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Stability and boundedness are two of the most important topics in the study of stochastic functional differential equations (SFDEs).
This paper mainly discusses the almost sure asymptotic stability and the boundedness of nonlinear SFDEs satisfying the local
Lipschitz condition but not the linear growth condition. Here we assume that the coefficients of SFDEs are polynomial or dominated
by polynomial functions. We give sufficient criteria on the almost sure asymptotic stability and the boundedness for this kind of
nonlinear SFDEs. Some nontrivial examples are provided to illustrate our results.

1. Introduction

Stochastic modeling plays an important role in many
branches of sciences and industries. Since Itd introduced his
stochastic calculus, stochastic delay or functional differential
equations (SDDEs or SFDEs) have been used successfully to
model those systems which depend not only on the present
history of the state but also on the past ones (see, e.g., [1-5]).
Stability and boundedness are two of the most important
topics in the study of SDDEs or SFDEs in modern control
theory. Many researchers have done a lot of works for these
two topics (see, e.g., [6-18]).
In general, a SFDE has the form

dx (t) = f(x;,t) dt + g (x;,t) dB(¢) (1)

ont > 0 with initial data { € C?;O([—T, 0]; R™), where
f : C([-7,0;R") x R, — R'and g : C([-1,0;R") x
R, — R™" (the notations used here will be illustrated in
Section 2). Most of the existing stability criteria of SFDEs
require the coefficients of corresponding systems to satisfy
the local Lipschitz condition and the linear growth condition
or the one-side linear growth condition (see, e.g., [2, 4, 5]).
However, many SDDEs or SFDEs can not be dominated by

the linear growth condition, such as stochastic population
system, Lotka-Volterra systems, and system (2) as follows:

dx (t) = (—4x’ () - 3x () + 2D7 (x,)) dt

s 2
+(x* (1) + D, (x,)) dB (1)

with initial data { € Cbgn([—‘r, 0]; R™), where B(t) is a scalar
Brownian motion, D; are bounded linear operators from
C([-7,0]; R) to R satisfying |D;(x,)| < I_OT [x(t + 0)|dn;(0),
and #;(+) are probability measures on [-7,0], i = 1,2.

So it is necessary to consider the cases of the nonlinear
growth condition. Recently, Liu et al. [10] study the asymp-
totic stability of nonlinear stochastic differential equations
(SDEs) with polynomial growth condition, and they also
develop their results to the case of SDDEs [11]. In this paper,
we mainly establish some new results on the almost sure
asymptotic stability and the boundedness in the sense of
the pth moment and the trajectory with large probability of
SFDEs with polynomial growth condition, which imply the
results in [10, 11].

Here we would like to mention the work of Luo et al. [12].
It proposes a generalized theory for the asymptotic stability
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and the boundedness for SFDEs based on a Lyapunov-
type condition without the linear growth condition; more
precisely, the diffusion operator of a Lyapunov function V is
required to satisfy the following condition:

2LV (p.t) <a - a,V (9(0),1)

0
vay | V(e©.t+0)dE®)-Ulp0).0)

0
+aJ U(p(©),t+6)du(d),

(3)

where fi and p are probability measures on [-7,0], a; >
0,a, > a; >0, a € (0,1). However as to system (2), setting
V(x,t) = |x|%, we can get

0
2V (g.0) = -slp O ~4lp O +2 [ lo(®['an, ©)

2

5/3 0
+(I<p<0>| +| |<p<9>|dn2(e))
4 2 0 4
<-slp O -l @F +2 | _lp@)'an, ©

0
+2|g (O)|10/3 +2 J_ | (9)|2d112 @).
(4)

Since the above ZV(e,t) includes the positive term
|(p(0)|10/3, it does not satisfy (3). So their work does not
imply ours. Also Shen et al. [13] use the LaSall technique to
study the almost sure asymptotical stability of SFDEs under
different settings.

The organization of this paper is as follows: Section 2
describes some necessary notations and lemmas; the exis-
tence of the global solution and the bounedness of SFDEs
are stated in Section 3; sufficient conditions are proposed for
the almost sure asymptotic stability in Section 4; to show
the applications of our results, some illustrative examples are
given in the final section.

2. Preliminaries

Through this paper, let (Q, F,{F,};,,P) be a complete
probability space with a filtration {#,},., satisfying the usual
conditions and B(t) an m-dimensional Brownian motion
defined on the probability space. Let 7 > 0 and let
C([-7,0]; R") denote the family of all continuous R"-valued
functions ¢ on [-, 0] with the norm [l¢|| = sup_,_5_,l9(0)|.
Let C = Cbgo([—‘r, 0]; R") be the family of all bounded,
F ,-measurable, C([-7, 0]; R")-valued, #,-adapted stochas-
tic processes. Let #; be probability measures on [, 0], which
satisfy [ dn,(6) = 1 (i = 1,2,3,4). Let L'(R,;R,) be the

family of all functions & : R, — R, such that L;OO E)dt <
00. x(t) is a continuous R-valued stochastic process on t €
[-7,00). We assume x, = {x(t +0) : -7 < 0 < 0} for all
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t > 0, which is regarded as a C([—7, 0]; R")-valued stochastic
process.
Consider an n-dimensional SFDE

dx (t) = f(x,,t)dt + g(x,,t) dB(t), (5)

ont > 0 with initial data {x(f) : -t < 8 < 0} = { €
C%., ([-7,0]; R"), where

f:C([-7,0];R") xR, — R,
(6)
g:C([-1,0];R") xR, — R™".

Assume furthermore that £(0,#) = 0 and g(0,¢) = 0, so
system (5) has the solution x(¢) = 0. The solution is called the
trial solution or equilibrium solution.

To get our main results, we firstly put forward the
following hypothesis.

Assumption I (the local Lipschitz condition). For each integer
k =1,2,..., there exists a positive constant d;, > 0 such that

If (¢.1) — £ (v, 1)| Vg (9,1) —g (v, 1) < di o - v|, (7)
forall g, v € C([~7,0]; R"), £ € R, with [lg] V [y < k.

Remark 2. By Theorem 3.1in [15] or Lemma 2.3 in [16], this
assumption with conditions £(0,t) = 0 and g(0,¢) = 0 can
guarantee a unique maximal local solution to system (5) for
any initial data.

However, to ensure the unique maximal local solution is
in fact the global solution, we need to impose the following
additional polynomial growth condition.

Assumption 3 (the polynomial growth condition). There exist
constants k, K, k, y > 0, probability measures #; on [-7,0], i =
1,2,3,4, and positive numbers n; > 1, n, > 1 satisfying n, +
1 > 2n,,and bounded functions &, (¢),&,(t) € L'(R,; R,) such
that

0
90)E(g.0) < xlg O+ | lp @, ©)

0
~le @) +££ lo @) dn, 0) + & (1),
0
lg(@,1)] <y <|<p(0)|"2 + L g (0)|™dns (6) + |o (0)]

0
+ J_ o (6)] dn, (9)) +& (1),
8)
forall ¢ € C([-7,0];R"), t € R,.

Remark 4. The probability measures #;, i = 1,2, 3,4, can be
weakened to any right continuous nondecreasing functions
(see [19]). Compared with [10, 11], Assumption 3 in this paper
is a generalization of Assumption 3 of [10] and Assumption 2
of [11].
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Let C*'(R" x [~1,+00);R,) denote the family of all
continuous nonnegative functions V(x, t) on R" X [-1, +00),
which are continuously twice differentiable in x and once
differentiable in t. For each V. ¢ C*'(R" x [-7, +00); R,),
denote an operator £V from C([-7,0]; R") x R, to R by

ZV (@,t) = V,(9(0),1) + V, (9(0),t) f (¢, 1)

1
+ trace [g" (91) Vi (9 (0), 1) g (1)
9)
where V,(x,t) = 0V(x,t)/ot, V. (x,t) = @’V (x,1)/
ax,-xj)nxn, and V. (x,t) = (0V(x,1)/0x1,...,0V(x,1)/0x,,).
Then let us recall a number of lemmas.

Lemma 5 (cf. [20]). If h(t) is a bounded function on [0, c0)
and h(t) € L'(R,;R,), then for any 8 > 1, fowo hA(t)dt < co.

Lemma 6 (cf. [11]). Assume a,b,q > 0,b>q, o« > > 0.If
the following condition holds,

a (o - ﬁ)ﬁ/m—ﬁ) ‘B(x—zx/(oc—ﬁ), (10)

S

then there exists a € (0, a) satisfying
a+bt“—qtf >3, (1)
forallt > 0.

Lemma 7 (cf. [14]). Assume «, 3 > 0. For any h(t) € C(R";
R), iflim supy,, S oo(h(®)/1t1%) = 0, then there exists a constant
H satisfying

Sl;p {—ﬁltltx +h (t)} < H. (12)
teRr”

Lemma 8 (Kolmogorov-Chentsov theorem [21]). Suppose
that a stochastic process X(t) on t > 0 satisfies the condition

EIX(t)-X(s)“<Dlt—s|'f, 0<s t<oo  (13)

for some positive constants o, 3, and D. Then there exists a
continuous modification X(t) of X(t), which has the property
that, for every y € (0, B/x), there is a positive random variable
8(w) such that

Xtw) -X(s0)| 2 }
< =1

P{w: sup T ST

0<t—s<8(w),0<s,t<00

(14)

In other words, almost every sample path of X(t) is locally but
uniformly Holder-continuous with exponent y.

3. Boundedness of SFDEs

For a stochastic differential equation to have a unique global
solution for any given initial value, the coefficients of this
equation are generally required to satisfy the linear growth

condition and the local Lipschitz condition (see [2, 4, 5])
or a given non-Lipschitz condition and the linear growth
condition (see [22]). However, when the coefficients of the
system (5) satisfy the local Lipschitz condition and the
polynomial growth condition, the solution of the system (5)
may explode at a finite time. So it is necessary to examine the
existence and uniqueness of the global solution of the system
(5). Here we state the following existence-and-uniqueness
result.

Lemma 9. If Assumptions 1 and 3 and k > & hold, then for
any initial data { € C?;O([—T, 0]; R"), there is a unique global
solution x(t, §) of system (5) ont > —.

Remark 10. This result is the special case of Theorem 3.2
of [15]. Since it is not so easy to see this fact directly, we
give the proof in the Appendix. The fact that we write down
our Lemma 9 here is to keep our paper completely based on
Assumptions 1 and 3.

We now show the following asymptotic boundedness of
the global solution in the sense of the pth moment and the
trajectory with large probability.

Theorem 11. If Assumptions I and 3 and x > & hold, then for
any initial data { € C and any p > 0, the global solution x(t, {)
of system (5) is bounded in the sense of pth moment; that is,
there exists a constant M, > 0 such that

sup Elx(5,0)|” < M, (15)

—T<t<+00

Proof. Since k > ¥, the existence and uniqueness of the
solution follow from Lemma 9. And there exists at least a
sufficiently small positive constant ¢ satisfying x > xe®. So
by the continuity, define & = sup{e > 0 : x > &e""}. For the

sake of simplicity, write x(t) = x(£,(), x, = xf .Forany p > 2,
applying Itd’s formula to V(x,t) = e”[x(t)|",e € (0, "], we
yield

ZV (x,t)

=" (ZIx ()" +elx (1))

<ot [§|x O
x (2x" (N E(x.7) + (p-1) g (x..7)[)
relx (1]

<eSx (@)

™

X

—

0
2 (-KIX O +& I [x (¢ +6)I" " dn, (6)

0
—Ix@®))* +x J_ Ix (t + 0)[°dn, 0) + &, (t) )

+5(p-1)



0
x <y2 [|x(t)|2"2 + J X (t + 0)|*=dn; ()

0
A @OF + e+ 0)Pdn, (e)]

W2 (1) ) + %elx <t>|2]

< gest [<2 (= e™) X (O™ + 0 (Ix (1) 71)]

2T, +5(p- ) ye' i+ Es(p-1)y

2

2n, et _ o om+1l g et ¢ p/2

X ——=2 + pK———— +2 t

ptam—2° Js pr+n1—le Jir2e 5" 0
+5(p-1)e"E @),

(16)

where J; = J‘i Ix(t + O)[P7 L dn, (0) — e |x(t)|P™ 7, T, =
[° 1x(t + 0)1Pdny(8) — e Ix()IP, T, = [ Ix(t +B)P*2 2dy,
()€ |x(t)[P**"=7%,and ], = I_OT [x(t+6)Pd,(0) e |x(t)|P.

Noting that k > ke*" and [x(f)] > 0 for any t > 0,
by Lemma 7 and the same technique as (A.3), G(|x(t)]) =
“2(kc—%e)|x() [P +o(|x()|PT™ 1), as a function of |x(¢)],
has a positive upper-boundedness; that is, there is a positive
constant Q such that

G(x(®)) = -2 (k- %) [x ()P + o (x(®)P™) < Q.
(17)

And in view of the fact that

t
J e“Jds

0

t 0
_ L & (J Ix (s + 0)[“idy, (6) — | (s)|w"> ds (18)

0
<e”’ J |x (s)|“ds,
T

forw, =p+n -1, wy; = p+2n,-2,andw, = w, = p, we
yield that, for t > 0,

t
Ee|x (1) < Elx (0)|° + gQJ S ds
0

_ on+1 0 _
+ pR———— eETJ Ix ()] 'ds
ptn —1 —r

0
+ 2xe’ J |x (s)|Pds
T

+25(p-1)y’

2”2 es‘r
p+2n,-2

0
X J Ix (s)[P**™=%ds

=T
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0
+5(p—1)y*e" J Ix (s)|Fds

+ r e [25{’/2 (s)+5(p-1)& (s)] ds.
’ (19)

By virtue of the boundedness of &, (¢), &,(t), there is a con-
stant ¥ > 0 such that &, (¢) v &,(¢) < ¥, which implies that

t
Ee'lx(0))P <c+ [ 2977 +5(p-1)¥F + gQ] j e“ds,
0
(20)

where ¢ = pr((n; + 1)/(p +ny — 1))e" LOT [x(s)|P*™ 1 ds +
(pI2)5(p = DY@ (p + 2, = 2)e [ Ix(s)|P?ds +

26 [ |x(s)1Pds +5(p— 1% [ [x(s)[Pds+E|x(0)|”. This
implies

N 292 4 5(p-1)¥? + (p/2)Q
€ (21)

Elx@®)|P <ce®

X (1 - eiet).

From the boundedness of initial data { € C, we claim that,
for any p > 2, there exists a constant M, > 0 such that
SUP_ et oo EX(EOIP < M, When p € (0,2), using the
Lyapunov inequality, we claim that

b2 2 22
sup Ex(@®)|” <( sup E|X(t)|2> SMf/- (22)

—T<t<00 (*T£t<00

O

From Theorem 11 and the Chebyshev inequality, we get
the following proposition about the asymptotic boundedness
of the global solution in the sense of the trajectory with large
probability.

Proposition 12. If Assumptions 1 and 3 and k > « hold, then
for any initial data { € C, the global solution x(t,{) of system
(5) is stochastically ultimately bounded; namely, for any ¢ €
(0, 1), there exists a constant L = L(&) > 0 such that

limsupP{|x(t,{)| <L} >1-e¢. (23)
t— 00

Proof. For any ¢ € (0,1), letting L = (Mp/s)l/p, applying
Theorem 11 and the Chebyshev inequality, we have

P{x(tQl>L} < ———— <=

Elx(t, C)|P (24)
LP

So we get the required assertion. O

Further we continue to discuss the asymptotic bounded-
ness of the norm of x, in system (5) in the sense of the pth
moment and the trajectory with large probability.
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Theorem 13. If Assumptions 1 and 3 and k > & hold, then for
any initial data { € C, the norm of x, in system (5) is bounded
in the sense of pth moment; that is, there exists a constant
N, >0 such that the global solution x(t,{) of system (5) has
the property

sup Elx|” < N,. (25)

0<t<+oo

Proof. For the sake of simplicity, write x(t) = x(t,{). From
Theorem 11, set sup_,., . EIx(t)|” < M. For p > 2, t >0,
and f3 € [0, 7], using Itd’s formula, we compute that

x(t-B)I"
= Ix(t - )P
-$
[ P

x [2x (6) £ (x,5) + g (x,5)

+(p-2)Ix (s)|’2|xT (s) g (x, s)|2] ds (26

=B
+ J plx s)|P7x" (s) g (x,,s)dB(s)

— k-0l + 21,

t-p
[ oo @ g0 a9,
t—T
[P k)P 2 (), 5) + lgxa 9P +

(p—-2)Ix(s) |72 IIXT(s)g(xs, 9)*]ds. Using Young’s inequality, we
compute that

where I, =

I
< jﬁ I (5)[~
x [2x" ()£ (x,8) + (p - 1) |8 (x,,5)[ ] ds
< jﬁ x ()P

X [ — 2x|x (s)|"

0
+ 2%] Ix (s +0)]" ' dn, (6) - 2|x (s)|?

0
+2c [ Ix(s+0)dn, ©)

+2& (s)+5(p—1)y2

x <|x (s)™

0
+ j Ix (s + 0)*dn, (6) + |x (5)

0
N J_ Ix (s + 0)2dn, (9))
+5(p - l)fg (s) ] ds

t-p
< J [ (=2 + 2%) |x (s)|PT 7!

t
+10(p - 1)y |x (s)|PF2=2

+<—2+2§+10(p—1)y2
2(p-2) p—2>
+ 5 (p-1) =
- (p-1) »

n+1 = 2-
X |x (s)|f + 2k—L——T, + 2k,
p+n —1 p

2 2m

_ T _ 2
#3(p=N)y s (e Dy

2- 4 2
x;]4+;Ef/2(5)+5(p—1)555(s) ds,
(27)

where J, = f_OT Ix(s + )P~ iy (0) — [x(s)[F* 7Y T, =
[° IX(s+0)Pdny@)-Ix(s)IP, T5 = [, Ix(s+O)F*2"2dny(6) -
[x(s)[P**"7%, and ], = LOT [x(s+6)|Pdn,(0) - |x(s)|P. However
wecanget [ FTids = [ [ |x(s+6)|“dny(6) ~x(9)|“ ds <

_[:ZTT |x(s)|“ds, for w, =p+n -1, wy=p+2n, -2, and

w, = w, = p, respectively.

Let Q(x()]) = (-2« + 20)x(®)[P™" + 10(p -
DY ()P 7% 4 (=2 + 2K+ 10(p— 1)y> + 2(p—2)/p+5(p -
D((p - 2)/p)Ix(®)|F. Since k > &, n; + 1 > 2n, > 2, by the
same technique as (A.3) in the Appendix, we get that there
exists a positive constant K such that Q(|x(#)]) < K. By virtue
of the boundedness of &;, &,, assuming &, (¢) v &,(t) < ¥, we
have

— n+1 (7 _
I, <Kr+2k—1—r0 J Ix ()] 'ds
t

p+l’l1—1 27
n -1
+5(p-1)y —2— J x(s)|P**"2ds
(p-1y b2, —2 t_21| )l

+(2x+5(p-1)7%) ; fz x(s)I? ds 9

4 2
+( 2w es5(p-1 —\PP>T
(p (p )p

=1,



By virtue of the boundedness of sup_ Elx(1)|?, we

have

T<t<00

E(L)
— +1 =T _
—Kr+2k—2"" E J Ix (s)[P*" 7 ds
}7 t=21

+n, -1
t-7

+(26+5(p-1)y") %EJ . Ix (s)|Pds

2n,

—2
+3(p-1)7 pton, -2

t—T
x E J x (s)[PH*""2ds
t

=27

4 2
+( =¥ 4s5(p-1 —‘I’P>T 29
(p (p=1)7 (29)

n +1

< Kr+2k——
p+n -1 ™

T

2n,

+5(p- 1)?zmMp+znz
2

T
N2
+(2§+5(p—1)z )EMPT

4 2
+( v 1s5(p-1) —\Pp)r
(G :
M,
Therefore, from (26), we have

Esup [x(t - B)If

0<pB<t

<Ejx(t-1) + gﬁl

=p 2.T
+Esup ([ pxOF X 98 () BO|  (39)

0<pB<t

1)___
SMP'FEMI

+ E sup
0<pB<t

8
J plx (5)1P2x" (s) g (x,,5) dB(s)|.

t—T

Using B-D-G inequality, we get that

E sup
0<pB<t

-B
Jt pIx (P x" (5) g (x,,5) dB (s)

=T

‘ 1/2
< @E“t_ p2|x(s)|2P74IX(S)|2|g(xs>5)|2ds]

, 12
| s s(6- P [ (o el s

<
0<pB<t
t
< %E sup [x (t - B)|F + 16p2EJ Ix ()17 2|g (x,, s)[*ds
0<p<t t—T
< %E sup |x (t - B)F + M,,

0<p<t
(D)
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where the boundedness of E _[:_T |x(s)|? _zlg(xs, s)|?ds can be
obtained from the boundedness of I; and sup_ Elx(t)|?

above and M, is a constant which is not necessary to know
exactly. Substituting it into (30), we yield

T<t<00

E|x|” < 2M, + pM, +2M,. (32)

So we claim that there exists a N, > 0 such that

SUPprcoo ENX NP < N, for any p > 2. When p € (0, 2), using
the Lyapunov inequality, we claim that

N (33)
sup E||xt||p < < sup El]xt” > < Nf/ .
0<t<co 0<t<oco

O

Remark 14. Clearly, the key of the proof is the upper-
boundedness of function Q(|x(#)]), which depends on the
condition k > k. And the theorem will play an important role
to ensure the almost sure asymptotic stability of the solution.

In the same way as Proposition 12, we get the following
proposition.

Proposition 15. If Assumptions I and 3 and k > K hold, then
for any initial data { € C, the norm of x, in system (5) is
stochastically ultimately bounded; namely, for any €' € (0,1),
there exists a constant L' = L'(¢') > 0 such that the global
solution x(t, §) of system (5) has the property

lim supP {"xt" < L'} >1-¢. (34)
t— 0o

4. Almost Sure Asymptotic Stability of SFDEs

In this section, we aim to study the almost sure asymptotic
stability of system (5). The following theorem establishes new
criteria on the almost sure asymptotic stability.

Theorem 16. If Assumptions 1 and 3 and the following
condition (35) hold,

2 2

v, Y L
k-x (l-x)-L(x-%) 2 (35)

(1-x)-L(k-%)>0, k—%x>0,

then for any initial data { € C, there is a unique global solution
x(t,¢) of system (5) on t > —7, and x(t,{) is almost surely
asymptotically stable; that is,

limx(t{) =0 a.s, (36)
t— 00
where L = (n, — 2n, + 1)(2n, — 2)@m=D/(n=2m4 1), - _

1)(1*”1)/(”1’2”2+1)'

Proof. The existence and uniqueness of the global solution
follow from Lemma 9 directly. For the sake of simplicity, write
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x(t) = x(t,{). Applying It6’s formula to V(x,t) = [x(£)|?, we
yield

PV =2x"Of (%, 1) +|g (x,, t)|2

0
<2 [‘le(tn'““ +?J Ix (t +0)" 'y, ()

0
WP+ [ Ix(e+ 0Pl 0+ )

1 2 2n 0 2n
+ Loy (|x(t>| [ o) dee))
P1 -7

R
P2 (1 - Pl)

2 0 2
< (P + [ wasora )

N 1
(1-p)(1-py)

< [—2 (k- %) |x ()" - (2 — 2K —

& (t)

1 2>
4y
P2 (1 - P1)

< (O + L4yl (t)|2”2]
P1
+ 2k, + ———297T, + i2)/2f3
P (1-p1) Py
1
l=p1-p,

+2KJ, + 28, () + &),

(37)

T 0 n n
where py, p, € (0,1), 7, = [ [x(t +0)"* dn, (6) - [x()|"*",
— 0 ~ 0 n
L= f_T x(t+0)1dn, (0) - Ix(1)*, T = J_T x(t+0)*2dn;(6) -
Ix(£)*™, and J, = j_or x(t + 0)|*dn,() — |x(t)|*, and we have
used the elemental inequality: forany c,b e R, 0 < 0 < 1,

c? v

+—. (38)

b2
(€rbr=15"%

Let H(|x(t)]) = (2(1-) - (4y* /(1= p)))) +2(x - R [x(t)[" " -
(4y*/p))|x(t)|*"27%. Since y*/(k — &) + y*/((1 k) — L(k - ¥)) <
1/2, there exists w, > 1 such that (2y2/(1c —-K)w, + 2))2/((1 -
x)—L(k—x)) = 1. Setting p(w) = (2y2/(K—E))w, w € (1,wy),
satisfying x — > 2y%/p(w), (1 - k) - 2y*/(1 - p(w)) > (k -
x)L. By using Lemma 6, we get that there exists a constant
a > 0 satisfying inf,. H(|x(¢)|) > a. Then choose p, which is
sufficiently close to 1 such that

4}’2 ) 4)’2 21,2
2(1-k) - —— | - - x (1)
( (-x) (1-p1)p P1 @l (39)

+2k-%) |x@®" " >a

7
We therefore have
- 2y - 0 -
PV < -axOF + 28T, + LT, + 2y + —F T,
P1 P2 (1 - Pl)
I o
+2& () + & ().
: L-pl-p, "
(40)

In view of the fact that [} ids = [([" Ix(s + 6)[* d,(6) -
|x(s)|"’{)ds < LOT Ix(s)lwilds, for w{ =n +1, wg = 2n,, and

w; = w['1 = 2, respectively, we get

X O < [x (0)2 —ajt Ix (s)Pds
0
2

2 0
N J Ix (5)|*2ds + 2%J

1 J-T -T

2)’2 0 2
+ (254— m) J_T |X (S)l ds

t 1 1 .
+Jo [1—,31 1_p2£2(5)+2€1 (S)] ds+ M (1),
(41)

0
Ix ()] 'ds

where M(t) = _[Ot 2xT(s)g(xs,s)dB(s), which is a local

martingale with the initial value M(0) = 0. From Lemma 5,
+00

we get [FC11/(1 = p)A/(1 = p)Es) + 26,()lds <

00. Applying the nonnegative semimartingale convergence

theorem (see [23]), we obtain that

lim sup|x(t)|2 < 00,
0<t<oo

JOO Ix (£)°ds < 00 ass. (42)
0

To obtain our main result, we need to claim that
almost every sample path of Ix(t)[? is uniformly continu-
ous on [0,00). Let |x(t)]* = |x(0)]* + y(t) + z(t), where
¥(t) = [, x"(Df(x,. 1) + Ig(x,, P)dr, 2() = [ 2x" (Ng(x,,
r)dB(r). From (42), we get that there is a constant L; > 0
such that sup,_, . [x(t)| < L,. By the boundedness of |x(t)]
and initial data {, we get that there is a constant L, > 0 such
that supo_, .o 1%l = SUpy<;.oo r<p<olX(t +0)| < L,. By virtue
of the boundedness of &, (), &,(t), assume &, (¢) V &,(t) < V.
From Assumption 3, it is easy to conclude that

x(t)f (x,t) < = xlx (O + 7 x, "
—IxOF + xlx |’ + & ©),
lg ()] < y (IO + ] + 1x (0] + x.])
+E (1),

(43)



Then we get

ly (t, @) — y (s, )|

B Jt 2x" (0 f (x,,7) + | (x,.7)["dr
t
< J 2" () £ (x,,7)| + |g (x,.7)|"dr

< [2 (o
: (44)
el |* + & ()

2n,

2
+59 (I + x| + x ()P + [x|)
+ 5{; (r)dr
< [2(kLP + KLY 4 L + kLS + )
+5y2 (LZI"2 + L22"2 + L21 + L22) + 5‘1’2] (t-s)
forany 0 < s < t < oo. This means y(t,w) is uniformly
continuous on t > 0.

For any p > 2, using B-D-G inequality, from Theorems 11
and 13, we get

Elz (t,w) -z (s, w)|?

p
J 2x' (r) g (x,,r) dB (r)

pl2 t

[ ] s|p/271J E'ZxT (r)g(x,,r)|pdr
pl2

[ :| 2P|t 5|P/2 1

X J: E(|x(r)] |g (x, r)l)Pdr

e
S|iP(P2 1)] 2P|t — s|P/*

x j E(y(IxOr*" + x @)l |x]™ + x@®F

N

@1 x]) + k018, @) ) dr

_1)1°
< [—P(Pz 1)] 2|t - sf?*!

[ B (o D+ (29 3 eor

1 p
Ll + 38 0) &
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ol
< [_p(pz— 1)] 2P5P Y| — g P2

£ p
<[ B (v (L) g

e (e ) o+ (1) el

+<5) j%))dr

/2
< [P(P— 1) ]P 2p5p—1
2

» Y P 1\?
X (y Mp(n2+1) + (5> szn2 + (2y+ E) sz
Y p 1\# 2p p/2
+<E) N2P+<E> v |t—$| .

From the Kolmogorov-Chentsov theorem (see Lemma 8),
we obtain that almost every sample path of z(t) is locally
but uniformly Holder-continuous with exponent A for every
A € (0,(p — 2)/2p). So we have that almost every sample
path of z(t) is uniformly continuous. Therefore, we claim that
almost every sample path of Ix(t)|? is uniformly continuous
on [0, 00). Then from Barbalat Lemma (see [20]) and (42), we
claim that

(45)

tllngox (t)=0 as. (46)
]

Remark 17. Clearly, the key of the proof is the positive
lower-boundedness of function H(|x(t)|), which depends
on condition (35). Since the positive lower-boundedness of
H(|x(t)]) can guarantee (41), so we can use the nonnegative
semimartingale convergence theorem to get the asymptotic
stability.

Remark 18. From the proof above, Assumptions 1 and 3 are
enough to guarantee the asymptotic stability of system (5).
And the coeflicients of system (2) do not satisfy the conditions
which are similar to Assumptions 2 of [10] or Assumptions
3 of [11]. So compared with [10, 11], the three conditions of
guaranteeing the asymptotic stability are weakened to the two
conditions by this paper.

5. Example

In this section, we will discuss some examples to illustrate our
results.

Example 1. Let us return to the SFDE (2). We can compute
that

X f(x,,t) < —4|x ()" + JO Ix (t + 0)*dy, () - 2/x ()],

0
g(at) < k(O + [ Ix(e+0)1dn, ©).
(@)
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So we obtain that L = (1, —2n2+1)(2n2—2)(2”2_2)/(”1_2”2“) (n,—
1)E-m)/m=2m+) _ 4157 and condition (35) holds. Through
Theorems 13 and 16, the global solution x(¢, {) of system (2)
has the following properties:

sup E||xt||p <N, Vp=z0,

0<t<+oo

(48)
tlim x(t,{) =0,
where N » is some positive constant.
Example 2. Let us consider the scalar SFDE as follows:
dx (t) = (-4x° (1) - 6x () + 2D7 (x,)
+2D; (x,) + £ (1) ) dt
: (49)
+ (x> (1) +x(t) + D3 (x,)
+D, (x,) +£(t) ) dB (1)
with initial data {x(0) -T < 0 <0 = ¢ € C

where B(t) is a scalar Brownian motion. And D, are bounded
linear operators from C([—7, 0]; R) to R satisfying |D;(x,)| <
_[_OT [x(t + 0)|d#;(0), where #,(-) are probability measures on
[-7,0], i = 1,2,3,4.

We compute that

X'f(x,,t) = —4|x (1)|° + 2x(t) ' D? (x,) - 6[x (£)|*

+2x(t)" D, (x,) + x(t)"E (1)

0
< —4x(0)|° + I_ |x (t +6)[°dy, (6)

b+ [ weroran©+ e,

IN
N | —

g (x01)| < = (X + [x ()] + D5 (%)

+|Dy (x,)| +€))

IN
N | =

0
(k0P + [ ka+oran, e

0
O+ [ k@01 ©)+50).
(50)
So we obtain that L = (1,—2n,+1)(2n,—2) @2/ m=2m+D i, _

1)I=m)/m=2m%1) _ /4 and condition (35) holds.
If the function &(¢) is defined by

., 1 1
1—6|t_n|, t e n——n+—|,
6" 6"
HOE n=1273,...
(51)
0, others
oré(t)=e",

then it is easy to show that &(¢) is bounded and that
jomo &(t)dt = 1. Through Theorem 13, the pth moment of the

norm of x, in system (49) is bounded for any p > 0; namely,
there exists a constant N, > 0 such that

sup E|x|" < N,. (52)

0<t<+o0

Through Theorem 16, we claim that, for any given initial
data { € C, the solution of system (49) is almost surely
asymptotically stable; that is,

Jim x (£,8) = 0. (53)

Appendix

Proof of Lemma 9. For any given initial data { € C, by
Theorem 3.1 in [15] or Lemma 2.3 in [16], Assumption 1 and
conditions £(0,#) = 0 and g(0,¢#) = 0 guarantee a unique
maximal local solution x(t, {) to system (5) ont € [-T,0,,),
where o, is the explosion time. Let k, > 0 be sufficiently
large satisfying ||| < k,. For each integer k > k,, define the
stopping time

7. = inf {t € [0,04,) : |x (t)| > k}. (A1)

Obviously, 7, is increasing as k — o0. Let 7, = lim, _, . 7,
SO To, < O, a.8; if we can obtain that 7., = oo a.s., then
0, = 00 a.s. For the sake of simplicity, write x(¢) = x(t, {).
Using It6’s formula to V(x, ) = [x(8)]?, we yield

PV (x,1)

= 2xT (O f (x,,t) + |g (%, 1)

0
<2 (—;c|x(t)|”l+1 +EJ Ix (t + )" dn, (0)
0
—“Ix@®)) +x J_ Ix (t + 0)*dn, (6) + &, (t)>

+5 (Vzlx )" )
2

0
Y j X (¢ + )7 dns 6) + P x (1)

0
o e+ 0P, (6)+ & (t))

< =2(k—&) [x @O +10y%|x (1))
+(10y* = (2 - 2K)) [x (1)]* + 25T,
+ 2]y + 57 T3 + 57T, + 28, () + 58 (1),

where J; = [ [x(t +0)" "1y, 0) X", Ty = [ Ix(t +
0)1dn,(6) — [x®)I%, T = I_OT x(t + 0)[*dn;(0) — |x(1)|*™,
and T, = [ [x(t +6)dn,(6) — Ix(0)]".
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Noting that « > &k, n; + 1 > 2n, > 2, and [x(t)] > 0
for any t > 0, by Lemma 7, R(|x(t)[) = —2(x — x)|x(t)|""*" +
10))2|x(t)|2”2 + (10)/2 -2- 25))|x(t)|2, as a function of |x(t)|,
has a positive upper-boundedness; that is, there is a positive
constant R such that

R(x(®) = =2k %) [x @O+ 10y°|x (1)
(A.3)
+(10y* - (2-2x)) Ix (®)]* < R.

(This technique has been used by many researchers, e.g., [10,
14].
] ) +00 2
From Lemma 5, we have JO (585(s) + 2&,(s))ds < oo.
And in view of the fact that

AT,
J Jids

0

AT 0 , ’
:L (J |X(5+0)|wid11i(0)_|X(S)|wi>d5 (A4)

0 I
< J |x (s)|“" ds,

forw, = n, +1, w; = 2n,, and w, = wj = 2, we yield that, for
t>0,

Elx(t A7)l

= Elx(0)*+E erk [2xT () f(x,5) +|g (xs,s)|2] ds
0

< Elx ()|’

AT _ _ _ _
+EJ [R+ 2T, +2«], + 5y°T;
0

+5Y°T, + 28, (s) + 55 ()] ds

< Elx(0))* +RE(t A1)

0

0
+z%j |x(s)|”l“ds+24 Ix (s)|*ds

—T —

0 0
+ 59 J Ix (s)*"2ds + 5)° J Ix (s)[*ds

+ LOO 28, () + 5E] (s)] ds

<R+Rt,
(A5)
where R = E[x(0)]? + 2% [ [x(s)"*'ds + 2« [ x(s)[*ds +
57 [° Ix(9)Pds + 592 [ Ix(s)Pds + [ [2€,(s) + 5E2(s) ds.
Noting that

Ex(t At = E(jx(t A1) Iz ) = P {7 < 1},
(A.6)

Abstract and Applied Analysis

we get that
R+Rt
Plr, <t} = lim P{r, <t} < lim —— =0. (A7)
k— o0 k— o0 k2
Since t is arbitrary, we must have that 7, = co a.s. and this
completes the proof. O
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