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We drive a scalar delay differential system to model the congestion of a wireless access network setting. The Hopf bifurcation of this
system is investigated using the control and bifurcation theory; it is proved that there exists a critical value of delay for the stability.
When the delay value passes through the critical value, the system loses its stability and a Hopf bifurcation occurs. Furthermore, the
direction and stability of the bifurcating periodic solutions are derived by applying the normal form theory and the center manifold
theorem. Finally, some examples and numerical simulations are presented to show the feasibility of the theoretical results.

1. Introduction

Recently, the wireless access network has been wildly applied
to various fields, especially to the Internment; therefore, it has
received significant attention. The congestion control in wire-
less access network also plays a crucial role in the success of
the wireless network technology.

The congestion and avoidance mechanism is a combina-
tion of the end-to-end TCP congestion control mechanism [1,
2] at the end hosts and the queue management mechanism at
the routers. Because the congestion control algorithm is a
highly complex dynamical model, many researchers have
given much study to its dynamics and stability. In [3-5], the
local stability in congestion control models is studied. In [6-
9], the existence of Hopf bifurcation is analyzed in congestion
control models.

For wired access network, the dynamic of window size is
captured by the following equation [10]:

1-p () 1

W, (t) = x; (t—T,-)< W 5 Pi (t)Wi(f)>,
i @)

i=1,...,n

where W(t), x;(t) = W;(t)/1;, 7;, and p(t) denote the TCP
window size, TCP rate, round trap time at time ¢ of flow i,
and probability of packet mark at time ¢, respectively.

However, there are seldom works which discuss the
dynamical behaviors of the congestion control model in wire-
less access network such as stability and Hopf bifurcation. The
observation provides us with the motivation to investigate
the dynamical behaviors of the congestion control model in
wireless access network.

In this paper, we consider the wireless access networks of
only one bottleneck router and let n TCP flows tracer the
router. In the down link communication from the network to
the sources, the marking probability is fed back to the sources.
During channel fading, the source has failed to receive the
marking probability. Therefore, we suppose that the drop
probability is p;. In this case, the source will use the previous
packet marking probability to reduce its window size, and
also the window size is decreased by one by convention. Thus,
we obtain

W, (0) = x, (- 1) (“W—P(g” - B OW,O(1- py)
’ )

-p; () (W, (1) = l)pdi>'
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The dynamic of queue length of the router is captured by the
following equation [11]:

GO =F() xt-1))-c 3)

where ¢ is the serving capacity of the link node and the
function F(} x;(t)) is the adjusted rate of the source based on
the congestion rate x(¢) from the link node, which is a
decreasing and nonnegative derivative function.

Since x;(t) = W;(t)/7; and p;(t) = kq(t) [12], we obtain

1-kq(t) 1

%) =x(t-1,) e Ekxi (t)q ()

1 1 (4)
- Ekpdixi (Hq@)+ ;ikpdiq ) .

We assume that the 7; is a constant and not time-
varying and the queuing delay is neglected. So, we obtain the
following congestion model in wireless network:

1 -kq(t)

1
2x () Ekxi ®q(®)

x; (1) :xi(t_T)[
ke 040 + hpa ] O

q(t)zF(in(t—T))—c.

The paper is organized as follows. In Section 2, the stabil-
ity of trivial solutions and the existence of Hopf bifurcation
are discussed and the delay passes through the critical value,
the system loses its stability, and a Hopf bifurcation occurs. In
Section 3, based on the normal form theory and the center
manifold theorem, we derive the formulas for determining
the properties of the direction of the Hopf bifurcation and the
stability of bifurcating periodic solutions. In Section 4, num-
erical simulations are given to justify the theoretical analysis.
Finally, the conclusions appear in Section 5.

Since we focus on dynamical behavior analysis of the
above model in the wireless access networks, we only need to
choose the communication delay as the bifurcation parame-
ter.

It is worth to point out that recent many works have been
done for wired access network. For details, we refer to [13-16].

2. Stability of the System with
Communication Delay

In this section, we assume that x;(t), i = 1,...,n is equal to
x(t), so (5) can be rewritten as follows:
1-kq(t) 1

1
0 Ekx (t)q(t) - Ekpdx (t)q(t)

y'c(t):x(t—‘r)[
1
+;deCI(t)]>

qgt)=F(nx(t-1)) —c.
(6)
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Let the equilibrium point of the system (6) be (x*, g"), which
should satisfy

F(nx") =c,
* #\2 171 (7)
q" = Z[k (2 +(1+ py) (tx")" = 2pyTx )]
and 0 < kq* < 1.
Hence, (1 + pd)('rx*)2 - 2p tx* > 0 and we get
(H1) 7> 2p,/x* (1 + py).
Remark 1. Consider 7 € [1, +00), where
_ 2p4
Yy ®

Let y, () = x(t)—x", y,(t) = q(t)—q". Linearizing the system
(6) about the equilibrium point, we get

() =apy () +apy, E—1)+b,y, (),

. )
V() =ayy (t-1),
where
J-1+kq" 1, ., 1 .
1-kq L, s Paq 1 *
a;, = o —Ekx —Ekpdx q, 10)
* 1, . 1 . k kp,
b= [ g = Sk e .

ay, = nD (F) (nx").

Then, the characteristic equation of the linearized equation
(9) is

DAL1) =A% —ay A —aple M —apb e =0, (1)

Note that the coefficients a,;, a,,, and b;; depend on time
delay 7, since g" is connected with 7. In order to apply the geo-
metric criterion of Kuang [17, 18], we rewrite D(A, 7) = 0 into

DT =PLT)+Q\1)e ™, (12)
where
P(A1) = A —ayA,
QA1) = —ayb; —apA.

(13)

Lemma 2. If (HI) holds, then

(a) P(0,7) +Q(0,7) #0;
(b) P(wi, T) + Q(wi, 7) #0 for allw € R;
(¢) lim sup{|Q(A, 7)/P(A, 7)| : [A] = +00,ReA >0} < 1;

(d) F(w, 1) = |P(wi, 7)]*~|Q(wi, T)|2f01’ each T has at most
a finite number of real zeros;
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(e) each positive root w(t) of F(w, T) = 0 is continuous and
differentiable in T whenever it exists.

Proof. (a) For 1 € [1,+00),

P(0,7) +Q(0,7) = —ayb;, #0. (14)

(b) Consider P(wi, 7) +Q(wi, T) = —w’ by ay, +i(-wa;; -
wa,,) #0.
(c) From (13), we get

Q1)

im apA —byyay
Al = +o0 | P (A, T)

A2 —ap A

=0. (15

- |A| = +c0
Hence, lim sup{|Q(A, 7)/P(A,7)| : [A] = +00,ReA > 0} =

0<1.
(d) From (13), we get

F(w,7) = |P(wi,7)|* - |Qwi, 7)|*
(16)
=+ aflwz — afza)z — blzlagz.

Hence, (d) holds.

(e) F(w, 7) is continuous for w and 7 and differentiable in
w; hence, implicit function theorem implies (e). This com-
pletes the proof of the theorem. O

Supposing that D(wi, 7) = 0 and w > 0, we get

2
w (au%zbn —apw )

sinwt =
2 12 2 2 >
a5, by, + aj,w 1)
2
oS T = w” (ayby; — aya;,)
- 212 2 2
a5, by, + aj,w
Hence,
F(@,7) = |P(wi, )| - |Q(wi, 7)I?
=0+ a0 - a0 - ba, (18)
=0.
Let z = w?, and then (18) can be rewritten as
2 2 2 2 2
z°+ (au - alz) z—-bj,a;, = 0. (19)
Denote
2 2 2 2 2
h(z,7) =z +(a11 —alz)z—bnazz. (20)
Since —blzla§2 < 0, the equation h(z,7) = 0 has one

positive root. We denote that the positive rootis z*. Then, (18)
has positive real root w(Vz*), where

2
- (“fl - afz) + \/ (af, —a},)” + 4k} a3,
w=w(r)= 3 .
(21

3
For 7 € [1,,+00), let O() € (0, 27) be defined by
. w (allazzbll - ‘112“-’2)
sinf (1) = PO IR
2911 1 91, (22)
W (ayby,, —ay,a,,)
0 (1) = 22011 ~ 411912
020 a,bfy + a0
which combines with (18) and defines the following maps:
S, (1) =7 0@ +2mm N (23)
w (1)

According to [18] and the above discussion, we have the
following result.

Theorem 3. Assume that (HI) is satisfied, and then A =
tw(1y)i, Ty € (0,1,), are a pair of simple and conjugate pure
imaginary roots of the characteristic equation (11) if and only if
So(ty) = 0 for some n € N. This pair of simple conjugate pure
imaginary roots crosses the imaginary axis from left to right if
O(1y) > 0 and crosses the imaginary axis from right to left if

8(t,) < 0, where
}—sin{dS"(T) }
A=w(ty)i & dr i, '

(24)
By the the expression of a,,, a,,, and b;;, we know that
they have singularity at 7 = 0. We can not gain the conclusion
that the equilibrium (x*, p*) by discussing roots of the char-
acteristic equation D(A, 0) = 0. To our knowledge, this case is
rarely considered by papers. But we can get the stability of the
system (6) when 7 = 7,,/2 by discussing the stability of the
following auxiliary system:

dRel
T

8 (t,) = sign {

@) =cuy () +epy, (E—1)+dyy, (1),

| (25)
N =y (t-1),
where
1 = an .
G2 = Gl _
(26)
Q2 = 9| _
du = bu

T=70/2

Then, the characteristic equation of the linearized equa-
tion (25) is

Ar

A=cy) —cphe ™ = cody e = 0. (27)
Definition 4. For simplicity, let
2 —-Ar —Ar
Dy (A, 1) = A" —cA —cpre™ —cppdpe (28)

Lemma 5. The equilibrium (0,0) of system (25) is locally
asymptotically stable when r = 0.



Proof. When r = 0, (27) becomes
A2 = (e +¢p) A — cppdy, = 0. (29)
Further, if
(H2) ¢;; + ¢, <0and¢,d;; <0

is satisfied, all roots of (29) have negative real parts by the
Routh-Hurwitz criteria. So, when » = 0, the equilibrium
point (0,0) of system (25) is locally asymptotically stable. This
completes the proof of the lemma. O

Let A = +iw,,, where w,, > 0. Substituting it into (27) and
separating the real and imaginary parts, we have

2 ; -
— W,y — €W, SIN W, o1 — Cpd ) COS W o1 = 0, (30)
— €Wy — C1aWyq COS W1 — Cppdy SiNw,or = 0.

It follows from (30) that

2
Wro (Cuczzdu - ClZer)

2 12 2 2
Gody; + Ciwyg

sin w,,r = >
(31)
wfo (cndyy = ei612)

2 2, 2.2
o, + w5

COS W, = —

Since sin*(w,r) + cos®(w,or) = 1, we have
SowSy + Sywi + S, + 8, =0 (32)
0*r0 1%7r0 2%r0 37 Y
where
2
So =
2 2 2 2 4
S1 =6, + udy; — 6y
2 2 2 2 2 p2 (33)
Sy = q16pdyy — 261,60,dY,
4 4
S5 = —cpdyy.
Since S, > 0, we can rewrite (32) as

“’fo + lefo + Rz“’fo +R; =0, (34)

where

2 2
1%
R, =

2 4
+Gody — ¢

>

2
2

2 2 1 2 2 p
16,01, — 261,6,d7, (35)

R, = 3
2

4 44
_ —opdy)
R3 — T.
2
2

Let z = wj,; then, (34) can be rewritten as

22+ RZ°+ R,z + Ry = 0. (36)
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Denote
hy(z) =2’ + R,Z* + Ryz + R;. (37)
Since lim, _, ,,h,(2) = +oo and R; < 0, (36) has at the
least one positive root. We define

4 1 4

3 2,2 3 2 2
A= ERZ - ERIRZ + ER1R3 - §R1R2R3 + R3.

(38)
Lemma 6. For cubic equation (36), the following cases need to
be considered [19]:

(a) if A > 0, then the equation has three distinct real roots;

(b) if A = 0, then the equation has a multiple root and all
its roots are real;

(c) if A < 0, then the equation has one real root and two
nonreal complex conjugate roots.

Without loss of generality, we assume that (36) has three
positive roots: zy;, zy,, and z,;. Since z = wfo and w,, > 0, we
have

Wro1 = V201> Wrp2 = V202> W1 =

Thus, we know that

2
¢ 1 Wroj (endi = ciicz)
ro; = - | arccos 5 T + 2sm |,
Wy b3, + cptpg (40)

VZos- (39)

j=123 s=0,1,2,....
Denote
. (0)
= min Jt.
07 jelian) oy} (41)

Lemma 7. Assume that A = tiw,; are simple roots of (27)

j
—
whenr =71,

Proof. Since Dy(A, 1) = A* = ¢y A — cphe™ — cppdy e, we
obtain
dD, (A)
di

—-Ar —Ar —Ar
=20 -y +epdyre T —cpe T+ epAre

(42)

Substituting A = iw,, r = r, into (42), by using (30), we
can obtain

dD, (iw,)
(;l)t = =y + Cpdy 1 €08 (wygrg) = €1 €08 (wygTy)

+ €157 8in (wyoTy )
+1 [20,0 = cpdy 7 sin (w,g7) = ¢ sin (wg7) ]

+1 [c1,w,07g €08 (w,g7p)] #0.

(43)
Similarly, we can get
dDO (_iwr) (44)
dA
This completes the proof of the lemma. O
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Hence, +iw,; is a simple pair of purely imaginary roots of
(27) with r = rg;?.

Lemma 8. Let AM(r) = u(r) + iw.(r) be the root of (27)
satisfying u(ry) = 0, w,(ry) = w,q; the following transversality
condition holds:

dRe (A(r))

0.
o + (45)

Proof. By equation (27) with respect to r and applying the
implicit function theorem, we get

dA(r) —leV (6odyy +ep)
dr 24 — ¢y + Cpdyre ™ —cppeM 4 Are M
(46)
Since A(r,) = iw,,, we obtain
Re dA(r) _bhitp sin (w,g7) + p3 cos (w,ory) @)
dr It
where
P = _szwrm P2 =—wy (2512‘030 - C11szd11>>
Py = =Wy (€165 = 200dy,) s
g1 = [y + (edii7y = 15) cos (w,or)
(48)
. 2
+ 6120yTo sin (w,o7)]
92 = [zwr() - (szdnro - Clz) sin (wro”o)
+ €Wy Ty COS (wroro)]z.
By again using (30), we can obtain
P+ pysin (w,gr) + ps cos (w,org) #0, (49)

g+, > 0.

Hence, (d Re(/\(r))/dr)lrzr0 # 0. This completes the proof
of the lemma. O

From the above discussion about the system (25), we have
the following result.

Theorem 9. Whenr < r, the equilibrium point of system (25)
is locally asymptotically stable.
Further, if

(H3) ry(1y) > 15/2
is satisfied, we will get the following lemma.

Lemma 10. The equilibrium point of system (6) is locally
asymptotically stable when T = 1,/2.

Proof. Since Lemma 5 and hypotheses (H3), the equilibrium
point of system (25) is locally asymptotically stable when r =
7,/2. When r = 7,/2 and 7 = 1,/2, system (9) and system

(25) are the same system. So, there are no roots of D(A, 7,,/2) =
Dy (A, 15/2) = 0 with nonnegative real parts and the equilib-
rium point of system (6) is locally asymptotically stable when
T = 1,/2. This completes the proof of the lemma. O

According to [18] and the above discussion, we have
following the result.

Theorem 11. Assume that (HI), (H2), and (H3) hold, if the
function Sy(t) has positive zeros in (0,7,); the equilibrium
(x*, p*) of system (6) is asymptotically stable for all T € 1}, 1)
and becomes unstable for staying in some right neighborhood of
T,; hence, system (6) undergoes Hopf bifurcation when t = 1,

3. Direction and Stability of
the Hopf Bifurcation

In this section, we will study the direction of Hopf bifurcation
and the stability of bifurcating periodic solution of system (6)
at 7 = 7,. The approach employed here is the normal form
method and center manifold theorem introduced by Hassard
[20]. More precisely, we will compute the reduced system
on the center manifold with the pair of conjugate complex,
purely imaginary solutions of the characteristic equation (11).
By this reduction, we can determine the Hopf bifurcation
direction, that is, to answer the question of whether the
bifurcation branch of periodic solution exists locally for
supercritical bifurcation or subcritical bifurcation.

Lett =75+, u;(t) = y;(t), 1= 1,2,y € RL,: C —
R%,and F : RxC — RZ, sothat system (6) is transformed into
an FDE in C = C([-1,0], R?) as

u() =L, (u)+F(wu), (50)
with
L, = (5 +u) [Bp (0) + Co (-1)],
Fy (9.4) = (70 + 1) [my ] (0) + myp; (0) g, (=1)
+ms; (0) @, (0) + myp; (=1) @, (0)
+msg) (0) + mep; (0) ¢ (~1)
+m,p; (0) @, (0)
+mgp, (0) @, (-1) ¢, (0) + h.o.t],

Fy (¢, ) = (70 + 1) [”14’% (=1) +my; (_1)] ]
(51)

where

1-kq"
my = T)
-1+kq" 1, ., 1 .
m,= ——— — —kq* - —kp,q",
(TX*)Z ) q 2 Pad



1-kg* -k

1 1
mg = —Qa Ek— Ekpd,

n, = =n*D? (F) (nx"),
n, = én3D (F) (nx").
(52)

Then, L, isa one parameter family of bounded linear operator

in C([-1,0], R?). By the Riesz representation theorem, there
exists a function #(6, i) of bounded variation for 8 € [-1,0]
such that

0
L= L dn(0,u)¢(0), ¢e€C. (53)

In fact, we can choose

n(0,u) = (1o + 1) [BS(6) - CS (0 + 1)], (54)

where §(6) is Dirac delta function. For ¢ € C'([-1,0], R%),
the infinitesimal generator A(y) is defined by
Z—(g, 0 €[-1,0),
AW ¢O) =1 (55)
J ldn(s,//t)(p(s), 6 =0.
Further, let
0, 0 ¢[-1,0),
R ©) = { (56)
WO r ). 0=0.

and then system (50) is equivalent to
iy = A(p)ug + R () u, (57)

where 1,(0) = u(t + 0) for 0 € [-1,0].
The adjoint operator A* () of A(y) is defined by

_dy
0 0,1],
10 €(0,1]

: e
| v,

A" (W (0) =

and a bilinear form

(y,$) =7 (0) $ (0) - j _[ (= 0)d (0,1) § (B dE,
(59)

where y € C* = C'([0, 1], R**) and R** are row vector space.
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Let 4 = 0; by the discussion in the previous section,
we know that + w,7,i are common eigenvalues of A(0) and
A*(0). We need to compute the eigenvector of A(0) and A" (0)
corresponding to w,Tyi and — w, Tyi, respectively. Suppose that
q(0) and g* (0) are the eigenvector of A(0) and A*(0) corre-
sponding to w,T,i and — w,1,i, respectively; then, we have

A(0)q(9)
A" (0)q" (0) =

= wyToiq (6), (60)
—wyToiq" (0). (61)
Then, we have the following lemma.

Lemma 12. Consider

q0) = (:}) e 9e[-1,0],

q* (S) _ D(l y*)ewo‘roie) 0 ¢ [0) 1] , (62)
(@ a=1 (4.9 =0
where
= T22€ a,)OTOiy y* = @)
Wy Wy (63)
D =1+yy* —1pa,e % — yr1,a,,e 0",
Proof. From (55), we can rewrite (60) as
dq(0) .
ZI—G =iwyTyq(0), 0¢€[-1,0),
(64)

Jiwum¢@=A@qm=wmﬂm,e=a
Based on (53) and (64), we have
7o [Bq(0) + Cq(-1)] = A(0)q(0) = iwy7yq (0).  (65)
For g(-1) = q(0)e "™, we have
7o [Bg(0) + Cq (0) €™ | = itwy7yq (0). (66)

We can choose g(0) = (1,7) and get

y= “2:01. , 67)
q(6) = (1,9)" e, (68)

Similar to the proof of (64)-(68), we can obtain

. &Q
q@)(l% ,

« by,

(69)

Wy
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Now, we can calculate (g%, q) as

* N * L )\ —iwy Ty (§-0)
@0y =Dy~ [ [ D(L) e [ay o)

-1 Je=o
x (1,y) et g

[1 Y- _ (1Y) 6™ [dn ©)] (1,) ]
= B[ +py* ( ) [— TOCe_i%T“] (I,y)T]
l_)[ Yy — Tyap,e —y_*Toaazefiw"TO] =1
(70)

On the other hand, since (y, Ap) = (A*y, ¢), we have

—iwy T <q*@> = (q*,A@
_(4'¢"3)
(71)
= (~iwyTq", q)

= iwyTe{q > q)-

Therefore, (q*,g) = 0. This completes the proof of the
lemma. O

In the remainder of this section, by using the same nota-
tions as in Hassard [20], we first compute the coordinates to
describe the center manifold C,, at 4 = 0, which is a locally
invariant, attracting two-dimensional manifold in C,. Let X,
be the solution of (57) when p = 0. Define

z() =(q"u),

(72)
W (t,0) = W (2,z,6) = u, (6) - 2Re{z (t) g (0)},
and, then on the center manifold C,,, we have
z* Z
W(z,Z,G) = W20 (9) ? + Wll (9) zZ + W02 (9) ? EERERIN
(73)

and then z and z are local coordinates for center manifold C,
in the direction of g and g*. Note that W is real if u, is real
and we only deal with real solutions u,. It is easy to see that

z(t)=(q" i)
={(q", A(0)u, + R(0) )
=(q" A0 u)+(q" R(0)u,)
= (A" (0)q",u,) +{q",R(0) u,)

7
= iwyToz (t) + q* (0) R (0) 1,
0 0
[ ] T -0 lane.0] Ry @ d
= iw,Tyz (t) + q* (0) F (0,1, (0)) —
= iwyToz (t) + q* (0) Fy (z (), Z (1))
=iwyTyz (1) + g (2,2),
(74)
where
2 —2 2—
g(z,z) = 920% + 9112z + goz% +921% +o (75)
So, we can get
9(z,2) =q* (0) Fy (z(1),Z (1))
. . (76)
=D(1,y%) (F, (0,u,), F, (0,u,)) ",
where
F (0,u,) = 7 [”’ﬁ‘Pf (0) + myp, (0) @y (=1)
+ms; (0) @, (0) + myup; (-1) @, (0)
+msp; (0) + meg; (0) @y (-1)
(77)

+m;g; (0) ¢, (0)
g9, (0) ) (1) @3 (0) + hoot],

E,(0,u) = 1, [”1§0f -1+ ”2§0f (_1)] .

Since u, = u(t +0) =
(1, y)e’w°T°6, we have

_(ul(t+0)>_ wW® (¢ +6)
"\t +0)) T\ W@ @+ 0)

+z (1> el 1z (l> e i,
4 4

2
0, (0)=z+z+ WP (0) % +w®(0) 2z

W(z,2,0) + zq + zq and gq(0) =

-2
z
+W0(21)(0)—2 +eee,

2
_ z _
@, (0)=zy+zy+ W2<§> (0) ) + Wl(f) (0)zz

—2
z
+W0(22)(0)?+---,



2
i iy z
@y (=1) = ze "7 + Z"0™ + Wz(é) (-1) 5

—2
— z
+ WP (1) zz+ W (-1) S

2
@, (-1) = zye " + Zye' " + Wz(g) (-1 %

-2
W (1) zz+ W (-1) % I

(78)
From the definition of F(0, «,), we have
_ (K, 2 +Kp,zZz+ K75 + K2’z
Fy(2,2) = <K11 R 1222 1% 14 2_> P
202 +Kyzz + Ky3z" + Kyyz'z
(79)
where

ki =1, (ml + e 0 4y + m4ye_iw°T°) ,
k12—10(2m1+m €0 4 mye N 4 myy
+ My} + myye' ™ + mﬁe_i“’”") ,
ki; =1 (m1 + My ™ + myy +m ye’“’“T")
ki = 7 <m1 (W (0) + 2w (0))
+m, (%WZ%) (0) €™ + WP (0) e ™
P )+ Wi ()
+m (378 © + W ©
W (0) + %ng’ )
+ (%WZ%) (0) €™ + W (0) e ™
Py 0+ 7w (1)
+ 3ms + myg (eiw°T° + 2e7iw°T°) +m, (Y +2y)

+mg (Vezwn‘ro + )—/e—zwg‘rg + ye—wo'ro) > ,

_ —2iwy Ty
ky = Tonye ,
ky, = 211y,
_ 21w, T,
kys = Ton € ,

kg = 7o (ny (W) (1) €0 + 2w} (1) e7™)

+ 3nze_i“’°T°) .
(80)
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Since q_*(O) = B(l,y_*), we have

9(z,2) = q* (0) F, (2,2)

— . —\ (K22 + K,2Z + K ;2 + K ,2°Z
D (1, 'y ) K 2 — ) 2— +
212"+ Kyzz + K3z + Kyyz'z

=D [(Kll + Y_*K21) z+ (KIZ +Y_*K22) 2z

+ (K13 + FKB) Z+ (K14 + y_*K24) zZE]

(81)

Comparing the coefficients of the above equation with
those in (75), we have

920 = 2D (Kn + FKZI) >
9 = (Klz Ty Kzz)
9oz = 2D (KIS + FK%) >
921 = 2D (K14 + FK24)~
In order to get the expression of g,,, we need to compute

W), (0) and Wy, (6). Now, we determine the coefficients W;;(0)
in (73). By (72) and (57), we have

(82)

_ [A)W -2Re{g" (0) F)q (0)}, -1<6<0,
~ |A)W -2Re{g" (0)Fyq(0)} + Fp, 6=0.

= A(O)W + H(2,%0),

(83)

z z

H (z,z,0) = Hy, (0) S H,, (0) zz + Hy, (6) T
(84)
From (73), (74), (83), and (84), we obtain
(2iwyty — A (0)) Wy (0) = Hyy (6),

A0)Wy, (6) =-H,, (0), (85)

(A(0) + 2iwyty) Wy, (0) = —Hy, (0) ...

From (75) and (83), for 8 € [~1,0), we have

H (z,%,0) = —2Re {g* (0) Fyq (6)}
=-2Re{g(2,2)q (0)}
=-9(2,2)q(0) - g(2,2)q(0)

z* _ Z 2’z
- gzo; + 91122 + 902 + 921 q0)

_zZ _ _ _ 2 zZ°z
- 920?+911ZZ+902 + 90— > q(0)--
(86)
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Comparing the coefficients of the above equation with those
in (84), it follows that

H,y (0) = =929 (0) — 91,9 (0),
Hyy (0) = -g119(0) — g,,9(0), (87)
6 €[-1,0).

When 0 = 0, we have

H (z,%,0) = ~2Re {g" (0) Fyq (0)} + F,

z* _ P 2’z
== gzo?+g1lzz+goz + 90—~ 5 q(0)

_Z _ _ _Z _ Zz\_
- gzo?+gllzz+gozg+9217 q(0)

=2 2
_ z
( 91lzz+902 +921 5 )q(O)
+< 1z +Kzzz+K3z + Kz z>+
K, 2 +K22zz+K23z + K,,2°Z

NlN

o _ 2 Z°z
9112z+9022 9212 q(0)

h,lNI

(88)

Comparing the coeflicients of the above equation with those
in (84) gives that

H,y (0) = =g509 (0) — g, (0) + 2 (K11’ K21) >

(89)
Hy; (0) = 1,9 (0) = §,,4(0) + (K, Kyy) -
From (85) and the definition of A(0), we have
Wi () = 2iwy1,Wag (0) + g504 (6) + 9029 (0)
= 2iwy oWy (0) + 9509 (0) ¢ 4 9029 (0)e “iannd
(90)
Hence,
Wi, (0) = 19304 (O)eiwo‘roe + 19,9 (0) o iw0mod EleZiwo'ro@)
Wy T, 3w, T,
(91
and, by a similar method, we get
i 0) . ig..a(0) _
‘/V11 (6) _ _lgllq( )ezwo‘roe + lgllq( )e iwy 7,0 + Eza (92)
Wy Ty W) Ty

where E, and E, are both two-dimensional vectors. In the
following, we will find out E; and E,. From the definition of
A(0) and (85), we can obtain

0
L dn (0,0) Wiy (0) = 2ico, 7 Wi (0) — Hoy (0).  (93)

9
Notice that
O .
<inTOI - J dn (0,0) e1w°T°9> q(0) = iwyTyq (0)
-1
-A(0)g(0) =0,
O .
(—inTOI - J dn (0,6) e_'w"r‘)e)qm) =0
-1
(94)

Hence, we can obtain

0 .
<2in701 - J dn (0,6) ez’%e) E =2 (?1) . (95)
-1

21

Similarly, we have

0
_ KIZ
L dn(0,0)E, = < Kzz) . (96)

Thus, we can get
. —2iw, Ty
7 [2“"0 —an _26?123 _b1 [ ] ]
—21W( T >
—aye 00 2iw,

(97)
o [Antan -by; E(l) -K,,
0 ayn 0 E(z) Kzz

From (97), we can obtain

1 _
E)’ =~ (b Ky +200K;,)
2 —2iw,y T,
X (7o (— 4wy + 2wyay; + 2wyay e
b —2iw, T, -1
+0105€ >
@) _ —2iw,T,
Ef" =~ (azzKue +2K5,0 - ay, Ky,
_ alzKZIe—Zzwo‘ro)

(98)

2 —2i
x (TO (— 4wy + 2wyay, + 2wyay e 0

—2iw, T, -1
+ by aye )) ,

K
Egl) _ 22 i
anTy
E® _ a, Ky, — a1 Ky, —ap Ky,
2 - .
by Ty

Based on the above analysis, we can determine W,,(6) and
W;,(0) from (91) and (92). Furthermore, g,; in (82) can be
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FIGURE 1: Waveform plot of t-x(¢) with 7 = 0.200.

expressed by the parameters and delay. Thus, we can compute
the following quantities:

. 2
1 g
¢ (0) = ot <920911 - 2|!]11|2 - %) + %,
0o
P Re{q (0)}
2 RefM (r)} (99)

B, =2Re{c (0)},

_ Im{e (O} + gy Im ' (7o)}
2 Wy Tp ’

which determine the quantities of bifurcating periodic solu-
tions in the center manifold at the critical value 7, and we
have the following result.

Theorem 13. In (99), the following results hold:

(i) the sign of w, determines the directions of the Hopf
bifurcation: if u, > 0(< 0), then the Hopf bifurcation is
supercritical (subcritical) and the bifurcating periodic
solutions exist for T > 1,(T < T,);

(ii) the sign of 3, determines the stability of the bifurcating
periodic solutions: the bifurcating periodic solutions are
stable (unstable) if B, < 0(, > 0);

(iii) the sign of T, determines the period of the bifurcating
periodic solutions: the period increases (decreases) if
T, >0 (T, <0).

4. Numerical Simulation Examples

In this section, we use the formulas obtained in Sections 2
and 3 to verify the existence of the Hopf bifurcation and
calculate the Hopf bifurcation value and the direction of the
Hopf bifurcation of system (6) with ¢ = 1000, n = 50, and
k =0.001.
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100 120 140 160 180 200
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20 40 60 80
FIGURE 2: Waveform plot of t-g(¢) with 7 = 0.200.
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20.15  20.2

FIGURE 3: Phase plot for x(t)-q(t) with T = 0.200.

From (7), we have
. 1000
1422002 - 21

By calculation, we obtain that w, = 3.082, 7, = 0.203, and
1o = 0.472. It follows from (3.32) that

x* =50, q (100)

¢ (0) = —0.000204 + 1.864768228i,

U, = 0.000005120369502,
(101)
B, = —0.4074400488¢ — 4,

T, = —2.980526844.

These calculations prove that the system equilibrium
(x*,q") is asymptotically stable when 7 < 7, by computer
simulation (see Figures 1, 2, and 3; 7 = 0.200). When 7 passes
through the critical value 7, (x*,g") loses its stability and a
Hopf bifurcation occurs (see Figures 4, 5, and 6; T = 0.206).

5. Conclusion

A delayed model of congestion control was analyzed in
this paper. Based on our theoretical analysis and numerical



Abstract and Applied Analysis

40

35¢

30

x(t)

25

20

15

10 . -
0 50 100 150 200 250 300
Time t

FIGURE 4: Waveform plot of t-x(t) with 7 = 0.206.
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FIGURE 5: Waveform plot of t-g(t) with 7 = 0.206.
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FIGURE 6: Phase plot for x(¢)-g(¢) with 7 = 0.206.

simulation, we can find that there exists a critical value for
this delay and the whole system is stable when the delay
of the system is less than this critical value. By using the
time delay as a bifurcation parameter, we have shown that a
Hopf bifurcation occurs when this parameter passes through
a critical value, which means that the wireless access system

1

will be congested, even collapsed, when the communication
delay becomes large.
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