9 (1 1,4) p||
< (1 - r,4) x, ~ (I -, A) pf
= (x, ~ p) ~ 1, (Ax, — Ap)[]
= |x, - pI* = 27, (x,, - p, Ax, — Ap)
+ 12 Ax, - Ap| (57)
< %, - pI* - 2, Ax, — Ap|’
+ 12 Ax,, — Ap[f
= ey = pI* + 7, (10— 20) | A, — Ap|]’

< Jx, - oI

Since p = Jg ) (I = A;,B)p, A p = pand B; is ;-inverse

n
strongly monotone, where A;,, € (0,27;),i € {1,2,..., N}, by
Lemma 17 we deduce that for each n > 1,

”Vn - p” = ”]RN,ANm (I - )‘N,nBN) AIr\filun
TR (I - An,By) AI;HP"
< ”(I — AnBr) A%ty = (1= Ay By) AZZ_IP"

N-1 N-1
S”An un_An P”

< ”Aonxn - Aonp“
= [u, - pl-
(58)

Combining (57) and (58), we have

Iv. = 2l < l|x. - pll- (59)
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Since p = Gp = T,'(I = v AT (I = v,A,)p, Ay s §-
inverse-strongly monotone for k = 1,2, and 0 < v, < 2 for
k = 1,2, we deduce that, for any n > 1,

|Gv., — oI

TSI (I- lel)T:?2 (I—v,A,)v

~TO (T A) T (1-2,4,)
<|T=-wmA) T (1-9,4,)v,
— (- A) T (1-2,4,) p
=1 (1= %A,) v, = T2 (T-%,4,) p]
—y [A T (1=, A,) v, — AT (1 -%,4,) p][

2
< TEZ (I-vA5)v, - TSZ (I- VzAz)P” +vy (v - 28y)

x| AT (1= ,4,) v, — AT (1= ,4,) p||
< |70 (1= %,A5) v, - T (1 - 2,4,) p||
< |(1=7,4,) v, — (1-%,4,) p|’
= (v = ) =72 (A = Asp)|°
< va - P”2 + 9, (v, = 28,) | Ay, - AzP"2

< v, - ol
(60)

(This shows that G is nonexpansive.) Also, from (47), (54),
(59), and (60), it follows that

Iz, — ol
= [1B, (x = p) + 5,7 (Qx, - Qp) + [(1 = B,) I = 5,V]
x (T,Gv, = p) +5,(¥Q-V) p|

< Bullxn = pll + sy |Qx, - Qp

+ (1= B) T = s, V(T Gv, = p)]| + 5, |(yQ - V) 2
< Bullxn = ol +suylllxa = pll + (1= By = 5,7)

x| T,Gv, = pl + 5, [(yQ-V) p|
< Bu llxu = pll + savl %, - p|

+ (1= B, =5 7) |GV, = pll + 5, [ (yQ - V) pl
= (B +su¥D) % = Pl + (1= B, = 5,¥) [Gv,, - p
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+5,1(}Q-V) pl
< (B + su¥D) % — 2
+5, Q- V) pl
< (Ba+sa¥)) % = Pl + (1= By = 5,7) 1 = |
+5,|(yQ-V) pl
=(1=s, (=) | = 2l + 5, 1 (vQ - V) p

+(1 _ﬁn_sn?) "Vn_p"

Q-V)
=(1=s, (7 =) s = P+, (¥ - yl)w
(61)
which hence yields
E &
_ _ (yYQ-V)p
< (1= (=) [ty plf + 5, (7 g1y OV
7 - )’
2 ”(YQ -V) P"2
<|x,— +s,——.
I - T~
(62)

By Lemma 16(b), we deduce from (47) and (62) that

Ik, - oI

=8, (z, - p) + (1-8,) (S"z, - p)|’

=8,z - pl" + (1-8,) 5"z, - pI
=8,(1-0,) |z, - 8"z,

< 8n"zn - p"2 + (1 - 8n)

x [(1 + Yn) "Zn - p”Z + k”Zn - Snzn"Z + Cn]

n 2
-5,01-8) |z, -5"5] )
= [+, (1=8)] |z - I
+ (1 - 871) (k - 871) ”Zn - Snznuz + (1 - (Sn) Cn

< (1 +Yn) "zn _p||2 + (1 _(Sn) (k _(Sn)

x ||z, - S”zn"2 +c,
< (1 + Vn) "Zn - p”2 + G

2
su+%»0mpr+%Mﬂ§iﬁﬁl)+%

71

So, from (47) and (63) we get

Iy = ol
= “(1 - (Xn) (xn - p) + oy, (kn - P)”2
< (1 - (xn) “xn - p"2 + “n"kn - p"2

< (1-a) |, — o

+an[(1+yn)

M9l ]
x| Ix,—p|" +s,———— | +¢,
CRe =

oe-v) oI’ >
Ty

_—yl +C

n

SU+%J@%—PW+

= Ju = I + vl = oI

Il(yQ Vel

+(1+y,)s i

< “xn - p"2 + VYn (1 + Yn) "xn - P”Z

2
[GQ-V)pl |

+s,(1+7y, —
(1+7,) Tyl

< = oI + O +50) (143 | =

||(yQ viel,

) ()

= “'xn - p"2 + (Sn + Yn) (1 + Yn)

X(hn_ﬂp+ﬂ&9;zzﬂL)+%

Y-yl
<y = pI* + (50 + 7)) L+ 1) A+,

= .~ ol + 6,
(64)

where 6, = (s, +,)(1+y,)A, +¢,and A, = sup{||x, — plI* +
[yQ-WV)pl*/F - yl) : p € Q} < co. Hence p € C,,,.
This implies that Q ¢ C,, for all #n > 1. Therefore, {x,} is well
defined.

Step 2. We prove that |lx, — k[ — 0, [lx,
1S"z, — z,l = Oasn — co.

-z, — 0and
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Indeed, let x* = Pqx,. From x,, = P; xgand x* € Q C
C,,, we obtain

[, = x| < %" = x0] - (65)

This implies that {x,} is bounded and hence {u,}, {v,}, {z,},
{k,}, and {y,} are also bounded. Since x,,,, € C,,; ¢ C, and
x, = P x,, we have

I, = xo|| < [|%pe1 = %0, VYm0 (66)

Therefore lim,, _, . [|x,, — x, || exists. From x,, = P xo, X, €
C,.1 € C,, by Proposition 3(ii) we obtain
s =%l < oo = 2| = o =l (67)
which implies
nli_,rrolo "xn+1 - xn“ =0. (68)

It follows from x,,, € C,,, that [y, —x,,II° <

lx,, — x,.,,|I* + 6,, and hence

Y
“x” - ynnz <2 (“xn - xn+1||2 + ”xn+1 - yn||2)
<2 (“xn - xn+1||2 + ”xn - xn+1”2 + en) (69)

=2 (2||xn - an"2 + 0,,) .

o ofn = 0, we have

From (68) and lim

nh_{%o ”xn - yn” =0. (70)

-x,)and 0 < « < o, < 1, we have

=0, =

Since y, — x,, = «,(k,

o ”kn - xn” S oy ”kn - xn" = ”yn - xn” ’ (71)
which immediately leads to
nli_)néo Ik, = x| = 0. (72)

Abstract and Applied Analysis

Also, utilizing Lemmas 10 and 16(b) we obtain from (47), (59),
(60), and (63) that
Iz - I
= "ﬂnxn + SnVan + [(1 - ﬂn) I- SnV] TnGVn - P"2
= 1B (= p) + (1 = B,) (T,.Gv,, = p)
+s, (yQx, - VT,,Gvn)"2
< 1B, (x, = p) + (1= B) (T,Gv, - p)|I
+ zsn <(nyn - VTnGVn) »Zn p>
= ﬂn"xn - P“z + (1 - .Bn) ”TnGvn - P"2

- /3n (1 - ﬁn) len
+2s, ((yQx, - VT,Gv,), 2, - p)

- TnGvn”2

< Bullx, = ol + (1= B IGv, - oI
- By (1= B) x, - T,Gv,
+ 25, [yQx, ~ VI,Gv,| |2, -
< Balxa = pl" + (1= B) v - 2l
~ By (1= B) I = TGl
+2s, [yQx, - VT,Gv,|l |z, - p
< Bullxa = pl* + (1= B.) % — 2l
B, (1= B,) |, = TGy’
+2s, |[yQx, = VT,Gv,| |1z, - p|
= e - £l - B (1= B |, - T.Gw,
+25, [lyQx, = VT,Gv, | ||z, - ol
(73)
and hence
Iy, - oI
< (1-a,) %, - oI + Ik, - pI*
<(1=a,) %, = p|” + o, [(1+ 1) |2 - 2I" + 6]
< (1-a) |~ p°
o [ (14 9) (I - I
- Bu (1= B) | = TGl

+2s, ")’an - VTnGvn” ||zn

-pl) +c]
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< (1-a,) |x, - plI* + e, (1 +7,)
x (I, = pI* = B, (1= B,) |, = T,Gv |
+2s, [yQx, - VT,Gv,| |z, - pl) +¢,
< (1=a,) |, = plI” + e, (1 +3,) |, - oI
—a, (1+7,) B, (1= B,) |, — T,Gv, |
+ (1 +9,) 25, [yQx, = VT, Gv, | |z, - pll + ¢,
< (14 9) | = pI* - s (14 7,)
x By (1= B,) [, = T,Gv, |

+25, (14 7,) [yQx, - VT, Gv, || |z, - pl + <.
(74)

So, it follows that

o (1 + Yn) a (1 - a) “xn - TnGVn"2
<, (149,) B, (1= B,) |x, ~ TG,

< s = 2l = Iy = 21 + valla - 2I°
+2s, (1+y,) |lyQx, - VT,Gv,| |z, - p|| + <. (75)

< "xn - yn" ("xn - P” + ”yn - p")

+ yn"xn - P”z + 2sn (1 + YTI)
x |lyQx, = VT,Gv,|| |z, — p| + ¢,-

Since lim,, , s, = 0, lim, _, .y, = 0 and lim, , ¢, = 0, it

follows from (70) and the boundedness of {x,}, {y,}, {z,,}, and
{v,} that

lim |x, - T,,Gv,| = 0. (76)

n— 00

Note that
”Zn - xn"

< (1-B,)IT.Gv, - x,|| +s, |yQx, = VT,Gv,|
< |T.Gv, — x| + s, |yQx, - VT,,Gv,,| .

(77)
Hence, it follows from (76) and lim,, , ._s,, = 0 that
lim [x, - z,[ = 0. (78)
Note that
Ik = 2all < e = %]l + % = 2l (79)
Thus, we deduce from (72) and (78) that
lim [k, - z,] = 0. (80)

1

Sincek, —z, = (1-96,)(S"z,—z,)andk <, <d < 1, we
have

(1= d) "z, - 2] < (1-8,)[S"2, - 2] = [y - 2] »
(81)

which together with (80), yields
i 15"z, - z.|| = 0. (82)

Step 3. We prove that ||x,, —u,| — 0, |x, - v, — 0,|v, -
Gv,ll — 0,|lv,—P-(I-(2/L)Vf)v,| — Oand|z,-Sz,] — 0
asn — 00.

Indeed, from (58), (60), and yI < ¥, it follows that

Iz, - oI’
= [1B, (% = p) + 5,7 (Qx, - Qp)
+[(1=B) I =,V (T, Gv, - p) +5,(yQ-V) p|’
< |18, (x, = p) + s,y (Qx, — Qp)
+[(1=B) I =V (T,Gv, - p)|
+25,((yQ-V) p.z, — p)
< [Bullxn = pll + 5wy [ Qx, - Qp|
+(1=B, =57 |T,Gv, - plI’
+25,{(yQ-V) p.z, - p)
< [Bullxa = pll + savl %, = pll + (1= B, = 5,7) [Gv,, — pIT?
+25, (yQ=V) p,z, — p)
= [(Bu +saD) |5, = pll + (1= By = 5,9) |Gv,, - pll)”
+25,((yQ-V) p.z, — p)
< [(Bs+ s:¥) % = Pl + (1= By = 5,9) |Gv,, = pIII”
+25,{(yQ-V) p.z, - p)
< (Bu +5:7) | = oI + (1= By = 5,7) G —
+25, [(yQ-V) pll |1z, - £l
< (But 5,9 I = oI + (1= By = ,9) v - 2l
+25, [(yQ - V) pll 12, - 2l
< By +5a7) % = 21" + (1= By = 5,7) 1t = 2l

+ 25, |(yQ-V) pl ||z, - Pl -
(83)
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Next let us show that

lim |x, —u,| = 0. (84)

n— 00

For p € O, we find that

2
"un - p”2 = ”Sr(*n@@) (I - rnA) Xn — Si?)q)) (I - rnA) P"
< |1 -r,A) x, - (I -7,4) p|
= “xn —p-1 (Axn - Ap)"2

< [l = oI + 7, (1 — 20) | A, — Ap]f”.
(85)

Combining (83) and (85), we obtain

Iz, - oI’

< (Bu+ 5,9 5w = I + (1= By = ,9) s = £l
+25, [(yQ = V) pll 12, - 2l

< (By+5:7) %= £I” + (1= B, = 5,7)
x [, = oI + 1, (r, = 20) | Ax, - Ap|]
+25,(yQ-V) pll |z, - 2l

= llxs = pI* + (1= By = 5,7) 7 (1 = 20) | Ax,, - Ap]”

+25,|(/Q=V) pl 2 -
(86)

which immediately implies that

(1-d-s7)c( -0 ]Ax, - Ap[’

< (1= B = sa¥) 1 (2 = 1)) [ Ax, - Ap|

< = oI = lzw = 21 + 25, vQ = V) pl 2 -
< I = 2zl (1% = Pl + 20 = 21D

+25, |(yQ-V) p| 2. - £l -
(87)

# s 0oSn 0 and {x,} and {z,} are bounded
sequences, it follows from (78) that

Since lim s, =

lim [|Ax, - Ap| = 0. (88)
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Furthermore, from the firm nonexpansivity of S£®’<”), we have

e - pI?
= [59 (1 - r,4) x, - SO (1 - r,4) p|
< (1= 1,4) %, = (I =1, 4) p.ut, - p)
= (=) %, - (=1, 4) oI + o - I
~ (1= r,4) %, - (1= 1,4) p= (1, - P)|]

<

[, = I + s, = I

N | =

- “'xn U, Ty (Axn - Ap)"z]
1
= 5 [lew = I + = 27 = s =

+2r, <Axn - Ap’ Xn — un) - Tz"Axn - Ap"2] 4

(89)
which leads to
= I < 6 = I = 6 = ]
(90)
+ 21’n ”Axn - Ap" "Xn - un" :
From (83) and (90), we have
E
= (ﬁn + Sn?) ”xn - P"2 + (1 - ﬁn - Sn?) “un - P"2
+25, |(yQ-V) pl 2. - £l
< (:Bn + Sn?) ”xn - P"z + (1 - ﬁn - Sn?)
x [l = ol = s =l
(91

+2r, ||Axn - Ap" ||xn - un" ]
+25, [(yQ-V) pll 2. - Pl

S “xn - P"2 - (1 - ﬁn - Sn?) ||xn - ”n“z

+2r, ||Axn - Ap|| ||xn - un”

+25,|(vQ=V) pll |z, - Pl
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which hence implies that

(1-d=5,7) |x, - |’

< (1= B, = 5.7) I — |’

< lxu = ol = 2 = £I + 27, | A, = Ap] %, = ]
+25, |(yQ V) pll 1z, - 2l

< [, = zall (I = 2l + 12 = 21)
+2r, | Ax, = Ap|| |, — w|

+25, [()Q-V) pl 2 - .-
(92)

Since lim,, , s, = 0 and {x,}, {u,}, and {z,} are bounded
sequences, it follows from (78) and (88) that (84) holds.
Next we show that lim, , [IB;A"u, — Bipll = 0,i =
1,2,..., N. As a matter of fact, observe that
; 2

[, = 2]

= “]R-,/\- I AlnBt) Al 1 ]R- Ain
- (I-1;,B) pll

< ||A’;1un—p|| + A, (Ai

ln l)p“
“ I Alﬂ 1)A1 !

~2n) |B.A; w, - Bp|
<I|u —P" +A1n(Azn 2’71 "BAI 1” —B‘P”

<y = oI + i (s = 21) |BAS 0, — Bip -

(93
Combining (60), (83), and (93), we have
Iz = oI
< (ﬁn + Sn?) "xn - P”Z + (1 - ﬁn - Sn?) "Vn - P"2
+25, [(yQ - V) pll |z, - Pl
< (ﬁn + Sn?) "xn - P”Z + (1 - ﬁn - Sn?) "Ainun - p"2
+25, |(yQ-V) pl ||z, - p|
(94)

< (Bu+:7) Iw = oI + (1= By = 5,7)
% [ = I + A (i = 20) BN 0, - Bip ]
+25,|(yQ - V) pll ||z, - P
=l = 2I” + (1= By = 57) iy Ny = 213)

x B, u, = Bipl + 25, | (v - V) pl o= o
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which together with {A;,} < [a;,b] < (0,2#,), for all i €
{1,2,..., N}, implies that

(1-a-s,7)a (20 - b)|BA u, - Bp|

i 2
(1 - ﬁn - SnY) Azn (Azn 2’71 "B A lu - BP”
<lxu =2l = 1z = I + 25, |(vQ = V) pll 2 - 2
< [ = 2all (I = 21l + 12 = 21D

+25,|(rQ=V) pll 2. - -
(95)

Since lim, , s, = 0 and {x,} and {z,} are bounded
sequences, it follows from (78) that

lim |BA'w, - Bip| =0, i=12,..,N. (%)

n—00

By Lemma 16(a) and Lemma 17, we obtain

'A' u, —p”z
= o, (L= AB) Aty = Tos (1= A8
< ((I=A,B) AN uy, = (1= A,,B,) po A, —P>
= S (=2 B) 8w, = (1= B) o+ |, -
_”(I Azn 1)Al 1”
_( 1n 1)p (Ainun_p)"z)
1 i i
(1o P of
- _lun - Ainun =i (B,A’;lun - Bip)“2>
< 5 (1= ol + = o
- ”A’;lun - Ainun —Ain (BiA’Zl“n - Bip)||2)
(e I
- ”Ai;lun - A1 Uy, = )Li,n(BiAi;lun - B’p)nz) >
(97)
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which implies Since lim, _, s, = 0 and {x,}, {z,}, and {u,} are bounded,
from (78) and (96) we get
: 2
[ = 2
s . - 2
< "xn - P”z - ' Alnlun - Alnun - Ai,n (BiAlnlun - Blp)" nlgréo ||A’;1un - Ainun" =0. (101)
. . 2 . 2
= |, = pl* = A - A | = A3, |BiA w, - Bip)|
+2,, (A5 u, = Ay, BiAY 'u, — Bip) From (101) we get
- C2
< lx, - p”2 - 'A’nlun - A’nun“ 0 N
o i o ||un - vn" = "Anu,1 - Anun"
+ 24, 1IN, u, = AN u || | BAT, u, — Bip“ .
98) < "Aonun - Alnun" + "Alnun - Aznun"
(102)
Combining (60), (83), and (98), we have Tt "AIZA”n - Al;lun”
2 — 0 asn— oo0.
|z~ P
< (ﬁn + Sn?) "xn - p||2 + (1 - ﬁn - Sn?) ”Vn - p”2
+2s, ||(yQ -V) P" "Zn _ P” Taking into account that [lx,, — v, || < llx,, —u, | + lu,, = v,l,

we conclude from (84) and (102) that
— _ i 2
< (ﬂn + sny) “xn - P"2 + (1 - /311 - SnY) "Anun - p"
+25, [(yQ-V) pl |z - £l

Jim fx, = v, = 0. (103)
— 2 —
< (ﬁn + Sny) “xn - p" + (1 - ﬁn - Sny)

2 i- i P
X[“xn_P" _|An1uﬂ_Anun“ . . . b= )
. i . On the other hand, for simplicity, we write p = T,>(I -
+2A;, (A w, - N, |B,-An u, —B,-P"] %, A,)p, ¥, = TSz(I -2A,)v, and w, = Gy, = Tﬁl(I _
+25,|(yQ - V) p| |z - 1| v, A )V, for alln > 1. Then

2

< ||xn - p"2 - (1 - ﬁn - sn?) ||Ai;1un - Ainun

+ 24, A%, - A | BAT s, - Bip| p=Gp=T," (I-vA,)p

(104)
+2s, [(yQ-V) pl |z, — Pl -
n" " " n ” (99) =T,l?1 (I_lel)TSz (I_vaz)P-
So, we conclude that
. o We now show that lim,_, IGv, — v,[ = 0; that is,
(1-a-s,y) ”A’;lun - A’nun“ lim,, _, llw, — v,ll = 0. As a matter of fact, for p € Q, it
' o follows from (59), (60), and (83) that
= (1 - ﬁn - Sn?) |Alr:1un - Alnun”
< = ol = Nz = I’ Iz - I’

+2A;,
+25,[(yQ = V) pl |2, - pl

< I = 2l (= o1 + I, - o)

BiAl;lun - Bip” = (ﬁn + sn?) "xn - pllz + (l - ﬁn - Sn?) ”wn - P”Z

Ay, — A u, B,.A";‘un—B,.pH (100)

< (/371 + sn?) "xn - P“Z + (1 - ﬁn - Sn?) ”Gvn - p"2
+25, |(vQ-V) pll |z - £l

+2b; A, - A,

+25, [ (vQ-V) pll |z - - + 25, |(yQ=V) pl |2 - 2l
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< By +5:7) I%n = oI + (1= By = 5,7)
x (I, = I + 9 (v - 28) 4,7, - A 5]
+25,|(yQ-V) pl ||z, - 2|
< By +:7) I%n = oI + (1= By = 5,7)
% (v, = pI* + 7, (v = 2,) | A,v, - A, |
+v (n - 20) |47, - A
+25, |(yQ-V) pl ||z, - p|
< (B 5:9) %o = pI” + (1= B, = 5,7)
x [l'xn - P”2 +v, (v, - 20,) Ay, - AzP”2
+y (0= 20,) 4,7, - A, ]
+25, |(yQ-V) pl ||z, - p|
= %= pl* + (1= B, = 5.7)
x [, (v, = 28,) [ Ayw, = Aspl]
~20,) A7, - A

+v, (g

7]

+25, [ (vQ - V) |l |z - £l
(105)

which immediately yields

(1-a-5,3) [7 (20~ ) [Apv, — Asp
#7128 =) A7, - A, B|]
< (1= B, = 5,7) [72 (20 — %) [Asv, - Asp|
#7126 - ) 4,7, - A, BI]

< e = 2l = 1z = 21 + 25, 1Q = V) pl 2 - 2

< llxa = 2all (1 = ol + 120 = 1)

+25, |(yQ-V) p| |2, - 2 -
106)

15
Since lim, _, s, = 0 and {x,} and {z,} are bounded, from
(78) we get

nh_{%o 1Ay, = Asp| =0, ,,li_fréo A7, - A p| =0
(107)
Also, in terms of the firm nonexpansivity of sz * and the -

inverse strong monotonicity of A, for k = 1,2, we obtain
from v, € (0,2(;), k = 1,2 and (60) that

¥, - B’

= |70 (1= 9,A5) v, ~ T (1 - %,4,) p|
< ((I=7A4,) v, = (I -%4,) p,v, - )
[|| = 1,4,) v, = (L= v45) p|* + 7, - Bl

T =A5) v, -(I-v,A,)p-(¥,- P ”]

1 _ —
< X Iy olF + - 71
- "(Vn - Vn)

vy (A, = Ayp) = (p - 13)“2]

= vl + 3 = B = N = 7) - (- B

le

+ 21)2 <(Vn —'1771) - (p - ;5) ’AZVn - A2p>

~ || A, - A2p||2] ,
. - oI’
“T@)l (I-74,)7, - (I A 1),5"2

<{(I-7A,)%,-I-7vA))pw,-p)

1 _ -
=3 [“(I -1 A)7, - (- ”1A1)P”2 + "wn _P"2

- "(1_ AV, - (I-7A,)p - (w, _P)||2]

1 ~

< S (7= B + e = 21 = 1 =) + (0 - P
+2v1 <Alvn_A1§’(vn_wn)+(p_‘5)>

- V?Ht‘\ﬁn - Ahﬁ”Z]

< > [lva= 2l +lw, = oI = 1 - w,) + (2 - DI

le

w,) +(p~p))]-

+2v, (A7, - A, (7,
(108)
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Thus, we have which hence leads to
19— BI” < Iva = 21" = (v = 7) - (0= B)I (1-a-s9) 0. -7)-(p-DI
+2v2<(Vn_vn)_(p_ﬁ)’A2Vn_A2p> S(l_ _S ”(V _V (p_ﬁ)llz
~ 345w, - Aspl, < %= ol -z - 2l
(109)

+ 21}2 ”(Vn - vn) - (P - ﬁ)” ”AZVn - AZP"

(112)
2 2 _ 112
- S —_ - — » + —
“wn P” “Vn P“ "(Vn w, ) (P P)” +2s,, ||()/Q _ V) P" "Zn _ P"
+2v; A7, = AP |7, - w,) + (P - D) -
(110) S “xn - zn" ("xn - p“ + “zn - P“)

+ 21/2 ”(vn - Vn) - (p - ﬁ)” ||A2Vn - A2p"
Consequently, from (59), (105), and (109) it follows that

+2s,|(yQ - V) pll |2, - £l -

"Zn - P"Z Si . _ —
ince lim,_, s, = 0 and {x,}, {z,}, {v,}, and {¥,} are

bounded sequences, we conclude from (78) and (107) that

< (ﬁn + Sn?) ”xn - p"2 + (1 - ﬂn - 5n7)

X [“vn - ﬁ“z LRS! (Vl - 2(1) “Alvn - A113||2]

,,15%0 "(Vn - 7,1) - (P - ﬁ)" =0. (113)
+25,|(yQ = V) pl |z - 2l
< (B, +5,7) ”xn _ p"2 +(1-B,-s,7) "% _ §"2 Furthermore, from (59), (105), and (110) it follows that

25,162 V) pl 0 - ol -
Z,— P

< (ﬁn + sn?) ||xn - p”2 + (1 - /jn - Sn)_/)
X "wn - P||2 + an ”(YQ - V) P" "zn - P"

< (ﬁn + Sn?) “xn - P"2 + (1 - ﬁn - Sn?)

% [Iva = oI =10 =7) - (0~ DI

2l (PPl A A <) ol (- )
=9 45w, ~ Aspl] x (v = ol =G0~ wi) + (p - ﬁ)ll2
+25,|(vQ = V) pl 1z - Pl + 20 A7, = AP (7 - w,) + (p - P ]
< (Bt s s, = ol + (1= = 7) r 25,6V el

(114)
S( +5n’7)||x _P"2+(1_ﬁn_sn_)

% [lx. = plI* = @0 - wa) + (p - B)I
+29, |A7, - A B | (7, —w,) + (p— D) ]

+2s,|(yQ - V) p| |z - p
£ “xn - p"2 - (1 - /';n - Sn?) "(Vn _ijn) - (p - ﬁ)”z < "xn _ P”Z — (1 — ﬁn

I - 2" =1 =70 - (p - B)I
+29, (v, = 7,) = (p = B)|| [[Asv, — Asp ]
+2s, |[(yQ - V) pll |z - P

- 5.7) II(V ~w,)+(p-P)I’
+ 29| (v = %) = (p = DI A2v, - Asp| + 29, A7, - A B |3, - w,) + (p - P

+25,1(0/Q=V) pll 2, - Pl + 25, [(yQ-V) pll |12, - pll ,
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which hence yields

(1=a=s ) [ -w) + (p- DI
<(1 =B, =)@~ w) + (=PI’
< =l = |z~ I’
+ 2, |47, = A p| | (7 = wa) + (= P

+25,|(vQ-V) pl 2, - pl

(115)

< % = 2zl (I, = 2l + 20 - 2D
+2v A7, = A |7 - w,) + (p - D)

+25,|(vQ - V) pllllz - Pl

Since lim,_, s, = 0 and {x,},{z,},{w,}, and {¥,} are

bounded sequences, we conclude from (78) and (107) that

lim (%, -w,)+(p-p)| =0 (116)

n— 00

Note that

”Vn - wn" = ||(Vn —7,1) - (P - ﬁ)“ + ”(Vn - wn) + (p - ﬁ)" :

17)
Hence from (113) and (116) we get
nILI%O "Vn - Gvn” = HIH%O “Vn - wn” =0. (118)

Observe that

||vn - Tnvn" < ||vn - x,," + ||xn - TnGvn" + ||TnGvn - Tnvn”

< v = 2l + 65 = TGV, | + |Gv, = v,
(119)

Hence, from (76), (103), and (118) we have

nli_{%O [V, = Tpva|| = 0.

(120)

It is clear that
”PC (I - Anvf) Vi — Vn" = "snvn + (1 - sn) Tnvn - vn“

= (l - Sn) "Tnvn - Vn"

< ||Tnvn - vn" , o
121

17

where s, = (2 -A1,L)/4 € (0,1/2) for each A, € (0,2/L).
Hence we have

o250y

< HPC <1 - %v,f) v, = Pc (I = A, Vf)v,

+ ”PC (I - /\nvf) Vn = Vn"
(122)

< H(I - %Vf) v —(I=AVf)v,
+ ||Pc (I = A, Vf) v, = v,
< (2= ) 197 Gl + T =l

From the boundedness of {v,},s, — 0(e A, — 2/L) and
IT,v, — v, — 0 (due to (120)), it follows that

v, - Pe (I - %Vf) v, =o. (123)

In addition, from (68) and (78), we have

lim
n—00

||Zn+1 - Zn" < ||Zn+1 - xn+1" + "xn+1 - xn" + “xn - Zn"

— 0 asn— 00.

(124)
We note that
Sz, - Sz,
<|8"z, = z,|| + |20 = Zper || + "zn+1 - S"“an“ (125)
+ “Snﬂzwrl - S"“zn“.
From (82), (124), and Lemma 22, we obtain
lim |s"2, - s""2,| = o. (126)
In the meantime, we note that
2 = Szl < llz, = S"z,]) + "2, = 8™z,
(127)
+ 5™z, - Sz, .

From (82), (126), and the uniform continuity of S, we have

Jim Iz, = Sz,| = 0. (128)
Step 4. We prove that x, — x* = Pyx,asn — ©o.

Indeed, since {x,,} is bounded, there exists a subsequence
{x, } which converges weakly to some w. From (78), (84),
(103), and (101), we have that z, —w,u, — w,v, — wand
A’:‘liuni — w, where m € {1,2,...,N}. Since S is uniformly
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continuous, by (128) we get lim,, _, .z, — S"z, | = 0 for any
m > 1. Hence from Lemma 24, we obtain w € Fix(S). In
the meantime, utilizing Lemma 12, we deduce from v, — w,
x, — w, (118), and (123) that w € SGEP(G) and w ¢
Fix(Po(I - (2/L)Vf)) = VI(C,Vf) = T. Next we prove that
w € nzﬂl (B,.»R,,). As a matter of fact, since B,, is 7,,-
inverse strongly monotone, B,, is a monotone and Lipschitz
continuous mapping. It follows from Lemma 20 that R,, + B,,
is maximal monotone. Let (v, g) € G(R,, + B,,); thatis, g —
B,,v € R,,v. Again, since Au, = ]Rm’Amn(I—)Lm)an)A'Z_lun,
n>1,me{l,2,...,N}, we have ,

A" 'u, - A, B (129)

n mn-m

A"y, € (T4 A,,,R,) Al

m,n m

that is,

1 (Am—lu

n n

1 — A%u, = Ay B, N0 ) € R, A,

mn

(130)
In terms of the monotonicity of R,,,, we get

1

<v -ATu,,g - B,v- 3

mn

(131)

n m,n—m

x (A w, = Ny, = A B, A ) > >0,

and hence

(v-A"u,, g)

1
> <v— Au,, B, v+ F

m,n

X (Am_lu

n n

~ A", A, B A’;“lun)>

mn-—m

= <v -A"u,,B,v—-B,Au, + B, Au, (132)

n

., 1 .,
-B, A" u, + T (Am u, — A’;'un)>

m,n

> (v— A", B, ATu, - B, A", )

+ <v -A"u,, % (A";_lun - Ar::un)> .

m,n

In particular,

<V - ArZiuni’ g>

> <V—Amu

n;'n;?

+ <v - ArZ,-”n,-’ AI (ArZi_luni - ArZ,-Mn,-)> :

m,n;

-1
B, A, u, — B, A, ”n,-> (133)

Since [|A"u, — A'Z_lunll — 0 (due to (90)) and ||B,, A" u, —
B, A" 'u,| — 0 (due to the Lipschitz continuity of B,,),
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we conclude from A7 u, — wand {A,,,} < [a,.b,] ¢
(0,2#,,) that

lim <v— A'Ziuni,g> =(v-w,g) =0.

1— 00

(134)

It follows from the maximal monotonicity of B,, + R,, that
0 € (R, + B,)w; that is, w € I(B,,,R,,). Therefore, w €
nN_I(B,, R,,).

Next, we show that w € GMEP(®, ¢, A). In fact, from
u, = an@’q’) (I —r,A)x,, we know that

O (uy y) + ¢ (¥) — 9 (u,) + (Ax,, y —u,)

+ rl <K' (u,) - K' (x,),y - un> >0, VyeC. 19)
From (H2) it follows that
¢ (y) = ¢ () + (Ax,, y —us,)
(K ) K () y o) e
>0 (y,u,), VyeC.
Replacing n by n;, we have
9 ()= () + (Ax, ¥~ u,)
K' u, ) - K' X,
+ < ( ’)rni ( ‘),y—uni> > G)(y,uni),
Vy € C.
(137)

Putu, =ty + (1 —t)wforallt € (0,1] and y € C. Then,
from (137) we have

<ut — U, Aut>

> <1/lt - uni)Aut> -9 (ut) te (u"i)

1 o
_<ut_un,~’Axn,'>_<K (u”i)r . (xni)’uf_u”f>
n;

+ O (”w”n,-)

> <ut — Uy, Auy - A”n,.> + <ut - u,,Au, - Axni>

- ¢ (u)+¢(u,)

) <1< () -K'(x,) —un,.> + 0 ()

r
(138)

n;

Since ||uni - x, | — O0asi — o0, we deduce from the
Lipschitz continuity of A and K’ that lAu, — Ax, | — 0

and "K,(”n,.) - K'(xni)ll — 0asi — oo. Further, from the
monotonicity of A, we have (u, —u,, Au, — Au, ) > 0. So,
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from (H4), the weakly lower semicontinuity of ¢, (K'(uni) -
K’(xn,-))/rn,- — 0, and U, — w,we have

as i — 00.
(139)

(U, —w, Auy) > @ (u,) + @ (W) + O (u, w),

From (HI), (H4), and (139) we also have

0 =0 (u,u) +¢(u) -9 (u)
<tO (u, y)+(1—1) O (u, w)
+tp(y) + (L= W) -9 (u,)
=t[0(u,y) + 9 () -9 ()]
+(1-1)[O (upw) + 9 (W) — @ (W) - ¢ (u,)]
<t[O(upy) +9(y) — 9 ()] + (1 - 1) (1, — w, Auy)
=t[0(u, y) + 9 (y) -9 ()] + A -1t (y - w, Au,),

(140)

and hence

0<0(uyy)+9(y) =9 (w)+(1-1)(y-w Au). (141)
Letting t — 0, we have, for each y € C,

0<0(w,y)+9(y)—pw)+(Aw,y —w). (142

This implies that w € GMEP(®, ¢, A). Consequently, w €
Q = GMEP(®, ¢, A) N SGEP(G) N (NY, I(B,, R;)) N Fix(S) N T.
This shows that w,(x,) ¢ Q. From (65) and Lemma 15 we
infer that x, — x* = Pyx,asn — oo.

Finally, assume additionally that |x,, — z,|l = o(s,). It is
clear that

(V-yQ) x~(V-yQ) yox—y) = (7 - ) |x -y,

Vx,y € H.
(143)

So, we know that V — yQ is (y — yl)-strongly monotone with
constant y — pI > 0. In the meantime, it is easy to see that
V —yQis (V| + yI)-Lipschitzian with constant ||V + yI > 0.
Thus, there exists a unique solution X in Q) to the VIP

(yQ-V)%p-%)<0, VpeQ. (144)

19

Equivalently, X = Po(I = V + yQ)X. Furthermore, from (59),
(60), and (83) we get

Iz, - oI’

< [(Bu+ s I = ol + (1= By = s:7) |Gy, - P’
+25,(yQ-V) p,2, - p)

< (Bu+ ) %= I+ (1= By = s:7) |Gy, - pI
+25,{(yYQ-V) p.z, - p)

< (Bu+ 7)1 = oI + (1= Bo = 5,7) v — 2l
+25,{(yYQ-V) p.z, - p)

< (Bt i) Jxa = 21" + (1= By = 5,7) | = I
+25,((yYQ-V) p.z, - p)

= "xn —P"2 + an <(VQ_V)p’zn _P> >

(145)
which hence yields
I, - oI - e = 2’
(Q-V)pp-z) < =5
“xn B Zn" _ _
< = (e =2l + Nz - 2l
(146)

Since [x,, — z,ll = o(s,), lim,, _, . lIx, — x| = 0, and {x, }, {z,,}
are bounded, we infer from (146) that

(yYQ-V)p,p-x*)<0, VpeQ, (147)
which together with Minty’s lemma [4] implies that
(yQ-V)x*,p-x*y <0, VpeQ. (148)

This shows that x™ is a solution in Q) to the VIP (144). Utilizing
the uniqueness of solutions in Q) to the VIP (144), we get x* =
X. This completes the proof. O

Corollary 27. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ©,0,,0, be
three bifunctions from C x C to R satisfying (H1)-(H4) and
@ : C — R alower semicontinuous and convex functional.
Let R, C — 2" be a maximal monotone mapping
and let AJA, : H — Hoand B, : C — H be (-
inverse strongly monotone, {-inverse strongly monotone, and
n;-inverse-strongly monotone, respectively, for k = 1,2 and
i=1,2.LetS: C — C be a uniformly continuous asymptot-
ically k-strict pseudocontractive mapping in the intermediate
sense for some 0 < k < 1 with sequence {y,} C [0, c0) such that
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lim, _, .y, = 0 and {c,} C [0,00) such thatlim, _, ¢, = 0.
Let V' be a y-strongly positive bounded linear operator and
Q : H — H an l-Lipschitzian mapping with yl < y. Assume
that Q) := GMEP(®, ¢, A)NSGEP(G) N I(B,, R,) N I(B,, R,) N
Fix(S) N T is nonempty and bounded where G is defined as in
Proposition CY. Let {r,,} be a sequence in [0, 2{] and {a,,}, {B,,},
and {3,} be sequences in [0,1] such that 0 < o« < «, < 1
andk < 6, < d < 1, and let v, € (0,2{;), k = 1,2 and
{Aint € la,b] € (0,21), i = 1,2. Pick any x, € H and set
C, = C x; = P xg. Let {x,} be a sequence generated by the
following algorithm:

u, = Sin@"”) (I-r,A)x,,
Vn = ]RZ’/"Z,n (I - A2,nBZ) ]Rl,/\m (I - Al,nBl) Uy
Zn = Snnyn + :ann + ((1 - ﬁn) I- SnV) TnGvn’

kn = 6nzn + (1 - 671) Snzn’ (149)

In = (1 - (Xn) Xp + “nkn’
Co1 = {z €C,: |y, - z||2 < lx, - z||2 + Gn},
X1 = Pg, X0s YN 21,

where Po(I-A, Vf) = s, 1+(1-s,)T, (here T, is nonexpansive,
s, = 2-A,L)/4 € (0,1/2) for each A, € (0,2/L)), and
0, = (5, + YL + p)A, + ¢, A, = sup{lx, - pl* +
l(yQ - V)pIIZ/(7 -y : p € Q} < oo. Assume that the
following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;

(ii) for each x € H, there exist a bounded subset D, c C
and z,. € C such that for any y ¢ D,,

O (y,2,) +9(z) - 9()
1 , (150)
(K () =K' (%),2, =) <0

(iii) s, € (0,1/2) for each A,, € (0,2/L), and lim, _, .s,, =
0 (& lim A, =2/L);

(iv) 0 < liminf, | B, < limsup,_ B, < 1land 0 <
lim inf <limsup,,_, 1, < 2(.

n— 00

n— OOrﬂ

Assume that $®?) is firmly nonexpansive. Then we have

(i) {x,} converges strongly as A, — (2/L)(& s, — 0)
to x* = Pqxy;

(ii) {x,} converges stronglyas A, — (2/L)(& s, — 0)
to x* = P,x, provided that ||x, — z,|| = o(s,,), which
is the unique solution in Q) to the VIP

((Q-V)x",p-x7) <0,

Vp € Q. (151)

Equivalently, x* = Po(I -V + yQ)x".
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Corollary 28. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ®, ©,, ©, be three
bifunctions from C x C to R satisfying (HI)-(H4) and ¢ :
C — R a lower semicontinuous and convex functional. Let
R:C — 2" be a maximal monotone mapping and let A, A, :
H — HandB:C — H be {-inverse strongly monotone, (.-
inverse strongly monotone, and &-inverse-strongly monotone,
respectively, for k = 1,2. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with sequence
{y,} € [0, 00) such thatlim, _, .y, = 0 and {c,} C [0, 00) such
that lim, _, ¢, = 0. Let V be a y-strongly positive bounded
linear operator and Q : H — H be an I-Lipschitzian mapping
with yl <y. Assume that Q) .= GMEP(0, ¢, A) N SGEP(G) N
I(B, R)NFix(S)NT is nonempty and bounded where G is defined
as in Proposition CY. Let {r,} be a sequence in [0,2{] and
{a,},{B,} and {5,} be sequences in [0,1] such that 0 < « <
a, < landk <38, <d < 1,andletv, € (0,2¢;),k = 1,2
and {p,} C [a,b] c (0,2&). Pick any x, € H and set C; = C,
x; = Pg x,. Let {x,} be a sequence generated by the following
algorithm:

u, = Sﬁ?"p) (I-r,A)x,

V= Jrp, (I = p,B) th,

z, = 8,yQx, + ,x, + (1= B,) I = 5,V) T,Gv,
k,=08,z,+(1-8,)S"z, (152)
Yo = (1-a,)x, + ok,

Cor = [2€Cy Iyn =2l < %, - 2P +6,}

n+l

Xy = Po, %o V21,

where Po(I-A,Vf) = s, I+(1-s,)T, (here T, is nonexpansive,
s, = 2-A,L)/4 € (0,1/2) for each A, € (0,2/L)) and
0, = (s, + y)A + y)A, + ¢, A, = sup{lx,—pl* +
I(yQ - V)p||2/(? -yl . p e Q} < oo. Assume that the
following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;

(ii) for each x € H, there exist a bounded subset D, C C
and z,, € C such that for any y ¢ D,,

©(3.2) +9(2) -9 () + 5 (K'(5) - K' (9,2, - )

<0;
(153)

(i) s, € (0,1/2) for each A,, € (0,2/L), and lim,, _, s, =
0 (& lim,_, A, = (2/L));

(iv) 0 < liminf, _, B, < limsup, , B, < land 0 <
liminf, , 7, <limsup,_, 7, <2(.
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Assume that S£®’q’) is firmly nonexpansive. Then we have

(i) {x,} converges strongly as A, — (2/L)(& s, — 0) to
x" = Pyxy;

(ii) {x,} converges stronglyas A,, — (2/L)(& s, — 0) to
x* = Pyx, provided that ||x,, — z,| = o(s,), which is
the unique solution in Q) to the VIP

(hQ-V)x",p-x7) <0,

Vp e Q. (154)

Equivalently, x* = Po(I -V + pQ)x".

Corollary 29. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ©,0,,0, be
three bifunctions from C x C to R satisfying (H1)-(H4) and
¢ : C — Ralower semicontinuous and convex functional. Let
R:C — 2" be a maximal monotone mapping and let A, A, :
H — HandB:C — H be {-inverse strongly monotone, (-
inverse strongly monotone, and &-inverse-strongly monotone,
respectively, for k = 1,2. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
for some 0 < k < 1 with sequence {y,} C [0,00) such that
lim, _, .y, = 0. Let V be a y-strongly positive bounded linear
operatorand Q : H — H an-Lipschitzian mapping with yl <
Y. Assume that Q) := GMEP(0®, ¢, A) N SGEP(G) N I(B,R) N
Fix(S) N T is nonempty and bounded where G is defined as in
Proposition CY. Let {r,,} be a sequence in [0, 2{] and {«,}, {B,},
and {0,} be sequences in [0,1] such that 0 < a < «,, < 1 and
k<d,<d< 1 andletv, € (0,2{,),k = 1,2 and {p,} C
[a,b] c (0,28). Pick any x, € H and set C, = C,x; = P, x,.
Let {x,} be a sequence generated by the following algorithm:

u, = Sin@’(”) (I-r,A)x,,

Y = ]R,p,, (I - PnB) Uy,
Zy = Snnyn + ﬂnxn + ((1 - ﬁn) I- SnV) TnGVn’

k,=08,z,+(1-38,)S"z, (155)

Yn = (1 - “n) X, + ‘xnkn’
Couy = {z €C,:|yn —z||2 < %, —z||2 +9n},

xn+1 = Pcn+1x0’ Vl’l > 11

where Po(I-A,Vf) = s, 1+(1-s,)T, (here T, is nonexpansive,
s, =(2-A1,L)/4 € (0,1/2) for each A,, € (0,2/L)), and 6, =
(s, + V(L +3)4,, A, = sup{llx, - pl* + 1(yQ - V)pl*/ Gy -

yl) : p € Q} < 00. Assume that the following conditions are
satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;
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(ii) for each x € H, there exist a bounded subset D, c C
and z,, € C such that for any y ¢ D,,

0 (3,2 +9(2) - () + (K () - K (1),2,- ) <O
(156)

(iii) s, € (0,1/2) for each A, € (0,2/L), and lim, _, . s, =
0 (e lim, =2/L);

(iv) 0 < liminf, _, B, < limsup, , B, < land 0 <
liminf, , 7, <limsup,_, 7, <2(.

n—»ooAn

Assume that S£®"P) is firmly nonexpansive. Then we have

(i) {x,} converges strongly as A, — (2/L)(& s, — 0)
to x™ = Pyxy;

(ii) {x,} converges strongly as A,, — (2/L)(e s, — 0)
to x* = Pox, provided that ||x,, — z,,|| = o(s,), which is
the unique solution in Q) to the VIP

(PQ-V)x",p-x") <0,

Vp e Q. (157)

Equivalently, x* = Po(I -V + yQ)x".

4. Weak Convergence Theorem

In this section, we will introduce and analyze another
multistep iterative algorithm involving no shrinking pro-
jection method for finding a solution of the SGEP (8)
with constraints of several problems: the GMEP (4), the
CMP (12), finitely many variational inclusions, and the fixed
point problem of an asymptotically strict pseudocontractive
mapping in the intermediate sense in a real Hilbert space. We
prove weak convergence theorem for the iterative algorithm
under mild assumptions. This iterative algorithm is based
on Korpelevich’s extragradient method, strongly positive
bounded linear operator approach, viscosity approximation
method, averaged mapping approach to the GPA in [16], and
Mann-type iteration method.

Theorem 30. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let N be an integer. Let f : C — R be
a convex functional with L-Lipschitz continuous gradient Vf.
Let ©,0,,0, be three bifunctions from C x C to R satisfying
(H)-(H4) and ¢ : C — R a lower semicontinuous and
convex functional. Let R; : C — 2" be a maximal monotone
mapping and let A,A, : H — Hand B, : C — H
be (-inverse strongly monotone, {).-inverse strongly monotone
and n;-inverse-strongly monotone, respectively, for k = 1,2
and i = 1,2,...,N. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with sequence
{yo} < [0,00) such that Y2y, < oo and {c,} < [0,00)
such that Y2 ¢, < 00. Let V be a y-strongly positive bounded
linear operator and Q : H — H an I-Lipschitzian mapping
with yl <y. Assume that Q) .= GMEP(0, ¢, A) N SGEP(G) N
NN, I(B;, R;) N Fix(S) N T is nonempty where G is defined as in
Proposition CY. Let {r,,} be a sequence in [0, 2{] and {e,}, {f,,}
and {8,} sequences in [0,1] such that 0 < a < «, < 1 and
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0<k+e<d,<d< 1, andletv, € (0,2(),k = 1,2 and
{Ain) € la,b] € (0,21),Vi € {1,2,...,N}. Pickany x, € H
and let {x,} be a sequence generated by the following algorithm:
u, = Sin@"p) (I-r,A)x,,
Vo = ]RN,ANYV, (I - AN,nBN) ]RN,I,/\N,L,,
X (I = AncinAn-r) TRy, (I=Ay,By) ty
Zy = Snnyn + ﬁnxn + ((1 - ﬁn) I- SnV) TnGvn’

k,=08,z,+(1-8,)S"z,

(158)

X1 = (1—e,) x, + 0k, Yn>1,

where Po(I-A,Vf) = s, I+(1-s,)T, (here T, is nonexpansive,
s, = (2-21,L)/4 € (0,1/2) for each A,, € (0,2/L)). Assume
that the following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;

(ii) for each x € H, there exist a bounded subset D, c C
and z,, € C such that for any y ¢ D,,

O (y.z,) +o(z,) —o(y)
L, , (159)
+ (K () - K (@),2- ) <03

(iii) s, € (0,1/2) for each A, € (0,2/L), and },°s, <
00 (& Y2 (2/L-1,) < 00);
(iv) 0 < lim inf, , B, < limsup, , B, < 1and 0 <
lim inf, , 7, < lim sup, _, 7, < 2.
Then {x,} converges weakly to w = lim,_, . Pyx, provided
that S is firmly nonexpansive.

Proof. Since Vf is L-Lipschitzian, it follows that Vf is
(1/L)-ism; see [16]. Repeating the same arguments as in
Theorem 26, we can write

Z—AnLI+2+/\nL

T,=s,]+(1-s,)T,
(160)

Pe(1-A,Vf) =

where T, is nonexpansive and s,, := s,(A,) = (2—-A,L)/4 €
(0,1/2) for each A,, € (0,2/L). It is clear that

(] 2 o0
(z - /\n) <00 &= an < 00. (161)
n=1 n=1

Aslim,_, s, = 0,0 < liminf, , B, < lim sup,_, B, <
land 0 < lim inf, , 7, < lim sup, .7, < 2, we may
assume, without loss of generality, that {f,} ¢ [a,a] ¢ (0,1),
{r,} clc,€] € (0,2¢) and B, + s,V < 1foralln > 1.Put

Ain = ]R,-,)L,-y,, (I - Ai,nBi) ]R,-,I,A

X (I=AiyyBig) TR0, (I=21,B1),

i-1,n

(162)
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foralli € {1,2,...,N}, and Aon = I, where I is the identity
mapping on H. Then we have v, = AN u,,.

Take a fixed p € Q arbitrarily. Let us show the existence
oflim, , llx, — pll. Indeed, repeating the same arguments as
in the proof of Theorem 26, we can obtain that

|0 =B)I=sV][<1=B, =5 (163)
||un - p”Z s "xn - P||2 +1 (rn - 2()
(164)
x| Ax, = Ap[* < Jx, ~ oI,
v = 2l < s = Pl (165)
2
|Gy, - P"2 = TSZ(I — 1AV, — TSZ)Z(I - VzAz)P"
+vy (v - 24,) “AlTSZ (I-7,45)v,
- AlTSZ (I-7,4;) P"2
2
< |11 =9, A0, - T - v,4,)p)

< "Vn - P"2 +, (v, - 20,) "AZVn - AzP"2

2
< v -2l w66
166

“Ainun - P||2 ES ”xn - p"2 + Ai,n (Ai,n - 2111)

x|[BiAT w, - Bip|[, i€ {12, N},

(167)
Ik, - |
<(1+y,) |z - p* +(1-8,)
n 2
X (k - (Sn) “Zn =S Zn" +G (168)
< (1 + YH) ”Zn - p”z +¢
— V 2
<o) (Il 5 020 ),
i 2
[ A - ]
i i 2
= “xn - p"2 - "Anlun - Anun”
(169)
+ 24, A, - A | |BAT w, - Bip|
ie{l,2,...,N}.
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Utilizing (158) and (168) we obtain

s = I
2 2
S(l_“n) “xn_p" +an||kn_P"

<(1-a,)|x, - ol
2
+a, [(1 +Y,) (”xn - P"2 + Sn_"(YQ?__\;l) 7l ) + Cn]

< (1+ x—2+sM e
<o) (It 020 )

= w2l + vl = I

lo@-v)el

1 .
+Sﬂ( +V1’l ?_Vl n

(170)

Since Y215, < 00, X021 Y, < oo and Y2 ¢, < oo, by
Lemma 13 we have that lim,,_, Ilx,, — pll exists. Thus {x,} is
bounded and so are the sequences {u,}, {v,}, {z,} and {k,}.

Also, utilizing Lemmas 10 and 16(b) we obtain from (158),
(164), (165), and (168) that

Iz, - oI’
= "ﬁn (xn - P) + (1 - ﬁn) (TnGvn - P)
+s, (yQx, - VT,,Gvn)"2

< "ﬁn (xn - p) + (1 - /‘gn) (TnGVn - P)”Z
+ 2371 <(nyn - VTnGVn) »Zy p>

= ﬁn"xn - P“z + (1 - ﬁn) “TnGvn - P"2
- /311 (1 - ﬁn) “xn - TnG"nllz
+ zsn <(nyn - VTnGVn) %y~ p)

< ﬁn"xn - p“Z + (1 - ﬁn) ”xn - p"2
- ﬁn (1 - ﬂn) ||xn - TnGVnHZ
+2s, ")’an - VTnGvn" ||zn - p||

= "xn - P“z - ﬁn (1 - ﬁn) ”xn - Tn(;vrl"2
+ 25n ")}an - VTnGVn" "Zn - P"

(171)

< "xn - P“z + an "nyn - VTnGVn“ “Zn - P“ >
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and hence

|1 - Pl
< (1-a,) %, - oI + Ik, - pI*
< (1= a,) |6, = pl + o [(1+ 1) 2 = I + 6]
<(1-a,) %, -l

o, [(1+9,) (s = 2I° = Bo (1= B,) I = TG, |1

+25, [yQx, - VI,Gv| |2, - p| ) + 6]

< (1-a,) |x, - plI” + e, (1+7,)

x (I = pI* = B, (1= B,) |, = T,Gv, |

+2s, [yQx, - VT,Gv,| |z, - pl| ) + <,

< (1+y,) |x. - ol

—a, (1+7,) B, (1= B,) |, - T,Gv, |

+2s, (1+9,) [yQx, - VI,Gv,| |2, - o[ + G-
(172)

So, it follows that
a(l+y,)a(l-a)l|x, - T,Gv,|’
< o, (14 7,) B (1= B,) %, ~ TGw, |
< = I = 6wer = I + wall = 2

+2s, (1+7,) [yQx, - VT,Gv,| |z, - p|| + 6.
(173)

Since lim,,_, s, = 0, lim,,_, ..y, = 0 and lim, _, ¢, = 0,

it follows from the existence of lim, _, llx, — pll and the
boundedness of {x,}, {v,}, and {z,} that

lim |x, - T,,Gv,| = 0.

n— 00

(174)
Note that
2 - x|
= (1 = B.) (T,Gv, — x,,) + 5, (yQx, = VT, Gv,)|

< ||TnGvn - xn" +s, ||nyn - VTnGVn” .

(175)
Hence, it follows from (171) and lim,, _, .;s,, = O that
Jim|x, - z,[ = 0. (176)
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In the meantime, from (168) and (171) it follows that
1 = I
< (1=a,) |, = oI + Ik, - Pl
< (1-a,) |~ - pf
+a, [(1+9) 2= ol + (1-3,)
x (k=8,) |z, = 8"z, +,]
< (1-a,) |, - oI
+ o, [(1+9) (Il = I + 25, |yQx, — VI, G, |
x [z, - pll)
+(1-8,) (k=3,) |z, - 8"z|" + <]
< (1= ) [, = pl* + e, (14 7) [, = I
+25, (1+1,) [yQx, - VT,Gv,| 2, - pl
0, (1-8,) (k=3,) |z, ~ 8"z, +,
< (1+,) Jx, - ol
+25, (1+7y,) [yQx, - VT,Gv,| |z, - pl

+a, (1 - 6n) (k - 8n) ”zn - Snzn"Z * G

177)
which together with 0 < k +€ <6, <d < 1leads to
a(l-d)e|z, - S”zn"2
Say, (1 - 6n) (6n - k) "Zn - Snznllz
(178)
2 2 2
< = 217 = s = 2l + vl - 2
+2s, (1 + Vn) "nyn - VTnGVn” ”Zn - P” t G
Consequently, from lim,_, s, = 0, lim,_ .y, = 0,
lim, , ¢, = 0, and the existence of lim,, , lx, — pl, we
get
lim ||z, - 8", = 0. 179)
Since k, — z,, = (1 - 8,)(S"z, — z,,), from (179) we have
nh_,ngo “kn - Zn" =0. (180)
Note that
"xn+1 - xn" = oy "kn - xn” < "kn - Zn" + "zn - xn” - (181)
Hence from (176) and (180) we have
lim |x,,, - x,| = 0. (182)

n— 00
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Repeating the same arguments as those of Step 3 in the
proof of Theorem 26, we can obtain that ||x,,—u, || — 0, [x,—
vl = 0, v, = G, Il = 0, llv,, = Pc(I = 2/L)Vf)v,| — 0,
lz, —Sz,| — 0,and IIA';lun -Nu,ll — 0,ie{l,2,...,N}
asn — 0o.

Since {x,} is bounded, there exists a subsequence {x,, }
of {x,} which converges weakly to w. It is easy to see that

—_ —_ m —_
z, w, U, w, v, w, and A% u, w,
where m € {1,2,...,N}. Since S is uniformly continuous
and |z, — Sz, — Oasn — o0, we get lim,_, llz, —
S§"z,l = 0 for any m > 1. Hence from Lemma 24, we

obtain w € Fix(S). In the meantime, utilizing Lemma 12,
we deduce from Vy, — W, X, — W, (118), and (123) that
w € SGEP(G) and w € Fix(P-(I-(2/L)Vf)) = VI(C,Vf) =T.
Repeating the same arguments as those of Step 4 in the proof
of Theorem 26, we can conclude that w € n)_ I(B,,R,,)
and w € GMEP(O, ¢, A). Therefore, w € GMEP(®, ¢, A) N
SGEP(G) n nY I(B;, R;) N Fix(S) N T =: Q. This shows that
w,(x,) C Q.

Next let us show that w,(x,,) is a single-point set. As a
matter of fact, let {xnj} be another subsequence of {x,,} such

that Xy, = w'. Then we get w’ € Q. Ifw# w', from the Opial
condition, we have

. T B . o
Jim o, —w]| = lim |x,, w" < lim |lx, —w ”
= lim ”xn - w'“ = lim |x, — w'u (183)
n— 00 ]HOO ]
< jlingo Xy, — w” = lim |x, - w].

This attains a contradiction. So we have w = w'. Put w, =
Pyx,. Since w € Q, we have (x, - w,,w, — w) > 0. By
Lemma 14, we have that {w,} converges strongly to some W €
Q. Since {x,} converges weakly to w, we have

(w-w,w-w) =>0. (184)

Therefore we obtain w = @ = lim,, _, ,Pnx,,. This completes
the proof. O

Corollary 31. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ®, ©,, ©, be three
bifunctions from C x C to R satisfying (HI)-(H4) and ¢ :
C — R be a lower semicontinuous and convex functional.
Let R; C — 2" be a maximal monotone mapping
and let AJA, : H — Hand B, : C — H be (-
inverse strongly monotone, (.-inverse strongly monotone, and
n;-inverse-strongly monotone, respectively, fork = 1,2 and i =
1,2. Let S : C — C be a uniformly continuous asymptotically
k-strict pseudocontractive mapping in the intermediate sense
for some 0 < k < 1 with sequence {y,} C [0,00) such that
Yo Y < 00 and {c,} € [0,00) such that ¥ ¢, < co. Let V
be a y-strongly positive bounded linear operator and Q : H —
H an I-Lipschitzian mapping with yl < y. Assume that Q :=
GMEP(®, ¢, A)NSGEP(G)NI(B,, R,)NI(B,, R,)N Fix (S)NT
is nonempty where G is defined as in Proposition CY. Let {r,}
be a sequence in [0, 2(] and {e,}, {B,}, and {5,} sequences in
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[0,1] such that0 < ¢ < &, < land0 < k+e <6, <d <1,
and let v € (0,20;), k = 1,2 and {A;,}} C [a;,b] C (0,2n,),
i =1,2. Pick any x, € H and let {x,} be a sequence generated
by the following algorithm:

u, = SS)"P) (I-r,A)x,
Vi = ]RZ,/\M (I - AZ,nBZ) ]Rl,/\“l (I - Al,nBl) Uy,

Zy = Snnyn + [;nxn + ((1 - ﬂn) I- SnV) Tnva
k,=08,z,+(1-38,)S"z,

(185)

Xy = (1—a,) x, + ok, Yn>1,
where Po(I-A,Vf) = s,1+(1-s,)T,, (hereT, is nonexpansive,
s, = (2-21,L)/4 € (0,1/2) for each A,, € (0,2/L)). Assume
that the following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;

(ii) for each x € H, there exist a bounded subset D, c C
and z,, € C such that for any y ¢ D,,

O (yz,) +o(z,) —o(y)
L, , (186)
+;<K (y)-K (x),zx—y><0;

(iii) s, € (0,1/2) for each A, € (0,2/L), and Y,°,s, <
0o (& ¥,.2,((2/L) = A,) < 00);

(iv) 0 < liminf, | B, < limsup,_ B, < 1land0 <

liminf,_, 7, <limsup,_, 7, <2(.

Then {x,} converges weakly to w = lim
that S£®"p) is firmly nonexpansive.

Pqx,, provided

n— 00

Corollary 32. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ©, ©,, ©, be three
bifunctions from C x C to R satisfying (H1)-(H4) and ¢ :
C — R a lower semicontinuous and convex functional. Let
R:C — 2" be a maximal monotone mapping and let A, A, :
H — Hand B:C — H be (-inverse strongly monotone, (.-
inverse strongly monotone, and &-inverse-strongly monotone,
respectively, for k = 1,2. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with sequence
{y,} ¢ [0,00) such that ¥, y, < oo and {c,} < [0,00)
such that 2 ¢, < co. Let V be a y-strongly positive bounded
linear operator and Q : H — H an I-Lipschitzian mapping
with yl <y. Assume that Q) := GMEP(O, ¢, A) N SGEP(G) N
I(B,R) N Fix(S) N T is nonempty, where G is defined as in
Proposition CY. Let {r,,} be a sequence in [0, 2{] and {a,,}, {B,},
and {8,} sequences in [0,1] such that 0 < a« < «, < 1 and
0<k+e<d,<d< 1 andletv, € (0,2(), k = 1,2 and
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{p,} < la,b] c (0,28). Pick any x, € H and let {x,} be a
sequence generated by the following algorithm:

u, = Sﬁn@"”) (I-r,A)x,,
Yy = ]R,pn (I - pnB) Uy>
Zy = Snnyn + ﬁn'xn + ((1 - ﬂn) I- SnV) TnGvn’

k,=08,z,+(1-4,)S"z,

(187)

Xp = (1—a,) x, +a,k,, Yn=>1,
where Po(I — A, Vf) = s,I+(1-s,)T,, (here T, is nonexpansive,
s, = (2-1,L)/4 € (0,1/2) for each A,, € (0,2/L)). Assume
that the following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;

(ii) for each x € H, there exist a bounded subset D, c C
and z,. € C such that for any y ¢ D,,

O(y,2z,) +9(z) -9 (y)
L, , (188)
+;<K (y)-K (x),zx—y><0;

(iii) s, € (0,1/2) for each A, € (0,2/L), and ¥,2s, <
oo (e Y2 ((2/L) - A,) < 00);

(iv) 0 < liminf, _, B, < limsup, , B, < land 0 <

liminf, , 7, <limsup,_, 7, <2(.

Then {x,} converges weakly to w = lim
that S£®"P) is firmly nonexpansive.

Pyx,, provided

n— o0

Corollary 33. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ®, ©,, ©, be three
bifunctions from C x C to R satisfying (HI)-(H4) and ¢ :
C — R a lower semicontinuous and convex functional. Let
R:C — 2" be a maximal monotone mapping and let A, A, :
H — HandB:C — H be {-inverse strongly monotone, (-
inverse strongly monotone, and &-inverse-strongly monotone,
respectively, for k = 1,2. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
for some 0 < k < 1 with sequence {y,} C [0,00) such that
Yo Yu < 00. Let V be a y-strongly positive bounded linear
operator and Q : H — H be an I-Lipschitzian mapping with
yl < y. Assume that Q = GMEP(O,¢,A) N SGEP(G) n
I(B,R) N Fix(S) N T is nonempty, where G is defined as in
Proposition CY. Let {r,,} be a sequence in [0, 2{] and {e, }, {8,,},
and {8,,} sequences in [0,1] such that 0 < a« < «, < 1 and
0<k+e<d,<d< 1, andletv, € (0,2(,),k = 1,2 and
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{p,} < la,b] c (0,28). Pick any x, € H and let {x,} be a
sequence generated by the following algorithm:

u, = Si?"p) (I-r,A)x,,

n = ]R,pn (I - PnB) Uy
Zy = Snnyn + ﬁnxn + ((1 - ﬁn) I- SnV) TnGvn’

n anzn + (1 - 811) Snzn’

=
|

(189)

XA
1]

X1 = (L—o,) x, +a,k,, VYn>1,

where Po(I-A,Vf) = s,1+(1-s,)T, (hereT, is nonexpansive,
s, = (2-1,L)/4 € (0,1/2) for each A,, € (0,2/L)). Assume
that the following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;

(ii) for each x € H, there exist a bounded subset D, ¢ C
and z,. € C such that for any y ¢ D,,

O(y.z,) +o(z,) —o(y)
) (190)
+ (K (9) =K' ()2~ y) < 05

(iii) s, € (0,1/2) for each A, € (0,2/L), and },°s, <
oo (& Y2 ((2/L) - A,) < c0);

(iv) 0 < liminf, | B, < limsup,_ B, < 1and 0 <
liminf,_, r, <limsup,_, 7, <2(.

Then {x,} converges weakly to w = lim
that S£®"p) is firmly nonexpansive.

Pqx, provided

n— 00
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